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Abstract— Multiple leader and follower graphical games
constitute challenging problems for aerospace and robotics
applications. One of the challenges arises from having a
different number of followers and leaders. We overcome this
by employing an output containment error system that results
in a formulation where outputs of all followers are proved to
converge the convex hull spanned by the outputs of leaders.
Another challenge is to design distributed Nash equilibrium
control strategies for such games, which cannot be achieved
with traditional quadratic cost functional formulation. There-
fore, a modified cost functional that provides both Nash and
distributed control strategies in the sense that each follower uses
the state information of its own and neighbors, is presented.
Furthermore, an L2 gain bound of the output containment error
system that experiences unbounded disturbances is investigated
by a recently developed class of digraphs that results in a semi-
simple pinned graph Laplacian.

I. INTRODUCTION

Multi-agent systems (MAS) control is one of the most
widely studied phenomena in recent years, due to capability
of MAS to perform certain tasks such as transportation
[1], surveillance and reconnaissance [2], and target search
and detection [3]. Three recognized categories of MAS
control are single-leader & single-follower [4], single-leader
& multi-follower [5], and multi-leader & multi-follower
(MLF) [6]. For the MLF systems, one control objective is to
guarantee the convergence of the output of each follower to
the dynamic convex hull spanned by the outputs of leaders
[6], which can be achieved by regulating the corresponding
output containment error. These studies assume that follow-
ers do not have conflicts of interests. In practice, the follower
group may have conflicts of interests. To address this, a well-
established differential graphical game can provide a correct
framework for the analysis of the MLF systems.

In the last decade, extensive efforts have been made to
achieve Nash equilibrium strategies in differential graphical
games [7]-[9]. In [7], the Nash equilibrium strategy was
obtained with global state information. [8] proposed min-
max strategies to guarantee security-level performance when
the Nash solutions of graphical game Hamilton-Jacobi-Isaacs
equations do not exist. [9] suggested a modified objective
functional to guarantee existence of both distributed and
Nash solutions by considering single-leader & multi-follower
game. In practice, except from employing the graphical
Nash strategies, a MAS control design requirements may
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include L2 gain boundedness, robustness against external dis-
turbances, and output-feedback stabilizability. These design
specifications are indeed local objectives of the graphical
MLF game.

Therefore, the new concept of local and global objectives
arise in the literature [10]. The works [6], [8], [11], [12]
are indeed related to the this new concept. In [6], sufficient
local conditions in terms of stabilizing the local followers
dynamics and satisfying a certain H∞ criterion are investi-
gated without considering conflicts of interest between the
followers. [8] analyzed the multi-agent pursuit-evasion game
where pursuer group have local objective, staying together,
and global objective, capturing the evaders. [10] employed
local objectives for a subset of agents, on the other hand,
are tasks determined around the global objective by agent-
specific exosystems. Most of these works do not yield local
and graphical Nash solutions simultaneously.

In this paper, we first consider a local H∞ game. In
this game, the control is required to minimize corresponding
objective functional, whereas the disturbance is required to
maximize. This corresponds to a well-known zero-sum game
concept [13]. After playing the local game, we consider dif-
ferential graphical game where followers’ conflict of interests
are addressed. Furthermore, we give sufficient conditions on
the objective functional’s design parameters to satisfy both
of the local and global objectives simultaneously.

II. PRELIMINARIES

This section presents various definitions on adversarial
multi-agent leader-follower (MLF) games by revealing multi-
agent system dynamics and communication graph topologies
that are of interest.

A. Graph Topologies
A communication graph for N followers is denoted with

a pair Gf = (V f , Ef ), where the set V f = {vf1, ..., vfN}
denotes the nodes, and Ef stands for the edges, which is
composed of node pairs (vfi , vfk). Each edge

(
vfk, v

f
i

)
∈ Ef ,

has a weight afik = 1 if node k is connected to node i
and afik = 0 otherwise. The graph is called as undirected
if afik= afki, ∀i, k, otherwise it is termed a digraph. The in-
degree matrix Df = diag{dfi } where dfi =

∑N
k=1 a

f
ik is ith

row sum of adjacency matrix Af . Then, the graph Laplacian
matrix for the follower group is defined as Lf = Df −Af .
In this paper, we assume that Gf is a digraph that does not
contain self loops, i.e, afii = 0.

