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Statistical Properties and Airspace Capacity for
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Sense-and-Avoid Safety Protocols
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Abstract— Random mobility models (RMMs) capture the ran-
dom mobility patterns of mobile agents, and have been widely
used as the modeling framework for the evaluation and design
of mobile networks. All existing RMMs in the literature assume
independent movements of mobile agents, which does not hold
for unmanned aircraft systems (UASs). In particular, UASs
must maintain a safe separation distance to avoid collision.
In this paper, we propose a new modeling framework of random
mobility models equipped with physical sense-and-avoid protocols
to capture the flexible, variable, and uncertain movement patterns
of UASs subject to separation safety constraints. For the random
direction (RD) RMM equipped with a commonly used sense-and-
avoid (S&A) protocol, named sense-and-stop (S&S), we provide
its statistical properties including stationary location distribu-
tion and stationary inter-vehicle distance distribution, using the
Markov analysis. This study provides knowledge on the impact of
S&A protocols to critical UAS networking statistics. In addition,
we define collision probabilities and airspace capacity concepts
for UASs based on the inter-vehicle distance distribution, and
derive their closed-form expressions. This analytical framework
mathematically bridges local autonomy with global airspace
capacity, and allows the impact analysis of local autonomy
configurations for effective UAS airspace capacity management.

Index Terms— Random mobility model, sense and avoid, col-
lision avoidance, aerial networking, unmanned aircraft system
traffic management, airspace capacity management.

I. INTRODUCTION

NMANNED aircraft system (UAS) technology has

demonstrated its value in broad commercial applications,
such as sports coverage, cargo transport, precision agriculture,
public safety, on-demand communication provision, and struc-
ture health monitoring [2]-[7]. The global commercial UAS
Market is projected to reach $52.30 billion by 2025 [8]. With
the new, small UAS rules released by the Federal Aviation
Administration (FAA) in August 2016 [9], we foresee a dense
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UAS use in the National Airspace System (NAS). Along with
this trend, new research directions that deal with multiple
UASs in a dense airspace become urgent, such as UAS traffic
management (UTM) and UAS networking.

UTM is very different from traditional air traffic man-
agement (ATM) [10], [11]. Unlike commercial flights which
have pre-defined flight plans and rather deterministic flight
trajectories, UASs in the low-altitude airspace are featured
by their highly flexible, variable and uncertain movement
patterns. Such features unique to UASs constitute the leading
challenge for UAS traffic analysis. Concepts such as “highway
in the sky” are borrowed from traditional ATM to simplify the
UTM architecture, however, such “infrastructure” limits UAS
flexibility and contradicts their on-demand missions. Little
is known about the limitations of airspace capacity subject
to highly flexible UAS operations. Related to our interest,
a capacity concept for UTM was proposed in [12], which
assumes unified flow directions for all UASs. In [13], a phase-
transition-based capacity concept was proposed based on sim-
ulation studies of randomly generated source-to-destination
UAS trajectories.

To understand the capacity limit of UAS traffic subject
to highly flexible, variable and uncertain UAS movement
patterns, we develop a new random mobility model (RMM)
-based modeling and analytical framework. RMMs have been
widely used for networking studies. Examples include Random
Direction (RD), Random Walk (RW), Guass-Markov (GM),
and Smooth Turn (ST) developed specifically for fixed-wing
UASs [14]-[19]. Please refer to our survey paper [14] on
the RMMs developed for different UAS applications ranging
from search, rescue, and reconnaissance, to patrolling, cargo,
and AN backbone. These RMMs capture the random mobility
patterns of moving agents, and have commonly been used
as the evaluation and design foundation of mobile ad hoc
networks (MANET), vehicular ad hoc networks (VANET), and
UAS networks (or called flying ad hoc networks, FANET),
from which important statistics can be derived, such as node
distribution, inter-vehicle distance distribution, and link/path
lifetime [20], [21].

We note that all these existing RMM studies assume
that mobile agents move independently. This assumption
does not hold for UASs. In particular, in order to maintain
airspace safety, UASs must be equipped with sense and
avoid (S&A) capabilities. This S&A feature is a critical
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difference between FANET and MANET. S&A fundamen-
tally changes the statistics for networking, and its impact is
not known. In this paper, we develop an analytical frame-
work of RD RMMs equipped with S&A protocols, analyze
its statistical performance, and then connect it to airspace
capacity concept to understand the limit of airspace capacity.
We note that the analysis here is much more complicated
when the independent movement assumption does not hold
any more.
The contributions of this paper are listed as follows.

1) We develop a new modeling and analytical frame-
work for UTM and UAS networking studies. In the
framework, RMMs are equipped with physical S&A
protocols to succinctly capture the flexible, variable,
and uncertain movement patterns of UASs subject to
separation safety constraints. This framework, first of its
kind per knowledge of the authors, merges advances in
UAS communication and networking studies with UAS
physical safety constructs for UTM studies.

2) For the new RD RMM equipped with a S&A protocol,
named sense-and-stop (S&S), we develop statistics that
are critical to networking studies, namely stationary
node distribution and stationary inter-vehicle distance
distribution, using the Markov analysis.

3) We define stationary collision probabilitics for UASs
based on the inter-vehicle distance distribution, and
derive their expressions. This new stationary collision
probability construct quantifies the effectiveness of S&A
protocols.

4) We define UAS airspace capacity based on station-
ary collision probabilities, and derive their expressions.
This new UAS airspace capacity concept captures the
flexibility of UAS operations as it only relies on the
S&A protocols to maintain airspace safety, with no
other physical mobility constraints being enforced. This
capacity concept provides us insight on the limitation
of airspace density for highly flexible and autonomous
UASs, which is very different from that for traditional
air traffics.

5) The impact of local S&A protocols on global airspace
capacity is studied. This analysis bridges local autonomy
with global airspace capacity, and permits insightful
impact analysis of local autonomy configurations, ¢.g.,
randomness level of a RMM, sensing distance, and
collision distance, to achieve effective UAS airspace
capacity management.

The remainder of this paper is organized as follows.
Section II describes both the independent RD RMM and the
RD RMM equipped with the S&S protocol. Section III ana-
lyzes the statistical properties of both RMMs in terms of node
distribution and inter-vehicle distance distribution. Section IV
analyzes the collision probabilities and airspace capacity for
both RMMs. Section V includes the impact analysis of model
configurations. Simulation studies are included throughout
the paper to help illustrate the analytical results. Section VI
concludes the paper.

5891

(@ (b)

Fig. 1. Illustration of (a) a 2-D airspace with UAS mobility captured by the
independent RD RMMs, and (b) the wrap-around boundary model.

II. THE MODELING FRAMEWORK

This section describes the modeling framework of UAS
operations. To capture the highly flexible, variable, and
uncertain movement patterns of UASs, we use the RD
RMM -based modeling framework, which is described in
Section II-A. To capturc the safety constraints of flexible
UAS operations, we then equip the RD RMM with the S&S
protocol in Section II-B.

