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Abstract. Due to the importance of uncertainty quantification (UQ), Bayesian approach to inverse problems
has recently gained popularity in applied mathematics, physics, and engineering. However, tra-
ditional Bayesian inference methods based on Markov Chain Monte Carlo (MCMC) tend to be
computationally intensive and inefficient for such high dimensional problems. To address this is-
sue, several methods based on surrogate models have been proposed to speed up the inference
process. More specifically, the calibration-emulation-sampling (CES) scheme has been proven to be
successful in large dimensional UQ problems. In this work, we propose a novel CES approach for
Bayesian inference based on deep neural network models for the emulation phase. The resulting
algorithm is computationally more efficient and more robust against variations in the training set.
Further, by using an autoencoder (AE) for dimension reduction, we have been able to speed up
our Bayesian inference method up to three orders of magnitude. Overall, our method, henceforth
called Dimension-Reduced Emulative Autoencoder Monte Carlo (DREAMC) algorithm, is able to
scale Bayesian UQ up to thousands of dimensions for inverse problems. Using two low-dimensional
(linear and nonlinear) inverse problems we illustrate the validity of this approach. Next, we ap-
ply our method to two high-dimensional numerical examples (elliptic and advection-diffussion) to
demonstrate its computational advantages over existing algorithms.

Key words. Bayesian Inverse Problems, Ensemble Kalman Methods, Emulation, Convolutional Neural Net-
work, Dimension Reduction, Autoencoder
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1. Introduction. There is a growing interest in uncertainty quantification (UQ) in the
field of applied mathematics and its applications in physical sciences, biological sciences, and
engineering, where UQ is commonly used to calibrate model inadequacy, carry out sensitivity
analysis, or solve optimal control problems under uncertainty. As a result, Bayesian methods
for inverse problems (e.g., reservoir modeling, weather forecasting) have become increasingly
popular. Models in these application domains are usually constrained to physical or biological
laws and are typically represented as ordinary or partial differential equation (ODE/PDE)
systems. Implementing Bayesian UQ for such inverse problems is quite difficult because they
involve computationally intensive simulations for 1) solving the ODE/PDE systems, and 2)
sampling from the resulting high dimensional posterior distributions. To address these issues,
we follow the work of [15] and propose a more scalable framework for Bayesian UQ that
combines ensemble Kalman methods and infinite-dimensional Markov Chain Monte Carlo
(MCMC) algorithms.

Ensemble Kalman (EnK) methods, originated from geophysics [24], have achieved sig-
nificant success in state estimation for complex dynamical systems with noisy observations
[28, 43, 1, 26, 25, 50, 55, 44, 48]. More recently, these methods have been used to solve in-

*School of Mathematical and Statistical Sciences, Arizona State University, AZ (slan@asu.edu, https://math.la.
asu.edu/~slan/).
tDepartment of Statistics, University of California, Irvine, CA

1


mailto:slan@asu.edu
https://math.la.asu.edu/~slan/
https://math.la.asu.edu/~slan/

2 S. LAN, S. LI, AND B. SHAHBABA

verse problems with the objective of estimating the model parameters instead of the states
[74, 12, 23, 46, 45, 27, 51, 31]. As a gradient-free optimization algorithm based on a small
number of ensembles, these methods gained increasing popularity for solving inverse problems
since they can be implemented non-intrusively and in parallel. However, due to the collapse
of ensembles [84, 85, 22, 11], they tend to underestimate the posterior variance and thus fail
to provide a rigorous basis for systematic UQ. To alleviate this issue, Cleary et al. combine
Kalman methods with MCMC in three steps [15]: (i) calibrate models with ensemble Kalman
methods, (ii) emulate the parameter-to-data map using evaluations of forward models, and
(iii) generate posterior samples using MCMC based on cheaper emulators. The resulting
approach is called Calibration-Emulation-Sampling (CES). Two immediate benefits of such
a framework are: 1) reusing expensive forward evaluations, and 2) computationally efficient
surrogates in the MCMC procedure.

For the emulation component, [15] rely on Gaussian Process (GP) models, which have
been widely used for emulating computer models [82], uncertainty analysis [71], sensitivity
analysis [72], and computer code calibration [52, 39, 73]. While not adopted in [15], the
derivative information can be extracted from GP [91, 58] to improve the sampling component
[52, 71]. In general, however, GP emulation involves intensive computation (O(N?3) with
N input/training data pairs) and does not scale well to high dimensions. Additionally, the
prediction accuracy of GP emulator highly depends on the training set, which usually demands
a substantial effort through careful experimental design [82, 83]. For these reasons, we propose
to use deep neural network (NN) [34] for the emulation component of CES.

A deep artificial NN consists of multiple layers mapping the input (predictors) to the
output (response). Each layer contains neurons (units) and synapses (connections) defining the
architecture of NN. The resulting map also depends on a set of weights, biases, and activation
functions, which are respectively analogous to regression coefficients, intercepts, and link
functions in generalized linear models. Composition of multiple layers in different types makes
the whole network capable of learning complex non-linear relationships, hence making NN a
flexible functional approximation tool [3, 62, 86]. Deep NN has achieved enormous successes
in image processing [56, 14], speech recognition [35], natural language processing [33, 67],
bioinformatics [13, 87], and many other areas [89, 90]. Using stochastic batch optimization
algorithms such as stochastic gradient descent [9], the computational cost of NN can be
reduced to O(Np) with N being the size of the training data, and p being the total number
of NN parameters [10].

In this paper, we particularly focus on convolutional neural networks (CNN), which are
commonly used in image recognition [56]. In inverse problems, parameter functions (i.e.,
functions treated as parameters) are defined on finite 2d or 3d domains that can be viewed as
images. Therefore, we expect CNN to be more suitable than regular dense neural networks
(DNN) for such problems. This novel observation could lead to more effective and compu-
tationally efficient emulators. Although there have been a few related works where CNN is
used on actual images [47, 66, 95] or as a prior for spatiotemporal dynamics [99] in inverse
problems, to the best of our knowledge, this is the first application of CNN for training generic
emulators in Bayesian inverse problems.

Besides computational challenges associated with building emulators, sampling from pos-
terior distributions in inverse problems is also a challenging task due to the high dimensionality
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of the target distribution. Traditional Metropolis-Hastings algorithms defined on the finite-
dimensional space suffer from deteriorating mixing times upon mesh-refinement or increasing
dimensions [79, 80, 7]. To overcome this deficiency, a new class of ‘dimension-independent’
MCMC methods [8, 6, 17, 61, 4, 5] has been proposed on infinite-dimensional Hilbert space.
Despite of the robustness to increasing dimensions, these co-dimensional MCMC algorithms
are still computationally demanding. Several recent papers have attempted to address this
issue by using dimension reduction methods to find an intrinsic low-dimensional subspace that
contains the most amount of information on the posterior distribution [19, 16, 57]. In this
paper, we adopt autoencoder (AE) [40] to learn a low-dimensional latent representation of the
parameter space with an encoder (original — latent) and a decoder (latent — reconstruction).

Combining CNN and AE, we propose a class of hybrid MCMC algorithms called Dimension
Reduced Emulative Autoencoder Monte Carlo (DREAMC), which can improve and scale up
the application of the CES framework for Bayesian UQ from hundreds of dimensions (with
GP emulation) [15] to thousands of dimensions (with NN emulation). In summary, this paper
makes multiple contributions as follows:

1. apply CNN to train emulators for Bayesian inverse problems;

2. embed AE in CES to significantly improve its computational efficiency;

3. scale Bayesian UQ for inverse problems up to thousands of dimensions with DREAMC.

