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Abstract

We investigated the accuracy of the Mie-Grüneisen approximation, which treats the Grüneisen parameter (c) as a one-
parameter function of volume, for use in describing the thermal equation of state of a silicate liquid. For this study, we
focused on a single composition: the diopside-anorthite eutectic, an Fe-free basalt analog that has been extensively studied
by shock wave experiments. We tuned an empirical force-field to a small set of ab initio N-V-T molecular dynamics simula-
tions to ensure that it reproduces pressure, heat capacity, and c at high and low pressures. We then used empirical force-field
molecular dynamics simulations in a larger system and for longer run times to ensure accurate extraction of c at numerous N-
V-E state points. To first order, the results show the expected volume-dependence for silicate liquids, with c increasing as vol-
ume decreases. However, there are also significant and systematic variations of c with internal energy (E) at constant volume.
We propose a simple model form that captures the volume and E dependence of c with only one more free parameter than a
typical Mie-Grüneisen formulation. We demonstrate the utility of this new model for well-constrained fitting to sparse shock
wave experiment data below 200 GPa, obtaining a marked improvement in the ability to simultaneously fit the pre-heated
liquid Hugoniot and points substantially offset from this Hugoniot.
� 2021 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

Silicate liquids form by melting of the rocky parts of ter-
restrial planets and — due to their buoyancy, mobility, and
tendency to strongly fractionate chemical elements —
become the main agents of differentiation and evolution
of planetary mantles and crusts (Trønnes et al., 2019;
Halliday et al., 2001; Boyet et al., 2003; Hofmann, 1988).
Understanding the roles of silicate liquids in the early and
ongoing chemical and dynamical evolution of the Earth
and other planets requires first knowing when and where
melting occurs (Nakajima and Stevenson, 2015; Tonks
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0016-7037/� 2021 Elsevier Ltd. All rights reserved.

⇑ Corresponding author.
E-mail address: asimow@caltech.edu (P.D. Asimow).
and Melosh, 1993; de Vries et al., 2016), but also calls for
detailed knowledge of the physical properties of such liq-
uids (Labrosse et al., 2007; O’Rourke, 2020; Stixrude
et al., 2009), in order to trace the mass, momentum, and
energy transfers accompanying their freezing. Essential
properties include transport properties such as viscosity
and diffusivity, but here we focus on the equation of state
(EOS), i.e., the relationship among specific volume (V, the
reciprocal of density), pressure (P), and either temperature
(T) or internal energy (E). The EOS directly predicts the
buoyancy of the liquid, and hence the driving force for
upwards or downwards motion relative to coexisting solids
under the influence of gravity. At the same time, the EOS
also provides an essential ingredient of any polybaric ther-
modynamic model (since V is the pressure derivative of
Gibbs free energy at constant T). Many EOS formulations
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are defined by decomposition into a reference path through
P-V space (such as an isotherm, isentrope, or Hugoniot)
and a thermal pressure term that governs offsets to hotter
or colder states than those along the reference path. In turn,
the most widely used formulations of the thermal pressure
are expressed in terms of the Grüneisen parameter

c ¼ V @P
@E

� �
V
. One key reason for the use of c is the accuracy,

in solid phases, of the Mie-Grüneisen approximation,
which holds that c is approximately a one-parameter func-
tion of volume. This is convenient because the thermal pres-
sure term at constant volume then takes the form of a finite
difference instead of an integral. Some studies have noted
that this approximation is not perfect even for solids
(Zhang et al., 2019), but in this work we focus on whether
the approximation is justified for silicate liquids and pro-
pose an extension for more accurate formulation of the liq-
uid EOS.

In the early 20th century, the Mie-Grüneisen model was
derived from a high-temperature hard-sphere model of a
crystal by Mie (1903) and was extended to temperatures
below the Debye temperature by Grüneisen (1912). In
solids, c typically decreases with decreasing volume upon
compression. The Mie-Grüneisen model is motivated by
the essential role of phonons, or atomic vibrations, in the
thermal expansion of solids and by the quasiharmonic
approximation (Holzapfel, 2005; Bertoldi et al., 2014).
Nevertheless, the compact functional form of the
Mie-Grüneisen thermal pressure has also motivated its
use in liquid equations of state. The concept was first intro-
duced by Knopoff and Shapiro (1970) and subsequently
widely adopted (Arp et al., 1984). One notable development
in thinking about c in silicate liquids came via ultrasonic
data at high pressure (Boehler and Ramakrishnan, 1980),
shock wave experiments (Brown et al., 1987, 2007, 2009,
2013), and molecular dynamics simulations (Stixrude and
Karki, 2005; De Koker, 2010; Spera et al., 2011). These
studies all showed that c behaves differently in silicate liq-
uids and solids under compression, with c (viewed as a
function only of volume) universally increasing with
decreasing volume in liquids. Several theories have been
put forward to explain this behavior, appealing to changes
in the mean coordination number of the cations (Stixrude
et al., 2009), to free-volume or entropy effects (Jing and
Karato, 2011), or both (Wolf et al., 2015).