A. Independent Random Direction Mobility Model

In the independent RD RMM widely used in the literature,
UASs travel independently in an airspace [0, B)? (Figure 1(a)).
A comprehensive description of RMMs used for UASs can
be found in the survey paper [14]. At each time instant
1, 2,..., k, UAS i selects a heading direction O;[k] from
[0,27) randomly, and moves along that direction with a
constant heading speed V. ®;[k] is uniformly distributed in
[0, 27), Vi, k, i.e., the probabilistic density function (pdf) of
®;[k] is

1
f(®i[k]=‘9)=§~ ey

X;[k] and Y;[k] denote the stochastic processes for UAS i’s
location along the x and y axes.

We use the widely adopted wrap-around boundary model to
avoid the border effect [15]. When a UAS hits the boundary,
it wraps around and appears at the opposite side with the same
velocity and heading direction (Figure 1(b)). This wrap-around
model is suitable for large simulation regions and is analysis-
friendly. With this boundary model, the dynamics of UAS i
can be described as

Xilk] = Xilk — 1]+ V cos O;[k — 1]
_B{Xi[k—l]+gcos®i[k—l]J’ @)
Yilk] = Yi[k — 1]+ Vsin ©;[k — 1]
_B[Yi[k— 1]+ Vsin ©;[k — 1]J
B b

3

where |.] is the floor function.

In the wrap-around boundary model, the cyclic relative
position of the UAS pair i and j along x axis (y axis) takes
the smaller value of |X;[k] — X;[k]| and B — | X;[k] — X ;[k]|
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(|Yi [k] — Y;[k]| and B — |Y;[k] — ¥; [k]|). Interested readers
please refer to the detailed descriptions of cyclic relative
position in the wrap-around boundary model in [22]-[24].
Mathematically, the inter-vehicle cyclic relative position
Si,jlk] = (AX; jlk], AY; j[k]) and distance D; ;[k] between
two UASs i and j at time k are calculated as:

AX; j[k] = min(|X;[k] — X [k]|, B — |X;[k] — X [k]]),
AY; jlk] = min(|Y;[k] — Y;[k]|, B — |Yi[k] — Y;[k]]),

D; j[k] = (AX; [k]* + AYi,j[k]z)%~ “)

B. Random Direction Mobility Model Equipped With the
S&S Protocol

Safety constraints are critical for UAS operations. The
FAA “right-of-way” rules state that for vehicles of the same
category and operating at the same altitude, the aircraft to the
right has the right-of-way [9]. In the literature, many papers
focus on the development of S&A safety protocols when two
UASs encounter (see e.g., [25]-[28]). However, the successful
collision avoidance between two UASs may lead to a collision
that involves other UASs in a dense airspace. As such, it is
the purpose of this paper to exploit the relationship between
local S&A protocol’s impact and global airspace capacity.

Here, we implement a “right-of-way” rule, named ‘sense-
and-stop” (S&S), similar to the hovering strategy [29]. Denote
the sensing distance (or observing distance) as d,, which
is much smaller than Z. The RD RMM equipped with
S&S protocol works as follows: a) when the inter-vehicle
distance between two UASs is greater than sensing distance,
ie., D;;lk] > d,, each UAS moves independently accord-
ing to the independent RD RMM; b) when D; ;[k] < d,,
the vehicle to the left (i.e., with a smaller x location) stops,
and the other vehicle follows the independent RD RMM until
D; jlk] > d,. When multiple UASs are involved, they are
considered as a collection of UAS pairs. For any UAS i,
if the following stopping criterion C; is true then UAS i stops:
there exists a UAS j (j # i) such that D; ;[k] < d, and
X;lk] < X;[k]. If the stopping criterion C; is not met, then
the UAS i moves with independent RD RMM. The dynamics
of UAS i can thus be described as follows.

(Y]]

[ X[k — 1], C; is true,
X;[k] = Xilk — 114+ Vcos®;[k — 1] (5)
—BLXi[k_l]_{—VCOS@i[k_l]J C: is not true
B > 1 )
Yilk — 1], C; is true,
Yi[k] =1 Yilk =11+ Vsin ©;[k — 1] ©)
_BLYi[k—1]+Vsin @,-[k—l]J C. is not true
B ) 1 .

In addition, for any UAS i, if there exists a UAS j satisfying
D; j[k] < d, and X;[k] = X [k], then a small noise is added to
Xi[k] to differentiate their locations in x coordinate. As there
always exists a UAS with the maximal x location, we can
ensure that at least one UAS moves at each time instant k in
the airspace and the dead-lock phenomenon does not occur.
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III. ANALYSIS OF NETWORK STATISTICS

In this section, we study the statistical properties of both
RD RMMs critical to networking and UTM studies, in
terms of stationary node distribution and inter-vehicle distance
distribution.

A. Stationary Node Distribution

Define node distribution as the joint distribution of UAS
locations and heading directions. Lemma 1 studies the sta-
tionary node distribution for the independent RD RMM.

Lemma 1: Each of the N UASs in an airspace [0, B)?
moves independently according to the RD RMM. The station-
ary node distribution of each UAS is uniform, i.e.,

Jim f(Xilk] = x, Yi[k] = y, Oi[k] = 0) = g D
where x € [0,B), y € [0,B), 8 € [0,2x), and i =
1,2,---,N.

The stationary joint node distribution of N UASs is also
uniform, regardless of the initial joint node distribution.

Proof: Define a Markov process with states
S‘l” (k] = (Xlk], Yi[k], ®;[k]) to represent the location
and heading direction of UAS i moving with the
independent RD RMM. The transition probability

kernel of SP[k] is fP(SPlk + 1|SPIk]) = 1{X,~[k] +

Vcos @;[k] — B| WAV 0l gy, k) +  sin 4[] -

B[w L where 1(} is 1 if {.} is true and

0 if {.} is false [15]. This Markov chain is aperiodic,
®-irreducible, and Harris recurrent (refer to [30, Chapter 4]
for formal definitions of these properties). Intuitively, this
is because a) all states in the Markov chain are aperiodic
according to Equations (2) and (3); b) all states communicate
with cach other; and c) all states arc visited infinitely often
when k — oo. Interested readers are referred to [15] for the
formal mathematical proof of these properties. As such, there
exists a unique stationary state distribution. As shown in [15,
Proposition 4.2], the stationary node distribution for each
UAS of independent RD RMM is uniform.

Because the N UASs move independently, the joint node
distribution is a multiplication of N individual node distribu-
tions. A simple argument leads to the conclusion that the N
UASSs’ stationary node distribution is uniform. O

The next theorem studies the stationary UAS location dis-
tribution for the RD RMM equipped with S&S protocol.

Theorem 1: Each of the N UASs in an airspace [0, B)?
follows the RD RMM equipped with the S&S protocol. The sta-
tionary node distribution for each UAS i is uniform, regardless
of the initial node distribution.

Proof: Define a Markov process with states 3‘15 [k] =
(Xil[k], Yilk], ©;[k]) to represent the location and heading
direction of UAS i moving with the RD RMM equipped with
the S&S protocol. Following a similar analysis as shown in
Lemma 1, this Markov chain is aperiodic, ®-irreducible, and
Harris recurrent when N is finite, and therefore, there exists
a unique stationary distribution [15]. To find the stationary
location distribution of UAS i, we introduce a set Sg[k] to
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hold all the locations of UAS i that satisfy the following
condition: there exists a UAS j (j # i) satisfying D; j[k] <
d, and X;[k] < X;[k]. S[k] is the complement of Sy[k].
The stationary location distribution along the x axis can be
described as follows.

