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Abstract. It is well known that asymptotically flat black holes in general relativity have a
vanishing static, conservative tidal response. We show that this is a result of linearly realized
symmetries governing static (spin 0,1,2) perturbations around black holes. The symmetries
have a geometric origin: in the scalar case, they arise from the (E)AdS isometries of a
dimensionally reduced black hole spacetime. Underlying the symmetries is a ladder structure
which can be used to construct the full tower of solutions, and derive their general properties:
(1) solutions that decay with radius spontaneously break the symmetries, and must diverge
at the horizon; (2) solutions regular at the horizon respect the symmetries, and take the form
of a finite polynomial that grows with radius. Taken together, these two properties imply
that static response coefficients — and in particular Love numbers — vanish. Moreover,
property (1) is consistent with the absence of black holes with linear (perturbative) hair. We
also discuss the manifestation of these symmetries in the effective point particle description
of a black hole, showing explicitly that for scalar probes the worldline couplings associated
with a non-trivial tidal response and scalar hair must vanish in order for the symmetries to
be preserved.
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1 Introduction

Chandrasekhar famously wrote [1]: “the black holes of nature are the most perfect macro-
scopic objects there are in the universe: the only elements in their construction are our
concepts of space and time”. Indeed, the nonlinear vacuum solutions of the Einstein equa-
tion, first discovered a century ago, are elegant in their simplicity, yet deeply mysterious.
Students of black holes learn to cajole them to give up their secrets by thought experiments:
we throw objects at them and see what comes out; we perturb them and see how they re-
spond. Of the many remarkable properties of black holes, we wish to focus on two: the
vanishing of the so called Love numbers, and the absence of hair.

Consider a black hole in a tidal environment, which could take the form of an external
gravitational field generated by other objects, but could also be an external scalar or vector
field. The situation is analogous to placing a dielectric under the influence of an external
electric field. The charges inside the material get displaced, setting up a multipole moment
which sources an observable response field. For black holes, though, such a polarizability,
or tidal response, appears to be absent. Let us be more precise: under the influence of a
weak static tidal field (spin 0, 1, or 2), black holes have vanishing Love numbers [2-19].



The Love numbers quantify the tidal response: suppose the external tidal field goes as r’

at large distance r (¢ is the multipole of interest), an object such as a star that gets tidally
deformed would source a response field that goes as 1/r*! far away.! The coefficient of this
1/r**1 tail, normalized by the amplitude of the tidal field, is the Love number, or rather
Love numbers (or Love tensors even), for there are in general different types of tidal fields

one could turn on.2

For a weak static tidal field, the problem reduces to that of studying static linear
perturbations around the object of interest, be it a star or a black hole. At a large distance
from the object, the perturbation, suitably defined (let’s call it ¢), obeys

Vi =0, (1.1)

which admits two linearly independent solutions at large 7, one with a growing r* profile
and one with a decaying 1/r! profile at multipole order £.> For a star, the growing (tidal)
solution is generally accompanied by the decaying tail, signifying deformability. For a black
hole, the growing solution is regular at the horizon while the decaying one is not (and therefore
discarded). These two facts combined tell us its Love numbers vanish.*

The second fact, that the decaying solution diverges at the horizon, ought to remind
us of no-hair theorems. No-hair theorems tell us we would inevitably fail if we attempt
to endow black holes with extra features, in other words, hair that is static and falls off
with distance. As we will discuss below, from the perspective of the second order linear
differential equation, just as ¢ has two possible asymptotics at large = (i.e. ¢ and 1/r*1),
it also has two possible behaviors close to the horizon (i.e. regular and singular). Hair —
if it exists — would correspond to a solution that is purely decaying at infinity and is also
regular at the horizon of the black hole. As such, having hair would be somewhat surprising,
because our generic expectation is that a purely decaying solution at infinity would map to
an admixture of regular and singular modes near the horizon. Indeed, we will see that we can
use symmetry arguments to confirm this expectation. Of course, the full no-hair theorems
are stronger and more nontrivial than the version we focus on in this paper: they apply even
when some nonlinear interactions are present, and/or when the metric is not a solution to
the Einstein equation (but crucially must have a horizon) [23-32].> Nonetheless, our limited
version — for linear, scalar/vector/tensor hair around a Schwarzschild or Kerr black hole

!The precise exponent depends on the choice of field one focuses on. For instance, for the gravitational
field, while the metric fluctuations have r* and 1/r**! asymptotics at large r, the Weyl tensor asymptotes to
r=2 and 1/r*3,

2There is some discussion in the literature on exactly how to define Love numbers [3, 5, 14, 15, 20]. Here,
we follow the definition laid out in [8, 17-19, 21, 22]. The Love numbers are identified with the coefficients
of operators in the point-particle action involving the square of the tidal field (in the case of spin 2, it is
the square of the Weyl tensor, suitably contracted). As such, the definition is explicitly gauge invariant, and
solutions to the Teukolsky equation can be related directly to the Love numbers. We rely in particular on
the matching computations in [18, 19]. This definition differentiates non-dissipative response (what we are
interested in) from the dissipative one, relevant especially for rotating black holes [14-17, 19, 22].

3We will therefore use the term “decaying branch” to refer to the purely decaying solution that goes as
1/r**1 at large 7, and refer to the solution with pure 7 asymptotics (no 1/7¢*! contribution) as the “growing
branch”. A general solution is a linear superposition of the two branches.

4More details about the growing solution are needed, in particular that as a power series in 7, only certain
powers appear, as will be explained below.

5We would be remiss not to mention exceptions: they generally involve hair that is not static, or does not
fall off at infinity, or is non-minimally coupled to gravity, or has special interactions [33-44].



— is a manifestation of these theorems, and it connects naturally with the phenomenon of
tidal response.’

In contrast to linear hair, the vanishing of Love numbers is more of a surprise: our
natural expectation would again be that the solution that is regular at the horizon will be an
admixture of an applied tidal field at infinity (r‘) along with its induced response (1/r*1).
The surprise is that the solution to the relevant linear differential equation regular at the
horizon is also pure tidal field at infinity — meaning it has a single fall-off in two asymptotic
regimes. This is in contrast to the situation for generic objects, where boundary conditions
lead to both a tidal field and its response at infinity, implying a static response. The special
status of black holes in the space of objects begs for a symmetry explanation, and in fact
one exists. We will work out the symmetries governing static, linear perturbations of general
spin around Schwarzschild or Kerr black holes. Underlying them is a ladder structure that
connects solutions at different ¢s. The symmetries give rise to conserved quantities which
can be used to connect asymptotic behaviors at the horizon and at infinity. Interestingly, the
growing branch linearly realizes the symmetries while the decaying one does not. This gives
us a richer perspective on the choice of one branch over another: the boundary conditions
that differentiate between a star and a black hole are seen to pick out states that make or
break the ladder symmetries. In the scalar case at least, the symmetries have an identifiable
geometric origin: they follow from the isometries of an Euclidean anti-de Sitter space of
a suitably rescaled, dimensionally reduced black hole spacetime. Along the way, we will
uncover a second ladder structure, one that connects perturbations of different spin.

The symmetry understanding is interesting from an infrared perspective. A far away
observer, if they detect a ¢ ~ 1/ rf+1 profile, would conclude that the object of interest has
some sort of (multipolar) charge that sources such a profile. That is, they would model it by
adding a source term to eq. (1.1), localized on the object and proportional to the charge.”
A black hole cannot have such a charge, or hair. As we will see, the ladder symmetries have
a non-trivial large distance limit, telling us that a charge-less object like the black hole is
an object with enhanced symmetries. Likewise, if the far away observer finds a 1/r*! tail
when an r¢ tidal field is applied, they would conclude the object of interest has a non-trivial
static response. That is, they would model it by adding another source term to eq. (1.1),
localized at the position of the object and proportional to the tidal field. The proportionality
constant is the Love number. In the effective worldline description of the system, these
couplings break the infrared manifestations of the symmetries, so that the point in parameter
space where these couplings vanish (as is appropriate to model a black hole) is an enhanced
symmetry point.

