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Aeromechanics of highly flexible flapping wings is a complex nonlinear fluid–structure interaction problem and, therefore,
cannot be analyzed using conventional linear aeroelasticity methods. This paper presents a standalone coupled aeroelastic
framework for highly flexible flapping wings in hover for micro air vehicle (MAV) applications. The MAV-scale flapping wing
structure is modeled using fully nonlinear beam and shell finite elements. A potential-flow-based unsteady aerodynamic
model is then coupled with the structural model to generate the coupled aeroelastic framework. Both the structural and
aerodynamic models are validated independently before coupling. Instantaneous lift force and wing deflection predictions
from the coupled aeroelastic simulations are compared with the force and deflection measurements (using digital image
correlation) obtained from in-house flapping wing experiments at both moderate (13 Hz) and high (20 Hz) flapping
frequencies. Coupled trim analysis is then performed by simultaneously solving wing response equations and vehicle trim
equations until trim controls, wing elastic response, inflow and circulation converge all together. The dependence of control
inputs on weight and center of gravity (cg) location of the vehicle is studied for the hovering flight case.

Nomenclature

B Jaumann strain tensor
D displacement vector
e1 strains in η directions
e2 strains in ζ directions
Fi residuals of trim functions
J Jaumann stress tensor
K stiffness matrix
K(j ) element stiffness matrix
Kt tangent stiffness matrix
K1 curvature matrix
K0

1 initial curvature matrix
ki initial curvature
M mass matrix
N shape function matrix
N1 one-dimensional shape function matrix
N2 two-dimensional shape function matrix
q element displacement vector
r distance of center of thrust to center of vehicle
T transformation matrix
TL thrust of left wing
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TR thrust of right wing
U local displacement vector
Vabc base vectors in frame abc
V∞ free-stream flow velocity
vi induced velocity at rotor–disk plane
vw wake velocity
W weight of the vehicle
Wnc nonconservative external work
w out-of-plane deformation
xcg center of gravity offset in the x direction
ycg center of gravity offset in the y direction
β flap angle
� circulation
γ vorticity distribution
γ5 out-plane shear rotation angle
γ6 in-plane shear rotation angle
ε strain tensor
η airfoil camberline function
θ wing pitch angle
θi control parameters
� potential energy
ρi deformed curvature
σ stress tensor

w Wagner function
φL left wing midstroke angle
φR right wing midstroke angle
ϕ strain vector

k Kussner function
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Introduction

Micro air vehicles (MAVs) have recently gained mainstream accep-
tance as a sophisticated and versatile variant of unmanned aerial vehi-
cles. From being part of military strategies for performing nonintrusive
surveillance in urban and constrained environments, to conducting search
and rescue services, MAVs are changing human life in many aspects. Nat-
urally, the curiosity of the scientific world has been roused further and,
recently, more researchers have delved into the rigorous study of bioin-
spired flapping wing MAVs. Flapping wing MAVs, with their highly
unsteady aerodynamic environment, are complex flight systems. They
produce large instantaneous forces by generating high lift coefficients
(Refs. 1, 2) and also provide higher control authority and robustness re-
quired to withstand disturbances such as wind gusts (Ref. 3). Over the
past two decades, remarkable theoretical and experimental developments
have been carried out in this field.

Conventional models for studying flapping wing aerodynamics gener-
ally rely on a rigid wing with prescribed flapping and pitching kinematics.
However, a realistic flapping wing motivated by insects and humming-
birds is a highly intricate, anisotropic, flexible structure that undergoes
large deflections during a flap cycle (Refs. 4,5). Due to large inertial and
aerodynamic forces acted on the wing, a flexible wing will undergo large
dynamic shape changes including spanwise dynamic twist (even more
than 60 deg from root to tip), large camber variations, contraction and
expansion of wing surface, and transverse out-of-plane bending. There-
fore, the effects of these shape changes on the lift and drag forces need
to be accounted for in the aerodynamic model.

With certain wing shape and stiffness distribution, flexible flap-
ping wings can produce significantly higher lift compared to rigid ones
(Ref. 6). However, because of the small scale, high structural flexibility,
nonuniformity in the distribution of mass and stiffness properties, highly
nonlinear and unsteady aerodynamics, and the tight coupling between
aerodynamics and structural dynamics, the analysis of a realistic flexible
flapping wing is extremely challenging.

Most of the flapping wing aeroelastic models so far have been either
high-fidelity computational fluid dynamics–computational structural dy-
namics (CFD–CSD) coupled solvers (Refs. 7,8) or vortex-method based
models (Ref. 9), which are computationally expensive, or lower order
models with linear structural models (Ref. 10), which cannot capture
the nonlinearities in a realistic flapping wing, especially while operating
at high frequencies. Finding the balance between accuracy and com-
putational cost is crucial, and different approaches have been adopted
by researchers. CFD studies when coupled with a structural dynamics
model would make the analysis extremely expensive. It is impractical to
use such an analysis for routine design calculations of a flapping-wing
system. Zbikowski (Ref. 11) used indicial functions to estimate the un-
steady forces on a flapping wing in hover by separately modeling five
different phenomena or components that contribute to the total force
acting on the wing. Singh and Chopra (Ref. 10) coupled this aerody-
namic model with a linear structural model to perform the aeroelastic
analysis of an insect wing model. This work proved that the flexible
flapping wing exhibited significant aeroelastic effects even at moderate
frequencies (12 Hz). The unsteady vortex lattice and vortex methods
have also been employed on flapping wing MAVs (Ref. 12). Ansari
et al. (Refs. 13, 14) developed a circulation-based vortex method, which
considers vortices shedding from both leading and trailing edges. This
model demonstrated good agreement with the experimental work per-
formed by Birch (Ref. 15). Gogulapati et al. (Ref. 16) have further
improved this model by considering viscosity effects and also coupled
it with a structural model for aeroelastic modeling of flexible insect-like
wing.

Fig. 1. Flapping wing MAV developed in-house.