Jim £ (X [k] = x)
= lim f(X;[k] = x| S5 [K]) P (Ss[k])
+ Him f(Xilk] = x| S [kD) P (S [kD). ®)

To prove klim Xi[k] is uniformly distributed, we only
— 00

XSk = g

Jim f(Xi[k] = x|S,[K]) = +. The proof of the first statement
—00

Jim fXGIK] = xIS[K) =
Lemma 1, as UAS i moves independently in this case. To
prove the second statement, we note that as UAS i stops
at time k, klim f(Xilk] = x|Ss[k]) is the same as the
conditional pr?)ob%bility right before the UAS enters the stop
state. As UAS i moves randomly at that time step, the proof of
the first statement Ieads to the conclusion that klim f(Xilk] =
—> 00

need to show that klim f(Xi[k] = and
— 00

is straightforward using

x|Ssk]) = %. The proofs for the location along the y axis
follow a similar argument. O

Remark 1: Although the location of each individual UAS
is uniformly distributed for the RD RMM equipped with
the S&S protocol, the joint distribution of N UAS locations
is not uniform anymore. The introduction of the S&S
protocol removes the independence of UAS trajectories, and
alters the joint distribution. This new property is studied
in Section III-B.

B. Stationary Inter-Vehicle Distance Distribution

In this section, we study the impact of the S&S protocol
to stationary inter-vehicle distance distribution. Theorem 2
shows that the inter-vehicle relative position (AX; j and AY; ;)
distributions are uniform for the independent RD RMM, while
this uniformity property does not hold for the RD RMM
equipped with the S&S protocol as shown in Theorem 3.

Theorem 2: Each of the N UASs in an airspace [0, B)?
moves independently according to the independent RD RMM.
Then the following two statements hold.

a) The stationary distributions of the inter-vehicle relative
positions, i.e., AX; j and AY; j, are uniform;

b)The stationary pdf of the cyclic inter-vehicle distance for
two UASs i and j, Dj jlk], denoted as fg(d), is

fp(d) = lim f(Di;lk]=d)
k—>o00

2rd

Ve
- 45 - 2arcc0s(%))d

B2

Proof: Define a Markov process based on the cyclic rela-
tive position between the UAS i and j when they move with
the independent RD RMM, Stk = (AX; jlkl, AY; j[k]).
As the deadlock phenomenon does not occur, the Markov

0<d

A

g§d<

5893

AAy
f(AX = Ax) R
2 AX =AX,, 2
B |
I
‘ AX = |AX,|
|
I
|
B B AX
2
(a) (b)
Fig. 2. (a). The relationship between pdfs for |AXg[k]| and AX[k]. (b).

The range of cyclic distance D.

chain S? [k] is aperiodic, ®-irreducible, and Harris recurrent,

and therefore, there exists a unique stationary distribution.

We first calculate the pdfs for the stationary cyclic relative

positions along the x and y axes, klim f(AX; jlk] = Ax) and
—00

klim f(AY; jlk] = Ay). We remove the subscript i, j for the

—00

simplicity of presentation when it does not cause confusion.
Equation (4) leads to

| Xilk] — X [K]| | Xilk] — X[k]] <
B —|Xi[k] = X;[k]l 1Xi[k] — X ;[K]| >

_ { AXplk]] |AXEglk]| <

AX[k] = {

0] o o]y

(10)
B — |AXEg[k]| |AXE[K]| >

E

o] o |y

where AXEgl[k] is the Euclidean relative position between
UASs i and j along the x axis, i.e., AXglk] = X;[k]— X [k].
Now we find the pdf of |AXEg[k]|. Lemma 1 leads to

(11)

As UASs i and j move independently, the stationary pdf of
|AXEg[k]| can thus be derived from Equation (11) as follows:

lim f(AX k] = A¥)

Jim XK =x) == O0<x<B)

*B—Ax
=2/ lim f(X;[k] =x+ Ax, X;[k] = x)dx
0 k—o00

B—Ax
=2/ klim fXilk]l = x + Ax) f(Xj[k] = x)dx
0 —>00

B—Ax 11
= 2/ ——dx
0 B B

(0 < Ax < B). (12)

Equation (12) leads to the stationary pdf of A X[k], accord-
ing to the relationship between cyclic distance and Euclidean
distance as shown in Equation (10) and Figure 12(a):

lim f(AX[k] = Ax)
= lim F(AXeIK] = Ax) + f(AXEK] = B — Ax)
2

= O<A <B)
=3 < Ax )

The same argument leads to the uniform stationary distrib-
ution of AY[k].

13)

2 B
Jim fAYIK = Ay) =2 O<Ay<3). (14
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Fig. 3. (a) Partition of the state space into 5 regions based on the inter-vehicle
distance. Clusters A and B are marked in different shades. (b) Illustration of
the SDLAE method to find the relation between pp and pj.

Since AX[k] and AY[k] are independent, klim f(D[k] =
d) in Equation (9) can be easily derived throtgflointegration
according to Figure 12(b). O

Theorem 3: Two UASs in an airspace [0, B)? follow the RD
RMM equipped with the S&S protocol. The stationary pdf of
the cyclic inter-vehicle distance, Dlk], denoted as fg&s(d),
is bounded as follows.

T T
Edplmin < fg&s(d) < Edplmam 0<d<d,—=V)

T
delmax < f[S)&S(d))

T
< Edplmins dp—V <d<d,+V)

T T
—dpimin < fg&s(d) < delmam (do+V <d < =)

4
T B
(Z — arccos (ﬂ)) dpimin < f[S)&S(d)

B B 2B
< (% — arccos (ﬂ)) dp1 max, (5 <d< f—)

B
2

where the constants pimin and p1max are

8
Plmin = 7T(d0+V)2~|-BZ’
8
Plmax =

n(dy — V)2 + B%

Proof: We construct a Markov process with states S°[k] =
(A X[k], AY[k]) when the two UASs move with the RD RMM
equipped with the S&S protocol. The Markov chain S*[k] is
aperiodic, ®@-irreducible, and Harris recurrent, and therefore,
there exists a unique stationary distribution. To facilitate the
analysis, we further partition the state space into five regions
according to their different states transition characteristics
(Figure 3(a)): Region 1 (d < d, —2V), Region 2 (d, —2V <
d <d,—V),Region3 (d,—V <d <d,),Region4 (d, <d <
dy+V)and Region 5 (d,+V <d < %). The five regions form
two clusters. In Cluster A (d < d,, including Regions 1, 2 and
3), one UAS moves and the other stops. In Cluster B (d > d,,
including Regions 4 and 5), two UASs move independently
according to the independent RD RMM. We further note that
states in Region 1 can only transition from Cluster A, and
states in Region 5 can only transition from Cluster B. States
in Regions 2, 3 and 4 can transition from both clusters.