The rest of the paper is organized as follows. Section 2 provides a brief overview of Bayesian
inverse problems and the CES framework for UQ. Further, gradient based MCMC algorithms
(0o-MALA and co-HMC, not adopted in [15]) are reviewed for sampling. In Section 3, we
apply various neural networks, including DNN, CNN, and AE, to scale up Bayesian UQ for in-
verse problems. Details of emulating functions, extracting gradients and reducing dimensions
will also be discussed. Then, we illustrate the validity of DREAMC in Section 4 with simu-
lated linear and nonlinear inverse problems. In Section 5, using two high-dimensional inverse
problems involving an elliptic equation and an advection-diffusion equation, we demonstrate
that our methods can speed up traditional MCMC algorithms up to three orders of magnitude.
Section 6 concludes with some discussions on future research directions.

2. Bayesian UQ for Inverse Problems: Calibration-Emulation-Sampling. In many PDE-
constrained inverse problems, we are interested in finding an unknown function, u (symbolizing
an ‘unknown’ function), given the observed data, y. The function u usually appears as a
parameter (hence termed ‘parameter function’ thereafter) in the inverse problem. For example,
u could be the (log)-transmissivity of subsurface flow that appears as a coefficient function in
an elliptic PDE (Section 5.1) or the initial condition of a time-dependent advection-diffusion
problem (Section 5.2). Let X and Y be two separable Hilbert spaces. (This is assumed for
the convenience of developing probability spaces and can be relaxed to separable subspaces
[21, 92].) There is a forward parameter-to-observation mapping G : X — Y, u — G(u) from
the parameter space X to the data space Y (e.g. Y = R™ for m > 1) that connects u to y as
follows:

(2.1) y=Gu)+n,  n~N(OT)
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We can then define the potential function (negative log-likelihood), ® : X x Y — R, as follows:

- %@ —G(u), I (y — G(u)))

The forward mapping G represents physical laws usually expressed as large and complex
ODE/PDE systems and could be highly non-linear. Therefore, repeated evaluations of the
likelihood (and G(u)) could be computationally demanding for different values of w.

In the Bayesian setting, a prior measure pg is imposed on u, independent of 7. For
example, we could assume a Gaussian prior pg = N(0,C) with the covariance C being a
positive, self-adjoint and trace-class (a.k.a. nuclear) operator on X. (A trace-class operator
C has summable eigenvalues A\, (C), i.e. tr(C) := ) A (C) < 00.) Then we can obtain the
posterior of u, denoted as fi,),, using Bayes’ theorem [92, 21]:

(22) B(uzy) = 5y~ G}

d;:(ty (U) = l exp(—<I>(u; y)) , f0<Z:= /Xexp(—@(u;y))uo(du) < 400 .

Z

For simplicity, we drop y and denote the posterior distribution and potential function as p(du)
and ®(u) respectively. The Bayesian inverse problems involve estimating u and quantifying the
associated uncertainty. For example, we are interested in tracing back the initial condition
based on down-stream observations in an advection-diffusion problem (Section 5.2). This
reduces to learning the posterior distribution p(du), which can exhibit strong non-Gaussian
behavior, posing enormous difficulties for commonly used inference methods such as MCMC.

In addition to the above-mentioned challenges in Bayesian UQ for inverse problems, the
high dimensionality of the discretization of u makes the forward evaluation computationally
intensive and imposes challenges on the robustness of sampling algorithms. To this end, the
CES framework has been recently proposed for approximate Bayesian parameter learning. It
consists of the following three stages [15]:

1. Calibration: using optimization-based algorithms (ensemble Kalman) to obtain pa-
rameter estimation and collect expensive forward evaluations for the emulation step;

2. Emulation: recycling forward evaluations in the calibration stage to build an emulator
for sampling;

3. Sampling: sampling the posterior approximately based on the emulator, which is
much cheaper than the original forward mapping.

The CES scheme is promising for high-dimensional Bayesian UQ in inverse problems.
Emulation bypasses the expensive evaluation of original forward models (dominated by the
cost of repeated forward solving of ODE/PDE systems) and reduces the cost of sampling
to a small computational overhead. The sampling also benefits from the calibration, which
provides MCMC algorithms with a good initial point in the high density region so that the
burning time can be reduced.

In this paper, we choose NN for emulation instead of GP (used in [15]) for the computa-
tional efficiency and flexibility. Moreover, we extract the gradient evaluations directly from
NN to implement gradient-based co-dimensional MCMC for sampling. We also adopt AE as
a dimension reduction technique to further improve the efficiency of the original CES method
[15]. In the following, we review ensemble Kalman methods for calibration and co-dimensional
MCMC algorithms for sampling.
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2.1. Calibration — Ensemble Kalman (EnK) Methods. For state-space models, Kalman
filter [49] and its ensemble variants [24, 29] have become standard solvers because of their linear
computational complexity. Recently, EnK methods have been introduced to solve inverse
problems with the objective of estimating parameters rather than states [12, 46, 45, 27, 31].

Initializing J ensemble particles {u(j)};]:l with, for example, prior samples, the basic
ensemble Kalman inversion (EKI) method evolves each ensemble according to the following
equation [84]:

du® 1 A AW )
1 ) ®) _ 5
(23) - Jk§:j< Gy~ Gul) + VIS >F<u )

where 7 := & 23'121 ul), G = 1 Z}']ﬂ G(u)), and {W0U)} are independent cylindrical Brown-
ian motions on Y. We can set ) = 0 to remove noise for an optimization algorithm, or X’ =T
to add noise for dynamics that transform the prior to the posterior in one time unit for linear
forward maps [84, 31].

A variant of EKI for approximate sampling from the posterior p(du) is an ensemble Kalman
sampler (EKS) [31, 32]. This is obtained by adding a prior-related damping term as in [11],
and modifying the position-dependent noise in Equation (2.3):

2.4) W Ly *) _7) — C(u)c™? J)\/de(j
(2.4) JZ;< ~G.y— @) (" —m) ul) +

dt

with C(u) := 5 Z; (WD) —7) @ (ul) — 7).

Both EKI and EKS are 1mplemented by discretizing (2.3) and (2.4) respectively and
updating u iteratively forn =0,--- , V. Due to the collapse of ensembles [84, 85, 22, 11], the
sample variance estimated by ensembles {u } 5 tends to underestimate the true uncertainty.
EKS [31] generally requires a large number of ensembles to faithfully sample from the true
posterior. Figure 1 illustrates that both EKI and EKS with J = 100 ensembles severely
underestimate the posterior standard deviation (plot in the 2d domain) of the parameter
function in an elliptic inverse problem (see more details in Section 5.1). Figures ?? and 77?7
show more ensembles (500) might improve UQ, but the results highly depend on the specific
problem at hand. Therefore, these methods do not provide a rigorous basis for systematic
UQ, especially in high dimensions. To address this issue, we propose to implement scalable
(dimension-independent) inference methods in the sampling step of CES.