Currently, as shown in Fig. 1, a hummingbird-inspired MAV has been
developed and flight-tested in stable hover at Advanced Vertical Flight
Laboratory at Texas A&M University (Ref. 17). This MAV has a gross
weight of 62 g with 5-inch long wings flapping at about 20 Hz during
hover. During the development of this vehicle, more than 50 different
wing designs were tested to evaluate the performance before converging
on the optimum design. This extensive and tedious method of designing
the wing was the motivation for developing an accurate yet computa-
tionally efficient aeroelastic tool, which could be used for routine design
calculations of such systems.

The in-house experimental studies conducted on this flapping wing
demonstrated that at high frequencies (20 Hz) required for hovering, the
wing undergoes large deflections (Ref. 18). Therefore, it is important to
have a fully coupled nonlinear unsteady aeroelastic model to predict the
performance of such a system. The eventual goal of this research is to
incorporate this model as part of a flapping-wing MAV design framework
that is currently being developed at Texas A&M University.

This paper describes the development of an aeroelastic model, which
includes high-fidelity geometrically exact shell and beam-based wing
structural model coupled with a potential flow-based unsteady indicial
aerodynamic model that can also capture the effects of leading edge
vortex, inflow, and shed wake. Furthermore, a coupled trim model is
developed to predict the control inputs required for achieving force and
moment equilibrium in hovering flight. Coupled trim analysis is per-
formed by simultaneously solving wing response equations and vehicle
trim equations until trim controls, wing elastic response, inflow, and
circulation converge all together.

Methodology

In the current analysis, an aeroelastic model of a flexible flapping wing
is developed by coupling the potential-flow-based aerodynamic models
with a geometrically exact nonlinear structural model, which reduces
the computational cost yet perpetuates to provide reasonable results. The
large deflections of the wing could be captured using the geometrically
exact beam and plate-coupled model. The aerodynamic model adopted
in this work is a potential-flow-based unsteady indicial model that could
also capture the effects of leading edge vortex (using Polhamus leading
edge suction analogy) and shed wake (through the Kussner function). An
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Fig. 2. Wing deformation with varying frequency viewed edgewise
down the wingspan (Ref. 17).

innovative flapping wing test rig was designed and built to measure the
time history of lift forces acting on a flexible wing during a flap cycle.
The digital image correlation (DIC) technique is used to get deformed
wing shape at different instants during a flap cycle and particle image
velocimetry based flowfield measurements to analyze flow structures at
different spanwise sections (Ref. 18).

Both aerodynamic and structural models are independently validated
before coupling them to develop the aeroelastic framework. The aeroe-
lastic simulation results are compared with test data; instantaneous lift
force predictions with measured lift and wing deflections prediction are
compared with the DIC measured deflections. The present aeroelastic
framework, once validated, can serve as a platform to analyze different
flapping-wing configurations in hovering state. The model will be later
used in a design code to optimize the design of highly flexible flapping
wings.

Coupled trim analysis requires simultaneous computation of trim
controls, vehicle orientation, and wing elastic response so that both wing
response equations and vehicle trim equations are satisfied. In this study,
the dependence of control inputs on weight and longitudinal/lateral center
of gravity (cg) offset of the vehicle is studied for hovering flight.

Structural Model

The flapping wing structure analyzed in the current study is same as
the one used on the in-house hover-capable robotic hummingbird shown
in Fig. 1. The flapping wing utilizes passive wing deflections to achieve
the optimum aerodynamic shape at the operational frequency. This re-
quires the wing to be highly flexible and undergoes large deformations
compared to its thickness. Such structures are referred to as highly flexi-
ble structures in the literature (Ref. 19). As seen from the strobbed images
of the wing in Fig. 2, at high frequencies the wing undergoes significant
deformations. The effect of these deformations on wing aerodynamic
performance needs to be modeled and quantified, which is the focus of
the current research.

The geometrically exact beam and plate theories proposed by Pai
(Ref. 19) is implemented in the current study. This theory accounts for
the geometric nonlinearities due to large rotations, in-plane strain, initial
curvature, and transverse shear deformations and encapsulates the exact
shell-deformed surface (Refs. 20–23).

As shown in Fig. 1, the wing in the present study comprises of mem-
brane and spars. The model developed is a sophisticated coupled model
based on geometrically exact plate and beam theories. The membrane of
the wing is modeled as highly flexible plate and the spars as beams. These
independent models are coupled to form the fully developed structural
model of the wing.

Fig. 3. Undeformed and defor med geometries of differential refer-
ence surface with the corresponding coordinate systems (Ref. 21).

Geometrically exact finite element modeling

The integral form of extended Hamilton’s principle is used to deter-
mine the governing differential equation of the deformed shell and beam
structure. This principle states that

∫ t2

t1
(δT − δ� + δWnc)dt = 0 (1)

where δT is the variation in kinetic energy, δ� is the variation of elastic
energy, and δWnc is the nonconservative work done by external forces.

Geometrically exact modeling. For a naturally curved shell, three co-
ordinate systems are needed for describing its deformation, as shown
in Fig. 3. The abc is a fixed global rectangular coordinate system used
for reference, the xyz is a fixed local orthogonal curvilinear coordinate
system used to describe the undeformed shell geometry, and the ξηζ is a
moving local orthogonal curvilinear coordinate system used to describe
the deformed shell geometry (Ref. 23). Moreover, ia , ib, and ic are unit
vectors along the axes a, b and c, respectively; j1, j2, and j3 are unit
vectors along the axes x, y and z, respectively; i1, i2, and i3 are unit
vectors along the axes ξ , η and ζ , respectively. It can be shown that

{j123} = [T 0]{iabc}, d

ds
{j123} = [K0]{iabc} (2)

[K0] =
⎡
⎣j1s · j1 j1s · j2 j1s · j3

j2s · j1 j2s · j2 j2s · j3

j3s · j1 j3s · j2 j3s · j3

⎤
⎦ =

⎡
⎣ 0 k3 −k2

−k3 0 k1

k2 −k1 0

⎤
⎦ = ∂[T 0]

∂s
[T 0]T

(3)
where [T 0] is a known transformation matrix relating the coordinate
systems abc and xyz and [K0] is the initial curvature matrix. k1 is initial
twisting curvature, and k2 and k3 are the initial bending curvatures.

