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The burning rate in a spherically turbulent premixed flame is explored using direct numer-
ical simulations, and a model of ordinary differential equations is proposed. The numerical
dataset, from a previous work, is obtained from direct numerical simulations of confined spher-
ical flames in isotropic turbulence over a range of Reynolds numbers. We begin the derivation
of the model with an equation for the burning rate for the domain under consideration, and
using a thin flame assumption and a two-fluid approach, we find the normalized turbulent
burning rate to be controlled by the increase in flame surface area due to turbulent wrinkling,
and correction factor which is observed to be consistently less than unity. A Reynolds scaling
hypothesis for the flame turbulent wrinkling from a previous work using the same numerical
dataset is used to model the term controlling the increase in flame surface area. The correction
factor is hypothesized to reflect flame stretch effects, and hence this factor is modeled using
Markstein theory applied to global averaged quantities. The ordinary differential equations are
rewritten to reflect easily observable quantities such as the chamber pressure and mean flame
radius, and then expressed in dimensionless form to assess dependence on various dimension-
less parameters. The model predictions are found to be in good agreement with the numerical
data within expected variances. Additionally, Markstein theory is found to be sufficient in
describing the effects of flame stretch in the turbulent premixed flames under consideration.

I. Introduction

Most combustion devices operate with turbulent flow conditions in order to improve power densities through
increased burning rates of reactive mixtures. For the most part, this enhancement is brought by increasing flame
surface and is customarily quantified by the ratio of the burning rate, i.e. the mass-based rate of fuel consumption in a
turbulent flame, to the burning rate of a flame with a suitably defined reference area, burning as a laminar flame. The
ratio is often expressed as St /Sy, where St is the turbulent flame speed and S, the nominal reference laminar flame
speed.

Leveraging an extensive database from Direct Numerical Simulations (DNS), Kulkarni et al. [1-3] proposed a
scaling based on the Reynolds number in the form of a power-law for the wrinkling length scale in turbulent spherical
turbulent premixed flames subject to decaying turbulence. The proposed scaling implies that the turbulent flame surface
area increases with the Reynolds number with power-law exponent close to 0.5, all other parameters held constant.

In Refs. [1-3], the proposed Reynolds scaling was shown to require a correction factor of order unity, but the authors
did not provide an explanation for the observed behavior. This work seeks to identify the mechanism responsible for a
non-unity correction factor, propose a model, and combine the model with a system of ordinary differential equations
(ODESs). The solution to the ODEs describes the evolution of the mean radius and burning rate of the turbulent spherical
flame as it propagates outward into the reactants.

The correction factor introduced by Kulkarni et al. [1-3] is defined analogously to the “stretch-factor” discussed in
Ref. [4]. A turbulent flame is subject to significant stretch brought by the turbulent velocity field and departures from
unity have been attributed to the effect of stretch on the flame displacement speed. Consistent with such postulate,
the effect of stretch on the flame speed is often modeled with Markstein theory [5], a linear model for flame stretch
effects in steady laminar flames [6]. Extending the Markstein linear model to turbulence, however, is not trivial and
the applicability of a linear theory for steady laminar flames to turbulence remains questionable [4]. Nonetheless, such
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Table 1 Simulation parameters at the initial state.

R1 R2 R3 R4
Symbol O A
N 5123 1024 20483 17283

Ro/Ry 02015 0.1511 0.1012 0.2015
u'lS9 7.4 8.5 9.8 11.21
1/89 34 52 7.8 12.14
Nm 113 113 115 112

Re, 44 59 77 102
Ka 25 25 25 24.4
n 1.58 1.58 1.71 1.81

an approach is supported by observations in experiments on lean CHy-air premixed flames [7, 8], which have shown
that the thermo-diffusive effects that are modeled in the Markstein-flame-stretch model are present even for Karlovitz
number, Ka > 20. Several DNS studies [9, 10] have also shown similar results, and have also shown that an effective
Markstein number obtained from processing turbulent flame data, M f, behaves similarly to M for both stable and
unstable flames.

While acknowledging that recent work on turbulent premixed Bunsen flames has put forth alternative explanations
for the occurrence of a non-unity correction factor [11], in this work we apply the linear Markstein theory to the
modeling of the correction factor. Together with the postulated Reynolds number scaling for the wrinkling scale and
additional data from DNS, we formulate a system of ordinary differential equation that, when solved in time, provides
an estimate for macroscopic observables such as the mean flame radius, burning rate, and pressure rise in the closed
vessel. We expect that the differential model will find application in the post-processing of data from experiments on
turbulent spherical premixed flames in closed combustion vessels.