In addition, define bipartite graph Gb = (V f , V l, Eb)
that consists of follower nodes V f , leader nodes V l, and
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Fig. 1. Layout of Adversarial Leader-Follower Graphical Game

edges Eb, which captures the information exchange among
the follower and leader groups. Let gbji denote the pinning of
follower i to leader j, with gbji = 1 if follower i is connected
to leader j, and gbji = 0 otherwise. Additionally, let gbij
denote the pinning of leader j to follower i, with gbij = 1 if
leader j is pinned to follower i, and gbij = 0 otherwise. Then
pinning matrices of follower i and leader j in Gb are Gb

j

and Gb
i respectively. One of the contributions of this paper is

to analyze MLF games with directed communication graph
topologies that lead to the limited measurement capabilities
among the agents (Gf nodes) of game.

We use the following notations throughout this paper
IN ∈ RN×N is the identity matrix. 1N ∈ RN is a vector
whose elements are all one. diag(ζi) represents a diagonal
matrix with ζi ∀i ∈ 1, ..., N on its diagonal. The condition
R > 0 (≥ 0) denotes the positive (semi) definiteness of
a matrix R. Kronecker product operator is denoted by ⊗.
Lastly, distance from x ∈ Rn to the set C ⊆ Rn is defined
via Euclidean norm as dist(x,C) = infy∈C ||x− y||2.

B. Multi-agent System Dynamics and Local Errors

Consider the state-space representation of a follower group
that consists of N dynamical agents

ẋf
i = Axf

i +Bui +Dwi

yf
i = Cxf

i ,
(1)

∀i ∈ 1, ..., N , where A ∈ Rn×n, B ∈ Rn×m, D ∈ Rn×p are
system-state, input, disturbance matrices, and C ∈ Rq×n is
assumed to be a full row-rank output matrix to avoid redun-
dant measurements. The corresponding vectors xf

i (t), ui(t),
wi(t), and yf

i (t) stand for the state, input, disturbance and
output of ith follower respectively. Additionally, consider the
state-space representation of a leader group that consists of
M dynamical agents

ẋl
j = Axl

j

yl
j = Cxl

j ,
(2)

∀j ∈ 1, ...,M , where vectors xl
j(t), and yl

j(t) stand for the
state, and output of jth leader respectively.

Assumption 1: The pair (A,B) is stabilizable.
Assumption 2: The dynamical system (1) is output feed-

back (OPFB) stabilizable in the sense that the row-space of
output matrix C contains the sub-space that is spanned by

the right eigenvectors correspond to the unstable modes of
A.
The Assumption 2 can be interpreted such that all unstable
modes are measured by the output matrix C that represents
the sensors installed in the systems (1).

Definition 1: A set S is convex if the line segment be-
tween any two points in S lies in S, i.e., for any s1, s2 ∈ S
and any θ ∈ [0, 1], (θs1 + (1 − θ)s2) ∈ S holds [15].
Let YGl = {yl

1, ...,y
l
M} be the set of leaders’ positions.

The convex hull of a set YGl denoted by conv(YGl), is the
minimal convex combinations of all points in YGl such that
conv(YGl) = {

∑M
j=1 γjy

l
j |yl

j ∈ YGl , γj ≥ 0,
∑M

j=1 γj =
1} where the convex combination of leaders’ positions∑M

j=1 γjy
l
j can be reduced to the centroid of leaders’ posi-

tions when γj = 1/M, ∀j ∈ 1, ...,M .
Definition 2: Consider the ith follower dynamics (1) and

the jth leader dynamics (2), the outputs of all followers are
said to converge the convex hull spanned by the outputs of
leaders if

lim
t→∞

dist(yf
i , conv(YGl)) = 0, ∀i ∈ 1, ..., N. (3)

Motivated by [6], the local relevant output containment
vector for ith follower is defined as

ξi =
N∑

i=1

afik(y
f
k − yf

i ) +
M∑

j=1

gbij(y
f
j − yl

i)

=
M∑

j=1

(
1

M

N∑

i=1

afik(y
f
k − yf

i ) + gbij(y
f
j − yl

i)

)
.