Although the Mie-Grüneisen approximation lacks the-
oretical justification in the case of liquids, there has been
limited study of the deviations of c in silicate liquids
from a strict one-parameter dependence on volume. In
fact, molecular dynamics simulations of numerous pure
liquids reveal systematic deviations from the Mie-
Grüneisen approximation (Mausbach et al., 2016). Com-
monly, c increases with increasing T (or E) at constant
volume when the volume is large, but decreases with
increasing T (or E) at constant volume when the volume
is small. This behavior is also present in two previous
molecular dynamics studies of the silicate liquid composi-
tion CaAl2Si2O8 (anorthite) – both the ab initio study of
De Koker (2010) and the empirical force-field study of
Ghiorso et al. (2009), though the authors of these studies
did not comment on this behavior.
Shock-wave experiments using gas-guns, lasers, or mag-
netically driven compression are the main experimental
approaches to characterizing the EOS of liquid silicates at
pressures relevant to deep planetary interiors. These exper-
iments determine c indirectly (from finite differences among
P � V � E state points or from sound speed measurements)
and only at certain state points along the Hugoniot. They
do not yet have the precision to directly test whether c
has a non-negligible temperature dependence at constant
volume in silicate liquids under mantle conditions. Hence
molecular dynamics (MD) calculations take on an impor-
tant role in identifying the functional dependence and sug-
gesting functional forms that can then be fitted to the
relatively sparse constraints from shock wave experiments.
MD studies of liquids have distinctive computational chal-
lenges: liquids lack long-range atomic order that might
reduce the computation to a small unit cell, natural silicate
liquids occupy a complex multicomponent compositional
space, and the relevant temperatures for planetary mantles
impose slow atomic velocities that require long and compu-
tationally expensive run durations to ensure ergodicity. For
these reasons, both ab initio and empirical simulation are
competitive approaches to the study of silicate liquids.
The ability to simulate many more atoms for a much longer
time is a key advantage of empirical force field simulations,
reducing the noise enough to resolve accurate values of
derivative quantities like c in single simulations, whereas
ab initio approaches generally obtain c only by fitting a
functional form to a series of simulations (the result there-
fore depending on the form of the adopted function). On
the other hand, all empirical MD calculations are limited
by the accuracy of the assumed force field. In this study,
we pursued a combined approach by tuning a force field
using a small set of ab initio simulations and then defining
the systematic behavior of c with a large campaign of
empirical MD runs using the optimized force field.

2. METHODS

Molecular dynamics is a semi-classical approach to sim-
ulating material behavior that uses Newton’s laws of
motion to track the trajectories of atoms, treated as classi-
cal particles moving under the influence of certain forces. In
empirical potential molecular dynamics (EPMD), a pre-
defined functional form and set of parameters are used to
describe the potential energy resulting from interactions
among the atoms. Given the initial positions and velocities
of all the atoms, their positions and velocities at each fol-
lowing timestep can be calculated. By analyzing the ener-
gies, trajectories and positions of the atoms at each
timestep or averaged over time, one can calculate first-
order macroscopic properties such as density, pressure,
temperature, internal energy, and enthalpy; transport prop-
erties such as viscosity and diffusion coefficients; derivative
thermodynamic properties such as heat capacity, thermal
expansion coefficient, and c; and microscopic structural
properties such as radial distribution functions, atomic
coordination numbers, bond lifetimes, etc.

In this study, we designed a simulation campaign
around determining with optimum accuracy and precision



Yacong (Brooke) Zhou et al. /Geochimica et Cosmochimica Acta 316 (2022) 59–68 61
the c of the composition that appears at the 1 atm eutectic
point in the binary system anorthite-diopside. This is a mix-
ture of 36 mol% anorthite component (CaAl2Si2O8) and
64 mol% diopside component (CaMgSi2O6). The minimum
exact representation of this composition is 9 formula units
of CaAl2Si2O8 plus 16 formula units of CaMgSi2O6, which
is 277 total atoms (25 Ca, 16 Mg, 18 Al, 50 Si, 168 O). This
277-atom system was used for our ab initio molecular
dynamics (AIMD) simulations. For EPMD simulations,
we multiplied the number of atoms of each element by four
to obtain a system of 1108 atoms. Various periodic systems
containing 277, 554 and 1108 atoms were tested, and the
conclusions are unaffected, although the results from the
smaller systems have more noise and it becomes more diffi-
cult to discern patterns in the values of c.

