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Distributed Invariant Extended Kalman Filter for 3-D Dynamic State
Estimation Using Lie Groups
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Abstract— Distributed Kalman filters have been widely stud-
ied in vector space and been applied to 2-D target state
estimation using sensor networks. In this paper, we introduce a
novel distributed invariant extended Kalman filer (DIEKF) that
exploits matrix Lie groups and is suitable to track the target’s
6-DOF motion in a 3-D environment. The DIEKF is based on
the proposed extended Covariance Intersection (CI) algorithm
that guarantees consistency in matrix Lie groups. The DIEKF
is fully distributed as each agent only uses the information
from itself and the one-hop communication neighbors, and it is
robust to a time-varying communication topology and changing
blind agents. To evaluate the performance, we apply the
algorithm in a camera network to track a target pose. Extensive
Monte-Carlo simulations have been performed to analyze the
performance. Overall, the proposed algorithm is more accurate
and more consistent in comparison with our recent work on
the quaternion-based distributed EKF (QDEKF).

I. INTRODUCTION

Sensor networks have been widely used in many applica-
tions. Today, distributed algorithms that use only each agent’s
own and communication neighbors’ information draw more
attention in both control and robotics society. In distributed
algorithms, each agent maintains an estimator of the same
target. To fuse the information from neighbors, there is
a need to handle the unknown cross-covariances between
different estimators on the agents. Naively fusing these
estimators yields an inconsistent estimator that will diverge.
The consensus [1] and the Covariance Intersection (CI) [2]
algorithms have been widely used to design a consistent dis-
tributed extended Kalman filter (EKF) in the existing works.
The consensus algorithm as a tool of information distributed
averaging has been applied to the information pairs (i.e.,
information vectors and matrices) [3], the measurements [3]
and the hybrid of the two in [4]. These approaches require
multiple communication iterations at each timestamp. To be
more efficient, the CI algorithm that computes a convex
combination of the local information pairs from one-hop
communication is used to design the DEKF. In [5], each
agent first updates the estimator using its own measurements
and then the resulting information pairs are fused with the
pairs from neighbors in CIL. In [6], CI is first used to fuse
the prior information pairs among neighborhood and then
the improved prior information is updated with the local and
neighboring measurements. Note that all these algorithms
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work on vector space that has additive errors. Besides,
the effectiveness is only evaluated on the tracking problem
in 2D cases. Although, one can naively extend the vector
space algorithm to the 3D case by using the Euler angle
representation for rotations, it suffers the well-known Gimbal
lock problem.

To address this issue, our recent work [7] introduces a
quaternion-based distributed EKF (QDEFK) algorithm where
the 3D orientation is represented as a unit quaternion. CI is
for the first time extended to the 3D space using "quaternion
average" [8]. Good performance is shown by tracking a drone
using a camera network. However, the filer is built upon the
error-state EKF where the position, velocity and orientation
errors are decoupled [9], and the linearized error dynamics
Jacobian and the measurement Jacobian are still functions of
the estimated states. Then the unobservable states can gain
spurious information and become observable by the filter.
This hurts the consistency and then the accuracy. Besides,
like the vector space DEKF, we only study the case where
the target motion model is known.

Recently, a new type of EKF is designed based on the in-
variant observer theory [10]. The estimation error is invariant
under the action of matrix Lie groups and satisfies a log-
linear autonomous differential equation with nice properties
[11]. In particular, in the case of SEg(3), the position,
velocity and orientation errors are coupled. This invariant
EKF (IEKF) has been successfully applied to leg robot state
estimation [12] and SLAM [13], where the IEKF achieves
promising performance especially with poor initialization.
It is proved in these papers that the observability of the
linearized system is coincident with the original nonlinear
system.