A few papers are particularly relevant to our investigation. One is an interesting recent
paper by Charalambous, Dubovsky, and Ivanov [47]. They pointed out a different set of
symmetries that are also relevant for the vanishing of the black hole Love numbers. Their
symmetry transformation involves time, while ours is purely static. The connection between

51n this paper, by “hair” we mean any property or quantity that a generic gravitational object (such as a
star or a planet) can have but a general relativistic black hole does not have (i.e., any property or quantity
beyond the standard three: mass, spin and electromagnetic charge). We do not distinguish between primary
versus secondary hair [45]. In this sense, black holes in a theory with the scalar-Gauss-Bonnet coupling have
scalar hair [37] (see also appendix G). A planet with a complex landscape (i.e., mountains and valleys) has
complicated multipole moments in its exterior gravitational field, beyond those of a Kerr black hole [46], and
thus also has “gravitational multipole” hair.

"The approach of modeling distant behavior by adding terms to the point particle action is a standard
effective field theory technique (see e.g., [21]).



the two is an interesting question which we hope to explore in the future. Another influential
paper is by Compton and Morrison [48]. The ladder structure we find for black holes mirrors
the one they discovered for de Sitter space. As we will explain, there is a simple reason: at
least for the scalar case, the relevant metric, suitably reduced and rescaled, can be analytically
continued to de Sitter. Our strategy for identifying conserved charges follows theirs. The use
of conformal Killing vectors to relate different scalar theories (see appendix A) was pointed
out by Cardoso, Houri, and Kimura [49].

The discussion is organized as follows. We start with the simplest case in section 2: a
massless scalar in a Schwarzschild background. All the essential features that govern higher
spin perturbations in a Kerr background can be found in this case. Section 3 covers a scalar in
the Kerr spacetime, and section 4 extends the argument to vector and tensor perturbations.
In section 5, we discuss the infrared limit of the ladder symmetries. We conclude in section 6,
commenting on the extension to finite frequency and general number of dimensions. The
appendices contain a number of useful results: appendix A on the geometric origin of the
ladder symmetries, B on the Péschl-Teller potential and its relation to our problem, C and D
on the ladder structures in the Regge-Wheeler and Teukolsky equations respectively, E on the
supersymmetric structure of the ladder symmetries, F on certain hypergeometric identities
helpful for revealing the ladders, and G on black hole hair and tidal response for a scalar
coupled to the Gauss-Bonnet curvature invariant.

2 Ladder in Schwarzschild

The simplest manifestation of the ladder symmetry structure we wish to describe is in
the equation for a massless scalar propagating in a fixed Schwarzschild background. The
Schwarzschild metric is

A 2
ds* = At + Tdr? + r2(d6? + sin® 6 dp?), (2.1)

2 A
where A = r(r — rs) and r; is the Schwarzschild radius. A static, massless scalar ¢ in this
background satisfies the equation of motion

Or(A0rdg) — £(L+1)¢p = 0, (2.2)

where we have decomposed ¢ in spherical harmonics, i.e., ¢y is the field amplitude associated
with a particular Yy, (0, ), with ¢ the angular momentum quantum number (the equation is
independent of the magnetic quantum number m, and therefore we will suppress this index
in what follows). It will prove convenient to multiply eq. (2.2) by —A, rewriting the equation
of motion as:

Hypp =0, where H, = —A((‘?T(Aar) - £(€ + 1)) s (2.3)

which defines a “Hamiltonian”, Hy, where derivatives act on everything to their right. For
large 7, it is easy to see that the two linearly independent solutions to eq. (2.2) are ¢y ~ r*
(growing) or 1/r*1 (decaying). For r — r,, ¢y goes either as a constant or a logarithm,
In[(r — rs)/rs]. The tidal response of a black hole is determined by the ratio of the decaying
and growing modes at infinity, calculated under the assumption that the scalar remains
regular at the horizon. The key task is therefore to connect the growing/decaying profile at
infinity to the horizon asymptotics.



Let us define the following operators:

/41
DZ‘E—A@T-F +

(rs —2r),
, (2.4)
D, = A0, + 5(7‘5 —2r).

The geometric origin of these operators is discussed in appendix A. An explicit calculation
shows that they satisfy the following relations:®

_ _ (204 1)r2
Z+1Dzr _D;qDe -4 =, 26)
_ 0+ 1)%r2 22 ‘
Hy= De+1DZ - m =D/, Dy - 48 :

The th operators are raising and lowering operators in the sense that their algebra with the
Hamiltonian is”

Hy 1 Djf = D} Hy, Hy \D; = Dj Hy. (2.7)

Using this structure, from a solution at level £, i.e., ¢y such that Hy¢py = 0, we can raise to
a level £ + 1 solution. That is, D?gf)g solves Hg+1(D£+¢g) = 0. Similarly, we can lower to a
level £ — 1 solution, i.e., D ¢y solves Hy_1(Dy ¢;) = 0. Also, both D, D ¢, and D/~ D, ¢y
reproduce ¢y (up to a constant normalization), provided Hyp, = 0.

From this algebraic structure a whole tower of solutions falls into our lap immediately.
First, the shift symmetry of the scalar guarantees that ¢g = constant is a good ¢ = 0 solution;
then applying DZ’_I ‘e Df‘Dar ¢ gives us the corresponding solution at level ¢. From the
form of the raising operator, one can see the level £ solution is a polynomial in r of the form
¢¢ ~1+7r+---+rt Such a finite polynomial is manifestly regular at the horizon, r = ;.
This solution is of the growing type: going as r! at large r.

It is not difficult to write down the precise decaying solution for ¢ = 0 and raise it to
arbitrary .10 Instead we take a different tack: let us delve deeper into the symmetries behind
the ladder structure. Here, we follow the strategy of [48] who pointed out an analogous ladder
in de Sitter space.!!

We can use the algebraic structure to construct conserved quantities for each ¢. At the
£ = 0 level, it is easy to see:

Qo = A0, satisfies  [Qo, Ho] = 0. (2.8)

8Though it is not important to our argument, it is worth noting that if one deforms D* by introducing a
phase that catalogues the ¢ value as:

Li= Tzeim (;Aar + %A'(r)i@a) 7 Lo = —ida, (2.5)
then L4 and Lo satisfy an SL(2) algebra: [L+, Lo] = FL+, [L4+,L_] = —2Lo.

9In this sense, the ladder structure that we are discussing is slightly different from the more familiar
ladder structure in, for example, the harmonic oscillator. Here the ladder operators map a solution of a given
Hamiltonian — indexed by ¢ — to a corresponding eigenstate of a different Hamiltonian, indexed by ¢ + 1.
This is in contrast to the harmonic oscillator where ladder operators map between different states of the same
Hamiltonian.

The exact £ = 0 decaying solution is In [(r — rs)/7].

1n fact, as we discuss in appendix A, one can change variables to cast the static equation of motion (2.2)
as the equation for a (massive) scalar in a three-dimensional Euclidean anti-de Sitter geometry. From this
perspective, the vanishing of the static response is related by analytic continuation to the transparency of
odd-dimensional de Sitter spaces.



Thus Qo generates a symmetry in the ¢ = 0 sector. Climbing the ladder, we can con-
struct Q1 = DJ QoDj which satisfies [Q1, H1] = 0, i.e., DfQoDy Hy — H1Dj QoD; =
Dd [Qo, Ho)Dy = 0. Proceeding inductively, we have:

Q= DZ’_IQg,lDZ which satisfies [Qg, Hy] =0. (2.9)

It can be shown d¢p, = Qy¢y is a symmetry of the action, from which a corresponding Noether
current can be derived.'? In the static limit, current conservation takes the form 9, J/(r) =0,
i.e., the 7 component of the Noether current is a conserved quantity, in the sense of being
r-independent. For this reason, we will refer to it as “charge” in what follows.
It is simpler to identify the conserved quantities by inspection. Equation (2.2) tells us,
for £ = 0:
Py = Adr¢g is conserved: 0,P) =0, (2.10)

where ¢g is now an arbitrary solution of the £ = 0 equation. Conserved quantities at higher
£ can be obtained by climbing the ladder:

0Py =0, where Pp=A0.(D;D; --- Dy ¢p) . (2.11)

The philosophy is that, starting from any solution at level ¢, one can descend to £ = 0 by
a series of lowering operations, and then invoke the conservation of Py to see that P is
conserved. The Noether current associated to the symmetry d¢y = Qu¢y turns out to be
actually J,” = (P)?, but clearly this implies that P, is also conserved.'® We will sometimes
abuse the terminology and refer to P, itself as the conserved charge.