In Section §II the DNS database and flame configuration used in this work are discussed. In Section §III
the mathematical model consisting of a set of ordinary differential equations and suitable closures is derived and
manipulated in dimensionless form. In Section §IV, the solutions obtained integrating the proposed model are
compared against data from Direct Numerical Simulation and the sensitivity of the solutions to non-dimensional
parameters is explored with particular emphasis on the Markstein number.

I1. Numerical methods

We consider four direct numerical simulations (DNS) of spherical flames subjected to freely decaying homogeneous
isotropic turbulence (HIT). A brief description of these simulations is provided below. For more details on the
simulations, the reader is directed to our previous work [1].

The unsteady, reactive Navier-Stokes equations are solved in the low Mach number limit with the finite difference
solver NGA [12]. The computational domain is cubic with periodic boundary conditions in all three directions. The
domain is initialized with CHy4-air gaseous reactant mixture of equivalence ratio ¢ = 0.7 at initial pressure po = 4 atm
and temperature T, o = 800 K. The velocity field is initialized as homogeneous isotropic turbulence (HIT) of varying
Reynolds numbers, as listed in Table 1 along with other relevant parameters. The chemical reactions are modeled using
a kinetics model consisting of 16 species and 73 elementary Arrhenius reactions obtained from GRI-mech 3.0 [13]
with mixture-averaged transport properties. The grid spacing is homogeneous for all configurations with A = 2 x 107>
m, which ensures sufficient resolution of the turbulence spectrum with A/n < 0.5, where 7 is the Kolmogorov length
scale. This grid is such that 60L /A =5.5, where 50L is the laminar flame thickness for an unstretched flame at the initial
conditions. This resolution has been shown to be adequate for identical thermo-chemical conditions by Luca et al.
[14].

Four configurations, named ‘R1°, ‘R2’, ‘R3’ and ‘R4’, are setup with varying ratios of velocity scales, u’/ S(,l, length
scales, [ /6(11, and Taylor microscale Reynolds numbers, Re,; = u'/l/v. Here, [ = u’3/e is the integral length scale of
turbulence, estimated using the turbulence intensity, u’, and the mean dissipation rate, €, of the turbulence kinetic
energy, k. The Karlovitz number, Ka = Tg /Ty = 25, is kept constant across all four configurations, where 7'2 and
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T, =(v/ 6)1/ 2 are the characteristic laminar flame and Kolmogorov time scales at initial conditions, respectively. This
implies that all four simulations lie in the flamelet regime of turbulent combustion [15].

The laminar flame reference scales are calculated used 1D laminar flame calculations. The laminar flame time
scale is defined as Tg = 62 / sY , where the laminar flame thickness, 69, and laminar flames speed, SO, are defined at
initial time for an unstretched planar laminar flame and are constant across simulations: The laminar flame speed is
$Y = 1.04 m/s and the laminar flame thickness is 69 = 0.11 mm, where the laminar flame thickness is defined as a
thermal thickness, 69 = (Tiax — Tinin)/ max(|VT]).

The flame is initialized as a spherical kernel of products of radius Ry, at the center of the domain. The ratio of the
initial flame radius to the equivalent spherical radius of the domain, Ry, = 2L(3/ 471)1/ 3, is adjusted to ensure that the
initial flame kernel is large in relation to the integral length scale, /.

All relevant statistics are spherically symmetric and are functions of the radial coordinate, r, and time, ¢, only.
Exploiting this symmetry, statistics are gathered over spherical shells from a single realization. Due to the large
R/I ratio, this ensures collection of multiple independent and identically distributed samples, and in turn adequate
convergence of statistics.

The free decay of isotropic turbulence in the reactants is found to follow a power law decay [16-18] for the
turbulence kinetic energy, k, as

klko=(1+1t/tg)™" = exp(-ns), (D

where n and 7 are the exponent and virtual origin of decay, respectively. The linear time coordinate, #, is transformed
into a logarithmic time coordinate, s = log(1 + #/tp). The parameters n and ¢, are calculated from the eddy turnover
time, 7 = (¢ + fo)/n = k/€, using a least squares fit and fall in the range 1.58 < n < 1.81.

For purposes of later analysis, we use the mass fraction of oxygen, Yo,, to define a flame progress variable,
C = (Yo, - Y0,.)/(Y0,.u — Y0,.)- Also, the flame is defined as an isosurface of C(x,¢) = C*, and C* is chosen to be
the location of the peak heat release rate in a 1D flame, calculated to be C* = 0.73 for the reactive mixture under study.