Moreover, the deformed coordinate system ξηζ and the undeformed
coordinate system xyz are related to each other by the transformation
matrix [T ] as

{i123} = [T ]{j123} (4)

[T ] =
⎡
⎣T11 T12 T13

T21 T22 T23

T31 T32 T33

⎤
⎦ =

⎡
⎣1 0 0

0 cosφ sinφ

0 −sinφ cosφ

⎤
⎦

⎡
⎣ T11 T12 T13

−T12 T11+ T 2
13/(1+T11) −T12T13/(1+T11)

−T13 −T12T13/(1+T11) T11+T 2
13/(1+T11)

⎤
⎦ (5)
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Fig. 4. Undeformed and deformed geometries of differential refer-
ence beam with the corresponding coordinate systems (Ref. 23).

where

T11=1+u′−vk3 + wk2

1 + e
, T12=v′+uk3 − wk1

1 + e
, T13=w′−uk2 + vk1

1 + e
,

e =
√

(1 + u′−vk3 + wk2)2+(v′ + uk3 − wk1)2 + (w′ − uk2 + vk1)2

differentiating Eq. (4) with respect to s and using Eq. (2) and
[T ]−1 = [T ]T yields

d

ds
{i123} = [K]{i123} (6)

[K] =
⎡
⎣i1s · i1 i1s · i2 i1s · i3

i2s · i1 i2s · i2 i2s · i3

i3s · i1 i2s · i2 i3s · i3

⎤
⎦ =

⎡
⎣ 0 ρ1 −ρ2

−ρ3 0 ρ1

ρ2 −ρ1 0

⎤
⎦

= ∂[T ]

∂s
[T ]T + [T ][K0][T ]T (7)

where ρ1 is the deformed twisting curvature and ρ2 and ρ3 are the de-
formed bending curvatures. Note that ρi is not real curvature because the
differentiation is with respect to the undeformed differential length ds,
instead of the deformed length (1 + e)ds. Using Eqs. (7), (4), and (2),
one can show that

ρ1 = φ′ + 1

(1+ e)(1+ T11)
[T13(v′+ k3u−k1w)′−T12(w′− k2u+k1v)′]

+ T11k1+ T12k2+ T13k3 (8)

ρ2 =− 1

(1+ e)
[T31(u′+ k3v− k2w)′− T12(v′− k2u+ k1v)′

+ T33(w′− k2u+ k1v)′]+ T21k1+ T22k2+ T23k3 (9)

ρ3 = 1

(1+ e)
[T21(u′− k3v+ k2w)′− T22(v′+ k3u− k1w)′

+ T23(w′− k2u+ k1v)′]+ T31k1+ T32k2+ T33k3 (10)

For a naturally curved and twisted beam, as shown in Fig. 4, three coordi-
nate systems are used to describe the deformation. The interconnectivity
between these coordinates is similar to that of the plate model. Equations
(2)–(10) hold true for the beam model as well.

Finite element formulation. For a geometrically exact beam theory, fully
nonlinear stress–strain and strain-displacement relations are given by

{J } = [Q]{B} (11)

where J is Jaumann stress and B is Jaumann strain.

{J } =
⎧⎨
⎩

J11

J12

J13

⎫⎬
⎭ , {B} =

⎧⎨
⎩

B11

2B12

2B13

⎫⎬
⎭ , {Q} =

⎡
⎣E 0 0

0 G 0
0 0 G

⎤
⎦ (12)

{B} = [S] {ψ} (13)

with

[
S
] =

⎡
⎣ 1 0 0 0 z −y y z

0 1 + yk3 zk3 −z 0 0 0 0
0 −yk2 1 − zk2 y 0 0 0 0

⎤
⎦ (14)

{ψ} = {e, γ6, γ5, ρ1 − k1, ρ2 − k2, ρ3 − k3, γ
′
6, γ ′

5}T (15)

where E is Young’s modulus, G is shear modulus, ρi and ki are given in
Eqs. (3) and (7).

For a geometrically exact shell theory, fully nonlinear stress–strain
and strain–displacement relations are given by

{J } = [Q] {B} (16)

{J } = {J11, J22, J12, J23, J13}T ,
[
Q
] =

⎡
⎣Q11 Q12 Q13 0 0

Q12 Q22 Q26 0 0
Q16 Q26 Q66 0 0

⎤
⎦ (17)

{B} = {B11, B22, B12, B23, B13}T = [S] {ψ} (18)

with

[S] =

⎡
⎢⎢⎢⎢⎣

1 0 0 z 0 0 0 0 z 0 −k5z 0
0 1 0 0 z 0 0 z 0 0 0 k4z

0 0 1 0 0 z z 0 0 z −k4z k5z

0 0 0 0 0 0 0 0 0 0 1 − k2z −k62z

0 0 0 0 0 0 0 0 0 0 −k61z 1 − k1z

⎤
⎥⎥⎥⎥⎦ (19)

{ψ} = {
(1 + e1)cosγ61 − 1, (1 + e2)cosγ62 − 1, (1 + e1)sinγ61

+(1 + e2)sinγ62, k1 − k0
1, k2 − k0

2, k6 − k0
6, γ4x, γ4y, γ5x,

γ5y, γ4, γ5

}T
(20)

where {ψ} = [
]{U}, 
ij = ∂ψi

∂Uj

(21)

beam: {U} = {U1} = {u, u′, u′′, v, v′, v′′, w, w′, w′′, φ, φ′, γ5,

γ ′
5, γ6, γ ′

6}T (22)

shell: {U} = {U2} = {u, ux, uy, uxx, uxy, uyy, v, vx, vy, vxx,

vxy, vyy, w, wx, wy, wxx, wxy, wyy, γ4,

γ4x, γ4y, γ5, γ5x, γ5y}T (23)

The way that components of U are approximated defines a specific
finite element. Using the finite-element discretization schemes, one can
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discretize the displacement as

beam : {u, v, w, φ, γ5, γ6}T = [N1]
{
q

(j )
1

}
(24)