AIMD simulations were conducted with the Vienna
ab initio Simulation Package (VASP) (Kresse and
Furthmüller, 1996) using Projector-Augmented Wave
(PAW) representations of the core electrons (Blöchl,
1994), PBE-D3 cross-correlation functional (Grimme
et al., 2010; Grimme et al., 2011), a plane-wave basis with
an energy cutoff of 520 eV, and sampling of the Brillouin
zone at the C-point only. The electronic occupations were
populated according to the Mermin finite temperature for-
mulation of DFT (Mermin, 1965). These computational
parameter choices are similar to standard methods that
have been applied to silicate melts by other groups (Karki
et al., 2011). The time step is 1 fs. We conducted N-V-T sim-
ulations in a cubic box with periodic boundary conditions
and a Nosé-Hoover thermostat. Volume was adjusted to
reach pressures of approximately 0, 4 and 50 GPa at
1673 K. Then temperature was increased to 4500 K at a rate
of 100 K/ps to find the internal energy as a function of tem-
perature. Next, the system was equilibrated using an N-V-E
ensemble at the energies corresponding to 2000, 2500, 4000,
and 4500 K for 3 ps each. For each pair of states 500 K
apart, the average pressure, average isochoric heat capacity

CV ¼ DE
DT

� �
V
, and average c ¼ V DP

DE

� �
V
were obtained by finite

difference and stored for subsequent tuning of the empirical
force field.

The EPMD simulations, following Spera et al. (2009),
were based on the transferrable pairwise potential devel-
oped by Matsui (1998), which combines a van der Waals
interaction, expressed by an exponential repulsive term

and an r�6 attractive term, and a Coulomb interaction with
fractional atomic charges. However, Ghiorso et al. (2009)
showed that this potential, as calibrated by Matsui, is only
accurate for anorthite liquid up to about 25 GPa pressure.
Hence, we sought to adjust the parameters of this force field
to obtain a better broad range fit to our AIMD results at all
the pressures of interest.

To improve the original Matsui force field to match
ab initio results, we did not modify the fractional
charges on each ion; we only modified the parameters
of the van der Waals interactions. The parameters
governing each atom pair were transformed to yield
three parameters (see Supplementary material), effectively
the equilibrium separation distance r0, the depth of the
potential well D0, and the curvature of the potential at
the minimum f.
Atom pair interactions were grouped into cation-
oxygen, oxygen–oxygen, and cation-cation interactions.
As cation-cation interactions are weak in silicate liquids,
we focused on the cation-oxygen and oxygen–oxygen pairs.
To reduce the dimensionality of the optimization, all
cation-oxygen pairs were grouped together and subjected
to the same rescaling. That leaves six free parameters in
the rescaling (i.e., multipliers for D0; r0, and f for all
cation-oxygen pairs and for oxygen–oxygen pairs). An
objective function (see Supplementary material) was
designed with a weighting of the misfits to four pressure val-
ues, two CV values, and two c values from the AIMD sim-
ulations. This objective function was minimized with both
the BFGS search algorithm (Broyden, 1970; Fletcher,
1970; Goldfarb, 1970; Shanno, 1970) and the gradient des-
cent algorithm. The resulting optimized force field was then
used in all subsequent EPMD simulations; the parameters,
transformed back to the original form necessary to encode
the force field in LAMMPS simulations, are given in the
Supplementary material.

Armed with this optimized potential, we conducted
EPMD simulations using LAMMPS (Plimpton, 1995) in
the range of 1500 K to 6500 K and 0 GPa to 150 GPa.
N-V-T simulations used a Nosé-Hoover thermostat. We
also explored N-P-T simulations with a barostat in order
to compute the alternative thermal volume parameter

R ¼ P @V
@H

� �
P
for comparison in functional dependence and

simplicity of use to c. The LAMMPS simulation box was
first compressed (or expanded) in volume to achieve pres-
sures from 1 atm to 150 GPa at 6500 K. Next, each isochore
was calculated by cooling to the target temperature series
using N-V-T (for c) or N-P-T (for R) ensembles. Cooling
rates ranging from 0.005 to 1 ns per temperature interval
were tested and the conclusions are unaffected. c was calcu-
lated by transferring snapshots of atomic positions and
velocities taken every 500 K from the N-V-T runs to
500 ps N-V-E runs at different states and then applying a
finite difference calculation based on the averaged pressure
and internal energy of the last 200 ps. Likewise R was cal-
culated by transferring snapshots of N-P-T runs to 200 ps
N-P-H simulations. The so-called thermal pressure coeffi-

cient @P
@T

� �
V
was also obtained from the N-V-T calculations.