2.2. Sampling — Infinite-Dimensional MCMC (co-MCMC). Traditional Metropolis-Hastings}}

algorithms are characterized by deteriorating mixing times upon mesh-refinement or with
increasing dimensions. In contrast, a new class of dimension-independent algorithms — in-
cluding preconditioned Crank-Nicolson (pCN) [17], infinite-dimensional MALA (co-MALA)
[8], infinite-dimensional HMC (co-HMC) [6], and infinite-dimensional manifold MALA (co-
mMALA) [4] — has been recently developed. These algorithms are well-defined on the infinite-
dimensional Hilbert space, and thus provide computational benefits with respect to mixing
times for finite, but high-dimensional problems in practice.
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Figure 1: Comparing the estimation of standard deviation by MCMC (left panel) and ensemble
Kalman methods (middle and right panels) with 100 ensembles in an elliptic inverse problem
(Section 5.1).

Consider the following continuous-time Hamiltonian dynamics:

(2.5) d27u +K{C'u+Do(u)} =0, (’U = du)

t=0

If we let K = C, Equation (2.5) preserves the total energy H(u,v) = ®(u) + 3|lv[|2. HMC
algorithm [70] solves (2.5) using the following Stérmer-Verlet symplectic integrator [93]:

v =g — % CD®(up) ;

Us | | cose sine| |ug|
(2.6) |:U+:| - {— sine COS€:| |:U_:| ’
ve =v" — ECDP(ue)

Equation (2.6) gives rise to the leapfrog map W, : (ug,v9) — (ue,v:). Given a time horizon
7 and current position u, the MCMC mechanism proceeds by concatenating I = |7/e] steps
of leapfrog map consecutively: u' = Pu{‘lfg(u,v)}, v ~ N(0,K), where P, denotes the
projection onto the u-argument. In oco-HMC, the proposal u' is accepted with probability
a(u,u’) =1 Aexp(—AH (u,v))[6]. We can use different step-sizes in (2.6): &1 for the first and

third equations, and & for the second equation. Setting I =1, €2 = h,cos ey = }%Z?i, sineg =

T\/hg/zb 0o-HMC reduces to co-MALA, which can also be derived from Langevin dynamics [8, 5].
When a = 0, co-MALA further reduces to pCN [5], which does not use gradient information
and can be viewed as an infinite-dimensional analogue of random walk Metropolis. While
the original CES [15] only uses pCN in the sampling stage, we propose using co-MALA and

oo-HMC with the gradient extracted from NN emulation.

3. Scaling Up Bayesian UQ with Neural Networks. As mentioned above, there are two
major challenges limiting the scalability of Bayesian UQ for inverse problems: 1) intensive
computation required for repeated evaluations of likelihood (potential), ®(u), and 2) high
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Figure 2: A typical architecture of convolutional neural network (CNN).

dimensionality of the discretized space. If we use co-MALA or co-HMC, we also need the
gradient D®(u), which is typically not available. Here, we will use NNs to address these
issues. More specifically, we train CNN to emulate the forward evaluation and AE to reduce
the parameter dimensionality. In the following, we discretize the parameter function v into a
vector of dimension d. When there is no confusion, we still denote the discretized parameter
vector as u € R%, which is the input of NNs. We also assume the observation y € R™.

3.1. Emulation — Convolutional Neural Network (CNN). The ensemble-based algo-
rithms in the calibration phase produce parameters and forward solutions {ugf ), g (u,(f )) 3]:1
for n = 0,---,N. These input-output pairs can be used to train a neural network model

(DNN or CNN) as an emulator G¢ of the forward mapping G [34]:
(3.1) G(u;0) = Fx_q1 00 Fy(u), Fi(-) = gr(Wy - +by) € C(R% R¥%+1)

where dy = d, dg = m; Wy, € de'*‘lek, by € de'H, O = (W, bi), 0 = (0o, ,0x_1); and
gr’s are (continuous) activation functions. There are multiple choices of activation functions,
e.g. gr(x) = (o(x1), -+ ,0(xq,,,)) with o € C(R,R) including rectified linear unit (ReLU,
o(x;) = 0Vux;) and leaky ReLU (o(zi; ) = @il (x; > 0)+ax;I(x; < 0)). Alternatively, we can
set gr(z) = (01(2), -+ ,04,,,(x)) € C(R¥%+1 R%+1) with {o;} defined as softmax: o;(z) =
evi/ Zfl,’“:*ll e®”. In our numerical examples, activation functions for DNN/CNN are chosen
such that the errors of emulating functions (and their extracted gradients) are minimized.

In many inverse problems, the parameter function v is defined over a 2-d or 3-d field,
which possesses unique spatial features resembling an image. This has motivated our choice of
CNN for emulators. Inspired by biological processes, where the connectivity pattern between
neurons resembles the organization of visual cortex [30], CNN has become a powerful tool
in image recognition and classification [56]. As a regularized NN with varying depth and
width, CNN has much fewer connections and thus fewer training parameters compared to
standard fully connected DNN of similar size. Therefore, CNN is preferred to DNN in the
CES framework due to its flexibility and computational efficiency.

In general, CNN consists of a series of convolution layers with filters (kernels), pool-
ing layers to extract features, and hidden layers fully connected to the output layer. The
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Figure 3: Comparing the emulation G¢ : R'%81 — R25 in an elliptic inverse problem (Section
5.1) by GP, DNN and CNN in terms of error (left: function error ||® — ®¢|| and gradient error
|ID® — D®¢||) and time (right). Time is also compared with exact calculation of gradients by
the finite element method (labeled ‘FE’) using adjoint codes in testing.

convolutional layer is introduced for sparse interaction, parameter sharing, and equivariant
representations [34]. At convolutional layer k, instead of full matrix multiplication, we use

(c)

discrete convolution [63] with a kernel function w, ’~ defined on one of the C}, feature channels:

(32)  FO) =B FEOL B = grlw -+ b)) € CRY R+

On each channel ¢, the convolution operation w,(cc)* is defined by multiplying its discrete

format, a circulant matrix W,EC)*, to its operand [34, 100]. Together {w,(:)*}g:’“l amount to
a tensor operation. For each image input, CNN implements the convolution using a sliding
window of pre-specified size (kernel size s > 2) with certain stride (step size) over the image.
The resulting operation typically reduces dimension but can be made dimension preserving
or expanding through padding [34].

After the convolutional layer, a pooling layer (e.g. max-pooling, average-pooling, or sum-
pooling) is added to reduce the number of parameters by generating summary statistics (e.g.,
max, mean, or sum) of the nearby outputs. Such an operation is a form of non-linear down-
sampling that sparsifies the NN but retains the most important information of the input image
(function). Multiple pairs of convolutional and pooling layers (with different configurations)
could be concatenated before passing the information to a dense layer to generate forward
outputs {G(u)}. Figure 2 illustrates the structure of a CNN used in the elliptic inverse
problem (Section 5.1).

CES [15] adopts GP for the emulation step. Although infinitely wide NN with Gaussian
priors can converge to GP [69, 64, 68] under certain conditions, the corresponding units do not
represent ‘hidden features’ that capture important aspects of the data [69], e.g. the edge of the
true log-transmissivity in Figure 9, or the truncated Gaussian blob as the true initial condition
in Figure 12. Here, we show that a finite but potentially deep CNN as an emulator can provide
multiple advantages over GP: 1) it is computationally more efficient for large training sets, 2)
it is less sensitive to the locations of training samples (even if they are not spread out enough),
and 3) it is possible to take advantage of all the ensemble samples collected by EKI or EKS
to train CNN without the need to carefully “design” a training set of controlled size as it is
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common in GP. After the emulator is trained, we could approximate the potential function
using the predictions from CNN:

(33) B(u*) % @) = 5y — ()|}

In the sampling stage, the computational complexity could be significantly reduced if we use
€ instead of ® in the accept/reject step of MCMC. If the emulator is a good representation
of the forward mapping, then the difference between ®°¢ and ® is small. Then, the samples by
such emulative MCMC have the stationary distribution with small discrepancy compared to
the true posterior u(du).

