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SUMMARY

This paper studies discrete-time model predictive control (MPC) of continuous-time nonlinear systems
with measurement noises and exogenous disturbances. We consider the co-design of discrete-time finite
horizon optimal control problem (FHOCP) and the associated self-triggering schemes that schedule the
time instants for sampling the state and computing the FHOCP. The state-dependent nature of the self-
triggered scheduling can not only dynamically adjust the inter-sampling period according to the system
status, but dynamically discretize the model used in the FHOCP as well, in order to reduce the complexity
of the FHOCP if designed appropriately. It is shown that the system can be stabilized with uniform ultimate
boundedness, as long as the scheduling scheme matches the approximation model such that the one-step
approximation error between the predicted state and the actual state is below a threshold related to the cost
function. These results can be applied to most existing model approximation methods with either fixed or
time-varying sampling rates. Copyright © 2015 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Model predictive control (MPC) has been widely applied in many applications such as process
control, power grids, transportation, robotics, and manufacturing, to name a few [1, 2]. It solves
a finite horizon optimal control problem (FHOCP) at each sampling instant and applies a part of
the optimal solution to the plant as the control inputs. When implemented in computers, the MPC
algorithms are often in discrete-time, even though physical processes under control are usually
continuous-time.

This motivates the research on sampled-data MPC, focusing on how to appropriately discretize
the FHOCP and/or schedule the computation tasks of solving the FHOCPs. Early work studied
periodic approaches, where sampling and solving the FHOCP, as well as discretizing the FHOCP,
takes place in a periodic manner [3—11]. To make sure that the predicted states from solving the
FHOCP are close to the actual states of the plant, the sampling period (or the upper bound on the
sampling period) is usually very small. Such a selection could be very conservative with respect
to computation efficiency. In general, solving an FHOCP is computationally expensive by itself,
especially when it is nonlinear. A small sampling period implies frequently solving FHOCPs,
which will generate a significant number of control tasks, which could place a heavy computational
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burden on the processor and introduce significant computation delays. Consequently, the system
performance may be degraded and sometimes the system can even be unstable.

Consequently, aperiodic MPC was investigated including event-triggered and self-triggered MPC
approaches. Event-triggered MPC solves the FHOCP when a pre-defined event occurs [12-21],
while self-triggered MPC predicts the next the sampling instant in real-time [22-29]. In both
approaches, the triggering time is related to not only the system dynamics but the current state/input
information as well. Such an online determination mechanism allows the FHOCP to be solved in a
less frequent manner and therefore saves computation resources.

It is worth pointing out, however, that all the previously mentioned work on aperiodic sampled-
data MPC only focuses on when to solve the FHOCP, while leaving the FHOCP itself still
continuous-time. Recently, a Lebesgue approximation based MPC approach was proposed in [30,
31] for nonlinear systems, where the sampling time and the state transitions in the approximation
model are both aperiodic and state-dependent. It can enlarge the inter-sampling time intervals, while
reducing the number of steps in the discrete-time FHOCP to prediction the same length of horizon in
continuous-time domain. Therefore, both frequency and complexity of solving the FHOCP can be
reduced. This result was extended later to stabilize nonlinear systems with measurement noises [32].
Both works are limited to first-order discrete-time approximation model in the FHOCP.

The contributions of this paper are listed as follows.

e We relax the assumption of first-order approximation in [30-32]. Our results are suitable to
various model approximation methods with both periodic and aperiodic scheduling schemes.

e We present the mechanism to co-design the discrete-time FHOCP and the associated self-
triggering algorithm. The self-triggering scheme is used to not only schedule the computation
of the FHOCP, but determine the sampling period when discretizing the continuous-time
plant model. Different from [30-32] where the scheduling schemes adopt very specific
forms, the proposed self-triggering schemes can be quite flexible, which can potentially
reduce the complexity of the FHOCP if designed appropriately, such as converting a
complicated FHOCP into linear or convex programming.

e We develop sufficient conditions to guarantee feasibility and stability. It is shown that the
discretized model in the FHOCP that approximates the plant only requires one-step accuracy,
i.e., the approximation error between the predicted state and the real state at the next sampling
instance (according to the self-triggering scheme) must be bounded by a threshold related to
the cost function. This is an important condition that reveals the connection between the self-
triggering law, the approximation model, and the cost function in the sampled-data MPC
framework, to stabilize the system. Rigorous analysis on system stability is provided. We
show that under these conditions, the states of the resulting closed-loop system will always
stay inside a compact set and be uniformly ultimately bounded.

o We discuss the procedure to design parameters to meet the developed sufficient conditions.
An illustrative example is presented to demonstrate the co-design procedure and the system
performance. It shows that using the proposed method, nonlinear FHOCP can be converted
into linear programming for a class of nonlinear systems, which can significantly save the
computational resource.

The paper is structured as follows. The problem is formulated in Section 2 with the sampled-
data MPC framework. Section 3 presents sufficient conditions for stability. Section 4 discusses
the co-design guidelines with two illustrative examples in Section 5. Conclusions are discussed in
Section 6. The proofs are presented in the appendix.