3. RESULTS

3.1. General behavior of c

EPMD simulations were conducted along 12 isochores,
corresponding to a pressure range at 2000 K from 1 atm
to 150 GPa, at internal energies corresponding to tempera-
tures from 1500 K to 6500 K. Volumes are expressed rela-
tive to V a, the volume of the simulation that yields 1 atm
pressure at 2000 K. The lowest-temperature, lowest-
volume simulations showed signs of glassy rather than liq-
uid behavior, based on their heat capacities and atomic tra-
jectories. These yielded anomalous values of c and were
excluded from subsequent analysis. The remaining data,
viewed as c vs. E with points at equal volume shown in a
common color, are plotted in Fig. 1. It is clear immediately
that the general behavior of c vs. V expected from previous



Fig. 1. Values of the Grüneisen parameter, c, determined by finite
difference from consecutive N-V-E state points in empirical
molecular dynamics simulations, plotted against internal energy
and colored by volume relative to the volume (V a) that yields 1 atm
pressure at 2000 K. The lines are a series linear regressions to each
set of isochoric values, forced to intersect at a common point.

Fig. 2. The slopes k of the isochores in c vs. E space are plotted
against the reciprocal of volume. Dots show the individual fits to
each isochore plotted in Fig. 1. The dashed line shows a linear
regression expressing a systematic dependence of slope on 1/V.

Fig. 3. The values of c vs. E along isochores, repeated from Fig. 1,
are now compared to the best-fitting four-parameter model, in
which the lines representing each isochore are required to intersect
at a common point and also to follow a systematic linear
dependence of their slope on 1/V.
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simulation and experimental campaigns is present: c is a
strong function of V, monotonically increasing with
decreasing volume at any constant value of E. Moreover,
the Mie-Grüneisen approximation is a reasonable first-
order description of the results: the dependence on volume,
across the studied range, is the main source of variation in c
(e.g., a range from 0.25 to 1.35 between V =V a = 1.000 and

0.243 at E ¼ �4:0� 107 J/kg), whereas the dependence on
E at constant V is comparatively small (a maximum range
of about 0.2 from 1500 K to 6500 K, for example at
V =V a = 0.296). Nevertheless, the variations of c as a func-
tion of E at constant V are well-resolved, real, and system-
atic. No Mie-Grüneisen model can fit these data to better
than �20% accuracy. At large volume (low pressure), c sys-
tematically increases with increasing E at constant V. This
positive dependence decreases with decreasing volume until,
at a particular intermediate volume (or pressure), c is nearly
independent of E. Then a negative dependence develops,
increasing with decreasing volume to become a significant
trend of decreasing c with increasing E at small values of
V (or high P).

Noting that each isochore in c vs. E is approximately lin-
ear and that these lines converge at high E towards a com-
mon point, we fitted a line to each isochore in the data, as
shown in Fig. 1. In this fitting exercise, the slope of each iso-
chore is fit independently, although all are forced to inter-
sect at a common point. The slopes (k) of these fit lines
are plotted against the inverse of volume in Fig. 2. Here
we see that the slopes of the c� E isochores themselves
are approximately a linear function of inverse volume. A

linear fit to k vs. 1/V yields R2 ¼ 0:996.

3.2. The gamma model

The observations that (1) the variation in c with E at
constant V is nearly linear along each isochore (Fig. 1), that
these isochores converge to a common point (also Fig. 1),
and that the slopes of these lines are very nearly a linear
function of inverse volume (Fig. 2) together motivate the
introduction of a simple, four-parameter model for fitting
all these data as a function cðE; V Þ. The model is expressed
by two equations:

c ¼ kðE � E�Þ þ c� ð1Þ
k ¼ a

V
þ b ð2Þ

where a; b;E�, and c� are the four parameters of the model.
In a plot of c vs. E, the isochores all intersect at the refer-
ence point (E�; c�). We note that this reference point plots
at very high energy, far beyond the stability field of the liq-
uid phase, and we do not consider it to have any physical
significance; it is merely a convenience to simplify the model
form. The slopes k of the various isochores are a linear
function of the inverse volume, with slope a and intercept
at infinite volume b. The best fitting model is shown in
Fig. 3 (which differs from Fig. 1 in that the slopes of all
the lines are governed in Fig. 3 by the four-parameter
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model, whereas in Fig. 1 each line is an independent regres-
sion for the slope of a particular isochore). This model
leaves a residual variance of 0.66% of the variance of the
complete set of liquid-like calculated values of c.

By comparison, any Mie-Grüneisen type model is likely
to require at least three parameters (e.g., c=c0ð Þ ¼ V =V 0ð Þq
has three parameters, c0; V 0, and q) and for our data set
the residual variance of a Mie-Grüneisen model can be no
less than 1.24% of the original variance, given the clear E

dependence of the data (in fact this particular three-
parameter form has residual variance of 2.02%). Thus the
one extra parameter offers at least a factor of two reduction
in total misfit relative to any Mie-Grüneisen model and a
factor of three relative to the q power-law form.