In gradient-based MCMC algorithms, we need to calculate D®(u), i.e., the derivatives
of (log) density function ®(u) with respective to parameter function u. This is not always
available because the forward mapping may not be differentiable (or available) in the solutions
of ODE/PDE. However, (almost everywhere) differentiability is required for each layer of NN
as it uses back-propagation [63, 41] in the training. Therefore, the gradient of the emulated
potential function can be obtained by the chain rule

(3-4) DO (u”) = —(y — G°(u”), DG"(u"))r

where DG¢(u*) can be the output from CNN’s back-propagation, e.g. implemented in GradientTapel]
of TensorFlow. Note that D®(u*) ~ D®¢(u*) if D®(u*) exists.
The universality of deep CNN for continuous functions has been established in [100]. This
is generalized by the following theorem, which also gives the error bound of CNN emulator in
approximating both the true potential ® and its gradient D®. To obtain the approximation
rate, some regularity conditions are imposed on the target functions being approximated.
Theorem 3.1. Let 2 < s < d and Q C [-1,1]¢. Assume G; € H"(R?) with
r > 1 such that vg; 2 = [pa ||wH%\§J(w)]dw < oo forj=1,---,m. If K> 2d/(s—1), then
there exist G¢ by CNN with ReLU activation function such that

(3.5) 1® — &°|| 1) < cvgoy/log KK 72

1
where we have ||| g1y = <||<I>H%2(Q) + ||D<I>||%2(Q)> *, ¢ is an absolute constant, and vgy =
Max;<j<m Vg, 2-

Proof. See Appendix ?77. [ |
Remark 1. Ifr > 24 d/2, then vgo < c||G||. Therefore, we have

(3.6) 1® — ®°[| 111y < cllG]\/log KK 72

where [|G|| = maxi<j<m |G gy with |Gjll e ey = (1 + [w[*)2G5 (@) 12 may -

Remark 2. By [2], we have a weaker bound with sup-norm under the same condition of
Theorem 3.1:

~ _1
(3.7) @ = ®lwre (o) < €l|GIIK>

where H(I)”WLoo(Q) = maxp<i<d HDZ@”Loo(Q) (DOCI) = (I)).
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Figure 4: A typical architecture of autoencoder (AE) neural network.

Even if D®(u*) does not exist, such gradient information, D®¢(u*), can still be extracted
from the emulator G¢ to inform the landscape of ® in the vicinity of u*. Note that we train
CNN only on {aﬁf’, Q(u,(f))} as opposed to {u,(zj), Dg(ugj))}. That is, no gradient information
is used for training. This is similar to extracting geometric information from GP emulator
[91, 58]. Figure 3 compares GP, DNN, and CNN in emulating a forward map that takes a
1681(41x41) dimensional discretized parameter u with 25 observations taken from the solution
of an elliptic PDE as the output (see more details in Section 5.1). Given limited training data,
CNN outperforms both GP and DNN by providing smaller approximation errors (||® — ®¢||)
with lower computational cost.

3.2. Dimension Reduction — Autoencoder (AE). Although we can reduce computation
by emulation, the MCMC algorithms we use for Bayesian inference are still defined in high-
dimensional spaces. In this section, we discuss using AE for dimensionality reduction to
further speed up the UQ process [88]. AE is a special type of feed-forward NN for latent
representation learning. The input is encoded into a low-dimensional latent representation
(code). The code is then decoded into a reconstruction of the original input (see Figure 4).
The model is trained to minimize the difference between the input and the reconstruction. An
AE could learn complicated nonlinear dimensionality reduction. Therefore, it is widely used
in many challenging tasks such as image recognition and artificial data generation [40].

While AE is commonly used to reduce the dimensionality of the data, here we use it
to reduce the dimensionality of the (discretized) parameter space, still denoted as X C RY,
Denote the latent space as X; with dimensionality d; < d. Let uyp € X be the latent
representation of parameter u. Then the encoder ¢ and the decoder 1 are defined respectively
as follows

X=X, u—u
(3.8) ¢ L L
¢:XL*>X, ur, — UR

where ug € X is a reconstruction of u; ¢ and ¥ can be chosen as multilayer NNs similar
to Equation (3.1). Depending on the layers and structures, we could have convolutional AE
(CAE) [36, 78], variational AE (VAE) [53, 54], etc. According to universal approximation the-
orem [20, 77, 65], a feed-forward artificial NN can approximate any continuous function given
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some mild assumptions about the activation functions. Theoretically, an AE with suitable
activation functions could represent an identity map, i.e. ¥ o ¢ = id. An accurate reconstruc-
tion of the input implies a good low-dimensional representation encoded in ¢. In practice, the
success of the algorithm heavily relies on the quality of the trained AE. There is a trade-off
in choosing the proper latent dimensionality, dy: smaller dj, throttles the information flowing
through AE and leads to higher reconstruction errors (See Figure 8); larger dy, could reduce
reconstruction error, but it may also negatively impact the computational efficiency of MCMC
algorlthms deﬁned on the resulting latent subspace. Note that we train the AE with ensem-
bles {unj )} iZ1n=o from the calibration stage. Even though ¢ o ¢ might be different from the
identity map zd AE could still provide a reconstruction ¥ o ¢(u) very close to the original
parameter u. See Figure 10b (Section 5.1) and Figure 13b (Section 5.2) for examples.

The potential function ®(u) and its derivative D®(u) can be projected to the latent space
X, — denoted as ®,(ur) and D®P,(ur) respectively — as follows:

@, (ur) = ®(u) = @(P(ur))

(3.9) u \ " 00(u)
D®,(ug) = | -— =(d Do
() = () P50 = (dwtun)) DB ()
where dy = % is the Jacobian matrix of size d x d, for the decoder . The derivative

information D®, (ur,) needed in the gradient-based MCMC (co-MALA and co-HMC) will be
discussed in Section 3.3. In practice, we avoid explicit computation of the Jacobian matrix dy
by calculating the Jacobian-vector action altogether: D®,(ur) = % . [ (u)T D®(p(ur))],
which is obtained from AE’s back-propagation.

Now we are ready to combine emulation with dimension reduction to further improve
the computation efficiency. The resulting approximate MCMC algorithms in the latent space
involve potential function and its derivative, denoted as ®&(uy) and D®E(ur) respectively,
which are defined by replacing ® with ®¢ in Equation (3.9).