2. PROBLEM FORMULATION

Notations: We denote by R™ the n-dimensional real vector space, by R™ the set of real positive
numbers, by R the set of real nonnegative numbers, by Z; the set of nonnegative integers, and
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by N the set of natural numbers. We use || - || to denote the Euclidean norm of a vector and the
induced 2-norm of a matrix, and | - | to denote the absolute value of a real number. Given a positive
constant d, let B(d) = {z € R™ | ||z|| < d}. Given two functions o, 8 : R — R, a0 5(s) = a(5(s)).
Given two sets X', S C R", X + S is the Minkowski sum of these two sets. We use 2 = f(z) to
represent the discrete-time system z(k + 1) = f(z(k)). The symbols I and e represent the identical
matrix with appropriate dimensions and the Euler’s number, respectively.

Definition 2.1
A continuous function o : R} — Ry belongs to class K if it is strictly increasing and a(0) = 0.

Definition 2.2
A set X is called robust positively invariant (RPI) with respect to the system 2% = f(z,w) and
we W, ifforallw € Wand forall z € X, 2+ € X holds.

Definition 2.3

The state x(t) of a system & = f(x) is called uniformly ultimately bounded with ultimate bound
b if there exist positive constants b and ¢, independent of ¢y > 0, and for every a € (0, ¢), there is
T =T(a,b) > 0, independent of ¢, , such that ||z(to)|| < a implies ||z(¢)|| < bforany ¢ > to+ T.

Consider a nonlinear continuous-time dynamical system:

a(t) = fla(t),u(t)) +o(t) (D

I(to) = o

where v € R" and v € U are the state and input of the system, respectively, I/ C R™ is the constraint
set on the input including {0}, v : Rt — R" is the external disturbances, xo € R™ is the initial
state, and f : R™ x R™ — R" is a continuous, locally Lipschitz function that describes the system
dynamics satisfying f(0,0) = 0. Assume that the disturbance v(¢) is uniformly bounded by a
positive constant d,,, i.e., ||v(t)|| < d, for all t > t.

Remark 2.1

State constraints are not considered in this paper. We would like to point out, however, that the
results in this paper can be easily extended to the case with the state constraints, following the
approach in [31].

When implementing state-feedback MPC algorithms in digital environments, the controller
receives measurements in discrete-time. The basic idea is described as follows: At the time instant
tr, the system samples the state and the controller obtains the sampled state Z(¢j). Then the
controller solves an N-step discrete-time FHOCP at time ¢, with Z(¢;) as the initial condition.
Let {;"}2,;! be the optimal control inputs of the FHOCP at t;. Then ﬁg’* will be actuated in
the actual plant over the time interval [ty,tr41), i.€., u(t) = ﬂg’* for any ¢ € [tg, tx+1). The next
computation cycle starts at the time instant ¢ 1.

Notice that the sampled state may contain measurement noises, i.e.,

z(tk) = z(t) +w(ty) (2)

where w : R — R" is the disturbance. So the measured initial state is g = xo + w(to). Assume that
the disturbance w(t;,) is bounded by a positive constant d,, i.e., ||[w(ty)|| < d, forall k € Z .

Remark 2.2

Although this paper considers state-feedback systems, the results can be extended to output-
feedback systems, given an appropriately designed observer. In that case Z (¢, ) can be regarded as an
estimate of x(t)) from the observer and w(ty) then becomes the estimation error. The assumption
of bounded measurement noises basically requires the estimation error to be uniformly bounded.

The discrete-time approximation model of the system in (1) is defined as follows. Suppose that at

time ¢;, the controller receives the measurement Z(¢x ). The related approximation model then takes
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the form as follows:

gt = f(ah, ap) (3a)
i = Z(ty) (3b)

where #} and 4} are the predicted state and input at the ith state transition, respectively, and
f:R™ x R™ — R" is a continuous function.

Let N € N be the prediction horizon of the discrete-time FHOCP and the cost function is defined
as follows:

2

T[S m )] = 3 sk, @) + Vi),

%

I
=)

where k : R" x R™ — R is the running cost function and Vy : R® — R} is the terminal cost
function to be determined. Both x and V; must be locally Lipschitz and positive definite. Then the
FHOCP at time t; can be stated as follows:

V(z(ty)) = i J [{ai y Nzt
() = min [{ak}izo' 2 (t)]
subject to equation (3a) and (3b), 4)
j’.k € XT»

where V' : R"™ — Rg is the value function of the FHOCP and X'+ C R" is the terminal set.
Let 4;",4=0,..,N —1 be the optimal solutions to the FHOCP at ¢, and ;" be the
corresponding optimal states. The next sampling time instant ¢, can be defined as follows

b1 = th + GEYT,A07) =t + §(2 (), 407), (5)

where g : R” x R™ — R is a positive function that must be strictly greater than zero, and

0
u(t) =", [tk tetr)-
u(t) a(t)
-» ZOH > &= f(z,u)+v » Sensing [
A A
tkt1
N _
Uk Discrete-Time $<tk)
FHOCP (4)

Figure 1. The closed-loop system diagram. The continuous-time plant is controlled by a discrete-time MPC
controller with a self-triggered sampling scheme.

The overall MPC algorithm is summarized in Figure 1. At time ¢ = ¢, the controller will
(¢) Sample the state and obtain Z (¢ );
(i7) Solve the FHOCP in equation (4) for &, and 4}";
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(i7i) Set ty1 using equation (5);
(iv) Send the optimal solution ag* to the plant, i.e., set u(t) = ﬁg’* over [tg, tp4+1); and

(v) Start the next computation cycle at time ¢ 1.

Under this framework, we will develop the conditions on the functions f , 9, k, Vi, and X7 that
can guarantee stability of the closed-loop system defined by (1) — (5) subject to the input constraint,
ie., u(t) €U forall t > tg.