ITI. Mathematical model

This section covers the formulation of the model for the turbulent burning rate, dmy/dt, eventually obtaining
ordinary differential equations (ODEs) that describe observable macroscopic properties of interest in a confined flame
in decaying turbulence, such as the mean flame radius, R, the chamber pressure, p. We discuss the assumptions and
models used to close these equations and then present them in dimensionless form.

In this work, the “ A accent over symbols is used to represent dimensionless quantities. Subscripts “x” and “b”
are used to represent quantities in the reactants and products, respectively, and the superscript “0” on laminar flame
properties is used to indicate the corresponding quantity is representative of an unstretched steady laminar flame.

A. Surface Density Function formalism

We assume the turbulent flame to be a thin interface separating reactants and products, in accordance to the Bray-
Moss-Libby model [19, 20]. The progress variable, C(x, 1), is a scalar that characterizes the mass fraction of products
at a given position and time, equaling O in the reactants, 1 in the products and increasing monotonically from O to 1
across the flame.

The chamber is assumed to be a sphere of radius, Ry, and this size controls confinement effects on the system.
Additionally, all pertinent quantities are ergodic in the azimuthal and polar directions due to spherical symmetry and
are functions of radial position, r, and time, ¢, alone.

The flame surface itself can be characterized by its Surface Density Function (SDF) [21, 22], Z, defined as the
expectation of the flame surface area per unit volume. It is expressed formally in terms of the progress variable field as

2(r,1) =(|VCl6(C - C™)) = ([VC|C = C*)Pc(C = C7sr,1), @)

where 6 (C — C*) is the Dirac delta function operating on C — C*, and Pc(C = C*;r,t) is the PDF of the progress
variable field. Here C* defines the flame location, i.e. C = C* at the flame. It should be noted here that the SDF is a
statistic and cannot be defined instantaneously. We also define P, (r;#) as the probability density function (PDF) of
the radial location of the flame.

Under this formalism, we define the mean flame surface area, A, as
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Fig. 1 The chamber setup assumed for a confined spherical turbulent premixed flame.

A :47r/ r23(r,t)dr, 3)
r=0
the mean flame radius, R, as
R(1) = 4nA™! / r3(r,t)dr = f rP,(r;t)dr, 4)
r=0 r=0

and flame brush thickness, d7, as

67(1)* =872 A" f r2(r = R)*2(r,t)dr =21 f(r ~ R)*P,(r;t)dr. 5)
r=0 r=0

For 67 /R << 1, R can be approximated as the radius, R, of a equivalent sphere having the same volume as that of
the products, i.e. R ~ Ry, = ((3/47)(mp/pp))'/?. Refer to Appendix .A for the derivation of this approximation.

B. Governing equation for the burning rate

The burning rate is defined here as the rate of product mass generation, dmy, /dt. Assuming a flame of negligible
thickness, the product mass, mp, can be defined instantaneously as the mass contained in the region where C > C*.
This allows the mass of products to be expressed as an integral of the fluid density over volumes with C > C*.

m,,:f[ pH(C — C*)dV. 6)
\%

Starting from Eq. (6), expand the burning rate as

%:%fvf pH(c—C*)dv:fvff(‘Z—f)H(c-c*)dwfvf p%H(C—C*)dV, ™

where H(C — C*) is the Heaviside function operating on C — C*. Since the chamber volume, V, is constant, the
derivative enters the integral. We simplify the first term in the above expression using the equation of continuity and
the divergence theorem.
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fff( ) (C-C*)dV = - ff V- (pu)H(C - C*)dV ®)
_/ffv.(puH(C—C*))dV+ /f[pu~VH(C—C*)dV (€

\% \'4
_gpMO.nddAdﬁ-wpu~VH(C—C*)dV. 10)

The first term in Eq. (10) is an integral over the chamber boundaries, and equals zero under the assumption that
C - C* <0, i.e. the boundaries of the chamber are away from the products. This simplification allows us to combine
the derivative in the two terms on the right hand side of Eq. (7) as a material derivative of the Heaviside function,

H(C-C™).