Let us first sketch the proof idea. Denote f;(s) as the
stationary pdf of the cyclic relative position along the x and y

IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS, VOL. 22, NO. 9, SEPTEMBER 2021

axes in Region i, i.e., fi(s) =klim FAX[k] = Ax, AY[k] =
—> 00

Ay). We analyze f_é(s) in each region respectively. To do
that, we first prove that the pdfs for the states in Regions 1
and 5 ( fS1 (s) and fS5 (s)) are uniform, and also identify their
relation. The bounds for the pdfs fsz(s), fg’ (s) and f;‘ (s) are
then all derived using fS1 (s). Finally, utilizing the axiom that
the sum of pdfs for all parts is 1, the lower and upper bounds
of fS1 (s) are derived. The stationary inter-vehicle distanc;e pdf
and probability in Region i, denoted as f;,(d) and P', can
then be found through integration.

In Region 1, one UAS stops and the other moves according
to the independent RD RMM. For any position (xo, yo) that
UAS i stops at, the relative positions between two UASs along
the x and y axes are then AX[k] = min(|X;[k] — xo|, B —
|X[k] — xo]) and AY[K] = min(|¥;[k] — yol. B — |¥;[k] —
yol), respectively. Since X ;[k] and Y;[k] are both uniformly
distributed in the limit of large time (according to Lemma 1),
AX[k] and AY[k] can be easily proved to be also uniformly
distributed in the limit, following a similar argument as in
the proof of Theorem 2. Hence, fS1 (s) is uniform with value
denoted as pjp. The stationary inter-vehicle distance pdf fé d)
and its probability in Region 1, P!, can be represented as

1

) = S7dp,

pl = %n'(d,, —2V)?pi. (16)

In Region 5, since the two UASs follow the RD RMM
independently, the stationary inter-vehicle relative positions
along the x and y axes are also uniformly distributed according
to Theorem 2. Denote the value of f, 55 (s) as pa. The stationary
inter-vehicle distance pdf fg (d) and its probability, P>, can
then be represented as

1
fo(d) = Smdp,
B2 1
P = (g =77+ V)% pa. (17)

Next we find the relationship between p; and p», or fS1 (s)
and fS5 (s). The most direct method is to solve the pdf fs(s)
from the following equation.

1561 = [ £ 01505’ ()
where f(s’,s) is the state transition probability kernel, rep-
resenting the transition probability density from state s’ to s.
f(s’,s) in the RD RMM equipped with the S&S protocol
is a piecewise function. f(s’, s) is a constant, i.e., %, when
(Ax2 + AY?)? < d,, and 5" = (Ax', AY) and 5 = (Ax, Ay)
satisfy ((Ax — AX)? + (Ay — Ay’)2)7 = V. When (Ax? +
Ayz)% > d,, f(s',s) is contributed by the movements of
both UASs, and can be derived using the intersection area of
two circles of radius V centered at the two UASs, which is
complicated to find.

We here use a numerical approach named stationary density
look ahcad estimator (SDLAE) [31], [32] to find the relation-
ship between p; and p». For the discrete-time Markov process
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representation of relative position S[k], the marginal pdf of
S[k], represented by @y, satisfies

D1 (5) = / (5", 5)Du(s))ds (19)

Using the marginal density look ahead estimator (MDLAE)
[31], [32], @k (s) can be approximated as
D (s) ==

1 « .
=D STk = 11.5), (20)

j=1
where S/[k—1], j € {1,2,...,
drawn from the lagged state S[k — 1] with the pdf @
Similarly, the stationary pdf @, is approximated as

n} are n independent samples

1—1().

1 « .
" = lim — S/k], s’ 21
5 (5) kggon;f( [k, 5", @1
where S[k]|22, is a time series simulated from f(s’,s) and
an arbitrary S[1]. Notice that hm @2 (s) = fs(s) holds

with probability 1. Using this SDLAE approach, the relation
between p; and p» converges to (as shown in Figure 3(b))

p1=2p2. (22)

Note that fSi(s) is determined uniquely by the transition
density kernel f(s’,s) as stated in Equation (18), and the
relation between p; and p; is determined uniquely by the
relation between the two transition kernels in Regions 1 and 5.
The transition kernels in Regions 1 and 5 can be regarded as a
“one-step” transition and a “two-steps” transition respectively,
and is not a function of any parameters (e.g., the airspace size
B, and the sensing distance d,). As such, the relation between
p1 and p; is also fixed (i.e., not a function of parameters B
and d,), and would not be changed with the parameters.

Then we derive the upper and lower bounds for the sta-
tionary inter-vehicle distance distribution in Regions 2, 3, and
4 using the following steps. Step 1: we prove that fsz(s)
is uniform with density p; based on the Markov transition
properties. Step 2: through analyzing the source states in
Region 3 that transition to Region 2, we express the upper
bound of fS?’ (s) using pj. Steps 3 and 4: following a similar
approach, we prove that p, and p; are the lower and upper
bounds of fs (s). In Step 5, utilizing the bounds in Region 4,
we prove that p; is the lower bound for fs (s).

Step 1: Find fs (s). Consider all the points s' =
(Ax’, Ay’) of distance V to a point s = (Ax,Ay)
that satisfies d € [d, — 3V,d, T 2V) in Region 1,
ie., ((Ax — Ax)? + (Ay — Ay’)2)7 = V (marked as the
circle in Figure 4(a)). As s is uniformly distributed in Region
1 with pdf pi, at the steady-state

pi = /Ab £’y 5)prds + /Ab 5", ) £2()ds’

= f(s',5) (//_\ pids’ +/A fsz/(s’)ds’) ,

where aob represents the superior arc in Region 1 (solid curve
in Figure 4(a)), and ab represents the inferior arc in Region 2

(23)
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(a)

Fig. 4. (a) Illustration of Step 1. (b) Illustration of Step 2.

(dotted curve in Figure 4(a)). Equation (23) holds because for
any states s’ and s in Cluster A, f(s’,s) is a constant.
Similarly, for states s located in [0,d, — 3V) (e.g.,

vV Ax%+ Ay? €[0,d, —3V)) in Region 1, we have

1= f £ s)prds’ = £(s'.s) f pds,  (Q4)

where § is the integration sign over the whole circle satisfying
1

((Ax — Ax")> 4+ (Ay — Ay')?)? = V. As Equation (23) holds

for any angle ¢ € [0, dpax) (shown in Figure 4(a)), where

Pmax = 2arccos2(d{)_—j/2v), and any state s = (Ax, Ay)

satisfying \/Ax2 + Ay? € [d, — 3V, d, — 2V). The term-to-
term comparison between Equations (23) and (24) leads to

f3(s) = p1.