(4)

The global form of (4) is

ξ = −
M∑

j=1

(
(ψj ⊗ Iq)(y

f − yl
j
)
)

(5)

where ξ = [ξT1 , ..., ξ
T
N ]T , ψj = 1

MLf + Gb
j , yl

j
= 1N ⊗

yl
j , and yf = [yf

1

T
, ...,yf

N

T
]T . Next assumption enables

us to verify the output containment control objective (3) is
achieved if limt→∞ ξ = 0.

Assumption 3: Follower i in Gf is either a well-informed
one or an uninformed one. There exists at least one well-
informed follower k where k '= i ∀k = 1, ..., N in Gf that
has a directed path to uninformed follower i.

Corollary 1: Given Assumption 3, ψj and
∑M

j=1ψj are
non-singular M matrices, and hence the real parts of their
eigenvalues are positive [6].

Remark 1: Assumption 3 implies that a unified commu-
nication graph Gf ∪Gb has a spanning tree from each leader
to each follower. This allows us to verify non-singular M-
matrix property of the matrices ψj and

∑M
j=1ψj . Therefore,

their inverses, (ψj)−1 and (
∑M

j=1ψj)−1, exist and are non-
negative. A comprehensive fifty properties of M-matrices are
detailed in [14].

Lemma 1: Given the Corollary 1, consider ith follower
and jth leader dynamics in (1) and (2). The condition (3) is
achieved if limt→∞ ξ = 0.
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Proof : Re-write the global form of relevant output
containment vector (5) as

ξ = −




M∑

j=1

(ψj ⊗ Iq)



yf +
M∑

j=1

(
(ψj ⊗ Iq)y

l
j

)
(6)

limt→∞ ξ = 0 implies that

yf →




M∑

j=1

(ψj ⊗ Iq)




−1

M∑

j=1

(
(ψj ⊗ Iq)y

l
j

)

→
M∑

j=1




(

M∑

r=1

(ψr ⊗ Iq)

)−1

(ψj ⊗ Iq)y
l
j





→
M∑

j=1








(

M∑

r=1

ψr

)−1

ψj1N



⊗ yl
j





(7)

as t → ∞. Realize that
M∑

j=1




(

M∑

r=1

ψr

)−1

ψj1N



 =

(
M∑

r=1

ψr

)−1



M∑

j=1

ψj1N





= 1N ,
(8)

which implies that each row sum of the vectors(∑M
r=1ψr

)−1
ψj1N ∀j ∈ 1, ...,M is equal to 1. Using

Corollary 1 and Remark 1, one can derive non-negative def-
initeness of each entry of the vectors

(∑M
r=1ψr

)−1
ψj1N

[17]. Therefore, limt→∞ ξ = 0 indeed verifies that the
condition (3) is achieved by the Definition 1. This completes
the proof. !
C. Multi-agent Error Dynamics and L2 Gain Bound

Based on (7) in Lemma 1, define the global output
containment vector as

δy = yf −




M∑

j=1

(ψj ⊗ Iq)




−1

M∑

j=1

(
(ψj ⊗ Iq)y

l
j

)
. (9)

Note that limt→∞ δy = 0 =⇒ limt→∞ ξ = 0 and (3)
holds. Then, the global state containment vector is

δ = xf −




M∑

j=1

(ψj ⊗ In)




−1

M∑

j=1

(
(ψj ⊗ In)x

l
j

)
(10)

where δ = [δT1 , ..., δTN ]T , xf = [xf
1

T
, ...,xf

N

T
]T and xl

j =
1N ⊗ xl

j .
Corollary 2: Consider global containment vectors, (9)

and (10), and ith follower dynamics (1) and the jth

leader dynamics (2). Then, by using the fact that ξ =

−
(∑M

j=1(ψj ⊗ Iq)
)
δy , the output containment error sys-

tem can be written in the following global form

δ̇ = (IN ⊗A)δ + (IN ⊗B)u+ (IN ⊗D)w

ξ = −




M∑

j=1

(ψj ⊗C)



 δ.
(11)

where u = [uT
1 , ...,u

T
N ]T , and w = [wT

1 , ...,w
T
N ]T .

Definition 3: A matrix is called as semi-simple if the
geometric multiplicity of each eigenvalue is equal to its
algebraic multiplicity. Further, it is diagonalizable over real
set R, if it is semi-simple and every eigenvalue is real [14].