4. DISCUSSION

4.1. Comparison with other models

4.1.1. Fitting EPMD data to Birch-Murnaghan equation of

state plus thermal pressure

The Birch-Murnaghan equation of state describes the
relationship between volume and pressure using finite elas-
tic strain (Birch, 1947). This model is used to derive the
isentrope upon compression and a thermal pressure term
is required to account for the temperature dependence.
The thermal pressure described in the original Mie-
Grüneisen model does not contain temperature dependence
and thus has limitations in the fitting of Hugoniot data as
shown below. Although the main intent of the simulation
campaign is to motivate the design of a model form that
can be fit to experimental data, we fitted the thermal equa-
tions of state resulting from combining a Birch-Murnaghan
isentrope with either a Mie-Grüneisen or a cðE; V Þ model to
the P-V-E dataset from the EPMD simulations. The results
and fitted parameters are given in the Supplementary mate-
rial. The cðE; V Þ model is a slightly better fit (RMS error in
pressure is 0.15 GPa vs. 0.17 GPa for the Mie-Grüneisen
model). This difference is modest, because both functional
forms can interpolate well among densely sampled simula-
tion data. The power of the new model arises when large
extrapolations in energy space are required and when data
are sparse, as is typically the case with experimental shock
wave data.

4.1.2. Mie-Grüneisen fits to experiments

Within the overall category of Mie-Grüneisen models
that force c to be a one-parameter function cðV Þ, a variety
of functional forms have been proposed and several are in
common use (Shanker et al., 2007; Peng et al., 2007). Some
of these were selected for convenience or to minimize the
number of free parameters, while others were designed to
explicitly incorporate physical constraints or limiting values
such as the Thomas–Fermi limit, usually interpreted to
require c ¼ 2=3 at zero volume. However, in the shock
wave literature the most widely used form is the q-model,
c=c0ð Þ ¼ V =V 0ð Þq. For solids, q is positive and often close
to unity; in fact, the simplest model of a volume-
dependent Grüneisen parameter assumes q ¼ 1, i.e. con-
stant c=V . For liquids, however, where it is now widely
acknowledged that c increases as volume decreases, this
functional form requires q < 0. In fact, fits to a variety of
silicate liquid compositions where c0 is known and sparse
high-pressure constraints are available from shock wave
data all yield q ¼ �1:5� 0:5 (Asimow, 2018). The challenge
with values of q < �1 is that this form is concave-up on
plots of c vs. V and diverges to large positive values of c
as V approaches zero. Fits to data extending up to about
150 GPa with this form already begin to predict excessive
thermal pressure terms at compression only modestly
exceeding the calibrated range. Thus, for example, the
cðV Þ function proposed for forsterite (Mg2SiO4) liquid by
Thomas and Asimow (2013), with q ¼ �1:51, fits experi-
mental data of Mosenfelder et al. (2007) and simulation
data of de Koker et al. (2008), both extending to 200
GPa and V =V 0 ¼ 0:5. However, it cannot fit the recent very
high-pressure data of Davies et al. (2020), which show that
c stops increasing along the principal Hugoniot of forsterite
at V =V 0 ¼ 0:5 and begins to decrease towards the Thomas–
Fermi limit beyond this range. Since the shallow-release
experiments of Davies et al. (2020) constrain c for forsterite
liquid only close to the Hugoniot (a one-parameter path
through P-V-E space), it is not clear how much of this
decrease is due to decreasing volume and how much might
be due to increasing internal energy. Davies et al. (2020)
propose a six-parameter function to fit their data as a func-
tion of volume only.

4.1.3. Previous empirical molecular dynamics studies

There are two previous simulation-based studies that
have developed functional forms for the equation of state
and thermodynamic properties of anorthite liquid under
significant compression; one uses EPMD and the other
AIMD.

The EPMD simulation data of Spera et al. (2009), using
the Matsui potential and covering 3500–6100 K and 0.84–
120 GPa, were fit to two complex models by Ghiorso
et al. (2009). Both models required segmentation into sepa-
rate low-pressure and high-pressure fits and each has many
parameters that make them unsuitable for fitting to sparse
experimental data. Notably, of the models proposed by
Ghiorso et al. (2009), neither the high-pressure segment of
the fit to the Ghiorso (2004) model nor the Rosenfeld-
Tarazona model are consistent with the Mie-Grüneisen
approximation, as can be seen by the spreading of iso-
therms on the c vs. P plots in that work. Here, for purposes
of comparison, we have replotted the low-pressure segment
of the Rosenfeld-Tarazona model of Ghiorso et al. (2009)
as isochores in c vs. E space (Fig. 4a). It is evident that
the general form of this portion of the equation of state
of anorthite liquid proposed by Ghiorso et al. (2009) shares
the features we have identified in our simulation data for
diopside-anorthite liquid: c increases strongly with decreas-
ing V, depends significantly on E, is approximately a linear
function of E at each constant V, and transitions from a
positive slope at large V to a negative slope at small V.
Although the original simulations of Spera et al. (2009)
were not optimized for obtaining high-precision estimates
of c, both the raw data at relatively low pressure and the
model adopted for fitting those low-pressure data could