3. STABILITY CONDITIONS

This section presents the conditions on the parameters in the sampled-data MPC framework with
the goal of stabilizing the system in (1). In the discussion we intend to leave f and § as general as
possible, so that the results can be flexible to different model approximation approaches. We start
from defining the terminal set A'r.

Assumption 3.1
There exist a positive constant d; and a feedback law h : R™ — R™ satisfying h(0) = 0, such that

the RPI set of the system 2zt = f(z + &, h(z + Z)) exists with Z € B(dz) C R™.

With Assumption 3.1, X' can be defined as this RPI set.
Let dy be a large enough positive constant and

Vo={zeR" | V(z) <dp} (6)

where V' (x) is defined in (4). Then we introduce the following assumptions, which actually place
requirements on the parameters in the FHOCP.

Assumption 3.2
There exist class K functions ay, as, 81, and S5 such that

k(z,u) > ai(||z]), Vo eV, Vu eld, 7
Viz) < ag(l]]), Vo e Vo (8)
Bulllzll) < Vi(z) < Bo(l]]), Vo eR" ©)

hold.
Let d, be a positive constant that satisfies

dw > Oél_l(do) + dw

and X; be the N-step reachable set of the system 2T = f(z,u) with the initial state z(0) €

B(d, + d,,) and u € U. Notice that because f is continuous and U, B(d, + d,,) are compact, X F
must be compact.

Assumption 3.3
There exist positive constants Lf, Ly, Ly,, Ly, and L,, such that for any 1,22 € Xf andu € U,

1f (1, w) = fw2,w)| < Lylley — | (10)
[h(@1,u) = k(@2 w)|| < Llzr — 22 (1
[V (21) = Vi(z2)ll < Ly [lzn — 22| (12)

and for any z € B(d,) and u € U,
1f (z,u) = F(0,0)[| < Lllz|| + Lullul (13)
hold.
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Given a pair (Z,u) € Vo x U, let z(t) be the solution to 2(t) = f(z(t),u) + v(t) with z(0) =
Z + wand w € B(d,,). Based on Assumption 3.3, z(¢) admits a unique solution. Then there always
exists a function €(Z, u) such that for any ||v(t)|| < d,, the following inequality

12(9(z, w)) = f(z, w)|| < €(Z,u) (14)

holds. Back to our framework, this inequality actually indicates a state/input-dependent bound on
the difference between the actual state z(¢;+1) and the first predicted state #; generated by the
discrete-time approximation model in (3), i.e., [|z(tx11) — 1| < e(Z(t), u(ty)). Then

€ = max €(x,u 15
A eV, uel (@,u) (13)

is actually a constant upper bound on the approximation error.

Remark 3.1

In practice, finding the optimal solution in (15) might be computationally expensive. Instead, we
just need an upper bound on ¢(x, u) over x € V, and u € U, which will be much easier to calculate.
Assumption 3.4

Forany z € Xr + B ((dw + emax)LJY_1>, the function h(x) satisfies

f
h(z) €U, and (16)
Vi (fl@.h(@)) = Vi(a) < —w(a, h(x)) a7)
hold.
Remark 3.2

This is a standard assumption in MPC formulation except that equations (16) and (17) must be valid
over a slightly larger set other than the terminal set X7 due to system disturbances, measurement
noises, and modeling error in the FHOCP.

Assumption 3.5
There exist two positive constants p € (0, 1) and d such that for any = € V, and u € U,

Oe(z,u) < pr(z,u) +d, (18)
where
N-1
6 = Z LeLi ™'+ LVfoN_l. (19)
i=1
Remark 3.3

Assumption 3.5 places a threshold on the function e(x, u) that measures the model approximation
error. In fact, this assumption, together with inequality (14), establishes a relation between the
discrete-time approximation model (characterized by f), the self-triggering scheme (characterized
by §), and the running cost (characterized by ). It indicates that, although f and g can be designed
in different ways, the resulting approximation error must be bounded by a threshold related to the
running cost function.

Theorem 3.1
Consider the system in (1) with the controller defined in (4). Suppose that Assumption 3.1-3.5 hold.
If the FHOCP is feasible at to with Z(tg) € Vy and the following inequalities

tk+1 - tk S ﬂnax(dw)a Yk S ZSF, (20)
di Z (dw + €max)L}y—17 (21)
do—dwf—d=>=  max [V(z)—(1-p)ai(lz])] (22)

dyw0+d
au (|| < plte
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hold, where

—1
log (1 + — Ly(ds—dw—a; (do)) : )
Tmax(dz) — Ly(aj (d0)+z1;)+Lu maxy ey ||u]|+doy (23)

then Z(t3,) € Vo forall k € Z7, 2(t) € B(d,,) for all t > t,, and the closed-loop system is uniformly
ultimately bounded.

Remark 3.4

Inequality (20) places an upper bound on the inter-sampling time intervals for safety reason. This
ensures that (¢) will not deviate too much from Z(tx) over [tg, tx+1). According to Theorem 3.1,
it guarantees that x(¢) stays inside B(d). Based on the definition of Tiyax(ds), it can be arbitrarily
large by simply increasing d, in linear systems. For highly nonlinear systems, however, large d,
might result in large L; and L,,. In that case there may exist an upper bound on Ty« (d,), due to
the limitation of system dynamics. Moreover, large d, and dy may lead to large €,,,x and therefore
cause issues on the existence of h(z) satisfying (16) and (17).