Definition 4: Realization of the following inequality
∀w ∈ [0,∞) implies that the system (11) L2 gain is bounded
by a prescribed disturbance attenuation level denoted by γ

∫ ∞

0
ξT ξdt ≤ γ2

∫ ∞

0
wTwdt+ β (12)

where β is a non-negative constant. The condition (4) is
also called as nonexpansivity constraint [16]. The following
Lemma is inspired by [5]

Lemma 2: Given Definitions 3, 4, and output containment
error system (11). Assume that

(∑M
r=1ψr

)
is a semi-simple

matrix and a stabilizing static output feedback (OPFB)
control is selected as

ui = −cdiKiξi (13)

where cdi is a positive constant. Then, the output containment
objective (3) and L2 gain bound condition (12) hold if the
distributed N systems

˙̂δi = Aδ̂i +Bûi +Dŵi

= (A− cdi λiBKC)δ̂i +Dŵi

ξ̂i = −λiCδ̂i

(14)

are both asymptotically stable and L2 gain bounded by γ >
0, where λi are eigenvalues of the matrix

∑M
j=1ψj .

Proof : By Definition 3 the M-matrix
∑M

j=1ψj is diag-
onalizable, thereby there exists an invertible transformation
matrix T such that

T (
M∑

j=1

ψj)T
−1 = Λ = diag(λ1, ...,λN ). (15)

Let δ̂ = (T ⊗In)δ, w = (T−1⊗Ip)ŵ, and ξ̂ = (T ⊗Iq)ξ.
Then (14) can be written in the global form as

˙̂δ = (IN ⊗A− cdiΛ⊗BKC)δ̂ + (IN ⊗D)ŵ

ξ̂ = −(Λ⊗C)δ̂.
(16)

Realize that L2 norm equivalence of the pairs (ξ, ξ̂) and
(w, ŵ) are straight forward as T is invertible, and hence (11)
and (16) have the same L2 gains. Additionally, since they
have the same transfer function, the stability of equilibrium
(origin) in both systems are equivalent, which completes the
proof. !

III. MULTI-AGENT LEADER-FOLLOWER GAME
FORMULATION

In this section, two types of games are analyzed. The first
game is a local game, which is played between control and
disturbance terms of ith follower. On the other hand, the
second game is a global graphical game, which is played
between ith and jth follower considering the worst case
disturbance achieved in the defined local game.
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Remark 2: Herein, we employ state feedback control
method to derive Nash equilibrium strategies. Then, the
achieved control strategies can be re-written in the OPFB
form given the Assumptions 1 and 2.

A. Local H∞ Game Solution
This section presents a local H∞ control method, which

is formulated in the form of zero-sum game by introducing
the cost functional as

Ji(ûi, ŵi) =

∫ ∞

t
(δ̂Ti Qiδ̂i +

1

c
ûT
i Riûi − γ2ŵT

i ŵi)dτ

(17)
where Qi ≥ 0 and Ri > 0 are symmetric design matrices
with appropriate dimensions. We assume that Si is selected
such that the pair (A,

√
Qi) is observable.

Now H∞ control problem can be solved by treating ûi

as a minimizing player, whereas ŵi as a maximizing player
of the cost (17). Then, the game can be formulated as

V∗
i (δ̂i) " Ji(û

∗
i , ŵ

∗
i ) = min

ûi

max
ŵi

Ji(ûi, ŵi)

= max
ŵi

min
ûi

Ji(ûi, ŵi)
(18)

where V∗
i (δ̂i) and the pair (û∗

i , ŵ
∗
i ) denotes the optimal

value functional and the local game theoretic saddle point
(local Nash equilibrium) respectively.

Lemma 3: The pair (û∗
i , ŵ

∗
i ) constitutes a Nash equilib-

rium of the game (18) if

û∗
i = −cR−1

i BTPiδ̂i, (19)

ŵ∗
i = γ−2DTPiδ̂i. (20)

where Pi is the solution of corresponding Riccati equation
such that

PiA+ATPi−cPiBR−1
i BTPi+Qi+γ−2PiDDTPi = 0.