Fig. 4. Comparison of two published c models. (a) The cðV ;EÞ
relationship predicted by the low-pressure segment of the Rosen-
feld-Tarazona model of Ghiorso et al. (2009). (b) The cðV ;EÞ
relationship predicted by the Helmholtz free energy parameteriza-
tion of De Koker (2010).
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readily be fit with good accuracy by the model form of
Eqs. 1 and 2 of this work. Given the weakness of the orig-
inal Matsui potential at higher pressures, pointed out by
Spera et al. (2009), the low-pressure segment of the data
makes the most relevant point of comparison. We conclude
that our proposed systematic behavior and simple func-
tional form for cðE; V Þ are consistent with the EPMD sim-
ulation results on anorthite.

4.1.4. Previous ab initio molecular dynamics studies

AIMD on viscous liquid silicate systems requiring large
numbers of atoms and long integration times are computa-
tionally challenging. Only a few groups have published such
studies, including only one study of anorthite (and none on
CaO-MgO-Al2O3-SiO2 liquids such as that studied herein).
They are limited to fairly high temperatures (>3000 K) by
the computational constraints and the need to obtain
ergodicity in the simulation. Direct determination of c
and other second-order quantities from finite differences
between adjacent state points yields low precision due to
the inherent uncertainty in pressure and energy at each state
point in an N-V-T simulation campaign. Hence, De Koker
(2010) adopted the approach of using the simulation results
first to fit a functional form to the equation of state, namely
the Helmholtz free energy model of De Koker and Stixrude
(2009), and then deriving c by differentiation of the fitted
model. Although De Koker (2010) emphasized only the vol-
ume dependence of the resulting values of c, in fact this
model also yields an internal energy dependence quite sim-
ilar to that of the EPMD study of Ghiorso et al. (2009),
with nearly linear isochores, positive slopes at high volume,
and negative slopes at low volume (Fig. 4b). These results
too are readily fitted to our proposed four-parameter func-
tional form, which is again much simpler to apply than the
fundamental relation of De Koker and Stixrude (2009).

4.1.5. Enthalpy formulation and the R parameter

Nagayama (2016) and Nagayama (2017) discussed the
shortcomings of the Mie-Grüneisen model for fitting the
high-temperature equation of state of liquid metals
obtained from shock Hugoniot data on porous starting
materials. Those works suggested the use of an enthalpy
formulation or Rice-Walsh equation of state, in which the
Wu-Jing or R parameter takes the place of c. In liquid met-
als, Nagayama (2016) found that c is not a one-parameter
function of volume, but that R is, in fact, a one-
parameter function of P with a simple, universal form
applicable to all the metals considered. This result moti-
vated us to examine the systematics of R in our simulations.
We did not find such a simple behavior in liquid silicates. R
is a function of both P and H and offered no obvious
advantage in simplicity over c. Hence we focused our effort
on extending the internal energy formulation with thermal
pressure and do not recommend an enthalpy formulation
with a thermal volume term for use in silicate liquids.

We also considered whether the thermal pressure coeffi-

cient @P
@T

� �
V
can be treated as a function only of volume. At

small volumes (high pressures), it depends significantly on
T, and offers no advantage over c in this regard. See the
supplementary information.

4.2. Application: fitting to experimental results

A number of constraints on the thermal EOS of the
studied anorthite-diopside eutectic liquid composition are
available as a result of a series of shock compression stud-
ies. Rigden et al. (1984) and Rigden et al. (1988) pioneered
the method of shock travel time measurements in encapsu-
lated, pre-heated silicate liquids and published eight shock
velocity measurements defining the Hugoniot of
anorthite-diopside liquid from an initial super-liquidus con-
dition of 1673 K, extending up to 34 GPa. Asimow and
Ahrens (2010) published four additional state points on
the same pre-heated liquid Hugoniot, reaching 125 GPa.
Asimow and Ahrens (2010) also published a single shock
travel time data point obtained from a room-temperature
aggregate of solid anorthite and diopside that underwent
shock melting and achieved a pressure of 133 GPa. Finally,
Asimow et al. (2018) used the rarefaction overtake tech-
nique to obtain a measurement of the sound speed in
anorthite-diopside liquid shocked to 132 GPa.

The 13 shock travel time measurements on anorthite-
diopside liquid at 1673 K, together with known properties
of the projectile and capsule materials and an estimate of



Table 1
Fitting parameters for EPMD results in Fig. 3 using the cðV ;EÞ
model.