Remark 3.5
Inequality (21) means that the terminal set X7 must be able to guarantee set invariance in
the presence of disturbances with the maximum magnitude of (d,, + emax)L}Y ~1, while (d,, +

emaX)L? ~1 is actually an upper bound on the accumulated prediction error after N steps.

Remark 3.6

Inequality (22) is used to ensure that the ultimate set (characterized by dif%td) for Z(t) is
included in V), such that the behavior of Z(t;) can be limited inside Vy. When d, = d,, = d =0,
inequality (22) can be removed, since in that case V (Z(tr+1)) < V(Z(tr)) < --- < V(Z(tg)) < dp
will always hold.

4. PARAMETER DESIGN

This section discusses how to co-design of the FHOCP and the scheduling function § to meet the
stability conditions. One of the challenges is that it may be hard to find the function V(z) and
therefore the elements in the set )V, cannot be explicitly identified. Alternatively, in the design
procedure we usually choose x(z,u) that satisfies (7) for any z € R™ and any uw € . Then we
know that for any € R",

V(z) = k(z,0") = aar(||z]) (24)

holds, where 4, is the first element of the optimal control inputs to the FHOCP with the initial state
x. With this inequality, we can define the set &)y as follows:

Xo ={z € R" | an(||z]]) < do} (25)

and obviously Vy C &). As a result, the assumptions in Theorem 3.1 can be verified over Xj. For
instance, if there exist an upper bound on V' (z) over Ap, inequality (8) in Assumption 3.2 can always
be satisfied [33].

Most model approximation methods [34] or numerical approaches admit explicit forms of e(x, u)
in inequality (14). For instance, Euler forward method has the following iteration

Byt = f(ay,ay) = &, + Tf(&, af)

where T is the sampling period. It is a first-order approximation with the truncation error O(7?).
Traditional approaches with higher-order truncation error include midpoint method (O(T?)), Heun’s

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2015)
Prepared using rncauth.cls DOI: 10.1002/rnc



8 LIXING YANG, SAMUEL DAUCHERT, XIAOFENG WANG

method (O(T)), Runge-Kutta method (O(T?)), and explicit Runge-Kutta method, to name a few.
All these approximation models can be used in our framework as the discrete-time approximation
model. The approximation error bound in these approaches, i.e., €(x, u), usually can be arbitrarily
small by reducing the sampling period 7. As an extension in our framework, 7" can be time-varying,
dependent of Z(t;) or (%, al) to cancel certain nonlinearity in f from f (2%, 4%), such as

‘%;:rl = ‘%;c + 51(% 'LAL;C)f(:L'k, uk)

using Euler method. In either case, the sampling period must be chosen in a way that the resulting
approximation error satisfies inequality (18). To do so, one can choose g first to simplify the structure
of f if possible and then identify « that meets (18), or inversely, pick « first and then select § small
enough such that inequality (18) holds. Notice that there may be many ways to choose §(x,u).
We must guarantee the existence of a positive lower bound on §(x,u) for any x € Xy/{0} and
u € U/{0} to avoid Zeno behavior.

The parameters A and X7y must be defined together to meet Assumption 3.1 and 3.4. For
linear systems, one can use the MPT toolbox [35] to compute the maximum RPI set inside
{z € R" | h(z) € U}. For nonlinear systems, we can consider input-to-state stability of the system

2t = f(z+ &, h(z + 7)),
and design the feedback law h(z) such that
Vi (27) = Vi(2) < —r(z,h(2)) +(IZ])

holds for all z € Xy and & € B(dz), where v is a class K function. Obviously, when Z = 0,
inequality (17) is recovered. Since ||Z|| < dz, we have

Vi (%) = Vi(2) < —au(lz]]) +7(dz).
With inequality (9), we know that the set
zeR" | Vi(z) < max (B2 —a1)(s) +v(dz) (26)
sE[O,al_lo’y(dj)]

is a RPI set that meets Assumption 3.1. Then we can reduce the size of d; such that X7 is small
enough to guarantee inequality (16).

5. ILLUSTRATIVE EXAMPLES

This section presents two examples to demonstrate how the theoretical results can be applied to
co-design the FHOCP and the scheduling scheme.

5.1. Example 1

The nonlinear system under consideration is as follows:

(0.2e01@1+22) 4 1)(0.521 + 5xp) (0
0.5z sin(z1) + 2 !

(0.2e01(@1H22) 4 1)(2.521 + 1.2529 + 2u)
0.5 sin(xzq) + 2

Tr1 =

Ty =

+ ’Ug(t).

Assume that d, = 107, d,, = 107>, and the input constraint is |u(t)| < 2.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2015)
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Let N = 4 and the set X, defined by
Xo={z eR" |||z < 1}.

Let d, = 1.15. Then Ly = 3.4561, L,, = 1.2246 over z € B(d;) and Thax(d,) = 0.0243.
Using Euler-forward method to approximate this nonlinear system, we obtain the approximation
model

Agq
~ 0005 005 \ | ., 0\ .
=1 ( 0.025 0.0125 > et ( 0.02 )“k
N———’
A B

where

_0.0052; sin(xq) + 0.02

Notice that with the state-dependent g, the model used in the FHOCP becomes linear.
Given the set Xp, we can see that §max = MmaxXzcx, §(z) = 0.0205 < Tpax(ds). So

inequality (20) is trivially satisfied. Given the approximation model f, we can calculate the

approximation error bound e(x, u) on ||z(§(x)) — f(z,u)]:
~ d'u Lig(z)
e(w,u) = (§@)If @l + 75 +dy ) (490 = 1) +d,
Ly
= <|A:c + Bul| + Z—v + dw> (eLfg(I) - 1) + dy.
!