The utility of the conserved quantities P, is that they can be used to deduce properties
of the solutions to (2.2), without knowing their precise form. In particular this allows us to
understand how solutions with particular behaviors in the two asymptotic regions (near the
horizon and near r = oo0) connect to each other without explicitly solving the differential
equation. Consider the decaying solutions, which go like ¢y ~ 1/r*! at large r. Each D~
operator essentially increases the power in r by 1 at large ». Thus Dy --- D, (1/ 1) scales
as 1/r at large r, so that its corresponding P, is nonzero. Near the horizon, this solution
must have the same Py, since it is conserved as a function of r. Of the two possible horizon
asymptotics, the constant solution yields Py = 0 while the logarithm, In[(r — rs)/7s], yields
a non-vanishing Py as r — rg. Thus, conservation of Py tells us the decaying solutions must
diverge logarithmically at the horizon.'*

We already know that the growing branch of solutions, defined by ¢y = Détl e Dar oo,
with a constant ¢, is regular at the horizon (by virtue of being a finite polynomial). But
we can see this by charge conservation, too. The series of lowering operators in P, merely
reverts ¢, back to the constant ¢y (up to normalization) which implies that P, = 0 for the
growing branch. Conservation of Py thus tells us this solution, when extended to the horizon,
must approach a constant rather than the divergent logarithm.?

12Strictly speaking, there should be a dimensionful factor relating d¢, and Qe¢, which we keep implicit.

13Notice that P, and d¢ happen to coincide for £ = 0, but are different from each other for non-zero values
of 4.

“The solution that is purely decaying mode at infinity ~ 1/r is an admixture of the constant and
logarithmic fall-offs near the horizon, but the important point is that it is not regular at the horizon.

5Interestingly, charge conservation implies that the solution relevant for the computation of Love numbers
has a single fall-off when expanded in each of the asymptotic regions. This is closely related to the phenomenon
of reflection-less transmission in quantum mechanics, which we elaborate on in appendix B.

041



It is worth emphasizing the vanishing of the Love number follows from two facts: (1)
the purely decaying solution (~ 1/r¢*! at large r) is divergent at the horizon, and (2) the
solution that is regular at the horizon is a finite polynomial going as 1+ 7 + --- + rf. The
second fact by itself is not sufficient: it does not forbid us from adding to it a decaying tail
that goes as 1/r*1.16 A black hole, by the demand of regularity at the horizon, cannot have
this tail — implying that its static response vanishes, meaning zero Love number.

Fact (1) is also the content of the no-hair theorem. Indeed, Bekenstein showed that a
black hole cannot sustain static, scalar hair that decays at infinity [28]. His celebrated proof
makes minimal assumptions about the spacetime—relying essentially only on the existence
of a horizon — and is thus more general. Our derivation shows that, in the limited case of
massless scalar a Schwarzschild background, the absence of hair can also be deduced from a
symmetry argument based on the very ladder symmetries that imply the vanishing of static
response.

It is worth stressing that Bekenstein’s no-hair theorem applies even if the scalar has a
mass, or some non-trivial interactions. In such a case, our ladder symmetries — for a linear,
massless scalar — cannot be used to justify the corresponding no-hair property (see further
discussion in sections 5 and 6). Our seemingly narrow focus on a linear, massless scalar
is motivated by the eventual goal of studying linearized metric perturbations around black
holes: as we will see in section 4, a different ladder structure allows us to infer properties of
the linear spin-2 perturbations directly from those of the linear, massless scalar.'”

A pleasing feature of the story laid out so far is that one can also motivate the disposal of
the decaying solution by symmetry, rather than by the requirement of regularity. For instance,
at the £ = 0 level, it is simple to check that the symmetry transformation d¢g = Qo¢o vanishes
if ¢ is a constant (the growing solution), and is non-zero if ¢y goes as 1/r at large r (the
decaying solution). The same pattern can be established for the higher ¢’s by ascending the
ladder. That is, d¢y = Q¢ vanishes for the growing branch (thus respecting the symmetry)
and is non-zero for the decaying branch (thus spontaneously breaking the symmetry). The
symmetry perspective is helpful especially when viewing the black hole from far away —
such an observer might not even be aware of the existence of a horizon (let alone regularity
on it), but could determine whether the field configuration at large r is symmetric. This is
discussed further in section 5.

As an aside, it is worth stressing there are two different kinds of symmetries at work.
One mixes ¢ levels, which we call a vertical symmetry. It acts on the fields as

8¢ =D/ 1bo-1, 01 =—Dy ¢ (2.12)

This is a symmetry of the action, and has a geometric origin (see appendix A). Its existence is
responsible for the ladder structure. The other symmetry — associated with the conservation
of P, — stays within the same level (acts on a given rung of the ladder). We call this a
horizontal symmetry: d¢p = Qupy. It owes its existence to the horizontal symmetry at ¢ = 0,
which can then be bootstrapped to higher ¢’s by climbing the ladder.

18Tn order to infer that Love numbers vanish, in addition to the polynomial solution, we need to know that
the other solution diverges at the horizon. This can alternatively be inferred from analysis of the differential
equation in the near-horizon regime. However, to make statements about black hole hair we need to be able
to connect the solution that goes as 1/r*T! at infinity to these near-horizon solutions, which fact (1) achieves.

17 As an alternative line of reasoning, one could take Bekenstein’s no-hair theorem as a given, and use it to
justify fact (1). Our main point is that both facts (1) and (2), for a linear, massless scalar, can be deduced
from the ladder symmetries.



It is also worth mentioning that we have specialized to D = 4, but the equation of
motion for a scalar in general dimension can be cast in the form (2.2) with ¢ replaced with I =
14 / (D —3). All of the same ladder structure is present in general dimensions, but only integer
¢ can be connected to ¢ = 0 via the ladder, so only these values have conserved quantities.
Indeed, precisely these values have vanishing Love numbers in general dimension [8, 18].

We next extend the discussion to a scalar field in the Kerr geometry, before treating the
general case.

3 Ladder in Kerr

The algebraic ladder structure that we have discussed has a direct analogue in a Kerr back-
ground. The Kerr line element in Boyer-Lindquist (BL) coordinates is:

ds? = _pA2 (dt — asin? ngp)z + pAQdTQ + p?d6? + 81226 (a dt — (r* + az)dgo)2
_ _p2;2rsrdt2 2a7“s;sm Odtdcp n Zdr 26?4 (r? 4 a2)2p_2 a’Asin%0 sin20d2,
where we have defined the quantities o)
p? =1*+a’cos’ 0, A=7r?—rrg+a?, (3.2)

where also A = (r —ry)(r —r_) with ro = r5/2 + \/(rs/2)? — a? being the locations of
the inner and outer horizons. It is useful to note the relations: rir_ = a?, a® + 12 = rery
and 925502 — GttYpp = Asin?g. The equation of motion for a static, massless scalar in a Kerr
background is, after decomposing in spherical harmonics Yy,,:

2

2
Or(A0, ) + 5~ e — UL+ 1)y = 0, (3.3)

where the magnetic quantum number, m, dependence of ¢, is again suppressed. Note that
Y oc €%, It is useful to make the following definitions:

RET—T—, 2y =Ty — T
g=2 by = ef1nlz=2)/2] g, (3.4)
2

Note that 9, e'?™l(z=2)/2] — (jam/A)elal(z=20)/21 A = 2(2 — 2,), and 2r — 1y = 22 — 2.
After these changes of variables, the scalar equatlon of motion can thus be recast as:

az(Aazwf) + 2iqz 0.0 — f(ﬁ + 1)W =0. (3'5)
As before, it is convenient to multiply this equation by —A and rewrite:
Hppp=0, with Hy= —A(&z(Aaz) + 2iqz0, — é(ﬁ + 1)) . (3.6)

At large z, the growing/decaying solutions go as z¢ or 1/zT!, respectively. Close to the
horizon (z — 2;), the two asymptotic solutions are 1y ~ constant, and 1), ~ e 2% Inf(z—2x)/ 2]



The equation (3.5) has a similar ladder structure to the Schwarzschild scalar. It can be
discerned by defining:

(+1 .