Parameters Values

c� 0:481
E� (J/kg) �1:717� 107

a (nm3 kg/J) �5:3329� 10�7

b (kg/J) 3:1206� 10�8

V in this fit is the absolute volume of the 1108 atom simulations, in
nm3.
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the initial liquid density (Ai and Lange, 2008), define a lin-
ear Hugoniot in shock velocity (US) vs. particle velocity
(up). Knowing the initial E difference between 1673 K liquid
and 300 K solid aggregate from thermochemical data and
assuming c is only a function of V, it is therefore possible
to precisely fit the offset of the single shock state derived
from initially 300 K solid from the pre-heated liquid Hugo-
niot in US-up space by choosing a value of c at the volume
of that shock state. Indeed, the resulting c=c0 ¼ 3:07, at
ðV =V 0Þ ¼ 0:503, implies q ¼ �1:63 (Asimow and Ahrens,
2010). However, this approach provides no information
on any possible E dependence of c, since there is only one
constraint.

On the other hand, each of the US � up data points can
be transformed using the Rankine-Hugoniot jump condi-
tions into a P � V � E state point. When the 12 resulting
data points on the pre-heated liquid Hugoniot are fitted
to an equation of state, in this case a 3rd-order Birch-
Murnaghan isentrope plus a Mie-Grüneisen thermal pres-
sure term (assuming the q-form for the volume dependence
of c), the shape of the pre-heated liquid Hugoniot data
themselves already constrain the c function. Hence it is
not necessarily possible to simultaneously fit both the 12
pre-heated liquid Hugoniot points and the single shock
state point obtained by shocking the 300 K solid aggregate.
In fact, the best fit model given by Asimow and Ahrens
(2010) misses this data point by 2:8r in P-V space (Fig. 5,
orange dashed curve). In other words, in a Mie-Grüneisen
context (or at least with the specific q-form for the volume
dependence of c), the combined data set appears to be
inconsistent. Essentially, the rapid increase in c needed to
match the divergence of the pre-heated liquid Hugoniot
from the isentrope during the initial rapid decrease in vol-
ume at low pressure yields a value of c at ðV =V 0Þ ¼ 0:503
Fig. 5. Equation of state fitting to shock wave data on anorthite-
diopside liquid. The orange curves show a 3rd order Birch-
Murnaghan isentrope plus Mie-Grüneisen thermal pressure model
whereas the green curves show a model adopting the cðE; V Þ model
developed in this work. In both cases, the filled symbols and solid
curves show the pre-heated liquid Hugoniot and the open symbol
and dashed curves show the shock states obtained by shock melting
an isochemical cold solid aggregate. All the equations necessary to
plot these data and model fits are provided in the supplementary
information.
that is much too large to fit the relatively small pressure dif-
ference between the pre-heated liquid Hugoniot and the
point obtained by shocking 300 K solid aggregate, again
in the context of the simple cðV Þ model previously assumed
(see Table 2).

In this context, the introduction of the new cðV ;EÞ
model developed in this work is quite promising. It allows
for the rapid increase in E during strong shock compression
to compensate for the decrease in V and yield a c function
that may be able to fit all the constraints. In fact, there is an
additional experimental constraint that was not available to
Asimow and Ahrens (2010), namely the sound speed mea-
surement. As shown, e.g., by Brown and McQueen
(1986), a sound speed measurement at a point along a
known liquid Hugoniot gives a local measure of c that does
not depend on a Mie-Grüneisen assumption. Hence, we fit-
ted the combined shock velocity and sound speed data set
for anorthite-diopside liquid to a 3rd order Birch-
Murnaghan isentrope plus our new four-parameter
cðV ;EÞ model. Ambient pressure constraints on KS0 and
c0 from density and ultrasonic data (Ai and Lange, 2008)
Fig. 6. The fitted cðE; V Þ model compared to direct experimental
constraints on c. The black curve is the trace of the pre-heated
liquid Hugoniot. The red symbol is c0 based on 1 atm data,
compared to the red V =V 0 isochore. The green symbol is the
constraint from the cold solid aggregate experiment, compared to
the green V =V 0 ¼ 0:503 isochore. The cyan symbol is the constraint
from the sound speed measurement, compared to the cyan
V =V 0 ¼ 0:522 isochore. (For interpretation of the references to
colour in this figure legend, the reader is referred to the web version
of this article.)



Fig. 7. Comparison of T-P shapes of liquid isentropes with foot
temperatures of 1673, 2273, and 2873 K computed with the thermal
Mie-Grüneisen equation of state of Asimow and Ahrens (2010)
(dashed curves) and with the cðV ;EÞ model of the present work.
(solid curves).
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were imposed as well. This model (Fig. 5, green curves) is
able to fit all the data within their uncertainty. The partic-
ular cðV ;EÞ model with the best-fitting parameters is com-
pared to the direct constraints on c from ambient pressure
data, the cold solid Hugoniot point, and the sound speed
datum in Fig. 6. The parameters are given in Table 2 along-
side the parameters of the original fit.