Step 2: Find the upper bound of fS3(s). Consider all the
points that can transition to s = (Ax, Ay) in Region 2. Since
f2(s) = p1, f§(s) satisfies the following equation, based on
the Markov transition properties (Figure 4(b)),

2 —

PETe

(25)

+ /af(s/,S)fé.(s’)
+ / G, 8) fo(sHds',  (26)
A\

where ¢, is the central angle decided by the state and V
as shown in Figure 4(b). The last part in Equation (26)
represents the transition probability from Region 4 (shaded
region in Figure 4(b)), which is non-negative. This is because
states in Region 4 can change a maximum distance of 2V at
each time instance to reach s. As this equation holds for any ¢»
and any s in Region 2, a comparison between Equations (24)
and (26) leads to
f3(s) < pi. @7)

Steps 3 — 5 prove that fs (s) is lower bounded by p; and
fs (s) is lower bounded by p; and upper bounded by p,. The
proofs are documented in the Appendix.

To summarize, fg (s) in all regions satisfy

f5(s) = pi 0<d <dy—V,
P2 < fi(s) <p1 dp—V <d<d +V, (28)
fi(s) = p2 dy+V <d <
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Fig. 5. Location distribution of (a) the independent RD RMM, and (b) the
RD RMM equipped with the S&S protocol.

The stationary probability P’ in each region can thus be
derived through integration. Utilizing p1 = 2p> and the axiom
that Zi P' =1, the bounds for p; can be found as

8 8

. 29
i@tV B P “ra—vere P

The stationary inter-vehicle distance distribution be&S d)
can be derived by integrating fg(s) in Equations (28) and
(29). Simple algebra leads to Equation (15). O

Remark 2: Theorem 2 and Theorem 3 indicate that the S&S
protocol impacts the UAS inter-vehicle distance distribution.
When the S&S protocol is in place, the inter-vehicle distance
distribution is no more uniform.

Theorem 3 finds the bounds on the stationary distance
distribution for UASs of the RD RMM equipped with S&S
protocol, i.e., fg&s (d). We show in the next section that
these bounds on fg&s (d) are indispensable in deriving the
stationary collision probabilities of UASs, from which the
effectiveness of different S&A protocols can be analyzed and
the limits of airspace capacities are derived.

C. Numerical Illustration

We conduct simulation studies to illustrate and validate the
above theoretical results. Two UASs follow the independent
RD RMM, i.e., Equations (2) and (3), and the RD RMM
equipped with S&S protocol, i.e., Equations (5) and (6),
respectively. The airspace size is 100 x 100 m?, and UAS
velocity is 1m/s. UASs are initially randomly distributed,
and choose their heading directions uniformly from [0, 27)
at every time point ls, 2s, 3s, - - - . The sensing distance is set
as 10m. We record the locations, relative positions along x
and y axes, and cyclic distances of the two UASs at each time
instant. To approximate the location distribution, we divide
the airspace into 100 x 100 grids, and count the number of
UASs in each grid for the entire 100000 seconds. As shown
in Figures 5(a) and 5(b), the stationary location distributions
for both cases are uniform.

We then simulate the inter-vehicle relative position distrib-
ution along the x and y axes for both cases. The results are
shown in Figure 6. The distribution of inter-vehicle relative
position for the independent RD RMM is uniform, while the
RD RMM equipped with the S&S protocol is not uniform any
more.

Finally, we simulate the inter-vehicle distance distribution.
For the independent RD RMM, f g (d) increases in proportion

IEEE TRANSACTIONS ON INTELLIGENT TRANSPORTATION SYSTEMS, VOL. 22, NO. 9, SEPTEMBER 2021
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Fig. 6. Inter-vehicle relative position distribution of (a) the independent RD

RMM, and (b) the RD RMM equipped with the S&S protocol.
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Fig. 7. Pdfs of inter-vehicle distance for (a) the independent RD RMM, (b)

the RD RMM equipped with the S&S protocol.

to the distance below % (Figure 7(a)), as captured in Theo-

rem 2. For the RD RMM equipped with the S&S protocol
(Figure 7(b)), fg&s(d) increases in proportion to the distance
in Regions 1, 2, and 5 below %, but fluctuates in Regions 3 and
4 between the upper bound (red line) and lower bound (purple
line), in accordance to Theorem 3. In addition, the slope in
Region 5 is 0.0003854, which is half of that in Region 1, and
hence further verifies p; = 2p;.

IV. COLLISION PROBABILITIES AND AIRSPACE CAPACITY

In this section, we first define collisions and stationary
collision probabilities between a pair of UASs and then
among an arbitrary number of UASs. The concept of airspace
capacity follows. Based on the stationary inter-vehicle distance
distributions derived in Section III-B, we analyze the stationary
collision probabilities for the independent RD RMM and the
RD RMM equipped with the S&S protocol. We also find the
properties of airspace capacities for both RMMs.

A. Definitions

Denote the collision distance as d., where 0 <d. <d,—V.
For a pair of UASs, the collision and stationary collision
probability are defined as follows.

Definition 1: Collision occurs between a pair of UASs i
and j at time k, if D;j[k] < d.. The stationary collision
probability between the two UASs is defined as

lim Py (k] = lim P(D;;[k] < do). (30)
k—> 00 k— 00
To facilitate the comparative analysis in the rest of this
sequel, we use lim sz . .[k] and lim PZS"S‘%g [k] to represent
k—>oo b/ k—>o0 b/
the stationary collision probabilities between a pair of UASs
following the independent RD RMM and the RD RMM

equipped with the S&S protocol, respectively.
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Similarly, we define collision and stationary collision colli-
sion probability for multiple UASs.

Definition 2: Collision occurs among N UASs at time &,
if and only if there exists at least one pair of UASs (denoted
as i and j) satisfying D; ;j[k] < d.. The stationary collision
probability for the N UASs is thus defined as

gdCai’j E[laN]ai #J)
€1V

lim Py[k] = lim P@3D; [k
k—o00 k—o00

We use hm Pb [k] and hm PS&S [k] to represent the
— 00

stationary colhslon probablhtles for N UASs following the
independent RD RMM and the RD RMM equipped with
the S&S protocol, respectively.

We define airspace capacity based on collision probability
as follows.

Definition 3: The airspace capacity Nc is defined as the
maximum number of UASs with the stationary collision prob-
ability not exceeding a pre-defined threshold P

N¢ = argmax{ lim Py[k] < P;}. (32)
N k—o00

Remark 3: The stationary collision probabilitics defined in
Definitions 1 and 2 provide us a good measure to compare
the effectiveness of different S&A protocols. In particular,
the smaller the stationary collision probability is, the more
effective the S&A protocol is. Compared with transient col-
lision probability, stationary collision probability is more
suitable in evaluating S&A protocols and defining airspace
capacity, as it does not rely on initial states, e.g., initial
distributions of UASs. Building on the stationary collision
framework, we can further study initial setups to ensure
collision avoidance at all times, which we will leave to the
future work.

B. Analysis

We first study the stationary collision probabilities when
UASs follow the independent RD RMM, and then the RD
RMM equipped with the S&S protocol. We derive the results
for a pair of UASs, and then multiple UASs respectively. The
analysis of airspace capacity follows.