Df = —-Ad, + ( )(zk —2z) —iqzy,

0 (3.7)
D, = A0, + §(zk —22) +iqzg .
These operators obey very similar relations to (2.6):
- _ (204 1)2
DZ+1D2F - D;—1De -4 33)
3.8
_ +1)2 (P
Hy =Dy, D/ - ((4) + QQ)Zz =D/ D, - (4 + q2>21%~

In addition, exactly the same “commutators” as in eq. (2.7) apply here, from which the
interpretation of D* as raising and lowering operators follows. Note that the ladder structure
extends in ¢ but not in m. It is possible to formally climb to any ¢, including ¢ < |m|.
Equation (3.3) does not by itself forbid this. It is the connection to Yz, that ultimately
limits |m| < £.1®

The introduction of v, to replace ¢y in eq. (3.4) is useful not only for making the equation
resemble its Schwarzschild counterpart, but also for thinking about horizon regularity. The
logarithmic phase that relates ¢, and v, is motivated by the azimuthal coordinate that was
used originally by Kerr [50]: ¢kerr = ¢ + (a/zx) In[(z — z;)/z]. The point is that close to
the horizon z — zi, the 9y ~ constant solution is regular while the 1, ~ e~ 2iqn[(z—zk)/ 2]
solution is not [2].1 Moreover, according to calculations by [16, 17, 19], the static Love
number can be inferred by examining the power series for 1,: absence of a 1/7*! term in v
is tantamount to a vanishing (conservative) Love number.

Returning to the ladder structure: just as in the Schwarzschild case we can define a
set of horizontal symmetries that act only at a fixed £. The symmetry transformation is

dbg = Quipg with Qg given by
QO = Aaz ) [Qoa HO] = Oa
Qe =DJ ,Qe1Dy [Qe, He] = 0.

The corresponding conserved charge is, as before, most easily obtained by inspection, starting
from £ = 0:

(3.9)

Py = (A0, + 2iqzy)1bo  is conserved : 9,Py=0. (3.10)
Higher ¢ charges, Py, are found by climbing the ladder:
0.Pp =0, where P;=(A0,+ 2iqz)Dy - Dy 1y, (3.11)

for any level-£ solution ,.

18For instance, suppose one is interested in 1 for m = 1. This can be constructed by climbing from g, for
the same m = 1. The latter is not physical (when viewed in conjunction with Yz,,), but is a perfectly good
solution to equation (3.5) for £ = 0 and m = 1. That the raising/lowering operator can be used in this way
might seem surprising. But it should be borne in mind that a raising/lowering operator acting in isolation is
not a symmetry (as can be seen from eq. (2.7)). What is a symmetry (and a symmetry at the level of the
action) is one where the operators act in concert, such as in eq. (2.12), (A.13) or (3.9).

9This can be checked by computing T, u*u”, where T}, is the energy-momentum tensor of the scalar
¢, and u" is the 4-velocity of a freely falling observer. For an observer freely falling from rest at infinity,
with zero angular momentum, u* = p~2(L2/A, —/%2 — Ap?,0,arsr/A), where 2 is defined by g,, =
2 sin29/p2‘ It can be shown T, u"u" is finite at the horizon for the 1y ~ constant solution but not for the
by ~ e~ 21alz=2k)/2k] golution.



The growing branch of solutions can again be raised from the 1y = constant solution:
Py = DZ_l x -D(}L 1 is the corresponding level £ solution. It is manifestly a finite polynomial
~1+4---4 2% (from the form of D), and is thus regular at the horizon.

The conserved charge P, evaluated for the so-defined growing branch is non-zero, unlike
in the Schwarzschild case:

20+1 20+1
z . z T . .
Py = k4z 2iq (1 + 4q2) cus (52 + 4612) = k4g p sinh(2mq) [D(1+ ¢+ 2ig)*,  (3.12)

where we have chosen 1) = 1.2° A decaying solution that goes as 1/z/T! at large z can be

shown to give a non-vanishing P, as well. It is worth noting that Py, up to an ¢-dependent
factor, is the dissipative response identified by [14, 15] (see also [42] on the case of the
scalar). This was worked out by analytically continuing ¢, (not 1) to non-integer ¢ and
reading off the coefficient of the resulting 1/r*! tail. It is interesting we obtain essentially
the same quantity by computing the conserved charge, without the analytic continuation
procedure. As emphasized by [16, 17, 19], the dissipative response is distinct from the
static, conservative response. The latter is the Love number, the focus of this paper — it
is defined by the coefficient of the tidal response operator ~ (8%)2 in the point-particle
action [8, 17-19, 22, 51]. In this paper, we rely on these matching computations to relate the
Love number to the coefficient of the 1/r*! tail of ;.2

Of the two horizon asymptotics for vy, the constant gives a non-vanishing P, while
e~ 2igIn[(z—2k)/2] yields P, = 0. Thus, charge conservation does not by itself tell us whether
the decaying solution contains a e2@nl(z=2k)/z] contribution when it is extended to the
horizon (though it does tell us it must contain the constant contribution). In order to figure
out how the solution that decays at infinity behaves near the horizon, what we need is the
Wronskian:

=) (i n0.u) - vjno.u), (3.13)
where 17 and 1/12 are any two level-¢ solutions. It can be shown 0,W = 0 (this is easiest to
see by relating back to ¢, and inspecting eq. (3.3)). We can choose 9§ to be the regular,
growing solution, and 1/12 to be the decaying solution.?? Evaluating W at large z tells us W is
proportional to the normalization of the 1/2*! tail. The decaying solution, when extended
to the horizon, in general can have both the constant and the e=2% In[(z=zr)/2] contributions,
but the constant cannot contribute to W (for 1§ also goes to a constant at the horizon) while
e~2iqIn[(z—2k)/2] contributes to a non-vanishing W. By the constancy of W, we infer that the
decaying solution must be irregular at the horizon.

Wiyt ufl = o

2°This can be shown by noting that P, = (AO. + 2igzi)Dy Dy = (A0 +
2iqzx)Dy -+ (D; Df YD/ ,---Dfvo. We highlight by parentheses (D, D ,) and observe that to its
right is ¥,—1 which solves Hy_11p¢—1 = 0, which tells us [D; D | — (¢*/4 + ¢°)z;]¢e—1 = 0, and so one can
replace (D, D ) by (£°/4 + ¢°)z;. Carrying this out repeatedly yields eq. (3.12).

21The connection between the conserved charge (3.12) and the dissipative response suggests an alternative
matching procedure that would proceed by matching these charges in the EFT.

22We do not need an explicit construction of the decaying solution for our argument, but here is how one
could go about constructing one. The growing solution is the one obtained by raising from o = constant:
Py = Dj_1 Do ~ 1+ + z*. An independent solution that is simple to construct is e~ 2% [(z=2k)/=]
times the complex conjugate of the same 1,. A suitable linear combination of the two would give a 1, that is
purely decaying, going as 1/ 2**1 at large z. For instance, for £ = 0, the decaying solution is proportional to
e~ 2ialnl(z=21)/21 _1  The higher ¢ decaying solution can be constructed by climbing the ladder. (See eq. (F.3)
in appendix F for the expressions of the independent solutions in terms of hypergeometric functions.)
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Fact (1) — that the purely decaying solution is irregular at the horizon — and fact (2) —
that the regular solution is a finite polynomial ~ 1+- - -4 2z¢ — are thus established, leading to
the no-hair property and vanishing Love number for a linear, massless scalar around a Kerr
black hole. Furthermore, the same symmetry understanding as in the Schwarzschild case
applies here: the decaying solution spontaneously breaks the horizontal ladder symmetry,
ie., 0y = Qo # 0, while the growing (regular) solution respects it. Next, we extend the
argument to vector and tensor perturbations.