C=C*

The flame is defined as a propagating interface. Its dlsplacement speed, S, relative to local fluid velocity is defined
in terms of the progress variable field, C(x, ), as [21, 23]

_| L DpC . (12)
IVC| Dt s

Using this definition, we rewrite the burning rate as
dm;,
ff pS|VCl§(C ~ C*)av. (13)

We expand the volume integral in spherical coordinates, express the integrand as a statistic and integrate in the
ergodic directions, 6 and ¢, to obtain

Ry /2 2r
% - f(pS|VC||C=C*)PC(C:C*)r2dr f def dé (14)
=0 0="r/2  ¢=0
Rp
- /(pS|VC||C - C*YPe(C = C*Yanr2dr. (15)
r=0

We define an area-weighted ensemble average, (-),,, and a global average, (-} 4, respectively, as

(-lvcic=cr)
Ao = , 16
= weic= ¢ 1
ha = dmA” f ) r2dr = f( Vo Prdr. 17
r=0
Using these definitions, and the expression for the SDF, the burning rate reads
dmb oo ) oo
L~ [(oS)usanrdr= A [(pS)uPrdr = A(pS)a. (18)
r=0 r=0

We assume that the density, p, is a function of C alone, even within the flame, which allows us to write {pS)4 =
p*{(S)a, where p* = p(C = C*). Additionally, we define a reference area, A* = 47R2, which is the surface area of a
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sphere of radius, R. For an unstretched laminar flame of this reference area, the burning rate would be p,, SOLA*. Using
these we rewrite Eq. 18 as

dmy,[dt _ (P*«S»A)( A ) =Ty, (19)

puStA* \ p,s0 J\ar
where p, is the reactant density. Here, we define two important factors, Z = p* (S)a/p.SY and y = A/A*. The

area ratio, y, accounts for the effect of increased surface area of the reactive interface due to turbulent wrinkling. Z is
a correction factor, which will be explored further in §1IL.E.

C. Alternate form of the governing ODE
The governing equation for the burning rate, dmy,/dt, as derived in the previous section reads

% = puA* STy = 4nR*pux ISY. (20)
Assuming a homogeneous product density field, we use m;, ~ (47/3)p,R> to write an ODE for the mean flame
radius, R:
dR u R({14d
(B yzs) - = [ — 2. @1)
dt Pb 3\pp dt

The burnt mass, my,, is not easily measured and is hence not a preferred macroscopic quantity. The chamber
pressure, p, however is a much more attractive quantity due to its ease of measurement. The pressure rise in a confined
combustion chamber is linearly related to the burnt mass fraction, Y, = my,/m, as [24, 25]

Yy = M, (22)
Py —Pi

where m is the total mass contained in the chamber, p s and p; are the pressures at the fully burnt and unburnt
states.

The simplicity of this model (Eq. 22) makes it very attractive for modeling purposes. Equation 22 allows us to
rewrite of the ODE for the burnt mass (Eq. (20)) as an ODE for the the chamber pressure, p, as

dp of 1 2| Pu
I 3XISL(R2)AFR (Pu,o)’ (23)

where A, = pr —p;, and p, o is the initial reactant density. We also assume isentropic compression of the reactants
and products as the flame propagates. The theoretical isentropic expansion factors for the products and reactants, y,,
and y,, respectively, are obtained from calculations in Cantera [26]. For the mixture under study, we have y,, = 1.32
and y;, = 1.26. Letting Y}, = mp,/m ~ (pp/pu.0)(R/RL)? and substituting the equations for isentropic compression of
the reactants and products, Eq. (23) is modified to obtain

1/vu=2/3vp
) , 24

d S9
)y (2

where o = p, [pp is the density ratio. It should be noted here that p;/p¢ is not necessarily unity, as the gas at the
initial state, t = 0, is not assumed unburnt everywhere in the chamber. This complexity is present to accommodate the
DNS simulation, which is initialized at t = 0 with a spherical kernel of burnt gases at the center, i.e. Y,(¢t =0) # 0.
The unburnt pressure, p;, is calculated for the such cases using Cantera.

We express the ODEs for R and p in dimensionless form to explore dependencies of the the properties under study
on parameters of the gaseous mixture, turbulence and confinement. We use the following reference scales:

* pu,0, the unburnt gas density at ¢ = 0,

* po, the chamber pressure at ¢ = 0,

* [y, the integral length scale of turbulence at # = 0 and

* 7y the eddy turnover time at ¢ = 0.
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We also rewrite these ODEs in terms of the logarithmic time scale, s.
The dimensionless form of Eq. (21) expressed in s-space reads

R 5 R 5
ar onexp(s)xZ8Y - ~ (d_p), (25)
ds 3ypp \ ds

where the density ratio, o, is nearly constant over the range of pressures considered. Manipulating Eq. (24), we
also write the dimensionless ODE for pressure in s-space as

dp A0 A R A
d—f =3Cinexp(s)YISY A3 (p — pi )3 p' e, (26)

where C; = ly/Ry is the ratio of the initial integral length scale to the domain size.
We require closures for y and Z. In §III.D we model y using a Reynolds number scaling hypothesis and §III.LE
explores the application of laminar flame stretch theory to Z.