However, the IEKF has not been applied to multi-agent
cases. In this paper, we design a distributed invariant EKF
(DIEKEF) for solving the problem of distributed state estima-
tion using sensor networks in a 3D environment. To design
DIEKF, we extend the well-known CI to matrix Lie groups
for the first time. The proposed algorithm is fully distributed
that each agent only estimates its own state and covariance
by using the information among the neighborhood. The
algorithm is applied to track target 3D motion in a camera
network. The accuracy and consistency in both position and
orientation are improved as compared against the QDEKF
[7].

2367



II. PRELIMINARIES
A. Notation and Definitions

We denote 0,,x, as a m X n zero matrix, and I,, (0,)
as n X n square identity (zero) matrix. Given a 3 X 1 vector
qd=[q1,q2,q3] ", its skew symmetric matrix is defined as

0 —g3 ¢
(@)x =1 g3 0 —-af,
—q2 ¢ 0

and its projection function is defined as II(q) = _-[q1, 2.
The Jacobian of the projection function is computed as
11 0 -2
In a network of M agents, we define a directed graph
® = (V, ) to represent the communication topology among
agents, where V indicates the set of all the agents, and &
stands for the set of communication links defined as £ €
V x V. Specifically, if (j,7) € £, agent j is a neighbor of
agent ¢, and agent ¢ can receive information from agent j. We
assume that self communication always exists, i.e., (¢,7) € &,
Vi € V. The set of all the communicating neighbors of agent
i is defined as NV; = {j|(4,:) € &, j € V}.

B. Problem Formulation

Consider a network of agents in the 3-D environment with
fixed and known positions aiming to cooperatively track a
moving target’s state. Each agent can communicate with its
neighbors and is equipped with an on-board camera. Denote
G, T, C; as the global frame, the target frame, and ith agent’s
camera frame, respectively. Let %R be the rotation matrix
that describes the rotation from 7' to G. Let “v and “p
be the target’s velocity and position in the global frame. Let
&pe, be the position of agent i’s camera in the global frame.
The target has additional non-representative feature points,
whose relative positions are unknown but fixed in the target
frame. For convenience, we assume that there is only one
non-representative feature point. However, the state can be
augmented to include multiple non-representative points. Let
Ty ¢ be the position of the non-representative feature point
in the target frame.

The state of the target is represented as

x= (%R “v “p Tpy), 2)

which includes the target’s 6-DoF pose $R and “p, the
linear velocity “v in the global frame, and the 3-D position
of a non-representative point in the target frame Tpy. The
individual dynamics of the state is given as

SR =FR(w—ny)x,

G{} :gR(a’ - na) + g,

o o 3)

p="v,

Tpr =03%1,

where w and a are, respectively, the angular velocity and
the linear acceleration of the target in the target frame, the

corresponding n,, and n, are white Gaussian noises, and g
is the gravity vector.

The measurements of the representative feature at time ¢
(specifying the target’s position) and the non-representative
feature obtained by agent i’s camera are given by, respec-
tively,

o =T(CpF) + ik,

ok “)
=)

™

-

where n¥ and n’JEl are the measurement noises of agent 7’s
camera at time tj, assumed to be white Gaussian, and ¢ pk’
and p’} denote, respectively, the representative feature’s po-
sition (target’s position) and the non-representative feature’s
position in agent i’s camera frame at time t;. The objective
of our work is to let each agent compute an accurate estimate
of the target’s state.

C. Lie Group and Lie Algebra

Here we briefly introduce the matrix Lie group theory
that we will use to derive our algorithm. The material is
adopted from [10]. A matrix Lie group G is a subset of
square invertible N x N matrices satisfying Iy € G, Va €
G, a'eG andVa,be G, abeg.

Its Lie algebra is denoted as g, which is a vector space
with the same dimension as G. For convenience, let (-)"
R4m8 5 g be the linear map that transforms the elements
in the Lie algebra to the corresponding matrix representa-
tion. The exponential map is further defined as exp({) =
exp,,(£") € G, where ¢ € RY™8 is an element in g, and
exp,,, is the matrix exponential. The logarithm map, which
is the inverse function of the exponential map, is denoted
by log(-), and satisfies log(-) = (log,,(:))Y : G — Rdimsg,
where log,, is the matrix logarithm, and (-)V is the inverse
operator of ().