Lemma 2: Two UASs in an airspace [0, B)? follow the
independent RD RMM. The stationary collision probability
between the two UASs is

d2
BZ°

Jim P2 ikl = (33)

Proof: According to Definition 1, the stationary collision
probability between two UASs can be derived by integrating

the stationary inter-vehicle distance distribution with D; ;[k] <
de.

de
flb) (r)dr

od, 2

< 2mr d
:/ T = Ml
o B2 B?

lim P?. .[k] =
o P jtk]

(34)

O
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Theorem 4: Each of the N (N > 2) UASs in an airspace
[0, B)? follows the RD RMM independently. The stationary
collision probability among the N UASs is

rd? Nw-1)

lim Pkl =1— : (35)
k—> 00
where d. satisfies d. < B.

Proof: First we consider the case of three UASs i, j,
and / moving independently according to the independent RD
RMM. The collision probability among the three UASs is
described according to Definition 2 as

lim P?[k]

k—o00

= k]im P(D; jlkl <d.U D k] <dcUDj,;lkl <d.)
—00
= 1— lim P(D;;[k] > d., Djlk] > d., Dj[k] > d.)
k—> 00
=1- klggo P(Djlk] > d;|Dj k] > d., Dilk] > d.)
X klim P(D,‘,j [k] > d., Di;lk] > d.). (36)
—00

Note that any two of the three distances are indepen-
dent, ie., f(D;jlk] = di, D[kl = d2) = f(D; k] =
d) f(Dijlk] = d2), and the third UAS distance D; ;[k]
can be determined by the other two distances. Therefore,
Equation (36) is further written as

Jim. P2lk]
= 1 — 11m P(Dj k] > dc|Dj, jlk] > dc, Dilk] > d.)
X hm P(Dl,] k] > d.) lim P(D;[k] > d.), (37)
k—o00 k—o00

where lim P(D; j[k] > d;) and lim P(D;;[k] > d.) can
k—o00 k—o00

be derived from the integration of the stationary pdf ( fg )
shown in Equation (9), according to Theorem 2.

Then we find the conditional probability klim P(Dj k] >
d.|D; ;[K] > de, Di k] > d.). Because the three UASs move
independently according to the RD RMM, the relative posi-
tions of the two independent UAS pairs (AX; j[k], AY; ;j[k]),
and (AX;[k], AY;;[k]) are both uniformly distributed in

0, £)? according to Theorem 2.

lim f(AXi K] = Axi, AY,j = Ay) =

4

B2
4

B2’

lim f(AX;[k] = Ax2, AY;; = Ayr) = (38)
k—o00

where Axi, Ay, Axz, and Ay, € [0, 7). With the rela-

tive positions, the conditional probability klim P(Dj k] >
—00

d¢| D, jlk] > dc, Di;lk] > d.) can be rewritten as

lim P(Dj[k] > d:|D; jlk] > dc, Di k] > d.)
k—o00

= lim P(\/ij,,[k]2 +AY KR > del
k—o00

X\ AX K + AYi T2 > d,

AXUIK? + AY kP > do), (39)

where AX [k] is determined by AX; ;[k] and AX;,[k], and
AY;[k] is determined by AY; j[k] and AY;;[k] considering
the following four cases.
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Fig. 8. The integral regions (shaded regions) of (a) Sqc, and (b) Sj.

Case 1, UASs j and [ are on the same side of i along both
x and y axes. In this case, the relative positions of j, [ are
(AX k], AYj [kD)1 = (|AX; j[k] — AX; [k]l, |AY; [k] —
AY; [k]|). Therefore, Equation (39) becomes

klingo P(Dj k] > dc|Di,jlk] > dc, Di,ilk] > d.)

= lim P(((AX; 0] = AXy[k])’

+(AY; jlk]— AYi,l[k])z)% > dcl\/AXi,j [k1?+ AY; j[k]?

> dey | AXG TP + AYy [ > d, )

//Slc //Szc /C f(\/(Axl Ax2)? + (Ay;—Ay)2=r)

x f(AX; jlk] = Ax1, AY;; = Ayy)
X f(AX; k] = Axp, AYi ) = Ayy)drdsyds;

- //sl //52 /Cg f(\/(Axl — Ax2)2 4 (Ay; — Ay)? =7)

x f(AX; jlk]l = Ax1, AY;; = Ayy)

X f(AX; k] = Axz, AY;; = Ayr)drdsads
= lim P(Dj (k] > d),

k—o00

(40)

where 51 = (Axy, Ayp), s2 = (Axa, Ay2). Sic is the integral
region constructed by four lines and one curve: Ax; = 0,
Ax; = %, Ay = 0, Ay; = %, and ‘/Axlz—l—Ay% > d,
(marked as the shaded area in Figure 8(a)). The condition
D; jlk] > d. is satisfied in Sjc. Similarly, S>¢ is the region

constructed by Ax; = 0, Axy = %, Ay, =0, Ay, = %

and 1/Ax% + Ay% > d., and the condition D;;[k] > d, is
satisfied in Syc. S1 is the integral region constructed by four
lines: Ax; =0, Ax; = %, Ayr =0, and Ay = g, and is
shown as the shaded region in Figure 8(b). S> is the region
constructed by Axy =0, Axy = %, Ay, =0, and Ay, = %.
Note that with the condition d. < B, the conditional proba-
bility klim P(Dj k] > dc|D;,;jlk] > d¢, Dj[k] > d.) can be
approxi_fnosted by klim P(Dj [k] > d.) from Equation (40).
Similar analysisﬁisOO applied to Case 2, where UASs j and
[ are on the same side of i along x axis, but on different
sides of i along y axis ((AXj,l[k], AYj k]2 = (JAX; j[k]—
AX; k]l [AY; (k] + AYi,z[k]|)); Case 3, where UASs j and
[ are on different sides side of i along x axis, but on the same
side of i along y axis((AXj,l[k], AY; kD)3 = (|AX; j[k] +
AXi k], |AY; k] — AYi,l[k]l)); and Case 4, where UASs
j and [/ are on different sides of i along both x and y axes
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((AXj,[[k], AYj,[[k
AYi K1)

Combining Equations (37) and (40), under the condition
d. < B, the collision probability among three UASs moving
according to the independent RD RMM is

Da = (IAX; j[k]1 4+ AX; k], |AY; j[k]+

lim PY[k] =1 — lim P(YD; [k] > de,i,j €[1,3],i # j)
k— 00 k—o00

(41)

1—(1— lim P2, [k])*
k—>oo h/

For the N UASs case, there are a total of w inter-

vehicle distance pairs, and N — 1 of them are independent.

Following a similar argument, it can be proven that under the

condition d. < B, the stationary collision probability among
N UASs with the independent RD RMM is

lim P}[k] =

k—o00

klim P@D;j jlkl < dc,i,j € [1,N]i # j)

—>00

1 —klim P(YD; jlkl>dc,i, jell,N],i # j)
—00

(42)

1 —(1— lim PV, [k)™
k—o00 b

Substituting Equation (33) into Equation (42), the stationary
collision probability among N UASs is obtained. O

The next lemma studies the stationary collision probabilities
for a couple of UASs that follow the RD RMM equipped with
the S&S protocol.