D. Reynolds Number Scaling of the Area Ratio y

Reynolds number scaling of turbulent premixed combustion was explored in a previous works by Kulkarni et al.
[1-3] using the same numerical dataset in this paper. The area ratio is expressed as the product of the maximum value
of the SDF, %,,, the flame brush thickness, 67, and a shape factor, 3, written as

X = Zmb1 B, 27)

where 7 is the radial location of the peak SDF. The shape factor, 3, is related solely to the functional form of
the probability density function of the flame location, P.. It was found that P, is well approximated by a normal
distribution, parametrized by its mean, R, and standard deviation, 67 /+/2x. This allows us to write 3 as

,8:0.25(1+\/1—8a2)2exp[(\/1—802—1)2/802], 29)

where @ = 67 /(\/27R) is the standard deviation normalized by the mean. The shape factor, 8, is a monotonic function
of @ = 67 /\/2nR.

A wrinkling length scale, L*, is defined based on the peak SDF as L* = (4%,,)~" and it was found that the ratio of
the integral length scale, /, and the wrinkling scale is approximated by a power law scaling with the Reynolds number,

I/L* ~Rel . (30)

This scaling law is shown in Fig. 2a with data from all four flame configurations. We rearrange Eq. (27) and use
the above scaling to obtain

X = Zmo7B = 0.25(1/L*) (67 /1)B = C,Ref f(s)B, (31)

where C, is a constant, ¢ is the Reynolds number exponent, and f(s) captures the dependence of 67/l on
logarithmic time s = log(1 + ¢/#y). The implications of Eq. (31) are significant, in that y is expressed directly as a
power law of the Reynolds number, which varies in time as turbulence decays. The remaining term, f(s) = 67 /I, was
found be approximately the same across configurations, but is fit to individual cases as discussed later. Modeling this
term requires solving the evolution equation of the turbulent flame brush thickness, é7, but this is beyond the scope of
the present work.

The power law decay of the turbulent kinetic energy (Eq. (1)) can be extended to the Taylor microscale Reynolds
number as

—(1=n)/2 12
Rea :(1+i) (1) , (32)

Re,l,() o 40
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12 A R1, f(s) = 4.36 + —4.30e 1425
Lok l/L* = 0.0756R€%\'13\// 1 5r RQ, f(S) =3.55 4+ —3.62¢181s

R3, f(s) = 3.87 4+ —3.86¢ 120
ol QQWC R4 | 41 R4, f(s) = 3.70 + —3.73¢ 203

1/L*
%
o >
w
57/l

7
4t ﬂ
J
30

40 50 60 70 80 90 100 0 0.5 1 1.5

Re) s
(a) Reynolds scaling of wrinkling length scale (b) Collapse of f(s) = 67 /I across configurations

Fig.2 The scaling of (a) //L* observed by Kulkarni et al. [1] and (b) approximate collapse of 57 /I. Also shown
in (b) are the exponential fits for f(s) used in the present model.

where v is the kinematic viscosity of the reactant mixture at time, . The viscosity ratio, v/vy, can be modeled
using Sutherland’s law for the dynamic viscosity, 1, and isentropic compression, as

3yu-l 1 T
V/VO =p g%c (%) s (33)
p o +Ts

where 7y, is the isentropic expansion coefficient for the reactants, Ts = Ts/T, ¢ is the Sutherland temperature
normalized by the initial reactant temperature. For the range of pressures considered in this work, v/v( ~ 1 and can be
assumed to be so without loss of accuracy.

For the purposes of the model used in this work, f(s) is obtained through fits of 67/ to DNS data using an
exponential asymptotic function of the form, f(s) = a; + a; exp(ass), as shown in Fig. 2b.

E. Flame Stretch model for 7

In the numerical studies described in §1I, it was observed that the correction factor, Z, was consistently lower than
unity across all configurations, as shown in Fig 3a. Moreover, the values of Z appear to approach unity as the flame
progresses and are smaller for configurations with smaller initial radii. These observations suggest that this factor may
reflect flame stretch effects.