Notice that this bound e is valid for any positive function g. Now we apply the definition of g in (27)
into the equation above and define the cost function to guarantee inequality (18). Let p = 0.6225,
0 = 12.8132,

k(z,u) = 0.08|z|| + 0.0302||u||, Vi(z) = || Pz]|,

p_ ( —2.7502 —5.9069

—0.0017 —3.5196 > LK = (—5.9346 — 5.4436) ,

d= ((z” + dw> (elsdmex —1) + dw> 0 = 1.6476 x 107*,
!
L, =0.08, Ly, =10.9602, and €pax = 0.0053. The parameters P and K are computed using
the technique proposed in [36], such that inequality (17) holds with h(z) = Kz. With such a
setting, the FHOCP becomes linear programming and the explicit solution can be found to speed
up the computation [37]. Of course, in many cases, it is infeasible to convert the FHOCP to
as simple as linear programming. However, by appropriately choosing g, it is still possible to
simplify the FHOCP, such as transforming nonconvex programming (under fixed period) into
convex programming (under §).
We now can verify inequality (18) over x € Xy and u € U:

dy ;
Oe(xz,u) <6 <||Ax + Bu||+ — + dw> (eLfgmax —1) +dy
Ly
< 0.0498||z|| + 0.0188||u|| + 1.6476 x 10~*
= pr(z,u) + d.
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To define X7, let us consider

Vi(f(z+2,h(z + 1)) — Vi(z)

= |P(Aq + BK)(z + @)|| — || Pz|

< ||P(Aq + BK)z|| — [|Pz|| + | P(Aa + BK)Z|
< —k(z,Kz) + |P(Aq + BK)z||

< —0.08||z|| — 0.1644|z| + ||P(Aq + BK)||ds

So the terminal set can be defined as

Xy = {z € R" | ||Pz| < 354.9257 - d;}.

To ensure h(z) € U for all « € Xy + B ((d,,, + ema) LY —1) where (d, + emax) LY 1 = 00061,
we check the bound on || Kz||:

|K(x+3)| < |[KP|[|P(x + 2)]|
< 0.7944 - (354.9257 - d; + 0.0061|| P||) < 2

where PL' = (PTP)~'PT and ||| < 0.0061. Solving this inequality , we can set dz = 0.0069 >

(dw + emaX)L}Y ~1, which means that inequality (21) is satisfied.

To check the satisfaction of inequality (22), we first calculate o} ! (%ﬁd) = 0.0097. So

o l1£0-0097 [V(z) = (1 = p)aa(||z]])]

= 0.0751 < 0.0797 = dy — d,,0 — d.

We first set v(t) = w(t) = 0. The top plot of Figure 2 shows the state trajectories that converge
to the origin. The input also converges to zero, as shown in the middle plot. The bottom plot
shows the history of the computation periods. It converges to 0.0167, which is consistent to the
theoretical result lim ¢ g(x) = 0.0167 in this case. Figure 3 shows the history of V' (z(t)),
which is monotonically decreasing to zero. Figure 4 shows the history of the actual state and the
predicted state Z}.. Notice that 2}, is an approximation of z(t1) at t;. We can find that the states
are very close, though the approximation model is different from the actual plant.

In the second simulation, the disturbances and measure noises are added, where v(¢) and w(t) are
randomly chosen over [—d,, d,] and [—d,,, d,,], respectively, with d,, = 0.1 and d,, = 0.01. In the
top plot of Figure 5 the state trajectories oscillate around the origin due to disturbances and noises.
Accordingly, the inputs and the inter-sampling time intervals vary slightly, as shown in the middle
and bottom plots. Meanwhile, V' (x(t))) also admits temporary increases in Figure (6).

5.2. Example 2

We consider a crane [38] with the horizontal trolley position x1, the trolley velocity x5, the excitation
angle 3, and the angular velocity of the mass point x4. The control u is the acceleration of the
trolley. Let z = (z1, z2, 3, x4)T € R*. The crane model is described as follows:

L2
u
T4
—gsin(z3) — ucos(zs) — bxy

&= fz,u) = (28)

with the initial condition zo = (0.5,0,2F,0)", where g=9.81m/s* b=0.2Js. The input
constraint is assumed to be |u(t)| < 1.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2015)
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Figure 2. The state trajectories and computation periods with v(¢) = w(t) = 0. The top and middle plots
show the convergence of the states and input, respectively. The bottom plot shows that the inter-sampling
intervals that converge to lim|,,||_,o §(z) = 0.0167.

To formulate the MPC framework, we set the prediction horizon N = 4. The cost function is

k(z,u) = ||z|| + 0.15/ul, V(z) = 2|z| 29)

The inter-sampling interval function §(z, «) can be simply defined by
g(x,u) =0.01 (2 — sin(xs)). (30)
The discrete-time model is then &' = &% + §(&, u) f (&, u). With this setting, we set d,, = 8.