(21)
Proof : Begin with deriving the Hamiltonian to solve the

minimizing & maximizing extrema that satisfies the Nash
condition (18) as

Hi(∇Vi, ûi, ŵi) = δ̂
T
i Qiδ̂i +

1

c
ûT
i Riûi − γ2ŵT

i ŵi

+∇VT
i (Aδ̂i +Bûi +Dŵi) = 0

(22)
where ∇Vi = ∂Vi/∂δ̂i is the co-state vector and the
boundary condition is Vi(0) = 0. Using the quadratic form
Vi(δ̂i) = δ̂Ti Piδ̂i where Pi = PT

i , and applying the
stationarity conditions ∂Hi(∇V∗

i , ûi, ŵi)/∂ûi = 0 and
∂Hi(∇V∗

i , ûi, ŵi)/∂ŵi = 0 yields the optimal control
and disturbance respectively as (19) and (20). Additionally,
substituting (19) and (20) into (22) and equating resultant
HJI equation to zero, i.e., Hi(∇Vi, û∗

i , d̂
∗
i ) = 0, gives the

Riccati equation (21). To prove L2 gain bound condition
(12), first re-write the Hamiltonian (22) by completing the
squares as

Hi(∇Vi, ûi, d̂i) =(ûi − û∗
i )

TRi(ûi − û∗
i )

− γ−2(d̂i − d̂∗
i )

T (d̂i − d̂∗
i ) (23)

with the boundary condition Vi(0) = 0. Then, the cost
functional (17) can be re-expressed as

Ji(ûi, ŵi) =

∫ ∞

0

(1
c
(ûi − û∗

i )
TRi(ûi − û∗

i ) (24)

− γ−2(d̂i − d̂∗
i )

T (d̂i − d̂∗
i )
)
dt+ Vi(δ̂i(0)).

Realize that the condition Ji(ûi, ŵi) ≤ β implies that the
non-expansivity constraint (12) holds with Qi ≥ CTC.
Select β = Vi(δ̂i(0)), ûi = û∗

i . Then, (24) reduces to

Ji(û
∗
i , ŵi) = −

∫ ∞

0
γ−2(d̂i − d̂∗

i )
T (d̂i − d̂∗

i )dt+ Vi(δ̂i(0)),

≤ Vi(δ̂i(0)), ∀||d̂i||2 ∈ (0,∞). (25)

This proves that the L2 gain bound condition (12) holds
with β = Vi(δ̂i(0)), ûi = û∗

i . Additionally, the value of
game (18) with ûi = û∗

i and d̂i = d̂∗
i is Vi(δ̂i(0)) by

(24). To complete the proof, notice that the form (23) indeed
shows that (19) and (20) are the global optimal minimizing
and maximizing extrema respectively. This indeed verifies
that the pair (û∗

i , ŵ
∗
i ) denotes the Nash equilibrium, which

completes the proof. !
Remark 3: The main purpose of introducing the local

game (18) is to find the worst case disturbance for the
ith follower (1). Since ith player is responsible for acting
according to not only the worst case disturbance but also
strategy of the jth player, thereby û∗

i (19) is not the finalized
control strategy yet.

Corollary 3: Let the distributed N systems (14) experi-
ence the worst-case disturbance derived in (20), i.e., ŵi =
ŵ∗

i , and introduce a new matrix F = A + γ−2DDTPi

to facilitate the analysis. Then, the transformed local output
containment error dynamics become

˙̂δi = (A− cλiBKC + γ−2DDTPi)δ̂i

= F δ̂i +Bûi

ξ̂i = −λiCδ̂i

(26)

as following is the natural outcome of using transformations
δ̂ = (T ⊗ In)δ and w∗ = (T−1⊗ Ip)ŵ∗ on (20) such that

ŵ∗ = γ−2(IN ⊗DTPi)δ̂. (27)
B. Global Graphical Game Solution

This section proposes a modified cost functional for the
graphical game whose players are the nodes of Gf . The main
challenge in graphical games, is to design distributed Nash
equilibrium control strategies, which cannot be achieved
with traditional quadratic cost functional formulation [9].
Therefore, a modified cost functional that provides both
Nash and distributed control strategies in the sense that each
follower uses the state information of its own and neighbors
can be defined such that

Ji(ûi, û−i) =
∫ ∞

t

N∑

k=1

(δ̂TikQikδ̂ik +
1

c
ûT
i Riûi −

afik
c2

ûT
kRikûk)dτ .