The correction factor is frequently associated to flame stretch effects, and is frequently referred to as the stretch
factor. In a previous work [? ] studying the flame brush evolution in the same numerical data set, it was found that
laminar flame stretch theory applied to the mean flame stretch rate components (tangential and normal strain rates)
allowed to model the area weighted flame displacement speed, (S),, . This provides a strong argument in favor of
modeling Z using laminar flame stretch theory. In this work, Z will be henceforth referred to as the stretch factor
resulting from our choice of model, and to maintain consistency with the literature.

The Markstein theory [5] for flame stretch effects on laminar steady flames follows the following equation linear in
the flame stretch rate, K.

S L
o1 "MK =1- MKt (34)
St 9
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Fig. 3 (a) The correction factor, Z observed in the DNS plotted against logarithmic time, s, for the 4 DNS
configurations and (b) the linear Markstein theory model described in Eq. (34), fit to laminar DNS data for the
purpose of calculation of the Markstein number, M, for the mixture under study.

where L) is the Markstein length, M is the Markstein number, defined as M = L/ 6(,1. The unstretched laminar
flame properties S9, 7'2 and (52 are calculated using steady 1D laminar flames at various instantaneous reactant states,
characterized by the reactant temperature, 7,,, and chamber pressure, p. Specifically, p and T,, are varied assuming
isentropic compression of the reactants. In this work, we model Z using Markstein theory for stretch rate effects.
Recall that 7 is defined as

7- pp«ii?f/* (35)
udp,

The laminar flame speed, Sy, measured relative the the reactant velocity, is related to the displacement speed as
St = p*S/pu. Using Eq. (35), and substituting the equation for Markstein theory (Eq. (34)) into the definition of Z,
we obtain

T=1- 2 (K) s = 1- M (K] (36)

L

The area-weighted mean flame stretch rate is the source term in the evolution equation for the flame SDF, %, which
reads [21, 22, 27]

ox 1 0

—_— + _—

ot r?or

where u, = u- €&, and n, = n- &, are the radial components of the velocity and flame surface normal vectors,
respectively. The volumetric integral of the above equation reads

ff 9% 4y + fff 5 ur+Snr)WZ)dV:f[[(K)WZdV. (38)

Integrating the terms and using the definition of the global average (Eq. (17)), this simplifies to

({up + S, )wZ) = (K)w 2, 37

0

9+ dmlu . Srf T = AGK) (39)
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Further, using the definition for y (Eq. (19)), the global average flame stretch rate is
1dA 2dR 1dy
(K)o =50 = 290 19X
Adt Rdt ydt

Equation (36) implies that Z < 1 for any M > 0 for an expanding flame with {K) 4 > 0, so we expect Markstein

effects to reduce the area-weighted mean displacement speed. Using the scaling model for y, and expressing derivatives
in s-space, the expression for the stretch factor Z reads

L exp(-s) (2dR 1 df(s) 1-n\ 14
L=1-M& n (Iéds+f(s) ds +§( 2 )+,Bds)’ @1

(40)

where C; = T(L) /7o is a ratio of the laminar flame time scale to the reference time scale (eddy turnover time) and ¢
is the exponent of Re, in the power law.

The Markstein number for a reactive mixture at a given thermodynamic state can be determined with ease, using
experiments or numerical simulations of spherically expanding laminar flames [28]. In this work, spherical laminar
flame simulations in the same confined configuration as the turbulent flames were used to obtain the laminar flame
speed as a function of the flame stretch rate. The Markstein number is obtained using a least squares fit to Eq. (34) as
shown in Fig. 3b, with the constraint that Z = 1 at K = 0, where K = (2/R)(dR/dt) . For the reactant mixture under
study, the Markstein number was found to be M ~ 0.30.

F. The ODE system
Equations (25) and (26) form a system of two ODEs in R and p. Terms y and Z are modeled using Eq. (31) and
41, respectively, hence all terms are closed. There are two limiting forms of the above system of ODEs:

1. Unconfined flame limit
In the limit of an unconfined flame with R; — oo, the pressure is constant and the system of ODEs reduces to a
single ODE for the mean flame radius,

R .
Z— = onexp(s)xyZSY. (42)
s

2. Laminar flame limit
In the limit of a laminar flame with y = 1, the system reduces to

a5 () w
% ) 31(2_02) A117/30'2/3(P -pi)*? (1%)1/7“_2/37” , "
with the stretch factor Z closed as
IZl_MTg(%%)' 45)
IV. Results

The ODEs are integrated numerically in MATLAB using ode45, which implements the Dormand-Prince method
[29], a seven-stage 4th order accurate Runge-Kutta algorithm with variable time-step sizes. The initial conditions are
set equal to those in the DNS for the earliest available time snapshot past r = 0.579, since the turbulent spherical flame
undergoes an initial transient during which the turbulent flame brush establishes.