The Grüneisen parameter, by definition, parameterizes
the thermal pressure of an equation of state, allowing calcu-
lation of states offset in internal energy from a reference
state at equal volume. However, by thermodynamic identi-
ties, c also defines the isentropic gradient in temperature-

volume space: c ¼ � @lnT
@lnV

� �
S
. Rapidly convecting systems

such as deep molten layers created in early planetary evolu-
tion by dissipation of kinetic energy from giant impacts
evolve to an approximately isentropic temperature profile.
Therefore, an important geophysical application of a model
for c of silicate liquids is the calculation of isentropes in
planetary magma oceans. Although diopside-anorthite
eutectic is not a plausible composition for a molten terres-
trial mantle, comparison of the isentropes computed for a
Mie-Grüneisen model and for the cðV ;EÞ model of this
composition illustrate the magnitude of the difference that
is expected for a bulk silicate Earth composition. Fig. 7
shows three pairs of isentropes, with equal foot tempera-
tures of 1673 K, 2273 K, and 2873 K, using the cðV Þ model
of Asimow and Ahrens (2010) and the cðV ;EÞ model fitted
in this work. The isentropes for the cðV ;EÞ model are, at
each foot temperature, more strongly concave down, due
to the decrease in the rate of increase in c as E increases
along the isentrope. The differences in slope grow larger
for isentropes with hotter foot temperatures, because they
access higher energy states where the energy dependence
becomes more significant. For temperatures most relevant
to superliquidus magma oceans, the difference between the
two models in temperatures near the core-mantle boundary
for isentropes with equal foot temperature grows to
> 500 K. Computed isentropes can be compared to experi-
mentally defined (Fiquet et al., 2010; Andrault et al., 2011)
or computed (Boukaré et al., 2015) liquidus curves to esti-
mate the potential temperature of incipient crystallization
and the depth where crystallization is expected to begin.
The more concave-down shape of the isentropes computed
with the cðV ;EÞ model increase the range of liquidus shapes
and slopes that lead to initial crystallization at the bottom of
Table 2
Comparison of the original Mie-Grüneisen fit a

Parameters Original Mie-Grüneisen fi

V 0 (m3/kg) 0:0003829� 0:0001
KS0 (GPa) 22:98� 0:30
K 0

S 5:36� 0:43

Model specific c0 = 0.356 (at V 0; fixed)
Parameters q ¼ �2:06� 0:54
the mantle and make it less likely that crystallization began
in the middle of the magma ocean.

5. CONCLUSIONS

We designed a set of empirical potential molecular
dynamics calculations around accurate calculation of the
Grüneisen parameter of a silicate liquid composition. The
force field was tuned to a select set of ab initio molecular
dynamic simulations to improve its portability across the
pressure range of interest for the terrestrial mantle. In
agreement with earlier simulation studies that show
E-dependent behavior of c in silicate and simple liquids,
we find a systematic behavior of volume and energy-
dependent variations in c. Although sophisticated,
parameter-rich functional forms are needed to fit all the
thermodynamic properties of silicate liquids or to extrapo-
late to extreme conditions, we introduce a simplified model
with only a few parameters that fits the simulation results
well. Applying this model form to experimental shock wave
data on the same liquid composition used in the calcula-
tions yields excellent results and a more predictive, wide-
ranging, and powerful fit to the variety of data types avail-
able. Extension of this concept to other silicate and oxide
nd the cðV ;EÞ model fit.

t New fit

0:0003829� 0:0001
22:93� 0:21
5:59� 0:11

c� ¼ 1:663� 0:01
E� ¼ ð3:75� 0:07Þ � 107 J/kg
a ¼ ð�8:26� 0:05Þ � 10�12 m3/J
b ¼ ð5:59� 0:02Þ � 10�8 kg/J
(c0 = 0.380 at V 0;E0)
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liquid compositions will enable improved modeling of the
evolution of early terrestrial magma oceans.

6. RESEARCH DATA

Research Data associated with this article (the V-P-E
simulation points shown in Figs. 1 and 3) can be accessed
at the CaltechDATA repository at https://doi.org/10.
22002/D1.1921.
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Boukaré C. E., Ricard Y. and Fiquet G. (2015) Thermodynamics
of the MgO-FeO-SiO2 system up to 140 GPa: Application to
the crystallization of earth’s magma ocean. J. Geophys. Res. B:
Solid Earth 120, 6085–6101.

Boyet M., Blichert-Toft J., Rosing M., Storey M., Télouk P. and
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