Then we can numerically calculate Ly = 9.8119, L, = 1.4142, Lf = 1.2277, 0 = 7.4358, €max =
0.1398, and d; = 0.2587. The approximation error is

e(wyu) = gla,w)|f (@) (9 1)

We can see that §max = maxzcx, §(x,u) = 0.03 < Thax(d;) = 0.0321. We can verify (18) with
d = 0 that

Oe(z,u) < 0.7491]|z|| 4+ 0.1080|u| < pr(x,u)

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2015)
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Figure 3. The history of V(Z(t)) when v(t) = w(t) = 0, which monotonically decreases to zero.
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Figure 4. The history of the predicted states and the actual states, which are very close. It shows that the
discrete-time model can approximate the plant at the sampling instants.

where p = 0.8. We leave X7 = R" since both the continuous-time and discrete-time systems can
be stabilized by the control law h(z) = —0.1x; — 0.1x.

With this setting, we plot the state trajectories in Figure 7. We can find that the system
asymptotically converge to the origin. Figure 8 shows that the inter-sampling time intervals vary
dramatically during transience. Since § is only related to z3 in this case, when x5 reaches the steady
state, the time intervals also converges to a constant lim,_,o ,—0 §(x,u) = 0.02. We then change the
triggering function to §(x,u) = 0.01(2 + cos(x3)) with the other settings remaining the same. The

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2015)
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Figure 5. The state/input trajectories and computation periods in the presence of disturbances and noises.
In the top plot, the states oscillate around the origin. Accordingly, the inputs and the inter-sampling time
intervals vary slightly, as shown in the middle and bottom plots.

system is still stable, though the inter-sampling time intervals are completely different as shown in
Figure 9. It demonstrates that our proposed principles can be applied to different triggering schemes.

6. CONCLUSIONS

This paper studies stability of nonlinear sampled-data systems controlled by discrete-time MPC,
in the presence of exogenous disturbances and measurement noises. It suggests the co-design of
the discrete-time FHOCP and the scheduling algorithms, where the scheduling scheme is coupled
with the design of the discrete-time FHOCP in a sense that the model approximation error at the next
sampling time instant must be bounded by a threshold function related to the running cost. Sufficient
conditions are derived to guarantee uniform ultimate boundedness of the closed-loop system. The
results are applicable to most conventional model approximation approaches and various scheduling
schemes.

There are several many open problems in this framework. For instance, the choice of the
scheduling function §(z,u) is very flexible in this paper. On the other hand, however, it is not

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2015)
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Figure 6. The history of V(Z(¢;)) in the presence of disturbances and noises, where V (z(t;)) admits
temporary increases.
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Figure 7. The state trajectories of the crane with §(z,«) = 0.01 (2 — sin(«3)), which converge to the origin.

very clear that, for a specific system, which choice will be the best, with respect to computation
load and the complexity of the resulting FHOCP. A more systematic approach to formulate the
design procedure is expected, which will be studied in the future work. Tracking is another potential
issue under this framework. When the reference signal is time-varying with high frequency, the

Copyright © 2015 John Wiley & Sons, Ltd.
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Figure 8. The history of the inter-sampling time intervals with g(x,u) = 0.01 (2 — sin(z3)). The inter-
sampling time intervals vary dramatically during transience and eventually converge to a constant, which
is consistent to limg 0 y—0 §(z, u) = 0.02.
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Figure 9. The history of the inter-sampling time intervals with §(z,u) = 0.01(2 + cos(z3)). The inter-
sampling time intervals are completely different from the case when §(z, v) = 0.01(2 — sin(x3)).

approximation model may have to be accurate enough to capture variations in the reference signal;
otherwise, undersampling may occur. How to balance the relation between the approximation
model, the scheduling scheme, and the reference signals in this framework will be investigated
in the future.
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A. APPENDIX: PROOF OF THEOREM 3.1

First of all, we construct a sequence of control inputs for the prediction model in (3) at the (k + 1)th
computation cycle with the initial condition ) | = Z(tx+1):

att i =0,1,..,N -2 1)
u =
b To Be Determined. i = N — 1

With @ , and &, ; = Z(tj41), the discrete-time model in (3a) will generate the predicted states

at the (k 4 1)th computation cycle as &}, for i = 1,2,--- N — 1. Notice that 2}, , is undefined
~N—1

yet because i, is not specified yet.
Then we introduce three lemmas (Lemma A.1-A.3).
Lemma A.1
Suppose that Assumption 3.2 holds. If Z(¢x) € V) and
tk+1 - tk S Tmax(daﬁ) (32)

hold, where Tyax(d ) is defined in (23), then x(¢t) € B(d,) for t € [tx, tri1].

Proof
We prove the statement by contradiction. Suppose that z(t) & B(d,,) for some t € [ty, tx+1]. Because
Z(tr) € Vo, we know V (Z(ty)) < do. By Assumption 3.2,

ar([2(te)]l) < m(@(t), ay") < V(@(t)) < do

holds. So [|Z(t1,)|| < o7 ' (do) and therefore 2(t;,) € B (a7 ' (do) + dw) C B(dy), ie., |z(t)] < da.
Since x(¢) is continuous, there must exist t* € (¢, t511) such that

z(t")]| = da, (33)

lz@)| < dzy V€ [t t"). (34)

Consider the system in (1) over [t;,t*]. By inequality (34), we know xz(t) € B(d;) for any
t e [tk7t*]. With u(t) = ’U,(tk) eu,

%le(t)ll < (@), ult)I + (@)l
<Lyl + Lullu(t)| + do.