10
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Fig. 4 Model solutions (solid lines) for the (a) mean flame radius and (b) chamber pressure compared against
corresponding DNS data (symbols).

A. Solutions for R and p

The model solutions for the dimensionless mean flame radius and dimensionless pressure, visualized in Fig. 4,
show good agreement with the DNS. There appears to be a slight underestimation of the burning rate at the lower
Reynolds numbers and an overestimation in case R4, but these are well within the range of expected statistical variance
in these quantities. Specifically in the R1 case, where multiple ensemble runs were performed in order to verify the
convergence of statistics through spherical averaging, it is apparent that the predicted pressures and flame radii are
within one standard deviation of the mean.

With this functional model, we can test the validity of individual assumptions and study the sensitivity of the
solution to system parameters. In the next subsection, we look into the validity of the laminar flame stretch theory
applied using mean statistics.

B. Flame Stretch effects

We test the validity of the laminar Markstein model in turbulent flames by comparing the stretch factor calculated
directly from DNS using Eq. (35), against estimates from laminar flame stretch theory using Eq. (36). For the latter,
the flame stretch rate, K, is calculated directly from DNS data as K = dlog A/dt. According to the model proposed in
this work, a positive Markstein number implies a stretch factor Z < 1, which is consistent with the observations from
DNS.

Itis found, as plotted in Fig. 5 that under the turbulence conditions in the DNS, laminar flame stretch theory applied
to the global average stretch rate is able to provide a very good estimate for the stretch factor, across all configurations.
It is also apparent that the same theory, when in our model through Eq. (41), is also able to successfully predict the
correction factor observed in the DNS.

The sensitivity of the burning rate on the Markstein number is also explored in Fig. 6, focusing on case R2
(Reap =59). The system of ODEs are solved for a range of Markstein numbers and the effects on the mean flame
radius and pressure are studied.

We notice a trend of decreasing burning rates characterized by reductions in pressure rise and flame expansion with
increasing Markstein number. This is attributed to the mean displacement speed decreasing with Markstein number
increasing. This implies a dependence of the correction factor, Z on the Markstein number, across all Reynolds numbers,
as shown in Fig. 6. However, the effect of the correction factor itself on dimensionless pressure and dimensionless
mean flame radius is quite limited, as the effect of turbulent wrinkling outweighs Markstein effects, especially at higher

11
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Fig. 5 The stretch factor, calculated from the DNS using Eq. (35) (“DNS”) compared against those predicted
by laminar flame stretch theory (‘“Markstein’’), given by Eq. (36), along with model solutions (“ODE”) plotted
across the four DNS configurations.
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Fig. 6 The solutions from the model (solid lines) for the mean flame radius (top left), pressure (top right) and
the stretch factor (bottom) for all for the case R2, solved for a range of increasing Markstein numbers, compared
against corresponding DNS data (symbols).

V. Further Work

A closed system of ODEs describing the turbulent flame system would require the modeling of the turbulent brush
thickness, d7. The ODE for 67, as derived and analyzed in Kulkarni and Bisetti [3], reads

13
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B 22 [ rpirraris (1-5) 22 [o-wm
Ay Ay
+%§ﬂf(r—R) (Sny)wPrdr + 3n 2”]( ~R)XK'),P,dr, (46)
As Ay

where u, is the instantaneous radial velocity, n, is the instantaneous radial component of the normal to the flame
direction, and K’ = K — {K)) 4 is the differential flame stretch rate.

Solution of this ODE requires a closure for the turbulent dispersion of the flame interface (Term A), which can be
modeled using Taylor’s theory of Turbulent Dispersion [30, 31]. Additionally, the mean radial velocity field (Term A,)
and differential stretch effects (Term A4) also require modeling closures. The effect of the flame propagation (Term
A3) on the brush thickness is found to be negligible.

The set of ODEs can be used a create a framework for inferences studies and sensitivity analysis on the Reynolds
scaling model, and Markstein theory, using data from DNS and experiments. Experimental work would easily provide
high fidelity data for 5 and R. They would also allow the exploration of higher Reynolds numbers than DNS, and
would help study the applicability, accuracy and limitations of the Reynolds scaling model proposed under a wider
range of thermo-chemical and turbulence conditions.