4 Ladder in spin: from scalar to vector and tensor

Finally, we want to treat the most general case of interest, a field of arbitrary (integer) spin
|s] <2 in a Kerr background. Such perturbations are described by the Teukolsky equation,
which in the static limit in BL coordinates is [52, 53]:

2,2 is(2r — < s
a*m +25(Ar T)am—(ﬁ—s)(é—i—s—f—l) qﬁg):(),
(4.1)

where a (spin-weighted) spherical harmonic transform is assumed, and the m dependence of

O (80,67 ) + s(2r = r)0n0(” + (

the Newman-Penrose variable d)és) is suppressed. Making the substitution

o) = A5 efale=)/2] o) (4.2)

in analogy with eq. (3.4), we have:??

ﬁgswés) =0, where Hy=0.(A.)+ [(zn — 22)s + 2iqz] 0. — (L +s) (0 —s+1). (4.3)

The large z asymptotics are: @Dés) ~ 2% and 1/275F1. The near-horizon asymptotics

are: @bés) ~ constant and e(s=2i@)Inl(z=2)/z] A ladder structure raising and lowering ¢ can
be found (see appendix D), but there is another ladder more useful to us. We define the
operators

E-=0,, Ef = A, + s(z, — 22) + 2iqz - (4.4)

These are raising and lowering operators in the spin, s:
E"Ef —-Ef |[E- =-2s, (4.5)
Hys Ef = Ef Hys Hys 1 E~ = E"Hys. (4.6)

This implies that given a solution 1/155), one can generate wésﬂ) = Ejd)zs) and wésfl) =
E_q/JeS). We can use this spin ladder structure to construct conserved charges at each ¢ and
s from the known one at £ =0, s =0 (eq. (3.10)):

QZPO(O) =0, where PO(O) = (A9, + 2igqzy) (()0) . (4.7
For instance, the conserved charge for a general ¢ and s = 2 solution 1#52) is

P = (AD. +2iqz)Dy -+ Dy E"E -y, (4.8)

23Note that here we have not multiplied by an additional factor of —A in order to define H. This is because
the spin ladder structure is most simply phrased in terms of H. In appendix D we describe the ¢ ladder
structure, which uses H defined analogously to the previous cases.
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where the D™’s are {-lowering operators for the scalar (3.7). The two E~ operators serve to
lower the spin from 2 to 0, and the D~ operators then lower ¢ to 0. The resulting 1[1(()0) can
be plugged into eq. (4.7) to show 82Pe(2) =0.

The growing branch of solutions for s = 2 can be obtained by, once again, starting from
the scalar w(()o) = constant solution. Then @2) =EBf E(‘]*' Dj_l e DS‘ 1/1(()0) is manifestly a finite
polynomial of the form 1 + z 4 --- + 2/*2, judging from the form of E* and D*.?* This
implies that the purely growing at infinity solutions are regular at the horizon.

The decaying branch of solutions for s = 2 can be obtained from E; Ear d}éo) where wéo)
is the level ¢ scalar decaying solution (see footnote 22). Recall that wéo) scales as 1/2/! at

large z and contains a e~ 2i4l(z=21)/2] contribution as z — z;. Therefore, Ef Ear ¢§0) goes
as 1/2¢71 at large z and contains e(=24+2)nl(==2)/2] close to the horizon. This means that
the decaying branch is irregular at the horizon in the same sense as before.

We have thus established facts (1) and (2) for tensor perturbations s = 2, from which
the no-hair property and vanishing Love numbers follow.?> The same arguments translate
straightforwardly to vector perturbations s = 1. It is important to emphasize the spin-
weighted spherical harmonics restrict us to ¢ > |s|. Thus, the absence of hair and Love
numbers holds for £ > 2 tensor perturbations, and £ > 1 vector ones.

The symmetry story works as before (recognizing that with the Teukolsky equation, we
can only work with the equation of motion as opposed to an action): the growing branch
respects the horizontal ladder symmetry while the decaying branch spontaneously breaks it.
Details are given in appendix D.

It is worth mentioning that the spin raising and lowering operators (4.4) are related
to what are known as Teukolsky-Starobinsky identities [54, 55], which relate solutions to
the Teukolsky equation with spin index —s to those with +s. In Chandrasekhar’s no-
tation [1], the identities are: ¢(-1) = AD:SDSAQZ)(D and ¢() = DyDyp(~V) for spin 1,
and ¢(-2 = A2DIDIDIDIA2¢@ and ¢2 = DyDyDyDyp~2 for spin 2, where Dy =
Or + ilam — w(r? + a?)]/A, with w being the frequency (i.e., ¢ o< e~™!). Here, we have
kept the spin s index explicit but suppressed the ¢ (and m) dependence. In the w = 0 limit,
these are equivalent to, in our notation: (-1 = E-E~¢M) 1) = EarEflq,Z)(_l) for spin 1,
and (-2 = E"E-E"E ¢ 9@ = EFES ET, E*,(=?) for spin 2. The new twist we are
adding is this: in the static limit, we can truncate these operations, enabling us to increment
s by unity and still obtain a solution to the static Teukolsky equation, e.g., PO = =),
P = Ef () ete. This is not possible for time-dependent solutions — with w # 0, only
the Teukolsky-Starobinsky combination of operations is useful, which connects +s and —s.

Here we have focused on the Teukolsky equation to see the symmetries underlying the
computation of black hole Love numbers, but it is reasonable to ask whether similar structures
can be seen at the level of metric perturbations (as opposed to Weyl scalars). Around a
Schwarzschild background this is indeed possible, as we discuss explicitly in appendix C.

24Note that 1/},52) ~ 2**2 at large z means ¢22> ~ 272 far away, as is appropriate for something built out of
second gradients of the metric.

25To go from the Teukolsky solution wf) to the Love numbers (really elements of the Love tensor), a

matching computation is needed to connect the fall-offs of 1/J§2) to the coefficients of the tidal response operators
~ (8°720C)? in the point-particle action, with C' the electric/magnetic part of the Weyl tensor. See [17, 19].
Similar comments as in footnote 20 apply here.
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5 Symmetries in the infrared

Our discussion so far has revolved around symmetries present in the microphysical compu-
tation of static responses of black holes. However, to a distant observer, such microscopic
details of the black hole geometry are invisible. Instead, they will infer the black hole to be
effectively a point particle, whose properties they can probe for example by applying an ex-
ternal electric field, or gravitational tidal field, and measuring the response. In this effective
description, the properties of the black hole are encoded in an infinite number of coefficients
appearing in the point-particle action; the values of these coefficients are determined by
the requirement that the measured responses are correctly reproduced. From this effective
field theory (EFT) point of view, the vanishing of black hole static response coefficients is
somewhat puzzling, because it would seem to be a fine-tuning [56-58]. It is natural to ask
whether the ultraviolet symmetries we have identified can provide a symmetry explanation
in the infrared, and in this section we explore this question.

For concreteness, we will specialize to the simplest setting: the worldline EFT of a
massive (non-spinning) particle coupled to a scalar field, which is the relevant effective theory
describing, for example, the response of a Schwarzschild black hole to an externally applied
scalar field profile. The effective theory (up to quadratic order in ¢) governing static field
configurations takes the form of a bulk action plus the point-particle worldline action:2%

_ 1 4 2 I 9., s o~ ¢ 2
S_—§/d x (0¢) —|—/d7”}/{27 T xu_2_gqb‘*'g;ow(a(m'”aalhd)) }’ (5.1)

where x¥ denotes the spacetime position of the point particle, with p its mass. The variable
~ is a worldline vielbein enforcing reparametrization invariance of the effective action and
(--+ )7 denotes the symmetrized traceless part of the enclosed indices. The indices aj ---ay
are defined by projecting space-time indices onto the particle rest frame — see e.g., [18] for
an explicit definition of such projection.