{
q

(j )
1

} = {ui, vi, wi, φi, w′
i , v′

i , u′
i , γ5i , γ6i ,

uk, vk, wk, φk, w′
k, v′

k, u′
k, γ5k, γ6k}T (25)

shell : {u, v, w, γ4, γ5}T = [N2]
{
q

(j )
2

}
(26)

{
q

(j )
2

} = {{q (l)
}T

,
{
q (l+1)

}T
,
{
q (l+2)

}T
,
{
q (l+3)

}T }T
(27)

with each node degree of freedom

{q (l)} = {
u(l), u(l)

x , u(l)
y , u(l)

xy, v(l), v(l)
x , v(l)

y , v(l)
xy, w(l), w(l)

x , w(l)
y ,

w(l)
xy, γ

(l)
4 , γ

(l)
5

}T
(28)

where q
(j )
1 is the displacement vector of the j th beam element and [N1] is a

6×18 matrix of one-dimensional shape functions, q (j )
2 is the displacement

vector of the j th shell element, and [N2] is a 5×56 matrix of two-
dimensional (2D) shape functions. Substituting Eqs. (24) and (25) in
Eq. (22) and Eqs. (26) and (27) in Eq. (23) yields

beam : U1 = [D1]
{
q

(j )
1

}
, [D1] = [∂1][N1] (29)

shell : U2 = [D2]
{
q

(j )
2

}
, [D2] = [∂2][N2] (30)

where [∂1], [∂2] consisting of differential operators.
For beam, the variation of elastic energy is given by

δ� =
∫

v

{δB}T {J }dV =
Ne∑
j=1

∫
L(j )

{
δq

(j )
1

}
[D1]T [
]T [
1]{ψ}ds

=
Ne∑
j=1

{
δq

(j )
1

}T [
K

(j )
1

]{
q

(j )
1

}
(31)

where

[
K

(j )
1

]{
q

(j )
1

} =
∫

L(j )
[D1]T [
]T [
1]{ψ}ds (32)

[
1] =
∫

A

[S]T [Q][S]dA (33)

where V is the volume, Ne is the total number of elements, L(j ) is the
length of the j th element, and K

(j )
1 is the stiffness matrix of the j th beam

element.
For shell, the variation of elastic energy is given by

δ� =
∫

v

{δB}T {J }dV =
Ne∑
j=1

∫
A(j )

{δq (j )}T [D2]T [
]T [
2]{ψ}dA

=
Ne∑
j=1

{
δq

(j )
2

}T [
K

(j )
2

]{
q

(j )
2

}
(34)

where

[
K

(j )
2

]{
q

(j )
2

} =
∫

A(j )
[D]T [
]T [
]{ψ}ds (35)

where Ne is the total number of elements, A(j ) is the area of the j th
element, and K

(j )
2 is the stiffness matrix of the j th shell element.

Therefore, for beam and shell coupling, the variation of elastic energy
is given by

δ� =
Ne∑
j=1

{
δq

(j )
1

}T [
K

(j )
1

]{
q

(j )
1

}+
Me∑
k=1

{
δq

(k)
2

}T [
K

(k)
2

]{
q

(k)
2

}
(36)

with a model including both beam and shell elements, the relation of q
(j )
1

and q
(k)
2 with global q can be determined, then [K (j )

1 ] and [K (k)
2 ] would

be used to form global stiffness matrix [K].
The variation of kinetic energy is given by

δT = −
∫

v

ρ(üδu + v̈δv + ẅδw)dV (37)

for beam and shell coupling

δT = −
∫

{δÛ}T [
̂]T [m][
̂]{ ˙̂U}dA

= −
Ne∑
j=1

{δq (j )}T [M (j )]{q̈ (j )} −
Me∑
k=1

{δq (k)}T [M (k)]{q̈ (k)} (38)

similarly, elements from [M (j )] and [M (k)] would be used to form global
[M] matrix.

The variation of nonconservative work due to external distributed
loads is given by

δWnc =
∫ L

0
{δU}T {R}ds = {δq}T {R} (39)

where {R} is the global nodal loading vector.
Substituting Eqs. (36), (38), and (39) into Hamilton’s equation would

yield the equations of motion and is given by the form of

[M]{q̈} + [C]{q} + [K]{q} = {g} (40)

Similar to plate, the static problems in beam theory can be solved using
the iterative method based on the modified Riks method. For dynamic
problems, Eq. (40) can be solved by a direct numerical integration using
the Newmark-β method.

The Newmark-β method is an implicit numerical integration tech-
nique used for nonlinear systems with [M] and [K] being displacement
dependent and {R} being displacement independent. We expand the dis-
placement, velocity, and acceleration vectors at t + �t as

{q}t+�t = {q}t + {�q}, {q̇}t+�t = {q̇}t + {�q̇},
{q̈}t+�t = {q̈}t + {�q̈} (41)

substituting Eq. (41) into Eq. (40) yields

[M̂]t {q̈} + [Ĉ]t {q} + [K̂]t {q} = {g}t (42)

where [M̂], [Ĉ], and [K̂] are the tangent mass, damping, and stiffness
matrices at time t, and

{g}t = ({R}t+�t − [M]{q̈} − [C]{q̇} − [K]{q}) (43)

Assume the velocity vector {q̇}t+�t and displacement vector {q}t+�t to
be

{q̇}t+�t = {q̇}t + [(1 − α){q̈}t + α{q̈}t+�t )]�t (44)

{q}t+�t = {q}t + {q̇}t�t +
[(

1

2
− β){q̈}t + β{q̈}t+�t

)]
�t2 (45)

solving from Eq. (45) for {q̈}t+�t and substitute into Eq. (44) gives
expression of {�q̈} and {�q̇}, substituting the expression into Eq. (42)
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Fig. 5. Effect of varying pressure on the deflection.

yields

[K̃]t {�q} = {R̃}t (46)

where

[K̃]t = [K̂]t + 1

β�t2
[M̂]t (47)

R̃t = ({R̂}t+�t − [M̂]{q̈} − [K̂]{q}){q}={q}t + [M̂]t
(

1

2β
{q̈}t + 1

βδt
{q̇}t

)

(48)
One can solve Eq. (46) for �q and substitute into other equations to
obtain {�q}t+�t , {�q̇}t+�t , and {�q̈}t+�t .