Solving this inequality yields
()] < ll(ts) ™= + W (eLm—tk) _ 1)
f
< (|2 (tg) || + dy )els ter=te)

+ LUHu(tk)” + dy (eLf(thrl*tk) _ 1)
Ly

< (o7 Hdo) + dy)els Tmax(de)

4 Lumaxuey [[ull + dy (eLmeax(dw) _ 1) —d,.
Ly

for any ¢ € [t;,t*], where the last equivalence comes from the definition of Ty« (d,;) in (23). The
inequality above is contradicted with ||« (t*)|| = d,. Therefore, the proof is completed. O
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The following lemma quantifies the error between the predicted states computed at the kth and
k 4 1th computation cycles.

Lemma A.2
If Z(ty) € Vo, Z(tr+1) € B(dx + dy), and Assumption 3.2-3.3 hold, then

2425 — 2371 < (dw + &) L7 i =1,2,.., N. (35)
holds where
e =€ ((ty), 1)) . (36)

Proof
We prove the statement using mathematical induction. By the assumption Z(tx) € Vo C
B (afl(do)), we know that x(t) € B(d,) by equation (2). Since z(t) is the solution to the system

in (1) with u(t) = ﬁg * over [ty, ty11) starting from x(t;), by inequality (14),
| (0 + st a0) = £ (@t a27)|
€ (i‘(tk), 122’*) = €.
~1,%

By equation (5), we know 11 =t + §(ZT(¢ ),ﬂg’*) and by equation (3a), we have ;" =
£ (2(t), @"). So the inequality above implies

= (teg1) — 27| < e 37)
So for i = 1 we have
~ Al * ~1,%
12941 — &l = 12 (tega) — 27|

= |Z(tkt+1) — 2(tgs1) + z(te+1)

<2 (1) = @)l + () — 3,7
< dy + €.
Next we assume that inequality (35) holds for: = p — 1, i.e.,
13773 = &1 < (dw + ex) L7 (38)

and prove that inequality (35) also holds for ¢ = p.
According to equation (3a) and the definition of % 41 in equation (31), we have

@t = f@y At and
apy = @ apnd) = faEiap ).
Therefore,
271 — 277

=1 a) = f@ L a )
Since Z(ty,) € B (a7 ' (d ) C B(d; + dy) and Z(tg41) € B(d, + dy ), we have :Iczﬁ, b e X;
for any p < N. With ﬂp "* € U, by inequality (10) in Assumption 3.3 and inequality (38), we have

~p—1 _ .p, ~p—2 _ ~p—1,
27 — 207 < Lpllayy — a7l

< (dw + ek)pr_la
which completes the proof. O
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Lemma A.3
Suppose that Assumption 3.2-3.5 hold and

Z(tr) € Vo, Z(tk41) € B(dy + du).

N-1
If inequality (21) holds and there exists an admissible optimal solution {fc;*, 112*} to the
i=0

FHOCP in (4) at the kth computation cycle, then {}, +1}£\;0 and {a}, +1}i201 are admissible to
the FHOCP at the k + 1th computation cycle, where % 41 is defined in (31) fori = 0,1,--- | N — 2
and

= h(Ea)- (39)
Moreover, the following inequality
V(Z(tk41)) = V(Z(tr)) < dwl +d = (1 = p) o ([|Z(t) ) (40)
holds.
Proof

" . i N
We first show that ,ICV v 11 € U and the state trajectory {x}c 11 }i: o generated by the control sequence

{ai ., }i:O , is admissible to the FHOCP.
Since the assumptions in Lemma A.2 hold, equation (35) holds, which, together with
inequality (21), implies

l#R5" = < (o + ) LN < ds. 1)
So there exists Z € B(dz) such that

AR (42)

Notice that
Epp = f (fszHla affv-i-ll) =f (i’fc\:ll h (%V-Hl))
= f (i +an (3 +3)). @3)
N-1
Because {xz * ﬁ; * } is admissible at the kth computation cycle, &y € X7 holds and therefore
i=0

j1kv+—11 eXr+B ((dw + emaX)LJfY_1> So by equation (16) in Assumption 3.4, ukJrl = h(:i:kNJ:ll) €

U holds. Meantime, because X'r- is robust positively invariant with respect to the system in (43),

&Y., € X7 holds. So {&},,},, with {af,,} ' is admissible to the FHOCP at the k + lth
computation cycle.

Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2015)
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Let J[Qij41|Z(tx+1)] be the cost of the FHOCP generated by ti41 = {4}, }Z\:Ol with the initial
condition Z(tj1). Consider

g1 [Z (1)) = V(2(tk))
N-1

Z K (ﬁg+1va§c+1) + Vs (C%IJCVH) = V(z(tr))

%

Il
o

2
N}

K (B ) + 5 (B0 ans) + Ve (320)

1=0
V(@(ty)) + Vy ($k+1 ) -V (‘%{f\’—&-ll)

(t
+/f( . PO*)—R(mi*,ai*)

= ’i( IIeVi “k+1 ) + Vf(karl) Vf(ka )

N
—r (& a") + @ (44)

where

N—2

® = “(mkﬂaukﬂ) + Vs (xk+1 ) +n(m2*,a2*)

i=0

= V(@(tr))
Given ikNJll e Xr+B <(dw + emax)L;y_l) and inequality (17) in Assumption 3.4, we have ¥ <
0, since &Y, ; = f (#p " (@4 ")) Therefore, equation (44) implies