Lemma 3: Two UASs in an airspace [0, B)? follow the RD
RMM equipped with the S&S protocol. The stationary collision
probability between the two UASs is upper bonded by

27 d?
5S&S
hm Py ¥ [k] < p— V)Cz TE

(43)

Proof: Integrating the upper bound of stationary inter-
vehicle distance distribution in Theorem 3, we obtain

d,
lim PY&SIk) = / IT pidr
k—>00 J 0o 2

27rd2
7r(d —-V)2+ B

(44)

O
In the case of multiple UASs, the independence assumption
among UAS pairs is removed when the S&A protocol is
in place. Therefore, the collision probability among multiple
UASs is not equal to a simple multiplication of the collision
probabilities between each UAS pair. In the next theorem,
we derive its upper bound.
Theorem 5: N UASs in a airspace [0, B)* follow the RD
RMM equipped with the S&S protocol. The stationary collision
probability among the N UASs is upper bounded by

N(N —1) 27 d?
2 w(d,—V)2+BY

lim PS&S[k] < (45)
k—o00

Proof: According to Definition 2, collision occurs among
N UASs when there exists at lease one pair of UASs satisfying
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D; k] < d..

lim Py&S[k]

k— 00

= lim P3D;;lk] <d.i,je[l,N],i#j)
k—o00

klim P(Dl,z[k] <d. U D1,3[k]
— 00
dcU...UDn_ nlk] < dc)

klim P(Di1[k] <de)+ P(D13lk]l <do)+ ...
— 00
+P(Dy_1,n[k] < d.)
NY 1. ssas
(D) m st
where ﬁﬁ‘%‘i is the collision probability between UASs i and

j when N (N > 3) UASs move in the airspace. (g’) is a2-
combination of UASs from a N UAS airspace, (N) = NV=D

AN

(46)

N 2 2
Here we state that Pg‘i‘i can be approximated by stf‘js .

Iajf,’glf‘j. is affected by the other UASs in the airspace. However,

using the argument similar to the five region analysis in
Theorem 3, we note that the existence of other UASs makes
the UAS i or j be more likely to “stop” in all five regions,
which extends the time duration for UASs i and j to be in
these distance regions. When the increased time duration is
approximately the same in all possible distances, the collision
probability 131*\9,81‘5] can well be approximated by ﬁzs‘f‘js This
assumption holds as the triggering of the extra “stopping”
only depends on the inter-vehicle distance between UAS
i (or j) with other UASs, regardless of the inter-vehicle
distance between i and j. With this approximation, combining
Equations (46) and (43), the upper bound of the stationary
collision probability among N UASs is derived as shown in
Equation (45). O

The airspace capacities for the independent RD RMM and
the RD RMM equipped with the S&S protocol are derived
according to Definition 3, based on the collision probabilitics.

Corollary 1: Given a threshold collision probability P,
the airspace capacity for the independent RD RMM ( Ng ) and
the RD RMM equipped with the S&S protocol (Ng&s) are
expressed as follows.

1 1
NS = L log! " 41+ EJ’ 47)
P(m(d,—V)?+B2 1 1
S&S ! 4
Ne™ = / wd? it @

where || is the floor operation.

Proof: According to Definition 3, the airspace capac-
ity can be derived from the collision probability analysis
(described in Theorems 4 and 5) naturally. O

Remark 4: The analytical framework presented in this
paper provides valuable insights on the effectiveness of local
S&A protocols for global airspace capacity. We first study
the S&S protocol because 1) it is a simple S&A protocol
at the limit of a commonly-used collision avoidance maneu-
ver — speed change [33], and 2) it mimics “Stop Sign” in
ground traffic, which performs well in achieving collision
avoidance for ground vehicles. We are thus motivated to
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Fig. 9. Collision probabilities among UASs that follow (a) the independent
RD RMM, and (b) the RD RMM equipped with the S&S protocol. The
solid curves are simulated collision probabilities. The dotted lines in (a) are
theoretical values, and in (b) are theoretical upper bounds.

study the performance of S&S for UASs with highly flexible
operations. A comparison between Lemmas 2 and 3 shows
that, surprisingly, the S&S protocol not only does not help
to reduce congestion, but also worsens congestion for a
highly variable on-demand UAS traffic. In particular, S&S
can lead to increased collision probability and hence reduced
airspace capacity. Intuitively, this is because the “stopping”
protocol enlarges the collision duration if the other vehicle
moves toward it. This result obtained through formal stochastic
network analysis contributes to the literature in both dependent
random mobility analysis and effective sense and avoid pro-
tocol analysis. In general, S&A protocols for ground vehicles
or traditional flights may lose its effectiveness for dense UASs
of highly flexible operations.

C. Numerical Illustration

We simulate N UASs (N = 2, 4, 6, 8) moving in a confined
square airspace (20 x 20 m?) following the independent RD
RMM with the speed of lm/s, and then the RD RMM
equipped with the S&S. The sensing distance is set as d, = 2m
and collision distance is d. = 1m. Figure 9(a) suggests that the
collision probability for the independent RD RMM converges
in the limit of large time to the theoretical values. For the
RD RMM equipped with the S&S protocol, the theoretical
upper bounds characterize the collision properties (9(b)). The
stationary collision probability increases with the increase of
the number of UASs for both RMMs.

V. IMPACT ANALYSIS OF S&S CONFIGURATIONS

The above analytical framework allows us to systematically
study the impact of local S&A protocols to global airspace
capacity. In this section, we study the effect of local S&S
configurations, including travel time, sensing distance, colli-
sion distance. We also compare the impacts of some other
S&A protocols with the S&S protocol.

A. Impact Analysis of Travel Time

Travel time, defined as the time duration for a vehicle to
hold its current heading direction [16], is one indicator of
RMM randomness. UASs of different missions may have
different travel time statistics. We have proved that in a 1-D
airspace, travel time affects the collision probability signif-
icantly [34]. Characterizing the relationship between travel
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time and collision probability helps us understand the effect
of S&S protocols for UASs of different randomness levels.

First, we note that for the independent RD RMM, the change
of travel time does not impact the joint uniform node dis-
tribution in Lemma 1 according to [15, Proposition 4.2],
as well as the uniform inter-vehicle relative position distri-
bution according to Theorem 2, or the collision probability
according to Lemma 2 and Theorem 4. Hence, the airspace
capacity remains the same as illustrated in Equation (47).

For the RD RMM equipped with the S&S protocol,
the change of travel time also does not impact the uniform
node distribution according to Theorem 1 and the same
reasoning for the the independent RD RMM case. The impact
of travel time to inter-vehicle distance distribution is shown
in Figure 10(a), obtained using the SDLAE method. For
numerical example in this section, the parameters are set as
B =100 m, d, = 10m, and V = 1m/s. Each UAS’s node
distribution is uniform as shown in Theorem 1. However,
extending the travel time reduces the slope of inter-vehicle
distance distribution in Region 1, and hence leads to reduced
collision probability. In other words, less mobility randomness
leads to larger airspace capacity. This observation verifies that
random traffic is more difficult to address than deterministic
traffic and is onc major challenge to address for UTM with
more flexible and uncertain vehicle mobility.