3.3. Dimension Reduced Emulative Autoencoder MCMC (DREAMC). Next, we com-
bine all the techniques discussed above to speed up Bayesian UQ for inverse problems. More
specifically, our main method is composed of the following three stages:

1. Calibration: collect JN samples {u ( )}] n from EKI or EKS procedure;

2. Emulation: build an emulator of the forward mapping G¢ based on {u ,G (ugf ))}jﬂ

(and extract DG¢) using CNN; train an AE (¢, ) based on {un Yims
3. Sampling: run approximate MCMC based on emulation to propose u’ from wu:

i) obtain the projection of u by ur, = ¢(u);

ii) propose u} from ur, by co-MCMC (with ®¢ and D®¢) in the latent space Xp;

iii) obtain the sample v’ = ¢ (u})
Within the class of co-MCMC, we can use the emulated potential and its derivative instead
of exact calculation. We refer to the resulting algorithms as emulative co-MCMC (e-MCMC).
Further, we can use AE to project these approximate MCMC into low-dimensional latent
space. We denote these algorithms as dimension-reduced emulative autoencoder co-MCMC
(DREAMOC). Figure 5 illustrates the relationship among various quantities involved in these
MCMC algorithms.
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Figure 5: Relationship among quantities in various MCMC algorithms. Node sizes indicate relative
dimensions of these quantities. Thick solid arrows mean training neural networks. Dashed arrows with
colors represent mappings that are not directly calculated but actually have equivalent compositions
indicated by the same color, e.g. u +— ®°(u) (dashed red arrow) obtained by training CNN (thick solid
red arrow) followed by network prediction (solid red arrow); or by color mixing, e.g. ur — ®¢(ur)
(dashed orange arrow) as a result of combing the decoder ¢ (thick solid yellow arrow), u +— ®¢(u)
(dashed red arrow), and the change of variable (solid red arrow).

We note that if we accept/reject proposals u; in the latent space with ®¢, then there is
no need to traverse between the original space and the latent space constantly. The chain
can mainly stay in the latent space Xy, to collect samples {ur }, as shown in the bottom level
of Figure 5, and move back to the original space X when relevant emulated quantities are
needed. In the following, we describe the details of DREAMC algorithms.

For the convenience ?f following disposition, we first whiten the coordinates by the trans-
formation u — @ := C~2u. The whitened variable @ has the prior figp = N (0,Z), where the
identity covariance operator is not a trace-class on X. However, random draws from [ig are
square-integrable in the weighted space Im(C_%). We can still obtain a well-defined function
space proposal for parameter u after inverting the transformation [19, 57]. In the whitened
coordinates @, the Langevin and Hamiltonian (2.5) dynamics (with algorithmic parameter
a = 1) can be written as follows respectively:

dii 1 dW

1 — = ——{Zu+ aD®(i —

(3.10) o 2{ i+ aD®(a)} + i
(3.11) @+{I~+ D®(a)} =0 5o 0 N(0,7)
. 72 U+ o u)p =0, V= ar o , .

where D®(a) = C%ch(u). Then, we can train CNN using {aﬁf),g(ag))}m and AE using
{@}jm.

On the other hand, since the AE model does not preserve the volume (¢ o ¢ ~ id but
Yo¢ # id), the acceptance of proposals in the latent space needs to be adjusted with a volume
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correction term VVI in order to maintain the ergodicity [59, 88]. Note, the volume adjustment

term VVI breaks into the product of Jacobian determinants of the encoder ¢ and the decoder
1 that can be calculated with Gramian function as follows [88]:

(312) ¥ — den(ao(it)) des(ao() | de [(S) (aa>] det[(aaaff ) @)]

where terms under square root are determinants of matrices with small size d;, X dr, which
can be obtained by the singular value decomposition of the Jacobian matrices respectively.
In practice, we can exclude VVI from the acceptance probability and use it as a resampling
weight as in importance sampling [60]. Alternatively, we can ignore the accept/reject step for
an approximate Bayesian UQ [98, 88].

To derive co-HMC in the latent space based on the Hamiltonian dynamics in the whitened
coordinates (3.11), we also need to project © ~ N(0,I) into dz-dimensional latent space Xp,.

We could use the same encoder ¢ as in [88]; however, since o; i N(0,1)fori=1,---,d, we just
set 0r, ~ N(0,I4,) for simplicity. Then, the co-HMC proposal U, : (4r.0,05,0) — (4L.e, VL)
in the whitened augmented latent space with emulated gradient becomes

'IN}Z = UL() — —D@e(uL ()) N
(3‘13) |:'LLL+5:| _ [CO?&‘ sma] |:'LL~L,0:| :
vy, —SImme COSse vy,

Ure =0f — %€ DO (ure) .

The acceptance probability for the resulting DREAMC-oo-HMC algorithm involves H (ur, 01,) =|j
®¢(ar) + 3|or|? and becomes a(ir, @) = 1 Aexp(—AH (g, 1))% with ¥ as in (3.12) and

AH (i, o) =H(¥!(ag, o)) — H(ar, )
2 2
=®(ur,r) — ®(iLo) — —5— {HD‘I’e (ap,p)|]* — DR (Lo}

I— 1
Qe ~ -
32 ((Or4, D®L(TL i) + (Orit1, DO (L i41)))

(3.14)

s

We summarize DREAMC-0c0o-HMC in Algorithm ?7? in Appendix 7?7, which includes DREAMC-J
oo-MALA with I =1 and DREAMC-pCN with o = 0 as special cases.

4. lllustrations. In this section, we investigate two low-dimensional inverse problems: a
three-dimensional linear Gaussian inverse problem with tractable posterior distribution and
a four-dimensional nonlinear banana-biscuit-doughnut (BBD) distribution [58] with complex
geometry. We illustrate the validity of our proposed emulative co-MCMC and DREAMC algo-
rithms using these two examples. The structure of our NN models (e.g., the number of layers
and choice of activation functions) in this section and next section are chosen from a small
subset of options to minimize the overall error; therefore, they may not optimal globally. All
computer codes are available at GitHub https://github.com/lanzithinking/DREAMC-BUQ.
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Figure 6: Linear Gaussian inverse problem: pairwise marginal posterior density estimation.

4.1. Linear Gaussian inverse problem. We first consider the following linear Gaussian
inverse problem.

y=6) +n, Gu)=Au, n~N(O,I)
u NN(()’EO)

where A is a matrix of size m x d. In this example, we set I' = O’%Im with 0727 = 0.1 and
Yo = 021, with 02 = 1. We randomly generate A with a;; ~ unif[0, 1]. Further, we assume
d = 3 and set the true value uf = (—1,0,1). We generate m = 100 data points, y = {y,}™,
with G(u') = Auf. The inverse problem involves finding the posterior distribution of wuly
which has the following analytic form:

uly ~ N, ), p=ZATT Yy, Y l=x;14+ATT7'4

We follow the procedure of CES outlined in Section 3.3. First, we run EKS with ensemble
size J = 100 for N = 50 iterations and collect 5000 ensemble pairs {uq(f ), g(u,(f ))};@Ln:l. Then
we train DNN with 75% of these ensembles and use the remaining 25% for testing. The DNN
has 3 layers with ‘softplus’ activation function for the hidden layers and ‘linear’ activation
for the output layer with the units linearly interpolated between input dimension (d = 3)
and output dimension (m = 100). We also train AE with the same split of training/testing
data. The AE has latent dimension dj, = 2, with 2 encoder layers and 2 decoder layers. We
use ‘LeakyReLU(a = 2)’ as the activation function. We run co-HMC, emulative co-HMC
and DREAMC oo-HMC (Algorithm ?7) to collect 10000 posterior samples of u after burning
in the first 10000 respectively. Figure 6 shows that both emulative co-HMC and DREAMC
00o-HMC generate samples very close to the original co-HMC. All three methods capture the
true distribution whose 3-standard deviation contours are plotted as red ellipses.
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Figure 7: Nonlinear BBD inverse problem: comparing the true (left) potential (colored con-
tours) and its gradient (arrows) with the corresponding emulated quantities given by DNN
(middle) and GP (right).