VI. Conclusions

The burning rate in a spherical turbulent premixed flame was modeled through a set of ordinary differential
equations. These equations were derived within the Surface Density Function formalism using observations on flame
statistics from large scale Direct Numerical Simulation (DNS) of spherically expanding turbulent premixed flames in
homogeneous isotropic turbulence (HIT) across a range of Reynolds numbers.

The data from DNS show that the burning rate enhancement is connected to the increased flame surface area due
to turbulent wrinkling along with a correction factor that acts to reduce burning rates slightly. Equations were derived
for the chamber pressure and mean flame radius in order to facilitate use when postprocessing experimental data. The
equations were expressed in dimensionless form and in logarithmic time consistent with decaying turbulence.

The area ratio was modeled using a Reynolds number scaling hypothesis proposed recently. The correction factor
was postulated to be related to flame stretch effects. Laminar flame stretch theory was applied to the turbulent flames
using a globally averaged flame speed and stretch rate. The ODEs were integrated with initial conditions from fully
developed DNS turbulent flame snapshots, and solutions compared against DNS data. The solutions were found to
match the DNS data. Further analysis into the flame stretch model showed that laminar flame stretch theory was able
to predict the stretch factor for the flames considered. It is noted that the current system of ODE:s is not fully closed, as
the flame brush thickness is an input taken from DNS data at this point. Future work in this direction was discussed.

Appendix
A. Approximation of Mean Flame Radius
The mean flame radius, R, as defined in Eq. (4), is the average radial distance of the flame surface, which is
equivalent to the area-weighted average of the radial location of the flame, over the domain. We can also define a

sphere of volume, Vj, of the products with radius R, = (3V} /477)1/ 3. Burnt gases in the domain are identified by
C(x,t) > C*, where C* is a threshold value of C*. This allows us to write V, as

V,,_ff H(C - C*)dV = 4nf 2(H(C - C*))dr 47)

where (H(C - C*)) is the ensemble mean of the Heaviside function, and is a function of r and ¢ alone. By
definition,
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(H(C = C*)) = 1(P(C > C*;r,1)) + O(B(C < C*;7,1)) = P(C > C*3 1, 1), (48)
1

= f Pc(c;r,t)de. (49)
C*

where P(C € [a, b];r,1) is the probability of C € [a, b] and Pc is the PDF of C.
Using the Bray-Moss-Libby model [19, 20], we can express Pc as

Pc(cir,t) =a(r,t)é(c)+B(r,t)d6(1—c) + F(r,t)Ps(c;r,1). (50)

Using the result above, and assuming a thin flame, i.e. F << 1, we write

1

(H(C-C")) = f[cy(r, 06(c) + B(r.0)5(1 - ¢) + F(r.t)Ps (cir.1)]de (51)
2
1 O(F)
- B(r,1) + f F(r.)Prter, t)de (52)

*

We can also write the ensemble mean of the progress variable, C, as

1
(C)= [ c¢Pc(c;r,t)de (53)
/
1 O(F)
:ﬁ(r,t)+fc]-' r 7(c;r,t)de (54)

Hence, under the assumption of a thin flame, (H(C — C*)) ~ (C). Further, based on observations, we find that
(C)(r,t) is well approximated by a complementary Gaussian cumulative distribution function (CDF), stemming from
the PDF of the flame location, P, being approximately Gaussian, both characterized by a mean, R, and standard
deviation, 6T/\/E, ie.

1 -R
(€)= L1 ent[VECZRN | (55)
2 or
Substituting the result above, into Eq. (47), we obtain
v, :ZH/rZ[l—erf(M)]dr (56)
0 or
2nR? 2R?
(R mea) |1 - et (X +—&(1+@2)exp(—§), (57)
3 a 3 a?

where & = 67 /R. The volume contained within a sphere of radius equal to the mean flame radius R, is Vg = 4T”R3 .
Also, from Eq. (57), V/V& = (R,/R)? is a function of 67 /R alone, and reads

&:(lﬁ-i&z) 1-erf \/AE +L&(1+&2)exp(—£), (58)
V& 2 4r a 2r &2

T b
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DN

The above expression is plotted against 67 /R in Fig. 7, and it is clearly seen that R, - R as 7/R — 0. In the
S, we observe a 67 /R in the range 0.4-0.6.
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Fig. 7 (a) The ratio of the burnt gas volume to the volume contained within a sphere of mean flame radius,

Vi/

VR, and (b) the ratio of the radius of the burnt gas volume to the mean flame radius, R, /R, both plotted

against the ratio of the flame brush thickness to the mean flame radius, 57 /R, with contributions from individual
terms shown for V,, /Vg.
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