Shell and Beam Model Simulation

Shell model

The geometrically exact shell theory was implemented using 2D finite
elements on a Delrin plate of dimension 0.254 × 0.254 × 0.0007 m. The
plate is pinned at two adjacent edges, and varying pressure is applied on
the plate.

The study has been carried out to understand and validate the struc-
tural model. The deflections of the plate when subjected to static loading
are obtained. The deflection corresponding to the loading with varying
load factor is shown in Fig. 5. The tip deflection of the plate corresponding
to varying load values is plotted and compared with that obtained from
Abaqus FEA software. It shows that the deflections predicted by the cur-
rent structural model are in good agreement with that of the high-fidelity
commercial finite element software even for very large deflections. It
could thus be deduced from these comparisons that the present shell
model is capable of predicting the deflection of highly flexible structures
such as the flapping wing in the current study.

Beam model

The geometrically exact beam model hence developed has also been
validated by comparing with the results predicted by Abaqus FEA soft-
ware. A particular case of static deflections of a cantilever beam (0.125
inch × 0.5 inch × 20 inch) held at an angle of 15◦ from vertical due
to application of distributed load along the elastic axis was considered.

Fig. 6. Comparison of tip deflection for a cantilever beam with uni-
form load applied at the elastic axis at 15◦ angle.

Figures 6(a)–6(c) show comparison of tip radial bending, tip tangential
bending and tip twist, respectively, with increasing distributed vertical
load (along the x-axis) on the beam. Predictions of bending deflections
and twists by geometrically exact beam model are accurate even for large
bending and torsional deflections as shown in these figures. Further vali-
dation tests were carried out for beams of different boundary conditions
and were observed to match with the results from Abaqus (Ref. 24).

These systematic study reveals the level of accuracy of the geo-
metrically exact beam and plate models to capture the large nonlinear
deflections.
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Fig. 7. Test model

Beam–shell coupling

As shown in Fig. 1, the bioinspired flapping wing design has the wing
structure comprises of carbon fiber spars (modeled as beams) and foam
membrane (modeled as shell). So it is necessary to develop a structural
model that is capable of beam–shell coupled analysis. Figure 7 shows a
cantilevered structure modeled with both beam and shell elements. The
tip deflection corresponding to the loading with varying load factor is
compared with the Abaqus simulation result, as shown in Fig. 8. It shows
good agreement between Abaqus and present model predictions.

Aerodynamic Model

The aerodynamic analysis is a modified lifting-line solution including
unsteady models (Refs. 25,26). Fig. 9(a) shows illustration of an idealized
conception of the vortex structure of flapping wing, and Fig. 9(b) is a more
detailed vortex lattice description of the current model. In this approach,
the vortex sheet is comprised of vorticity vectors aligned normal and
parallel to the trailing edge of the wing. The strength of the former
component (the trailed vorticity) is related to the spanwise gradient of
lift (circulation, �) on the blade (i.e., to ∂�/∂r), whereas the latter
component (the shed vorticity) is related to the time rate of change of
lift on the wing (i.e., ∂�/∂t). In the current aerodynamic model, trailed
vorticity is modeled by the wake vortex model and shed vorticity effect
is modeled as unsteady effects.

Physically, the aerodynamic loading on the wing is biased towards the
tip. This leads to high spanwise gradient of vorticity at tip of the wing,
thus the trailed vorticity gets higher in overall strength, which causes
significantly high induced velocities at tip area, resembling the effect of
strong tip vortex as shown in Fig. 9(a).

In the present model, it is assumed that the aerodynamic forces acting
on a flapping wing can be broken down into a number of components,
which can be added together to get the total force (Ref. 10). The following
components contribute to total aerodynamic force on the wing: leading-
edge vortex, trailed wake vortex, and unsteady effects due to starting
vortex and shed wake.

Lifting airfoil model. The wing is divided into N spanwise sections.
Based on thin airfoil theory, vortex distribution γ (x) on the each spanwise
section can be obtained by solving the integral equation of the zero
through-flow boundary condition.

1

2π

∫ c

0

γ (ξ )

x − ξ
dξ = Vn − Vp

dω

dx
+ θ̇ (x − ac) − ω̇(x) (49)

Fig. 8. Tip deflection comparison between the present geometrically
exact model and Abaqus.

where Vn is the flow velocity normal to airfoil, Vp is the velocity along
airfoil direction, and ω is out-of-plane deflection of the airfoil. Since both
the normal and parallel velocities are considered separately in the equa-
tion, there is no small angle of attack assumption involved. To solve this
equation, the classical approach is to approximate γ (x) by a trigonometric
expansion.

x = c

2
(1 − cosφ) (50)

The airfoil leading edge corresponds to x = 0 (φ = 0), and the trailing
edge is at x = c (φ = π ). To satisfy the Kutta condition at the trailing edge,
the expression of circulation distribution γ can be written as a Fourier
series (Ref. 25)

γ (φ) = 2V∞

(
A0

1 + cosφ

sinφ
+

∞∑
n=1

An sinφ

)
(51)

where V∞ is the total free-stream flow velocity. The Fourier series coef-
ficients can be determined as

A0 = Vn

V∞
+ cθ̇

V∞

(
1

2
− a

)
− Vp

πV∞

∫ π

0

∂ω

∂x
dφ (52)

A1 = 1

2

cθ̇

V∞
− 2Vp

πV∞

∫ π

0

∂ω

∂x
cosφdφ (53)

The total circulation can be obtained by integrating γ (
) along the chord,

�(t) = πV∞c

(
A0(t) + A1(t)

2

)
(54)

This circulation distribution is used as an initial condition for the first
flap cycle.

Wake vortex model. For a vortex segment with ends at point 1 and point
2, the induced velocity at an arbitrary point P can be obtained by

q1,2 = �

4π

r1 × r2

|r1 × r2|2 r0 ·
(

r1

r1
− r2

r2

)
(55)

where r1, r1 are vectors connecting point 1 to point P and point 2 to point
P, respectively.
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Fig. 9. Schematic showing wake vortex of flapping wing.