It is simplest to think of the particle as being at rest at the origin, in which case a
term like g¢ has the effect of adding a source term to the (static) ¢ equation of motion, i.e.,
V2¢ = gdp where dp is the 3D Dirac delta function centered at the origin. As such, g can
be thought of as the monopole scalar charge. If one wishes to describe a non-spherically-
symmetric object, the possibility of higher multipole hair could be included by adding linear
terms of the form 9%¢. The couplings A, are the response coefficients that encode the particle’s
response to a static external field with multipole moment ¢. Their presence means the static
¢ equation of motion takes the schematic form V2¢ ~ \;0°(9'¢ 6p). Imagine the external
tidal field as the input ¢ on the right hand side; solving this equation then gives the linear
response, that is, an ¢ tidal field sources an r~(*1) response. Note that in eq. (5.1) the
metric is treated as flat, as is appropriate at a large distance r. Beyond the lowest order,
one would also need to take into account couplings with metric perturbations, sourced by
the particle itself, whose effect can be included order by order in rg/r.

A computation in the ultraviolet, such as those discussed in the previous sections, can
be compared against the infrared predictions to fix the EFT coefficients g and \y. Indeed,
we conclude that they would vanish if the point particle were a black hole. But here, we wish

268trictly speaking the EFT also includes interactions of both the worldline and the bulk scalar with the bulk
graviton. These couplings are not necessary to do the leading order matching, but are required to reproduce
the full scalar field profile at subleading order in 1/r. We comment further on the interplay between these
graviton couplings and the symmetries that we have identified below.
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to ask a different question: what symmetries, visible in the infrared, might tell us that the
hair or tidal response coeflicients should vanish?

A possible candidate is the large distance limit of the ultraviolet symmetries we have
worked out — the ladder symmetries. As we show in appendix A, the geometric perspective,
in which a suitably rescaled and reduced Schwarzschild black hole is a Euclidean anti-de
Sitter space in disguise, offers a particularly simple way to think about the whole ladder
structure. The associated isometries have a well defined flat space (i.e. infrared) limit, giving
the symmetry transformation in (A.16):

56 = 1% cos 00,¢ + 10 (sin 0¢) , (5.2)

after scaling out an irrelevant overall factor. The angular structure of this transformation
mixes different ¢ values in spherical harmonic space, leading to the (large r limit of) th
operators defined in (2.4). The transformation (5.2) may look unfamiliar, but it is actually
nothing more than a special conformal transformation, written in spherical coordinates.?”

We now want to understand how the symmetry (5.2), or equivalently (5.3), constrains
the effective action (5.1). The bulk (9¢)? term is clearly invariant in the static limit, but
none of the worldline-localized couplings are invariant. This is more subtle than it might
appear at first — since the transformation (5.3) involves factors of &, one may be tempted to
conclude that the variation of an operator localized on the worldline vanishes when computed
at the location of the point particle, £ = 0. However, this makes a tacit assumption about the
behavior of the field at = 0. This issue can be settled by showing that the would-be Noether
currents associated with the symmetry transformation (5.2) in £ space are not conserved on-
shell when any of the worldline couplings are present.?® Thus, (5.2) is the sought-after
infrared symmetry which forbids Love number (and hair) couplings in the point-particle
effective theory.

This appears to be a consistent story for black holes. How about stars, which in general
can have a non-trivial hair and tidal response? The symmetry (5.2) would appear to be
broken for them. How does that happen? To understand this, it is useful to recall the
horizontal part of the ladder symmetries, effected by @ defined in (2.8) and (2.9), for which

a large r limit also exists.?? Recall the purely growing mode solution d)ég) ~rt4 ... preserves
the horizontal symmetry ngﬁgg) = 0. On the other hand, any solution that has an admixture
of the decaying solution at infinity, ¢§d) ~ 1/r"*1 ... breaks the symmetry spontaneously,

in the sense that Qggf)éd) # 0. For stars, the boundary conditions force us to include some
contribution from this decaying branch, leading to them having a nonzero tidal response.
From this viewpoint, we would expect the symmetry (5.2) to be either realized nonlinearly

2"This can be made manifest by transforming to Cartesian coordinates and writing the transformation (5.2)
in a rotationally covariant way, where it takes the more familiar form:

dp=c; (;rl -0 + 2z 5)(;5, (5.3)

which is a special conformal transformation for a field with weight 1/2. This equation reproduces (5.2) for
¢i = (0,0,1). Since we are assuming that the theory is also rotationally invariant, the symmetry (5.3) with
arbitrary c; is also present.

28The non-invariance of the worldline couplings A, also follows from the fact that they inevitably introduce
a scale in the theory, thus breaking the conformal symmetry. This is because these terms capture finite-size
effects [59].

29Given the relation of th to conformal symmetry, it is tempting to speculate that the QQ, symmetries for
the free scalar in flat space are related to known higher-spin symmetries, a subject for further investigation.
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in the EFT, or absent. In either case, it is consistent that the EFT couplings that reproduce
tidal responses are not invariant under the linearly realized symmetry.

It is worth stressing that imposing the symmetry (5.2) rules out all multipolar hair
and response couplings in one fell swoop (as is appropriate for a 4D black hole in general
relativity). For a more general object, such as a star or a higher dimensional black hole, it is
conceivable the tidal response or hair vanishes for some multipoles but not for others. In such
a case, one would need a more flexible formulation of the ladder symmetries. Decomposing
¢ in spherical harmonics, (5.2) implies a specific pattern of d¢y’s (A.13). One could instead
consider a modified version where only a particular neighboring pair, e.g., d¢, and d¢y_1, are
non-vanishing (2.12)—this would be an example of the vertical symmetries restricted to a
particular subset of £s. There are also the horizontal symmetries, one for each £: §¢y = Quy.
Since these symmetries act on a single multipole, the structure allows — in principle — the
breaking of the ), symmetries for some fs but not others. Exactly how this may manifest in
the worldline EFT is something that we plan to explore in the future.

In this section, we have focused on the simplest situation where the hair and the tidal
field is a scalar, indeed a free scalar. We expect the symmetry (5.2) to be broken by generic
interactions. For instance, in our infrared discussion so far, we have ignored gravitational
interactions by working in the leading » — oo limit. These interactions are in fact necessary
to match the subleading r4/r corrections to the scalar profile. What is interesting, perhaps
surprising from the infrared point of view, is that (a subset of the) metric perturbations
can be systematically included, in fact resummed into the Schwarzschild background, around
which the symmetry does not get destroyed, but elevated to (A.12):

56 = A cos00,¢ + (r - g) Bp(sin 6¢)) . (5.4)

We have thus come full circle to the ultraviolet symmetries that got us started in this EFT
discussion. Based on the computation in the ultraviolet, we know that (5.4) is a symmetry of
the infrared EFT if the metric perturbations were set to equal the ones needed to reconstruct
the Schwarzschild metric. This should work order by order in an expansion in powers of
rs/r, of which (5.2) is the lowest order symmetry transformation. We do not know, however,
what the symmetry of the full infrared EFT is, when the metric perturbations can freely
fluctuate. It is conceivable one could find a deformation of (5.2) order by order in r4/r,
possibly supplemented by a corresponding transformation of the metric perturbations. This
is left for future study.

A number of questions remain to be addressed. First, it would be interesting to work
out in detail how the flat limit of our symmetries prevents black holes from having non-
zero spin-1 and spin-2 response. In a separate direction, the case of a scalar around a
rotating black hole is harder to interpret from a geometric perspective (see appendix A), but
it remains true that the ladder symmetries have a well defined large distance limit. The same
can be said for vector or tensor perturbations around a Kerr background. We expect that
the ultraviolet symmetries we have identified will have similar consequences in the infrared,
although the symmetries in question could only be guessed at by inspecting the Teukolsky
equation. A formulation in terms of the original metric perturbations rather than Newman-
Penrose variables would be desirable in order to draw a connection with the low-energy EFT
of a spinning point-particle [60, 61].