Let X; € G be the state of a system at time . The
dynamics of the system is denoted as $X; = f,,(X;),
where wu, is the input. We denote X, as the true state, and
X, as the estimate of the state. The right invariant estimation
error is then defined as

Ny = Xt(xt)71~ )

The error (5) is invariant to right multiplication of any
element T € G.

Let I; € G be the identity element of G. If the dynamics of
the system satisfy f,, (X;X;) = fu, (X)X + X fu, (Xi) —
X fu,(I5)X;, the system is group affine. Then the right
invariant error dynamics satisfy <, 9u, (1), where
9u, (M) = fu,(mt) — Nt fu,(Ta). Define A; as a matrix
satisfying g, (exp(&)) 2 (Aie)" + O(1[&]2), and let &
be the solution of %Et = A;&;. From the log-linear property
of the error 7, given 1y = exp(&), for ¢t > 0, the error 7,
can be computed from & by 7 = exp(&:).
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D. Matrix Lie Group Representation

As shown in [10], [12], the state collection shown in (2)
forms a matrix Lie group SE3(3) represented as

GR Gy CGp Ty,
_{0ix3 10 O 6%6
X = 0105 0 1 0 € R>7P.
01«3 O 0 1

Let X; be the state representation at time ¢, and X, be the
state estimate. Define the right invariant estimation error 7,
given as

6‘117 9127 9137 914
Oi1x3, 1, 0, 0
Oi1x3, 0, 1, 0
O1x3, 0, 0, 1

me =X (X¢) h =

where the individual terms are calculated as

011 =§Rt(GRt>T,

012 = Ut GRt(GRt) ( )
013 =Cpr — SRR (“py)
014 ="y, — gRt(gRt)T(Tﬁft)

The error vector &;, defined in the Lie algebra of SE3(3),
denoted by se3(3), is given by

&=1[¢r)" (€)' &) &)

where &g, , &y, &p,» and &, € R®. Here, 1, = exp(§;) =
exp,, (&), with & given as

(th)X g'Ut gpt gpft
01x3 0 0 0
01«3 0 0 0
01«3 0 0 0

2
€ R2,

& = € R6x6. (6)

It is shown in [12] that (3) without noise is group affine, and
the dynamics of &; are given as

d
gt = Ak

03 03 03 Os
(9)x 03 03 O3
03 I3 03 O3
03 03 03 O3
adjoint of SE3(3) at X, and U, =

— Adg U, )

where A; = , and Ad)-(t denotes the

T T T
[nwt ) nat ) 01><6]
III. PROPOSED ALGORITHM

For notation simplicity, let X* denote the target state at
time t;. Also let )_(f and )A(iC denote, respectively, agent
7’s prior and posterior estimates of the target state at time
th. Let nk‘k Xk()_(f)*1 = exp(fklk 1), and 7 klk =
Xk (XZ) = exp(ff ‘k) denote, respectively, agent i’s prior
and posterior estimation errors in SE3(3). Here §k|k " and
§f [k denote, respectively, the prior and posterior estimation
errors in seg(3). The covariances associated with &; ME=1 and
¢M* are denoted, repectively, as P and PF.

The first step is to propagate the posterior estimation pair
()A(fil, PF=1) to obtain the prior estimation pair ()_(f,Pik).
We can follow Appendix A is [12] to discretize (3) without
process noises to obtain X; from X; WP and aF 1 (the
target’s angular velocity and acceleration at time tj_1), and
At =t — t,_1. To propagate the covariance from ]51-’“*1 to
PF, we use

Q! = Adf(?_lcov(Uk*l)(Ad)A(?_l)T,
W= Pt 1) QT Bt tr1) AL, (®)
PF = (ty, tue1) PF 10tk tomr) + Q5

where the state transition matrix ® (¢, t;_1) associated with
Ay defined in (7) is computed as

| 03 03 O3
(9)xAt I3 03 O3

05 TsAt Ty 0]

03 03 0; I3

O(tr, ty—1) =

U*~! denotes U; defined after (7) at time ¢_1, and cov(-)
denotes the covariance.