(28)
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where δ̂ik = [δ̂Ti , δ̂Tk ]T , Qik = [Q̃i, Q̃ik; Q̃T
ik, Q̂ik], and

û−i is the set of control strategies of the kth player in Gf

where k '= i. Then, the corresponding game is defined as

V g
i (δ̂i, δ̂−i) " Ji(û

g
i , û

g
−i) ≤ Ji(ûi, û

g
−i) (29)

where the N-tuple {V g
1 (δ̂1, δ̂−1), ..., V

g
N (δ̂N , δ̂−N )} is

called as global Nash equilibrium outcome and the N-tuple
{ûg

1, ..., û
g
N} denotes the Nash equilibrium strategies of the

game (29).
Corollary 4: A distributed Nash equilibrium strategy can

be achieved if the functional V g
i (δ̂i, δ̂−i) depends on the its

argument δ̂i solely, i.e., V g
i (δ̂i, δ̂−i) = V g

i (δ̂i).
Define a quadratic function that will play a key role in the

corresponding Hamiltonian derivation such that

Vi(δ̂i, δ̂−i) " Vi(δ̂i) =
N∑

k=1

Ṽi(δ̂i) = N δ̂Ti P̃iδ̂i (30)

Corollary 5: Given the Corollary 4, the following holds

∂Ṽ T
i

∂δ̂ik

˙̂δik =
[
∂Ṽ T

i

∂δ̂i

∂Ṽ T
i

∂δ̂k

]T
[
˙̂δi
˙̂δk

]

=
∂Ṽ T

i

∂δ̂i

(
F δ̂i +Bûi

)
.

(31)

Theorem 1: Given the cost functional (28), local output
containment error dynamics and quadratic form (30). As-
sume that the elements of matrix Qik satisfies

Q̃ik = 0n×n (32)

Q̂ik = afikP̃kBR−1
k RikR

−1
k BT P̃k (33)

where P̃i and P̃k solve the corresponding algebraic Riccati
equations such that

F T P̃i + P̃iF + Q̃i − cP̃iBR−1
i BT P̃i = 0, (34)

F T P̃k + P̃kF + Q̃k − cP̃kBR−1
k BT P̃k = 0 (35)

Then, the Nash equilibrium strategy for ith follower in the
graphical game (29) takes the following form

ûg
i = −cR−1

i BT P̃iδ̂i (36)
Proof : This proof consists of two parts. The first part deals

with the selection of Qik to satisfy (30) and the second
part rigorously analyzes the Nash equilibrium property of
minimizing controls ûi derived in the first part.

Selecting Qik: Given the Corollary 5, the Hamiltonian
associated with the cost functional (28) is

Hi(∇Ṽi, ûi, û−i) =
N∑

k=1

(
∇Ṽ T

i (F δ̂i +Bûi)
)

+
N∑

k=1

(δ̂TikQikδ̂ik +
1

c
ûT
i Riûi −

afik
c2

ûT
kRikûk) = 0

(37)
where ∇Ṽi = ∂Ṽi/∂δ̂i with the boundary condition Ṽi(0) =
0. To find the best responses, check the stationarity condition
∂Hi(∇Ṽ g

i , ûi, û−i)/∂ûi = 0, which yields

ûg
i = − c

2
R−1

i BT∇Ṽ g
i (38)

Substituting (38) into (37) yields the Hamilton-Jacobi (HJ)
equation, i.e., Hi(∇Ṽ g

i , û
g
i , û

g
−i) = 0. Additionally, using

the quadratic form of Ṽi(δ̂i) (30) in the HJ equation, one
obtains

Hi(∇Ṽ g
i , û

g
i , û

g
−i) =∑

N
k=1δ̂

T
i (F T P̃i + P̃iF + Q̃i − cP̃iBR−1

i BT P̃i)δ̂k

+
∑

N
k=1δ̂

T
k (Q̂ik − afikP̃kBR−1

k RikR
−1
k BT P̃k)δ̂k = 0.

(39)
This gives the elements of matrix Qik (32)-(33), and the
Riccati equations (34)-(35) and completes the first part of
the proof. !

Graphical Nash Equilibrium: In this part, we prove the N-
tuple {ûg

1, ..., û
g
N} indeed constitutes the Nash equilibrium

strategies of the game (29). Realize that substituting the
quadratic form (30) into (38) yields (36).