Lastly, it is worth stressing again that existing no-hair theorems, which allow for
e.g., scalar self-interactions [28, 31, 32, 62], are more powerful and generic than the ver-
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sion we focus on here. Could our symmetry understanding be adapted or generalized to
those cases? Or could the generic nature of black hole no-hair theorems be pointing us to a
completely different sort of explanation? One reason to search for a symmetry explanation
is that in the worldline EFT of a spinning particle, a Kerr black hole will correspond to a
specific pattern of multipolar couplings to gravity [63—65]. Since black holes are such special
objects, it is reasonable to ask if there is a symmetry that acts in the EFT that will guarantee
these precise relationships between Wilson coefficients. On the other hand, in this case we
know that the no-hair property of black holes is in a sense generic once one imposes regularity
at the horizon as a boundary condition.

6 Discussion

We have seen that static linearized perturbations of massless fields in black hole backgrounds
have a hidden structure of ladder-like symmetries and conserved quantities. These conserved
quantities allow us to relate the behaviors of solutions near infinity to their behaviors near the
black hole horizon without explicitly solving the relevant differential equations everywhere in
between. This has useful implications for understanding both black hole no-hair theorems
and the vanishing of black hole Love numbers from a symmetry perspective.

The question of whether or not a black hole can have hair is one that is naturally
posed from very far away. We define hair to be the coefficient of the 1/7*! component of a
static solution and the question of whether a black hole can have static hair is equivalent to
asking whether or not a solution that has only this asymptotic behavior exists in a black hole
background. We have seen that the conservation of charges associated to what we have called
the horizontal ladder symmetries demands that this solution be singular at the horizon of a
black hole — indicating that it cannot have linear hair. The nice feature of this argument is
that it is based on symmetry, but it is noticeably less general than other no-hair theorems,
which apply nearly irrespective of interactions, and essentially rely only on the existence of a
horizon [28, 31, 32, 62]. In fact, the no-hair theorems are in a sense a confirmation that our
generic expectation happens — that is, the solution with only a 1/r*! fall-off near infinity
has an admixture of both fall-offs at the horizon, implying that it is singular there. In light of
this, perhaps a symmetry explanation is unnecessary from the ultraviolet perspective. From
the EFT point of view however, the no hair theorems imply a particular pattern of couplings,
and one might wonder whether these can be explained by some symmetry.

In contrast to the question of black hole hair, the question of how a black hole responds
to a static external field is naturally posed near the black hole horizon. In the vicinity of a
black hole, we can deduce that the two linearly independent solutions to the static equations
of motion of a field are such that one of them is regular at the horizon and the other diverges.
The generic expectation is that, if we were to take the (unique) regular solution and expand
it as r — oo, there would be a linear combination of the two linearly independent fall-offs
at infinity (one growing and one decaying). We call the ratio of the decaying solution to
the growing solution the static response, or Love number, and it tells us how the black hole
responds if we apply an external growing mode background subject to the constraint that the
field profile be regular at the horizon. We have seen that for black holes, symmetry forces the
solution that is regular at the horizon to only have the growing fall-off at infinity, meaning
that black hole static response coefficients vanish. For an ordinary object, we impose different
boundary conditions at the surface of the object, leading to a component of the subleading,
decaying fall-off at infinity, which spontaneously breaks the symmetries.
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Identifying these symmetries clarifies some aspects of the effective point particle de-
scription of black holes. In the effective theory, the vanishing of hair or static responses
correspond to apparently fine-tuned points in parameter space. However, we have seen that
(at least in the scalar case) the locus in parameter space where hair and response coefficients
vanish is an enhanced symmetry point. Of course, this does not by itself guarantee that there
should be a microphysical theory that actually gives rise to this effective theory. However,
since we originally identified these symmetries in the ultraviolet, the microphysical model
consisting of linearized fields in a black hole background leads precisely to this low-energy
description.

The symmetry viewpoint that we are advocating proves to be useful beyond pure general
relativity. Once we understand in the microscopic theory what symmetry is responsible for
either the vanishing of Love numbers or for hair not being present, we can ask if additional
interactions preserve or break these symmetries and infer their properties, without having to
explicitly solve the equations. As an example, it is well-known that adding a coupling of a
scalar field to the Gauss-Bonnet curvature invariant of the form ¢R%p can lead to black hole
hair. We can understand this from the symmetry viewpoint: to leading order (i.e., neglecting
back-reaction), this coupling breaks the ¢ = 0 horizontal ladder symmetry, and so now we
are allowed to include operators in the effective theory that give rise to a black hole hair.
(See appendix G for more details.) We expect that it will be similarly possible to understand
some broad features of other proposals for gravitational physics [66] from this perspective.

We have focused on the setting of exactly static perturbations in four spacetime dimen-
sions for simplicity, but it is possible to relax these assumptions. In particular, the extension
to finite (but small) frequencies is straightforward. The extension to other dimensions is sim-
ilarly easy: as we have mentioned, the only essential difference is that the quantum number
¢ should be replaced with £ = £/(D — 3). The ladder structures will still be present, but only
integer values of ? will be connected via the ladder to the £ = 0 equation of motion, which
is necessary to be able to write down conserved charges and infer that Love numbers vanish.
This is satisfying because it is known that Love numbers are actually nonzero for certain val-
ues of £ in general dimension, but they do indeed vanish for integer / in all dimensions [8, 18],
completely consistent with the expectation coming from the ladder symmetries.

It is important to stress that the symmetries we have identified apply only to linearized
fields in the background of a black hole, and in that regard they are deeply mysterious — why
should they be present at all? It is tantalizing to speculate that they are the manifestation of
some structure present in full general relativity, specialized to this simple setting. While we do
not know what such a deeper explanation is, a possible hint in this direction is provided by the
geometrization of the symmetries. As we discuss in appendix A, the ladder symmetries that
we have used to understand the properties of static solutions admit a geometric description,
where the linearized fields propagate in an effective AdS background — with the isometries of
this space leading to the ladder structure. A related promising avenue is to further investigate
the algebraic structure underlying both the vertical and horizontal ladder symmetries, which
is still somewhat mysterious. We expect that understanding these geometric and algebraic
structures more fully will lead to additional insights, hopefully into the nonlinear regime.
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A Geometric origin of the ladder symmetries

Some of the mystery surrounding the ladder symmetries introduced in the main text can
be eliminated by viewing them as arising geometrically. Here we show how this works for a
scalar field in a Schwarzschild background, showing that in the static limit it can be recast
as propagating in an effective Euclidean anti-de Sitter space. The generalization to the other
cases will be discussed elsewhere.

Consider a static scalar ¢ in a Schwarzschild background.?? Its action takes the form:

1
S=3 /de dpdry/gé0e, (A1)
where the 3D metric, g;;, is given by:
ds? = dr? + A (462 + sin? 0dg?) . (A.2)
Let us rescale the metric and the scalar by the following Weyl transformation
~ ) v _d=2
gij = g5, p=0""2 ¢, (A.3)

where d = 3 for our case of interest. The action transforms according to the following identity:

S:%/ddx\/g¢m¢: ;/ddx\/ﬁ{qgﬁg_gdf\}ﬁai (\fgvgijajgf?)gp] L (A4

Choosing d = 3 and Q = L?/A, where L is an arbitrary length scale, it can be shown that
the action takes the form

~ o~ o~ 2 ~
g_ % / Bz\/ge0¢ = % / 32/ <¢D¢ + 4%4 ¢2) : (A.5)

This means that the rescaled scalar ¢ = (VA/ L)¢ behaves as a massive scalar in the following
background:

ds” = <LA> (dr2 1+ Ad#? + Asin? 9d¢2) . (A.6)

30For simplicity we restrict to completely static field configurations in this appendix. However, all of our
manipulations can be extended to finite frequencies whose wavelength is large compared to the other scales
in the problem (which is the near-horizon limit of [47, 67]).
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Though it is not obvious, this is a constant curvature space, with Ricci scalar
3r2
204
Since the curvature is negative, it is hyperbolic space (Euclidean AdSs3). It might seem
somewhat peculiar that the scalar field, which is not conformally coupled,®' can be mapped
via a Weyl transformation to a scalar with a constant mass in EAdS. The underlying reason
for this is that the action for a scalar in the full four-dimensional Schwarzschild spacetime is
conformally coupled, as we will explain elsewhere.