For a system comprising of wing spanwise elements and wake vor-
tex segments, we define a general expression qb

ij that represents induced
velocity at collocation point i by the circulation at section j , and qv

i

represents induced velocity at collocation point i by all wake vortex seg-
ments. For example, no normal flow across the wing boundary condition
can be rewritten for the first collocation point as

[
qb

11 + qb
12 + · · · + qb

1N + qv
1 + Q∞

] · n1 = 0 (56)

where Q∞ is free-stream velocity. qv
1 is induced velocity at collocation

point 1 by trailed wake vortex segments. qv
1 can be computed using

Eq. (59). qb
ij can be written in the form of influence coefficients multiplied

by corresponding bound circulation strength. Eq. (56) can be written as
[
a11�

b
1 + a12�

b
2 + · · · + a1N�b

N + qv
1 + Q∞

] · n1 = 0 (57)

where �b
1 , ..., �

b
N are bound circulation strengths. The influence coef-

ficients are computed by aij = qb
ij · ni and qb

ij is computed with unit
bound circulation strength �b

j . Utilizing the same procedure for each of
the collocation points results in the following set of equations:

⎡
⎢⎢⎢⎢⎢⎢⎣

a11 a12 a13 ... ... a1N

a21 a22 a23 ... ... a2N

a31 a32 a33 ... ... a3N

... ... ... ... ... ...

... ... ... ... ... ...

aN1 aN2 aN3 ... ... aNN

⎤
⎥⎥⎥⎥⎥⎥⎦

⎛
⎜⎜⎜⎜⎜⎜⎝

�b
1

�b
2

�b
3

...

...

�b
N

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

−(Q∞ + qv
1

) · n1

−(Q∞ + qv
2

) · n2

−(Q∞ + qv
2

) · n3

...

...

−(Q∞ + qv
2

) · nN

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(58)
In these equations, the values of all the terms on the right-hand side are
known. Equation (58) can be solved using standard matrix methods to
obtain the bound circulation strengths.

The velocity induced by trailed vortex segments at the ith collocation
point (qv

i ) can be calculated as shown below:

⎛
⎜⎜⎜⎜⎜⎜⎝

qv
1

qv
2

qv
3

...

...

qv
N

⎞
⎟⎟⎟⎟⎟⎟⎠

=

⎡
⎢⎢⎢⎢⎢⎢⎣

b11 b12 b13 ... ... b1M

b21 b22 b23 ... ... b2M

b31 b32 b33 ... ... b3M

... ... ... ... ... ...

... ... ... ... ... ...

bN1 bN2 bN3 ... ... bNM

⎤
⎥⎥⎥⎥⎥⎥⎦

⎛
⎜⎜⎜⎜⎜⎜⎝

�v
1

�v
2

�v
3

...

...

�v
M

⎞
⎟⎟⎟⎟⎟⎟⎠

(59)

�v
i is the ith trailed wake vortex segment with its strength the same as

corresponding bound circulation at the time it was shed. The induced ve-
locity is used to compute effective angle of attack at each wing spanwise
section.

The wake is force free and the wake-induced convection of each
wake vortex segment can be calculated using the Biot–Savart law, using
Eq. (55).

Leading-edge suction. In Polhamus leading edge suction theory, the suc-
tion force generated by the presence of a leading-edge vortex on top of
the wing was modeled by assuming that at high angle of attack, the lead-
ing edge suction force on the airfoil is rotated by 90 deg and acts in the
same way as the suction force that would be generated by the presence
of a vortex on the top of the wing. The normal force is given by

F pol
n (t) = ρ�(t)Vh(t)sin(α) (60)

Unsteady effects. The unsteady effects due to shed vorticity are cap-
tured by the buildup of circulation over airfoil, accounted for using the
Wagner function, which is the solution for the indicial lift on a thin airfoil
undergoing step change in the angle of attack in incompressible flow.

F c
v (t) = ρVh(0)�(0)φω(t) + ρVh(t)

∫ t

0

d�

dσ
φω(t − σ )dσ (61)

F c
h (t) = ρVv(0)�(0)φω(t) + ρVv(t)

∫ t

0

d�

dσ
φω(t − σ )dσ (62)

The effect of the shed wake from previous flapping strokes was ob-
tained using the Kussner function. The Kussner function can be used
with the Duhamel superposition integral to obtain the lift response to an
arbitrary vertical upwash field.

A schematic of the aerodynamic model simulation is shown in Fig. 10.
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Fig. 10. Scheme of the aerodynamic model.

Fig. 11. Kinematics with time history of flap and pitch angles.

Aerodynamic model validation

To validate the aerodynamic model, the lift predictions were com-
pared with in-house CFD simulations of a rigid flapping wing. The CFD
simulation is conducted using a compressible unsteady Reynolds av-
eraged Navier Stokes solver (Ref. 27). The rigid wing has the same
planform as the wing of hummingbird-inspired MAV as shown in Fig. 1.
Three groups of cases were simulated with three kinematics parameters
altered for each group: flap frequency, flap amplitude, and midstroke
pitch angle. A typical kinematics is shown in Fig. 11, with a flap fre-
quency of 20 Hz, flap amplitude of 55 deg, and midstroke pitch angle
45 deg.

Lift force time histories for each of the three groups of cases are shown
in Figs. 12, 13, and 14, respectively. It is apparent that there is a 10–20%
difference in the magnitude of instantaneous lift force between the CFD
simulations and the current aerodynamic model. However, this level of
discrepancy could be acceptable considering the fact that the current
analysis is based on potential flow assumptions and could generate these
results at orders of magnitude lower computational cost as compared to
CFD. From these figures, it is also observed that phase shift of lift force
peak between two simulations is minimal.

The time-averaged lift comparison between CFD simulation and cur-
rent model for the nine different kinematics discussed above is shown
in Fig. 15. For most cases, the discrepancy is lower than 10%. Since the
objective is to use the present model in design codes, trim analysis, flight
dynamic simulations, etc., good prediction of cycle-averaged forces is
more important than the time history.