Tt |Z(tes)] = V(@) < @ — & (307, 007) . (45)

Consider ®. Notice that the first term in ® can be written as
N-2 N-1

Z K (f2+17ﬁ2+1) = Z ‘%2-4-117&2;1)

=0 i=1

According to equation (4),
N-1
V() = 3w (a5 ap) + vy (a7).
=0
Therefore, using this equation to replace V (Z(tx)) in @,
N-1
A1 N ~N—
¢ = Z k(@45 t50) + Ve (300)
i=1
N—1
= 3w () < v (#). 6)
i=1

By equation (31), u]€+1 = ﬁ}c* fori=1,2,---,N —1.So

=

-1
Y | Nk adk
¢ < "‘L(Ikﬂ’“kﬂ)*”(% » U )‘

v (52°)
N-1

si—1 Ai’* ~N—1 ~N,*
= L || Thyy — H%H T ||
i=1
Copyright © 2015 John Wiley & Sons, Ltd. Int. J. Robust. Nonlinear Control (2015)
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where the last inequality comes from equatlon (11) and (12) in Assumption 3.3, given
Z(tx), Z(te1) € B(dy + d,,) and therefore &), 27" € Xjfori=1,2--- N.

By < (dw + ek)Lfl Yfori=1,2,---,N. Therefore,

Frn — &

N-1
® <(dy + ;) (Z L.L; '+ LVfoN_1> )

i=1

0

With the inequality above and inequality (18) in Assumption 3.5, inequality (45) can be further
simplified as
J[ﬁk+1|f(tk+1)] — V(f(tk))
< -k (x(]i " Ag ) + (dw + €x)8
< —(1—p)k(2075,4)7) + dwb + d.

Therefore,
V(Z(ths1)) = V(2(tr))
= min J{O11|2(te41)] — V(2(tk))
Up+1
<—(L—p) K (@0, a0") +dwbd +d
< =1 =p) ax ([2(tx)]]) + duwd +d,
where the last inequality comes from Assumption 3.2 and the fact & AO Y= Z(tg). (]

Now we are ready to prove Theorem 3.1. It will be shown that

The FHOCP is feasible at ¢ 1, @7

Z(ty+1) € Vo, and (48)

V(Z(trr1)) = VI(Z(tk)) < dub +d — (1= p) o ([[2(tx)]]) (49)
hold for £ = 0,1, 2, - - -, using mathematical induction.

For k = 0, Z(tp) € Vy by the assumption. Since the hypotheses of Lemma A.1 hold for k£ = 0,
we have z(t1) € B(d,) and therefore Z(t1) € B(d, + d.,). Meanwhile, with Z(ty) € V) and the fact
that the FHOCP in (4) admits a feasible solution at ¢, the hypotheses of Lemma A.3 are satisfied
for k = 0, which implies that {#}} and {a}}, ' are admissible to the FHOCP at t; with the
initial condition Z(¢;), and

V(Z(t1)) = V(z(to)) < —=(1 = p) ax ([|2(t0)[]) + dwt + d. (50)

There are two cases to be discussed. If ||Z(to)|| > o (d“"9+d> then V(Z(t1)) < V(Z(to)) < do

and therefore Z(t;) € Vo. If | Z(to)|| < af (d M) then with V (z(ty)) < as(|Z(to)]|), we have

V(z(t1)) < aa([[Z(to)[)) = (1 = p) axr ([[Z(to)]) + duwb + d.

By inequality (22), we know V' (Z(¢1)) < do. Therefore, Z(t1) € Vo holds in either case.
Assume that the statements in (47) — (49) hold for £k = p — 1. We will show that they will also
hold for k& = p.
By Lemma A.1, inequality (20), together with Z(t,) € Vy, implies z(¢,+1) € B(d;) and therefore
Z(tp+1) € B(dy + dy). Since the hypotheses of Lemma A.3 hold for k¥ = p, we know that the
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FHOCP is feasible at ¢, ; and

V(Z(tpy1)) = V(Z(tp)) < duwl +d — (1 = p) ar ([[Z(tp)]) -

Following the previous analysis, two cases can be discussed. If ||Z(t,)|| > o' (dlff;d) then

V(1) < V() < do. T a(ty)]] < op* (4259), then with V(2(t,)) < as(la(t,)]]) by
Assumption 3.2,

V(z(tpy1)) < aa(l[z(tp)l) — (1 = p) e ([[Z(tp)])
+dy,0+d.

By inequality (22), we know V (Z(tp4+1)) < do. Overall, Z(t,+1) € V, holds for both cases. So the
statements in (47) — (49) hold for all k£ € ZS’ .

Since Z(ty,) € V, for all k € Z7, we know by Assumption 3.2 that oy (||Z(t3)|]) < V(Z(tx)) <
as(||z(tk)||), which, together with inequality (49), implies that {Z(tz)}7° , is uniformly ultimately
bounded. For any ¢ € [t;,tx+1), We solve the following differential inequality

%le(t) —&(to)ll < 1 @), &) + [0l < finax + do,

where  finax = maxgepa,),ueu ||f (2, u)||, with the initial condition |z(tx) — Z(tr)|| < dy. It
implies that for any ¢ € [t, tg+1)

() — 2(t) | < duw + (frnax + do) G(E(t), 8@)7)

<dw max d’U g 77 M
< dy + (fmax + )je{}rgégeug(w u)

So z(t) is also uniformly ultimately bounded.
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