Now re-write the Hamiltonian (37) as

Hi(∇Ṽi, ûi, û−i) =
N∑

k=1

Hik(∇Ṽi, ûi, û−i) (40)

where Hik(∇Ṽi, ûi, û−i) can be expressed by completing
the squares as

Hik(∇Ṽi, ûi, û−i) = Hik(∇Ṽi, û
g
i , û

g
−i)

+
1

c
(ûi − ûg

i )
TRi(ûi − ûg

i )−
afik
c2

(ûk − ûg
k)

TRik(ûk − ûg
k)

−
2afik
c2

ûg
k
T
Rik(ûk − ûg

k)

(41)
since the equality ∇Ṽ T

i Bug
i = − 2

c (û
g
i )

TRiû
g
i holds by

(38). Having the fact that Hamiltonian (37) is the differential
equivalent of the cost functional (28), we can write

Ji(ûi, û−i) =

∫ ∞

t0

N∑

k=1

Hik(∇Ṽi, ûi, û−i)dt+ Vi(δ̂i(t0)).

(42)
According to rules of the game (29), select ûk = ûg

k and
use the Hamiltonian form (41) in (42) to obtain

J i(ûi, û
g
−i)

=

∫ ∞

t0

N∑

k=1

1

c
(ûi − ûg

i )
TRi(ûi − ûg

i )dt+ Vi(δ̂i(t0)),

(43)

which clearly satisfies the game condition Ji(û
g
i , û

g
−i) ≤

Ji(ûi, û
g
−i), and hence the N-tuple {ûg

1, ..., û
g
N} is indeed

the Nash equilibrium of the game (29). This completes the
second part of the proof. !

Remark 4: Realize that the local H∞ Nash control strat-
egy û∗

i (19) has not the same form as the global graphical
Nash control ûg

i (36). Therefore, we have not obtained a
control strategy that belongs to Nash equilibrium for both
game (18) and (29). The next Theorem 2 gives necessary
conditions to provide dual Nash control strategy by selecting
appropriate Q̃i and Rik design matrices.
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Theorem 2: The Nash equilibrium control strategy û∗
i

(19) for the local H∞ game (18) stands for the same Nash
equilibrium control strategy ûg

i (36) for the global graphical
game (29) if the constant in (13) satisfies cdi = c/λi, and the
design matrices Q̃i and Rik are selected as

Q̃i = −γ−2PiDDTPi +Qi (44)

Rik = N2BTPiQ̃iPiB + R̃ik (45)

where R̃ik > 0.
Proof : Note that both (19) and (36) are function of constant

c. Since they are written in the transformed coordinate
system, their actual forms is a function of c/λi. Thence, the
applied control’s (13) constant cdi should be equal to c/λi

to bring them in the same form. Now, we work on selection
of the design matrix Q̃i. Begin with expanding the Riccati
equation (34) using F = A+ γ−2DDTPi, which yields

P̃iA+AT P̃i − cP̃iBR−1
i BT P̃i + Q̃i

+ γ−2(P̃iDDTPi +PiDDT P̃i) = 0.
(46)

Select Q̃i as in (44), and assume that cBR−1
i BT ≥

γ−2DDT holds. Assume that the positive definite matrix
Pi solves the local H∞ game Riccati equation (21). Then,
to verify it also solves the Graphical game Riccati equation
(46), we need to show P̃i = Pi is a positive definite solution
of the Graphical Riccati equation (46), which is illustrated
in the following realization

(P̃i −Pi)DDT (P̃i −Pi) = P̃iDDT P̃i +PiDDTPi

− P̃iDDTPi −PiDDT P̃i,
(47)

thereby (46) can be expressed in terms of P̃i with selected
Q̃i (44) as

P̃iA+AT P̃i−cP̃iBR−1
i BT P̃i+Qi+γ−2P̃iDDT P̃i = 0.

(48)
Realize that (48) has a dual form of (21). Therefore, the
Nash equilibrium control strategies, i.e. û∗

i (19), and ûg
i (36),

are the same as each other since the Riccati equation (21)
is assumed to have a unique positive definite under some
conditions, which will be illustrated in a future work.