Aeroelastic Analysis

For highly flexible flapping wings, such as the one investigated in
the present study, structural deformation and aerodynamic forces are
strongly coupled. Nonlinear fluid–structure interaction makes gauging
the performance of such a system extremely difficult. In the present
model, in order to capture the large nonlinear wing deflection, geomet-
rically exact structural model of the wing is coupled with the unsteady
aerodynamic model to perform an aeroelastic analysis.

The aeroelastic coupled solution is based on a time-domain par-
titioned solution process, in which the nonlinear partial differential
equations modeling the dynamic behavior of structure and aerody-
namic equations are solved independently with boundary information
(aerodynamic loads and structural displacements) being shared between
each other alternately. A schematic of such a framework is shown
in Fig. 16.

The coupling algorithm adopted in this work is an explicit approach,
where the solution is time-marched, and boundary information is updated
on a cycle-by-cycle basis. The bilinear interpolation algorithm is used
for information exchange between the two meshes.

The convergence criterion is verified for the wing tip out-of-plane
displacement. At the start of a coupled aeroelastic simulation, the struc-
tural model is run for several cycles to obtain the wing deflection under
only inertial load. The deflected wing shape is input into the aerodynamic
solver, from which the airfoil section, angle of attack, and camber line
are calculated, and this information is used in the aerodynamic model
to compute aerodynamic pressure distribution. The pressure distribution
on each element is interpolated back to the structural mesh to update the
loading on the structural model. This exchange of information is contin-
ued in a loop until the predetermined convergence criterion is satisfied.

Aeroelastic model validation

A state-of-art flapping wing test rig was designed and built to measure
the time history of lift forces acting on a flexible wing, and the DIC
technique is used to obtain the deflected wing shape at any instant in the
flap cycle (Ref. 18).

Figure 17 shows the robotic hummingbird wing mounted on the
flapping rig. The wing has a length of 120 mm and root chord of 50 mm.
This wing design is used in the aeroelastic analysis. As shown in the
figure, the stiff frame of the wing was made out of carbon fiber, whereas
the wing surface is made out of flexible polyethylene foam which is 1/32
inch thick. The prescribed kinematics of the wing is pure flapping, and the
pitching would be obtained passively utilizing elastic wing deflections.
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Fig. 12. Simulation cases with different flap frequencies.

Fig. 13. Simulation cases with different flap amplitudes.

Fig. 14. Simulation cases with different midstroke pitch angles.

The wing flapping kinematics is approximated as β = 55◦ sin(ωt −π/2).
A strain-gaged beam-based miniature force balance was installed at the
wing root to measure the instantaneous vertical forces acting on the wing
during flapping. Inertial force in the vertical direction computed using
dynamic wing deflection measurements was subtracted from the total

measured vertical force to obtain time history of lift produced by the
wing.

For the structural model, the wing was discretized using a finite
element mesh. As shown in Fig. 18, shell and beam elements were used
to model different parts of the wing structure and different material
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Fig. 15. Average lift force comparison for different cases.

Fig. 16. Implementation of the aerostructure coupling in the aeroe-
lastic model.

Fig. 17. Experiment setup.

Fig. 18. Finite element model of the wing.
.

Fig. 19. Lift force comparison.

properties were set to the corresponding elements. At the root of the
wing, a fixed boundary condition is set to the nodes.

Two cases with different flap frequencies, 13 and 20 Hz were sim-
ulated. Twenty hertz is the frequency at which the robot hummingbird
operates in hover. Simulation results were compared with experimental
data in terms of time history of lift force and 2D deflected airfoil shapes
at two different spanwise locations and varying flap locations.

Figure 19 shows comparison of lift time history between simulation
and experimental data from (Ref. 18) for flapping frequencies of 13 and
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Fig. 20. Airfoil shape at different instants during the flap cycle (continuous line: experiment, dotted line: simulation).

20 Hz. Overall, there is a good correlation between the present analysis
and the experiment.

For the 13-Hz case (Fig. 19), the wing produces average lift of about
9.1 g and a peak thrust of approximately 32 g in the experiment. The
force predicted by CFD is symmetric between upstroke and downstroke.
In both cases, the force peak occurs around midstroke, when wing attains
the highest velocity. Then force drops quickly while wing speed drops
and inertial force increases. Deceleration of the wing increases the angle
of attack. It shows the peak of lift force occurs approximately at the same
instant for both experiment and simulation.

The key difference between the predictions and test data is that the
lift peaks in the experiment is not symmetric and lower than the analysis
during the upstroke. Plausible reasons that attribute to the differences
between experiment and simulation are listed here. (1) The membrane
in wing is made out of polyethylene foam. In the simulation, it was
assumed to be isotropic. It was observed that the foam has a large porosity
volume fraction, and the material properties could have been estimated
inaccurately. (2) The experimental data show that there is a considerable
difference in forces between the downstroke and upstroke of the wing.
This might be due to the fact that in experiment, the foam is glued to
only one side of the frame. This makes bending stiffness not symmetric
in two directions, producing dissimilar deflected wing shape (both angle
of attack and camber) during upstroke and downstroke.

For the 20-Hz case from Fig. 19, it can be seen that the simulation re-
sult is quite close to experimental data. One reason is that experiment data
itself show better symmetry between downstroke and upstroke compared
to the 13-Hz result.

For the two flapping frequencies, the deflected airfoil shape at 60%
and 80% spanwise location was extracted from the experimental data.
These shapes were compared with those obtained from simulation as
shown in Fig. 20. For both 13 and 20 Hz cases, except for end of stroke
period, simulation result correlates well with experimental data. There
is good agreement in both passive sectional pitch and camber. At stroke
ends, inertial loads dominate and wing deflection changes rapidly, mak-
ing it difficult to predict deformation accurately.

Trim Analysis for the Vehicle in Hover

Once the aeroelastic model was systematically validated, it was used
for the trim analysis of the robotic hummingbird (Fig. 1) in a hovering
state. Trim analysis involves calculation of flapping wing controls, vehi-
cle orientation, and wing response such that the vehicle trim equations
and the wing response equations are satisfied simultaneously.