4.2. Nonlinear Banana-Biscuit-Doughnut (BBD) inverse problem. Next, we challenge
our proposed methodology with a complex four-dimensional Banana-Biscuit-Doughnut (BBD)
distribution [58]. BBD distribution was first proposed in [58] as a benchmark for testing
MCMC algorithms and has recently been revisited by [88]. The name of the distribution
comes from 3 possible shapes of pairwise marginal distributions resembling a banana in
(1,2) dimension, a biscuit in (1,3) dimension, and a doughnut in (2,4) dimension (see Fig-
ure 7?7 in Appendix ??). It can be cast into a Bayesian inverse problem with parameters
w= (U, - ,uq):

y=G(u)+n, n~N(0,0y)
g(u):ASU‘7 Su:(ulau%77u£k77u§d)7 pkzz_(kmOdQ)
UNN(O,UZId)

where A is a matrix of size m x d. Therefore, G : R — R™ is a linear forward mapping of Su
but a non-linear operator of u.

As before, we generate a matrix A and true vector u! with elements being random integers
between 0 and d. Then, we obtain m = 100 data points, {y, }™, with G(u') = ASuf, ag =1.
In the prior, we set 02 = 1. The inverse problem involves finding u for given data {yn}m;.
The distribution has a complex geometric structure, which makes it challenging for MCMC
algorithms to explore (Figure 7?7 in Appendix ?7).

We collect training samples, {ugf ),g(uﬁf ))}j:]\{ n—1, using EKS with J = 100 ensembles
for N = 50 iterations. Then, we train DNN (Witﬁ a similar structure as before, but with 5
layers) and AE (with the same configuration as before, but with latent dimension dj, = 3).
For comparison, we also train GP with anisotropic squared exponential kernel based on these
5000 ensembles. The GP model is coded in GPflow, which uses scalable variational GP
(SVGP) algorithms [75, 38]. SVGP determines the value of hyper-parameters (e.g. length
scales) by maximizing the evidence lower bound (ELBO). In GPflow, stochastic optimizers

such as stochastic gradient descent (SGD) and adaptive moment estimation (ADAM) can be



16 S. LAN, S. LI, AND B. SHAHBABA

1
a
c U

)
o

algorithm
— co-HMC

— e-w-HMOC

— DREAMC o= HMC

s
o
]

Figure 8: BBD inverse problem: pairwise marginal posterior density estimation.

directly used. The set-up for choosing mini-batches in our GP training is the same as our
DNN training. Both emulators, G¢ : R* — R0 are built for AS, and the log-likelihood is
computed using (3.3). Figure 7 shows that the emulation by DNN (middle) is much closer to
the truth (left) than that of GP (right). As we can see from these two illustrative examples,
GP works equally well as DNN in emulating the low-dimensional linear map, but it performs
much worse in the high-dimensional (many-output) nonlinear problems.

Next, we run co-HMC, emulative co-HMC and DREAMC oco-HMC to collect 10000 poste-
rior samples of w after discarding the first 10000. We plot the marginal distributions of model
parameters estimated by these MCMC samples in Figure 8. The resulting distribution from
emulative co-HMC is close to that of co-HMC. In this example, the intrinsic dimension (the
dimension of space containing essential data information) is d = 4 but the latent dimension
is dr, = 3. Therefore, some information is lost in AE. This leads to the discrepancy between
DREAMC oco-HMC and the other two algorithms. Still, the DREAMC algorithm recovers
enough details of the posterior.

5. Numerical Experiments. In this section, we consider two high-dimensional inverse
problems involving elliptic PDE and advection-diffusion equation. In both problems, the
forward parameter-to-observation mappings are nonlinear, and the posterior distributions are
non-Gaussian. The high dimensionality of the discretized parameter imposes a big challenge on
Bayesian UQ. The second inverse problem involving advection-diffusion equation is even more
challenging because it is based on spatiotemporal observations. We demonstrate substaintial
numerical advantages of our proposed methods and show that they indeed can scale up the
Bayesian UQ for PDE-constrained inverse problems to thousands of dimensions.
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Figure 9: Elliptic inverse problem: true log-transmissivity field uf(x) (left), and 25 observa-
tions on selected locations indicated by circles (right), with color indicating their values.

5.1. Elliptic Inverse Problem. The following elliptic PDE [19, 57] is defined on the unit
square domain € = [0, 1]2:

-V (k(x)Vp(x)) = f(x), x€Q
(k(x)Vp(x),7(x)) =0, x€ N

/ p(x)di(x)
o0

where k(x) is the transmissivity field, p(x) is the potential function, f(x) is the forcing term,
and 7i(x) is the outward normal to the boundary. The source/sink term f(x) is defined by
the superposition of four weighted Gaussian plumes with standard deviation 0.05, centered at
x = [0.3,0.3], [0.7,0.3], [0.7,0.7], [0.3,0.7], with weights {2, —3, 3, —2} respectively, as shown
in the left panel of Figure 77.

The transmissivity field is endowed with a log-Gaussian prior, i.e.

(5.1)

0

k(x) = exp(u(x)), u(x)~N(0,C)

where the covariance operator C is defined through an exponential kernel function

Ix — x|

C: X=X, ux)— /C(X, Nu(x)dx',  e(x,x') = 02 exp (— 57

),forx,x'EQ

with the prior standard deviation o, = 1.25 and the correlation length ¢ = 0.0625. To make
the inverse problem more challenging, we follow [19] to use a true log transmissivity field
u'(x) that is not drawn from the prior, as shown in the left panel of Figure 9. The right
panel of Figure ?? shows the potential function, p(x), solved with uf(x), which is also used
for generating noisy observations. Partial observations are obtained by solving p(x) on an
81 x 81 mesh and then collecting at 25 measurement sensors {x;}?, as shown by the circles
on the right panel of Figure 9. The corresponding observation operator O yields the data
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(a) CNN (middle) and DNN (right) emulation (G¢ : R — R2%) extracting gradients D®®(uMAP)
compared with the true gradient D®(uMAT) (left).
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ing it in the original space uMAP" (right).

Figure 10: Elliptic inverse problem: outputs by NNs viewed as 2d images.

y € R?
y=0p(x)+n, n~N(0, 01)

where we consider the signal-to-noise ratio SNR = maxy{u(x)}/o;, = 50 in this example.
The inverse problem involves sampling from the posterior of the log-transmissivity field

u(x), which becomes a vector with dimension of 1681 after being discretized on 41 x 41

mesh (with Lagrange degree 1). We use the CES framework described in Section 3.3. In

the calibration stage, we collect {uﬁlJ ),g(uff ))}‘]]:A{ n—1 from N = 10 iterations of EKS runs
with ensemble size J = 500. For the emulation, we train DNN and CNN with 75% of these
5000 ensembles and test/validate them with the remaining 25%. The DNN has 3 layers with
‘softplus’ activation function for the hidden layers and ‘linear’ activation for the output layer
and 40% nodes dropped out. The structure of CNN is illustrated in Figure 2 with ‘softplus’
activation for the convolution layers, ‘softmax’ activation for the latent layer (dimension 256)
and ‘linear’ activation for the output layer. The trained CNN has drop out rate of 50% on
all its nodes. Figure 10a compares the true gradient function D®(uMAP) (left panel) and
its emulations D®€(uMAT) (middle and right panels) as in Equation (3.4) extracted from

two types of NNs. These gradient functions are plotted on the 2d domain [0,1]?. We can
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(a) Posterior mean estimates of the log-transmissivity field u(x).

co-MLALA co-HMC

(b) Posterior standard deviation estimates of the log-transmissivity field u(x).