In the second step, agent % aims to update its local estimate
by communicating with its neighbors. The goal is to fuse
all the prior estimates among the neighbors, i.e., (X p i)

j € NF, to obtain an intermediate estimation pair (X Pk)
By doing so, the agents with better estimates would help
those with poor estimates. For example, blind agents, which
refer to the agents that themselves and their one-hop com-
munication neighbors cannot see the target, would have
poor estimates. Because of the communication from previous
timesteps, and the fact that the agents are estimating the
ok Sk .
same target, X, and Xj would be correlated. However, in
the distributed setting, it is not possible to keep tracking
the cross-correlations and hence they are unknown. The CI
algorithm [14] can be used to fuse estimates with unknown
correlations. However, the CI algorithm is applicable in the
vector space and it is not clear how to fuse the Lie group
elements )_(i»c and )_(5, which are in SE3(3). Next, we extend
the CI algorithm in the context of error-state EKF in Lie
groups to estimate the error states represented in se3(3) and
map back to SE3(3).

Recall that for each j € NF, = xk ()_(5)* is the
prior estimation error in SE3(3), and fflkA log(n; Kk D)
is the correspondlng prior estimation error in se3(3). We will
make use of X , j € N}, to identify the estimates of &; kb= '
and then fuse these estimates. Note that for each j € N, k

k|k 1

exp(gf 1) =XH(X) 71 = XE(RE) XK !
=exp(¢lF ) (X)(X)) 7"
It follows that X} (XF)~1 = exp(—¢"F~1) exp(ell*1).

According to the Baker—Campbell-Hausdorff (BCH)
formula, the exponential map satisfies the property
exp(&1) exp(&2) = exp(&1+£€2), if &1 and & are small. Then
(5) can be rewritten as Xk(Xk)*1 R~ exp({klk ! ff‘k_l),
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klk—1 géclk—l

log(Xj (X)) ~
each j € NF. As a result, each log()_(k( X))~
can be treated as one prior estimate of §k
corresponding estimation error is given by § with
covariance Pk We can use the CI algonthm to fuse

which implies that &;

or equivalently &; Mk=1

all estimation pairs (log(X (X5=1, Pk> to get an
intermediate estimation pair (£, kk=1 PF¥) for §f k=1 by

-1

JENF
Sklk—1 B\ — Sk ok
f | :sz Z ’/Tf(P]k) 110g((xj)(xl) 1) ’
JENF
where 7F € [0,1] and ez/:\/ 7% = 1. Note that as i €
J
NP, the prior estimate of fklk ! by agent ¢ is simply

log(Xk(Xk)_l) = 0395 with covariance PF, which is
consistent with the definition of §k|k ' While 7rf can be
solved from an optimization problem, a simpliﬁed algorithm

can be used to compute w;? according to [14]:
1/Te{P}}
RERRTE T

JEN;

The intermediate state estimate of X* in SE3(3), denoted by

)V(]€ can be recovered from §klk ! by
X; = exp(€" XS )

. ok
Now define sklk " as the new error vector in ses(3) with X;

being the prior estimate of X* satisfying

exp(eM 1) = Xk (XF)~1 (10)

Because we are going to apply the error-state EKF on the
intermediate estimation error &, kfl, we need the corre-
sponding covariance. Note that

X* = exp(ef X! = exp(ef XY
= exp(el”™ ™) exp(EFTHXY = exp(efFTHXE
= exp(e} ") exp(€1" ) = exp(* )
:exp(sflk*l):exp(fflkfl)exp( «fklk 1)
= exp(e] ") mexp(e" ! -
- gklk 1 Ngflk—l _ gflk—l,