Trim equations are basically equilibrium equations that are obtained
by balancing all the forces (vertical, longitudinal, and lateral) and mo-
ments (roll, pitch, and yaw) on the vehicle. This requires that the solution
of the flapping equations converges to a periodic solution and the wing
forces satisfy the vehicle trim equations, which implies that the resultant
forces and moments on the vehicle, averaged over one flapping cycle,
are zero.

A hovering vehicle has six degrees of freedom and thus requires
six vehicle trim equations. For the present study, longitudinal direction,
lateral direction, and yaw equilibrium are assumed to be automatically
satisfied because of the same stroke amplitude for left and right wings
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Fig. 21. Forces and moments on the MAV.

Fig. 22. Flowchart showing the trim analysis.

and zero stroke-plane tilt, leaving the three trim equations given below.
The forces and moments acting on the MAV in this scenario are shown
in Fig. 21.

Vertical force: F1 = TL+TR−W (63)

Pitching moment: F2 = TL × r × sin φL + TR × r × sin φR −W × xcg

(64)

Rolling moment: F3 = TL × r × cos φL − TR × r × cos φR −W × ycg

(65)
where TL and TR are cycle-averaged thrust of left and right wings. φL and
φR are midstroke angle of left and right wings, and xcg and ycg refer to
the vehicle center of gravity offset measured from the geometric center
of the vehicle. F1, F2, F3 are residuals of the trim equations.

Fig. 23. MAV configuration used for the trim case.

An iterative control update scheme, in conjunction with wing response
solution, is used to predict the control values that satisfy wing response
and vehicle trim equations. The nonlinear vehicle equilibrium equations
are linearized about the trim controls using a Taylor’s series expansion,

F (θi + �θi) = F (θi) + ∂F

∂θ
|θ=θ0�θi = 0, (66)

F corresponds to the residuals in the vehicle trim equation given by F1,
F2. Rearranging Eq. (66) yields

�θi = −
[∂F

∂θ

]−1

θ=θ0

F (θi). (67)

For a converged solution, �θ and F are zero. The controls are updated
as follows:

θi+1 = θi + �θi. (68)

The trim Jacobian matrix, ∂F/∂θ , is calculated using a forward finite
difference approximation at θ = θ0, and it is generally held constant
through the analysis to save computation time.

To compute the Jacobian, the controls are perturbed individually.
Loads computed are then input to the vehicle trim equations, and
the change in the residuals, F , is computed using a finite difference
approximation:

∂F

∂θ
|θ=θ0�θi = 0. (69)

where �θi are small control perturbations, which can be chosen to be
around 5% of the original values.

Coupled trim simulation

Coupled trim analysis is based on the aeroelastic model of the flap-
ping wing. Since the wing flapping frequency is much higher than the
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Fig. 24. Control parameters convergence for the trim analysis.

frequencies of the vehicle rigid body modes, only cycle-averaged forces
are used for the trim analysis. A flowchart of the coupled trim procedure
is shown in Fig. 22.

Configuration of the vehicle is shown as Fig. 23. The x direction c.g.
offset xcg is 10 mm, and the y direction c.g. offset ycg is 2 mm. These
two values are used as parameters in trim equations. The three control
inputs chosen here are midstroke angle (or mean stroke angle) of the left
wing φL, midstroke angle of the right wing φR , and flap frequency f .
The Jacobian matrix is given by

∂F

∂θ
=

⎡
⎢⎢⎣

∂F1
∂φL

∂F1
∂φR

∂F1
∂f

∂F2
∂φL

∂F2
∂φR

∂F2
∂f

∂F3
∂φL

∂F3
∂φR

∂F3
∂f

⎤
⎥⎥⎦ (70)

Simulation results are shown in Fig. 24. In this configuration, since
both left wing thrust and vehicle weight generate moment in the same
direction about the x axis, the right wing has smaller midstroke angle than
the left wing to achieve a larger moment arm to compensate the moment
generated by the y direction offset of c.g.. Figure 24(c) shows how the
residuals of trim equations change with iteration. Both trim equation
and control parameters converge fast and at the same rate. Because the
flap amplitude of the wings are same, the flap frequency converges to
the same value of 18.5 Hz. This value is smaller than the experimental
value of 20 Hz for the real hummingbird MAV in hovering flight. This is
due to the fact that the aeroelastic model tends to predict higher lift than
the experiment, as shown in Fig. 19.

Conclusions

The paper discusses the development of a coupled aeroelastic frame-
work for highly flexible flapping wings in hover. The aeroelastic model
consists of an unsteady aerodynamic model coupled with a nonlinear
structural model. This model is used to simulate an in-house developed
flapping MAV wing, and predictions are compared with experimental
data.

Nonlinear beam and shell elements based on geometrically exact
total-Lagrangian beam and shell theories were developed for the struc-
tural analysis. This model was then validated for both static and dynamic
loading conditions by comparing with a commercial FEA software. Si-
multaneously, an unsteady aerodynamic model was also developed. Sys-
tematic validation of the aerodynamic model was carried out by compar-
ing with both test data and in-house CFD results on rigid flapping wings.
After both models were validated independently, they were coupled to
develop a high-fidelity aeroelastic framework.

In the aeroelastic analysis, direct numerical transient analysis is per-
formed using the Newmark-β method. Simulation results of time his-
tory of lift force was compared with lift measurements. The predicted
airfoil shape at several spanwise locations was compared with the wing-
deflected shape, which was measured using the DIC technique. Both the
instantaneous lift and wing-deflected shape predictions correlate well
with the experimental data.

A coupled trim analysis is developed for a flapping wing MAV in
hovering state. With aeroelastic analysis as the wing response model
and vehicle trim equations for the hover condition, the model can be
used to obtain the hover trim control inputs for different flapping MAV
configurations. The hovering flight case of the robotic hummingbird was
simulated in the present study, and the predicted trim control inputs
(especially flapping frequency) were very similar to what was measured
for the real hovering platform.
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