Figure 11: Elliptic inverse problem: Bayesian posterior estimates of the log-transmissivity
field u(x) based on 5000 samples by various MCMC algorithms.

see that even trained on forward outputs without any gradient information, these extracted
gradients provide decent approximations to the true gradient capturing its main graphical
feature viewed as a 2d image. The result by CNN is qualitatively better than DNN, which is
supported by the numeric evidence of error comparison illustrated in the left panel of Figure
3.
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In the sampling stage, we train AE with the structure illustrated in Figure 4. The latent
dimension is dr, = 121 (11 x 11) and the sizes of hidden layers between input and latent,
between latent and output are linearly interpolated. All the activation functions are chosen
as ‘LeakyReLU(a = 2)’. Figure 10b plots the original uMAF (left), the latent representation
uMAP = ¢ (uMAP) (middle) and the reconstruction uMAP" = ¢ (uMAP) (right). Even though the
latent representation is not very intuitive, the output function (image) decoded from the latent
space can be viewed as a ‘faithful’ reconstruction of the original function (image), indicating
a sufficiently good AE that compresses and restores information. Therefore, our proposed
MCMC algorithms, defined on the latent space, generate samples that can be projected back to
the original space without losing too much accuracy in representing the posterior distribution.

Method he AP? s/iter © ESS(min,med,max) ¢ minESS/s ¢ spdup /  PDEsolns 9
pCN 0.03  0.65 0.49 (7.8,28.93,73.19) 0.0032 1.00 6001
oco-MALA 0.15 0.61 0.56 (29.21,120.79,214.85) 0.0105 3.30 12002
oco-HMC 0.10 0.70 1.65 (547.62,950.63,1411.6) 0.0663 20.82 36210
e-pCN 0.05  0.60 0.02 (10.07,43.9,93.62) 0.0879 27.60 0
e-co-MALA 0.15  0.67 0.03 (33.23,133.54,227.71) 0.2037 63.95 0
e-co-HMC 0.10 0.77 0.07 (652.54,1118.08,1455.56) 1.9283 605.47 0
DREAMC-pCN 0.10 0.67 0.02 (36.78,88.36,141.48) 0.3027 95.03 0
DREAMC-co-MALA | 1.00 0.66 0.04 (391.53,782.06,927.08) 2.0988 659.01 0
DREAMC-co-HMC 0.60 0.64 0.11 (2289.86,3167.03,3702.4) 4.1720 1309.97 0

@ step size ° acceptance probability ¢ seconds per iteration ¢ (minimum, median, maximum) effective sample size

¢ minimal ESS per second { comparison of minESS/s with pCN as benchmark 9 number of PDE solutions

Table 1: Elliptic inverse problem: sampling efficiency of various MCMC algorithms.

We compare the performance of algorithms including vanilla pCN, co-MALA, co-HMC,
their emulative versions, and the corresponding DREAMC algorithms. For each algorithm,
we run 6000 iterations and burn in the first 1000. For HMC algorithms, we set I = 5. We tune
the step sizes for each algorithm so that they have similar acceptance rates around 60 ~ 70%.
Figure 11a compares their posterior mean estimates, and Figure 11b compares their estimates
of posterior standard deviation. We can see that emulative MCMC algorithms generate results
very close to those by the original MCMC methods. DREAMC algorithms introduce more
errors due to the information loss in AE, but still provides estimates that reasonably resemble
those generated by the original MCMC algorithms.

Table 1 summarizes the sampling efficiency of various MCMC algorithms measured by
minimum effective sample size (ESS) among all parameters normalized by the total time
consumption, i.e. minESS/s. With this standard, emulative co-HMC and DREAMC oc-
MALA achieve more than 600 times speed-up in sampling efficiency and DREAMC oco-HMC
attains 3 orders of magnitude improvement compared to the benchmark pCN. Such comparison
focuses on the cost of obtaining uncertainty estimates and does not include the time for
training CNN and AE, which is relatively much smaller compared with the overall sampling
time.

Figure ?? (Appendix ?7) shows the traceplots of the potential function (data-misfit) on
the left panel and autocorrelation functions on the right panel. HMC algorithms make distant
proposals with least autocorrelation, followed by MALA algorithms and then pCN algorithms
with the highest autocorrelation. This is also verified numerically by ESS of parameters (the
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Figure 12: Advection-diffusion inverse problem: true initial condition uzr) (top left), and the
solutions u(x,t) at different time points.

lower autocorrelation, the higher ESS) in Table 1. Note DREAMC oco-MALA has similar
autocorrelation as HMC algorithms. Finally, we plot the Kullback—Leibler (KL) divergence
between the posterior and the prior in terms of iteration (upper) and time (lower) respectively
in Figure 7?7 (Appendix ?7). Among all the MCMC algorithms, emulative MCMC algorithms
stabilize such measurement the fastest and attain smaller values for given iterations and time.

5.2. Advection-Diffusion Inverse Problem. In the next example, we quantify the uncer-
tainty in the solution of an inverse problem governed by a parabolic PDE within the Bayesian
inference framework. The underlying PDE is a time-dependent advection-diffusion equation in
which we seek to infer an unknown initial condition from spatiotemporal point measurements.

The parameter-to-observable forward mapping G : ug — Ou maps an initial condition
up € L?(2) to pointwise spatiotemporal observations of the concentration field u(x, t) through
the solution of the following advection-diffusion equation [76, 94]:

u— kAU +v-Vu=0 inQx(0,7T)
(5.2) u(-,0) =ug in Q
kVu-n=0, onddx(0,T)
where 2 C [0,1]? is a bounded domain shown in Figure 12, x > 0 is the diffusion coefficient

(set to 1073), and T' > 0 is the final time. The velocity field v is computed by solving the
following steady-state Navier-Stokes equation with the side walls driving the flow [76]:

1
Re

(5.3) V.ov=0 inQ
v=g, ondfd

Av+Vqg+v-Vv=0 inQ

Here, q is the pressure, Re is the Reynolds number, which is set to 100 in this example. The
Dirichlet boundary data g € R? is given by g = e = (0,1) on the left wall of the domain,
g = —ey on the right wall, and g = 0 everywhere else.
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Figure 13: Advection-diffusion inverse problem: outputs by NNs viewed as 2d images.

We set the true initial condition ug = 0.5Aexp{—100[(z1 —0.35)2+ (22 —0.7)]}, illustrated
in the top left panel of Figure 12, which also shows a few snapshots of solutions u at other
time points on a regular grid mesh of size 61 x 61. To obtain spatiotemporal observations, we
collect solutions u(x,t) solved on a refined mesh at 80 selected locations {x;}5°, (Figure ??)
across 16 time points {t; }il evenly distributed between 1 and 4 seconds (thus denoted as
Ou) and inject some Gaussian noise N (0, a%) such that the relative noise standard deviation
is 0.5 (0)/ max Ou = 0.5):

y = Ou(x,t) +n, n~N(0,07h2s0)

In the Bayesian setting, we adopt the following GP prior with the covariance kernel C defined
through the Laplace operator A:

UNMOZN(O7C)7 C:((;I_,},A)—Z

where 0 governs the variance of the prior and 7/d controls the correlation length. We set
v =2 and § = 10 in this example.

The Bayesian inverse problem involves obtaining an estimate of the initial condition ug and
quantifying its uncertainty based on the 80 x 16 spatiotemporal observations y € R'2%9. For the
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(a) Posterior mean estimates of the initial concentration field u(x).
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(b) Posterior standard deviation estimates of the initial concentration field u(x).