(11
and Pk is the estimated covariance for fklk ! fzk k=1 As

a result, P""‘ can be dlrectly used as the estimated covariance
for the new error ¢; Klk=1
The thlrd step is to fuse agent ¢’s intermediate estimation

pair (X , PF) with all the measurements from itself and its

neighbors, i.e., representative feature measurements z*, Vj €

./\/'i’C , and non-representative feature measurements z’jJ Vj e
./\/;-k, defined by (4). To calculate the Jacobian associated with
2 denoted by H Jk , first define

9c,).

as the hneanzauon point in agent j’s camera frame, where

JR and ¢ po, together denote the 3-D pose of agent j’s
camera that is fixed and known. Then the difference between
the true target’s position and the linearization point in agent
7’s camera frame is calculated as

Cpk = R (Ot (12)

C; k_Cixk _Cip (G k G o Gk G
i = =g R(“p" - pcj)fGJR( bi — pcj)
of G,k  Gsk
:GJR< p pi) .
Note that 6klk Lis a column stack vector of 5k|k 1,
efﬂk ' a’,flk ' and spl . Recall from (10) that Xk =

exp(el"” 1)X ~ (Is + (g; k|k HA )X where (-)" is defined
by (6) The position of the tar et can be calculated as

G~ (I + (e )IOBE e = (e
ehlk=1 4 Gk, Hence the Jacob1an HY is calculated as

o C. ok
HE=H,(D ) (G R) [, 05, 5, 03]

where H,, () is defined by (1). To calculate the Jacobian
associated with the non-representative feature, denoted by
H ]’Sj, define

ch)

as its linearization point. Then the difference between the
true position of the non-representative feature and the lin-

13)

G, = R (R (55 + 5t -

earization pomt is given by ¢ ’Jﬁ — Cjﬁ]f% = Mzkggf*1 +
Eglk ! GR 5k|k ', where MF is given by
. Ok o Sk y
ME = =GR, ("9 )« — (R T05) % — (). (14)

Hence the Jacobian H¥ 7

H,( jpfi)(G R)[ , 03, I3, TR . Note that at time
ty, it is possible that some or even all neighbors do not
see the representative or non-representative feature. Let
NF C NF (respectively, Nj C NF) be the subset of
agent ¢’s neighbors that can see the representative feature
(respectively, non-representative feature) at time . Define
HE by stacking all HF, j € NF, and Hj, j e Nj.
Let CF be a block diagonal matrix with the measurement
noise covariances C]’?, j € NF, and C}“j, j € /\7}‘1 Let
Sf = lfff]f’f(lfff)—r—l—éf The Kalman gain Kf is calculated
as

is calculated as HF S

KF=PHH)T(SH™ (15)

and the measurement residual y¥ is g1ven by stacking z
(% k), 5 € NF, and 3 —I(%iph). j € NE. Then
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Fig. 1: Target’s visibility to the agents. The red lines indicate
the timesteps when the agent can directly observe the target’s
representative and non-representative features.

the posterior estimate of 5f‘k_1

covariance PF are calculated as
N
& =Kiyi,

Pik :(112 - szsz)pzk

, denoted as éf, and its

(16)

. ~k
In the last step, we recover the estimated state X; from
ok
éF and X; by (9) as

X = exp(en)X” (17)

% "

Note that a similar procedure to (11) can be used to show that
gf"“ ~ gf‘kfl — £F. Hence P can be used as the estimated

. k|k
covariance for &; Ik,

IV. SIMULATION RESULTS

We apply the DIEKF algorithm to solve the distributed
state estimation problem where 10 fixed agents equipped
with cameras are employed to track the 3-D motion of a
drone. The positions of the agents are known and the target’s
state is to be estimated. A non-representative point is created
in addition to the center feature point of the target. The
position of the non-representative point in the target frame is
unknown but is fixed. Based on the positions of the cameras
and the drone, the status of which agent can sense the
drone is shown in Figure 1. It is clear that each one of
the agents is not able to see the target for a long period
of time. Extensive Monte Carlo simulations are performed
to validate the algorithm. The results are quantified by rooted
mean square error (RMSE) that evaluates the accuracy, and
normalized estimation error squared (NEES) which evaluates
the consistency. The comparison to the results of our previous
QDEKEF algorithm [7] is also included.