To complete the proof, we need to show that Qik in (28)
is at least positive semi-definite with the selected design
matrices (32)-(33) and (44)-(45). This can be achieved if the
inequality Q̂ik−Q̃T

ikQ̃
−1
i Q̃ik ≥ 0 holds by using the Schur

complement method. To check, substitute the selected design
matrices (32)-(33) and (44)-(45) into expression Q̂ik −
Q̃T

ikQ̃
−1
i Q̃ik, which yields

Q̂ik − Q̃T
ikQ̃

−1
i Q̃ik = afikP̃kBR−1

k R̃ikR
−1
k BT P̃k ≥ 0.

(49)
This completes the proof. !

Remark 5: The Theorem 2 implies that ith player can
minimize its global cost (28) by only playing the local H∞
(18) game. Thence, if the ith player stabilizes the local error
dynamics (14) with the Nash equilibrium control strategy
(19), then both of the local and global objectives can be
satisfied simultaneously.

4 𝐹𝑜𝑙𝑙𝑜𝑤𝑒𝑟𝑠 3 𝐿𝑒𝑎𝑑𝑒𝑟𝑠

𝑦1𝑙

𝑦2𝑙

𝑦3𝑙

𝑦1
𝑓

𝑦2
𝑓

𝑦3
𝑓

𝑦4
𝑓

Fig. 2. The communication graph of the four followers and three leaders
MLF game.

IV. MULTI-AGENT LEADER-FOLLOWER GAME
SIMULATION

This section presents a numerical example to verify the
proposed methods. Consider the double integrator dynamics
driven by different types of actuators [18] whose system
matrices for the follower (1) and the leader (2) groups are
given as

A =




0 1 0
0 0 2
0 −3 −2



 ;B =
[
0 0 2

]T
;

C =
[
1 0 0

]
;D =

[
0 0 1

]T
.

(50)

The adjacency matrix Af that connects N = 4 followers
or nodes of the graph Gf and the bipartite communication
graph parameters Gb

j j ∈ {1, ...,M = 3} that do not
contradict with Assumption 3 are selected as

Af =





0 0 0 0
1 0 0 0
0 1 0 0
1 0 1 0



 , gb11 = gb12 = gb13 = 1. (51)

The MLF game communication graph is illustrated in Fig.
2. Note that the root node is selected as the first follower
yf
1 according to the Assumption 3. There is also no con-

nection from uninformed followers (yf
2 ,y

f
3 ,y

f
4 ) to the well

informed follower yf
1 and the follower graph is an acyclic

digraph. The eigenvalues of the pinned Laplacian matrix
(
∑M

j=1ψj) are 3.000, 0.667, 0.333, 0.333. Further, we select
the coupling gain c = 1 and hence cd1 = 0.333, cd2 = 1.5, and
cd3 = cd4 = 3 as given in Theorem 2. Lastly, the attenuation
level set to γ = 3, and the disturbance is evaluated using
(20).

The resultant gains of follower group in (13) are derived
using the Riccati equation solutions (34) and (35) as

K1 =
[
1.3432 1.1630 1.2649

]
;

K2 =
[
0.6358 0.3946 0.48049

]
;

K3 = K4 =
[
0.4519 0.2422 0.2986

]
. (52)

In simulations, we assume that the initial states of fol-
lowers and leaders are uniformly distributed in the interval
[0, 1]. Then, the MLF game is started by applying the control
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Fig. 3. Convergence of output containment errors.
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Fig. 4. Control trajectories of followers.

strategies (13). Notice that the communication graph of the
four followers and three leaders MLF game is illustrated
in Fig. 2. Fig. 3 shows the convergence of the output con-
tainment errors (4) to zero. The global form of containment
vector is derived by using (5). Fig. 4 illustrates the control
trajectories (13) of each follower. These indeed verify the
correct performance of the proposed methods.

V. SUMMARY AND FUTURE WORK

In this paper, we proposed a novel local and global
objectives for the MLF output containment game for the LTI
multi-agent systems. The local H∞ game is solved for the
Nash equilibrium strategies where controls are minimizing
and disturbances are maximizing players. On the other hand,
the graphical game is introduced as a global objective to
address mutual interests among the followers. However,
stability and robustness analysis have not been conducted.
These issues will addressed in a future work. Lastly, the
proposed control scheme indeed has an immense relationship
with the output containment games of unmanned vehicles
that include n-rotor systems. Thence, the proposed methods
can be extended to apply multiple unmanned vehicle systems
in a future work.
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