Figure 14: Advection-diffusion inverse problem: Bayesian posterior estimates of the initial
concentration field u(x) based on 5000 samples by various MCMC algorithms.

notational convenience, we still denote ug(x) as u(x) when it is not confused with the general
concentration field u(x,t). The Bayesian UQ in this example is especially challenging not only
because of its large dimensionality (3413) of spatially discretized u (Lagrange degree 1) at each
time ¢, but also due to the spatiotemporal interactions in these observations [18]. We follow

(J'))}JJV

the CES framework as in Section 3.3. In the calibration stage, we collect {fu?(f ), G(u ln=1
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by running EKS with the ensemble size J = 500 for N = 10 iterations. For the emulation,
we train DNN and CNN with the same 3 : 1 splitting of these 5000 ensembles for training
and testing. The DNN has 5 layers with activation function ‘LeakyReLU(a = 0.01) for
the hidden layers and ‘linear’ activation for the output layer and 25% nodes dropped out.
The structure of CNN is illustrated in Figure 2 with 4 filters in the last convolution layer,
activation ‘LeakyReLU(a = 0.2)’ for the convolution layers, ‘PReLU’ activation for the latent
layer (dimension 1024), and ‘linear’ activation for the output layer. The trained CNN has drop
out rate of 50% on all its nodes. Figure 13a compares the true gradient function D‘ID(uMAP)
(left panel) and its emulations D®¢(upap) (middle and right panels) as in Equation (3.4)
extracted from two types of NNs. As before, we can see better extracted gradient output
by CNN as an approximation to the true gradient compared with DNN. Due to the large
dimensionality of inputs and outputs (G¢ : R33 — R1289) and memory requirement, GP
(implemented in GPflow) failed to fit and output gradient extraction.

In the sampling stage, we adopt AE with the same structure as in Figure 4, the latent di-
mension dy, = 417 (degrees of freedom on submesh 21 x21), and the activation functions chosen
as ‘elu’. Figure 13b plots the original uMAP (left), the latent representation uMAF = ¢(uMAF)
(middle) and the reconstruction uMAP" = o (uMAP) (right). Again we can see a ‘faithful’ re-
construction of the original function (image) by AE even though the latent representation is
not very intuitive.

Method h @ AP?  s/iter © ESS(min,med,max) ¢ minESS/s ¢ spdup /  PDEsolns 9
pCN 0.001 0.69 0.03 (3.16,6.37,40.7) 0.0222 1.00 6001
oco-MALA 0.005 0.68 0.06 (3.78,11.6,51.5) 0.0122 0.55 12002
oo-HMC 0.005 0.78 0.12 (31.55,83.54,240.34) 0.0507 2.29 35872
e-pCN 0.002  0.69 0.02 (3.33,7.19,58.2) 0.0324 1.46 0
e-oo-MALA 0.008 0.72 0.05 (4.28,14.3,62) 0.0157 0.71 0
e-co-HMC 0.008 0.72 0.11 (25.41,113.11,270.79) 0.0475 2.14 0
DREAMC-pCN 0.020 0.68 0.02 (8.88,16.99,53.35) 0.0727 3.28 0
DREAMC-co-MALA | 0.100 0.83 0.06 (37.65,66.58,157.09) 0.1310 5.91 0
DREAMC-oco-HMC 0.100  0.72 0.17 (564.12,866.72,1292.11) 0.6791 30.64 0

@ step size ° acceptance probability ¢ seconds per iteration ¢ (minimum, median, maximum) effective sample size

¢ minimal ESS per second { comparison of minESS/s with pCN as benchmark 9 number of PDE solutions

Table 2: Advection-diffusion inverse problem: sampling efficiency of MCMC algorithms.

We compare the performance of co-MCMC algorithms (pCN, co-MALA, co-HMC), their
emulative versions, and the corresponding DREAMC algorithms. For each algorithm, we run
6000 iterations and burn in the first 1000. For HMC algorithms, we set I = 5. We tune the
step sizes for each algorithm so that they have similar acceptance rates around 60 ~ 70%.
Figure 14a compares their posterior mean estimates and Figure 14b compares their estimates
of posterior standard deviation. We can see that emulative MCMC algorithms generate similar
results as the original MCMC methods. DREAMC algorithms yield estimates close enough to
those by the original MCMC. Although there are some deviations in the uncertainty estimates,
the results by DREAMC algorithms are significantly better than those by ensemble Kalman
methods, which severely underestimate the posterior standard deviations (See Figure ?77).

Table 2 compares the sampling efficiency of various MCMC algorithms measured by mi-
nESS/s. Three most efficient sampling algorithms are all DREAMC algorithms. DREAMC
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oo-HMC attains up to 30 times speed up compared to the benchmark pCN. Considering
the complexity of this inverse problem with spatiotemporal observations, this is a significant
achievement. Again, we exclude the training time of CNN and AE from the comparison since
it is rather negligible compared with the overall sampling time.

In Appendix ??, Figure 7?7 verifies DREAMC oco-HMC is the most efficient MCMC algo-
rithm that has the smallest autocorrelation shown on the right panel. It is followed by other
HMC algorithms and DREAMC co-MAMA which is even better than co-HMC. Figure 77
plots the KL divergence between the posterior and the prior in terms of iteration (upper) and
time (lower) respectively. As we can see, co-HMC converges the fastest.

6. Conclusion. In this paper, we have proposed a new framework to scale up Bayesian
UQ for inverse problems. More specifically, we use CNN — a regularized neural network,
which is a powerful tool for image recognition and amenable to inverse problems if we treat
the discretized parameter function as an input image. This way, CNN is capable of learning
spatial features. In addition, the resulting algorithm has low computational complexity and
is robust: as seen in Figure 3, the performance of CNN as an emulator is relatively stable
across different training sizes. If larger training size is required for certain problems, we could
train CNN adaptively as more samples are collected from the parameter space [88]. We have
adopted AE to further reduce the dimension of the parameter space and speed up the sampling
process. Overall, by utilizing different techniques based on neural networks, we have been able
to scale up Bayesian UQ up to thousands of dimensions.

In the current framework, we rely on regular grid mesh to facilitate the CNN training — a
discretized function over a 2d mesh needs to be converted to a matrix of image pixels. Such
a limitation can be alleviated by using mesh CNN [37], which could train CNN directly on
irregular mesh; for example, triangular mesh has been extensively used for solving PDE. This
will extend our methodology and further enhances its utility.

The standard AE used in our proposed framework and the corresponding latent projection
by dense layers might not be the optimal choices. Alternatively, we could use convolutional AE
(CAE) [36], which generates more recognizable latent representation as illustrated in Figure
?7?. In this case, the latent parameter can be interpreted as a representation of the original
function on a coarser mesh. What is more, we could modify the loss function to adaptively
learn the dimensionality of intrinsic latent space.

There are spatiotemporal data in some inverse problems (e.g., advection-diffusion equa-
tion). In such cases, we could model the temporal pattern of observations in the emulation
using some recurrent neural networks (RNN) [81], e.g., long short-term memory (LSTM) [42].
We can then build a ‘CNN-RNN’ emulator with convolutional layer for function (image) in-
puts and RNN layer for multivariate time series outputs. While we have obtained promising
preliminary results (See Figure 77), we intend to pursue this idea in a follow-up paper. Lastly,
future research could involve replacing the MCMC algorithms in the sampling step with some
recently proposed information gradient flow methods [97, 96] and comparing the performance
with the current DREAMC approach.
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