B. Impact Analysis of Sensing Distance and Collision
Distance

Sensing distance is also an important parameter. Convective
weather can shorten the sensing distance of UASs and affect
airspace capacity [35]. This effect can be captured by reducing
the parameter d,, in the S&A protocol. We here only analyze
the impact of sensing distance to collision probability for the
RD RMM equipped with the S&S protocol, as sensing distance
does not affect the independent RD RMM. It can be seen
from Figure 10(b) that longer sensing distance leads to reduced
stationary collision probability in Region 1 and hence larger
airspace capacity.

Collision distance, d., on the other hand, does not alter
the inter-vehicle distance distributions for both RD RMMs.
With reduced collision distance, airspace capacity increases
as shown in Equations (47) and (48) for both RD RMMs.

C. Comparison With Other S&A Protocols

In this section, we compare the performance of the S&S
protocol with the other two S&A protocols for the highly
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Fig. 11. Inter-vehicle distance distribution when UASs (a) follow different
S&A protocols, and (b) S&R with different number of N.

variable UAS traffic, including sense-and-turn-left (S&T) and
sense-and-reverse (S&R).

The two protocols work as follows: when the inter-vehicle
distance between two UASs is greater than the sensing dis-
tance, the two UASs follow the RD RMM independently.
When the distance between them is smaller than the sensing
distance, the vehicle to the relative right continues its original
movement, and the vehicle to the relative left turns left for
the S&T protocol, and reverses its direction for the S&R
protocol, until the inter-vehicle distance is greater than the
sensing distance again. The inter-vehicle distance distributions
between a UAS pair for the independent RD and the RD
with the S&S, S&T, and S&R are plotted in Figure 11(a).
Clearly, both the S&T and S&R protocols reduce the collision
probability and lead to larger airspace capacity compared to
the independent RD model. Furthermore, the S&R has the best
collision avoidance capabilities among them all.

Now we further study the properties of S&R. In order
to evaluate the local S&R’s impact to collision probability
and airspace capacity, we further plot the key metric, ISN,,-, j
with the increase of number of UASs in the airspace, N (see
Figure 11(b)). Clearly, with the increase of N, IsN,i, j increases,
suggesting other vehicle’s impact to the effectiveness of the
local protocol.

VI. CONCLUSION AND FUTURE WORKS

In this paper, we proposed a modeling framework that
equips RMMs with S&A protocols to quantitatively describe
the highly random movement patterns of UASs subject to
safety constraints. We proposed the RD RMM with the S&S
protocol, and showed that the stationary node distribution
remains uniform, however the inter-vehicle distance distrib-
ution is not uniform any more. Based on the Markov analysis,
we provided theoretical bounds for the stationary inter-vehicle
distance distribution. We further defined collisions between a
pair of UASs and among multiple UASs based on inter-vehicle
distance, and found the stationary collision probabilities for
both the independent RD RMM and the RD RMM equipped
with the S&S protocol. We further defined airspace capacity
and derived it based on the stationary collision probabilities.
Finally, we analyzed the impact of model configurations,
including travel time, sensing distance, and collision distance
based on the proposed analytical framework. In particular,
airspace capacity is improved with less mobility randomness,
enlarged sensing distance, and reduced collision distance.
This analysis links local autonomy with global capacity, and
provides insights on airspace capacity under highly flexible,
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Fig. 12.  (a) Illustration of Steps 3 and 4. (b) Illustration of Step 5.

variable, and uncertain mobility patterns of UASs. We found
that the S&S protocol is not effective for UASs of highly vari-
able flight patterns. Compared to the independent RD RMM,
it increases collision probability and reduces airspace capacity.
The S&R and S&T protocols are more effective in increasing
airspace capacity. The S&R performs the best among the three,
however its performance is reduced with the increase of UASs
in the airspace. In the future, we will extend our study to
3-D airspace and further study the properties of RMMs and
S&A protocols. We will also evaluate heterogencous traffic
and consider the impact of uncertain environment to collision
and airspace capacity metrics. In addition, we will extend the
stationary analysis developed in this paper to transient collision
probabilities to ensure collision avoidance at all times.
APPENDIX

Proofs of Steps 3 — 5 for Theorem 3.

Step 3: Find the lower bound for f?(s) Consider all the
points that can transition a maximum of 2V to the point s =
(Ax, Ay) that satisfies d € [d, + V,d, + 2V) in Region 5
(Figure 12(a)). As s is uniformly distributed in Region 5 with
pdf p2, the following equation holds in the limit of large time.

i Y / paf(ss) + / FA) F(5 9)ds',

p2 = o
(49)

where ¢3 is the angle determined by the states’ position and
the boundary of Region 4, s4 and s5 are the regions marked
in different shades in Figure 12(a).

Similarly, for the states that are located in Region 5 and can
solely transition from Region 5, we have

P2 —]{ f(s',s)pads’,

where the integration is for the whole area }nside the cir-
cle, satisfying ((Ax — Ax')? + (Ay — Ay")?)2 < 2V. The
comparison between Equations (49) and (50) leads to the
conclusion that

(50)

f5(s) > pa. (51)

Step 4: Find the upper bound for f;(s). As p1 = 2po,

Equation (50) can be further written as

2T — @3 "
= [ preo
T 53454455
21 — 1
i Y / paf (s, s)ds' + / Lo (s s)ds’
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Fig. 13. SDLAE method to show the relation between (a) fS(v) and p; in

Step 4, and (b) fS(v) and p; in Step 5.

. With  the inequality that [ p1f(s',s)ds’ <
jm plf(s’ s)ds’, Equation (52) becomes

P2 < 2 ¢3P2+/ sz(S/,S)dS/ﬂLZ/

S5 54

Bt [ paroois'+ [ prre'sas'
S5 S.

54

%plf(s/, s)ds'
(53)

Comparing Equations (49) and (53), we can conclude that
f3(s) < pr. (54)

Note that f(s’,s) is not a constant, instead, it is a function
of s’. As such, it is hard to directly show j p1f(s’,s)ds' <
fm p1f(s’,s)ds’ holds for all possible s’. Here we use the
SDLAE approach described in Section III-B to validate that
the inequality (54) holds for all s in Region 4. The simulation
result is shown in Figure 13(a).

Step 5: Find the lower bound for fg’(s). Revisit Equa-
tion (26). Denote the region in the loose shades in Figure 12(b)
as s3, and the region in the dense shades as s4. Utilizing
f;‘ (s) < pi1 (Equation (54)) and the relation that p; = 2pa»,
Equation (26) can be further written as

L/ .
p< ks [ g6 fias+ [ 16 omas.
2r 2 cd S4
(55)
With  the inequality that j f(s', s)pads’ <
fﬁ f(s’, s)pads’, Equation (55) becomes
2 — 2 / 3 5 / /
P2 < —pz—i—— | f(s',s) fods +— f(s', s)pads
2w 2 )0 2 Js34s4
2T — ¢ 1 , b2
S / ~ 2 56
Sty 6 ORE 55 6O

Comparing Equations (56) and (24), we can easily con-
cluded that

f3(s) > pa. (57)

Moreover, we use the SDLAE method to validate that
Equation (57) holds for all states s in Region 3. The result
is shown in Figure 13(b).
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