We set the noise of the linear acceleration w and angular
velocity a to be white Gaussian noise with standard devia-
tions of 6.6968 x 10~ rad/(sv/Hz) and 2x 1072 m/(s?v/Hz)
respectively. To show the result of cooperative tracking, we

define a communication rate, which means that each agent
has a certain probability to communicate with other agents.
For instance, 20% communication means that each agent
has 20% probability to communicate with each one of the
other agents. Hence the set of communication neighbors are
randomly determined at every time step.

In the first test, we assume that the agents have the knowl-
edge of the target’s ground truth state at the first timestep.
So we initialize our estimator with the ground truth, and
give it a very small initial covariance. We conduct 50 Monte
Carlo simulations and calculate the average result. Figure 2
shows the averaged position RMSE (PRMSE) and averaged
orientation RMSE (ORMSE) for different percentages of the
communication. A comparison with the QDEKF algorithm

3000 5 6000
timesteps

e VAT
e R

ORMSE(deg)

Y

0 1000 2000 3000 4000 5000 6000
timesteps

Fig. 2: Averaged PRMSE and ORMSE using DIEKF at
different communication rates without initialization errors
in our previous work [7] is shown in Table I. It is clear

TABLE I: Averaged RMSE for the estimated target pose over 50 Monte-
Carlo runs and all timesteps.

communication rate 10 % 20 % 30 % 40%
QDEKF PRMSE (m) 0.0884 | 0.0352 | 0.0206 | 0.0158
ORMSE (deg) | 1.4098 | 1.2291 1.1678 | 1.1311
DIEKE PRMSE (m) 0.0387 | 0.0195 | 0.0144 | 0.0124
ORMSE (deg) | 1.1518 | 1.0773 | 1.0795 | 1.0611

that DIEKF outperforms the QDEKF in estimating both
position and orientation. In addition, the estimation accuracy
improves as communication rate increases.

We further show the NEES result at 40% communication
rate. As shown in Figure 3, while the orientation NEES
(ONEES) appears to be similar, the position NEES (PNEES)
for DIEKF is closer to 3 as compared to the QDEKF
algorithm. This indicates the improvement of the consistency
[15].

In the second test, we assume that the agents do not
have perfect knowledge of the target’s ground truth state
at the first timestep. We initialize our state estimator to a
value near the ground truth, and give it a larger covariance.
Similarly, we conduct 50 Monte Carlo simulations on the
DIEFK and QDEKF with the same initialized state estimate
and equivalent covariance. Figures 4 and 5 show the result
for both DIEKF and QDEKF using the same initialization,
measurements and noise. Compared with the results of
QDEKEF, our DIEKF algorithm obviously converges faster
in the position estimation, and is more accurate in general.
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Fig. 3: PNEES and ONEES for DIEKF at 40% communica-
tion rate without initialization errors

Overall, our algorithm can accurately track the trajectory
of the target in the 3-D space, and can maintain consistency.

V. CONCLUSION

In this paper, by using the matrix Lie group representation
of the state, we introduced a new DIEKF algorithm that
yields consistent and accurate estimates of the target in the
3-D space over the sensor networks. The proposed algorithm
requires only one communication iteration with its communi-
cation neighbors at every time instant. Further the algorithm
is shown to be robust to changing communication topology
and blind agents. These properties ensure that our approach
can have a wide application in multi-agent scenarios. The
performance of the proposed algorithm is tested via Monte
Carlo simulations. Some key performance are compared with
the algorithm that did not use the Lie group representation
for the state.
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