Regardless of its origin, the fact that (A.1) is related by a Weyl transformation to a
scalar theory in EAdS (A.5) implies that the isometries of EAdS (which act as conformal
Killing vectors on the original metric) have a natural action on ¢:

Rpads = — (A7)

, d—92 .
66 = §0,6 + -Vi€'s. (A8)

where ¢* are conformal Killing vectors of the metric gij and true Killing vectors of the metric
gij- Conceptually, the first part of this transformation comes from the ordinary coordinate
transformation that is a conformal Killing isometry, while the second part comes from the
compensating Weyl transformation needed to bring the metric back to its original form.

What are the isometries of g;;7 They are easier to recognize by defining a new radial
coordinate:

L* r—rg L3dr
= —1 , dry, = ,
" Ts S " A
r 72 1
— s 7 A=-2 , A9
T e 4 sinh?(r,rs/(2L2)) (A4.9)
such that the line element (A.6) is cast into the form of EAdSs in global coordinates
~ AL* Tl
2 _ 1.2 12 (TsTs 2 | 2 2
ds® =dr; + o sinh <2L2> (d6* + sin” Odp?). (A.10)

The space has 6 Killing vectors: 3 rotations and 3 translations (or “boosts”). As an example,
consider the translation that mixes r, and 6, i.e., the Killing vector (in g;; sense):

T4Ts
212

Jy 9 = —2L? cos 0 0,, + rscoth < ) sin 6 0y . (A.11)

From this, we can extract the vector &. It is a conformal Killing vector of the original
metric (A.2) and its action on the scalar is then given by (A.8)
d¢p = —2Acos00,¢ + (rs — 2r)0p(sin 6¢) . (A.12)

Note that the arbitrary scale L disappears from d¢, as it should. Decomposing ¢ into spherical
harmonics, it can be shown that this symmetry acts on the various ¢ components as [48]

5¢p = f(L—=1)Df1¢p—1 — f(O) Dy, 041,
5pp—1 = f(l —2)Df 49— — f(£—1)Dy ¢y,

: (A.13)
£(0) = (4(€+1—m)(€+1+m))2
= 31 40 1 2) ’
310ne way to check this is to note that the scalar’s mass in EAdS is m? = —%EEAds, which is the d = 4

conformally coupled value, instead of the d = 3 conformally coupled value m? = *éEEAdS.
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where the Dét operators appearing are precisely the ones in (2.4). We highlight the pair d¢,
and 0¢y_1 (among the whole tower of d¢’s) to emphasize that the invariance of the total
action comes from the cancellation between the two f(¢ — 1) terms. It is useful in fact to
zero in on the pair ¢y and ¢, (ignoring ¢,11 and ¢y_o contributions to d¢p and dgp_1).
In spherical harmonic space, the action is a sum over £ of the radial integral of ¢; Hy¢y, the
variation of the /™" term is

803 Hude) = f(£—1) [67HeDE 601 + (DF 1601) Hede] (A-14)

and the variation of the (¢ — 1) term, Gp_1Hp—1¢0-1 is

1 Hp—1¢p—1) = —f(£ 1) {¢L1He—1DZ¢e + (DZW)*HZ—lW—J - (A.15)

One can see these terms cancel, upon recognizing that H, gD;_l = D;_IH ¢v—1and Hy_1D, =
D, Hy, as well as D, *¢; = gb}‘DZ_l and DZ‘_l*gb}‘_l = ¢;_ D, from integration by parts. The
precise form of f(¢—1) does not matter, except one feature: that f(¢—1) implicitly depends
on m and vanishes when m = £/¢. This prevents the generation of terms with ¢ < |m|, and
allows the whole tower to terminate at £ = 0. The pairing up of ¢y and ¢y_1 in this way
points to a supersymmetric structure, spelled out in appendix E. We refer to this symmetry
that mixes levels as a vertical ladder symmetry.

The charge conservation we use in section 2 arises from the horizontal symmetry trans-
formation d¢p = Qp¢y, which does not mix different £’s. It arises from the simple observation
that Qo = A0, is a symmetry at the £ = 0 level; symmetries at higher ¢£’s are built up from
Qo by climbing the ladder.

It is worth noting that this whole geometric perspective has a well-defined flat space
s — 0 limit under which: Q = L2/r2, r, = —L2/r, ds® = dr? + r2(d6? + sin? 0de?), and 6¢
becomes??

5¢p = —2r2 cos 00,¢ — 2rdy(sin 0¢) , (A.16)

which is relevant for our discussion in section 5.
In the Kerr case, the static scalar effectively lives in the metric gf]{ given by

p2 —Trg

’ - A?sin 0
ds = % (dr2 +AdG? + Smdﬁ) . (A.17)
There does not seem to be a rescaling which brings this to (E)AdS form. However, the action
is not much more complicated than that for the Schwarzschild case:

CLZS

sic= 3 [anfgRono = & [an(vgons) - T (aay

where g;; and O on the right hand side refers to the metric in eq. (A.2). Suppose we apply
the same rescaling as before: g;; = (L*/A2)g;; and ¢ = (VA/L)®, then

2
s

S =5 [ /g o0k0 = 5 [ @av/Go (ﬁ bl “232> 6. (A19)

4L4 L4 ®

321n fact, in this limit the symmetry (A.16) is nothing but a special conformal transformation (5.3). It would
be very interesting to understand in more detail the relation between these flat space conformal symmetries
and the conformal Killing symmetries in the Schwarzshild background.
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Separating the 83, term from the other derivatives might seem strange, but the point is that
in spherical harmonic space, 83, = —m?, and so the Kerr geometry merely modifies the mass
term for gg Because of this, a scalar in the Kerr background has the same ladder structure
(with modified D*’s) as a scalar in the Schwarzschild background.

The geometric view of the ladder symmetries can be extended beyond spin 0, as well as
non-vanishing frequency. This will be discussed in a separate paper.

B Poschl-Teller potential

We can understand the simplicity of the static scalar in Schwarzschild by relating it to the
well-known class of Poschl-Teller potentials [68]. Starting from the equation of motion for
the scalar in Schwarzschild in the form (2.3)

A(ar(Aar) - 5(5 + 1))¢€ =0, (B‘l)

we make the change of variables dz, = r¢A~!'dr which implies

Zx = 2arctanh ( Is ) . (B.2)

rs — 21

After this change of variables, the equation (B.1) takes the form of a Schrédinger equation

with a potential
1
<0§* - “:—) csch? <22*)> ¢ =0, (B.3)

which is precisely of the Péschl-Teller form.>> This class of potentials has a number of

very interesting features. Famously, for £ € Z, scattering in the Poschl-Teller potential
is reflectionless — a wave sent in from one side of the potential barrier passes through
the barrier with no reflected amplitude. The vanishing of a black hole’s tidal response is
essentially a zero-frequency version of this reflectionless property: the physically relevant
solution has only a single fall-off in both asymptotic regions. Interestingly the Poschl-Teller
potential also plays a prominent role in discussions of the transparency of odd-dimensional
de Sitter spaces [48, 70], revealing a surprising mathematical connection between black hole
physics and de Sitter space.*

The transformation to the z, variable also makes manifest some features of the solutions.
By inspection it is clear the two £ = 0 solutions are ¢g ~ constant and ¢g ~ 2z, valid
everywhere. Transforming back to the r coordinate, the z, solution is the one that diverges
at the horizon (which is mapped to z, = —0).

The Poschl-Teller potential has a well-studied connection to supersymmetric quantum
mechanics (which we elaborate on in appendix E), where the ladder operators (2.4) are
essentially the supercharges. The potential is in particular an example of a shape-invariant
potential, since potentials with consecutive integer values of ¢ are superpartners [71].

33Note that often the Péschl-Teller potential is written in terms of sech rather than csch, but the two forms
can be transformed into each other [69]. The csch structure appears here because we are choosing z, to cover
the region of r that lies outside the black hole.

34In fact, in appendix A we saw that one can understand the black hole ladder symmetries geometrically in
terms of a scalar field propagating in an effective FEuclidean AdS geometry, which is simply related by analytic
continuation to the de Sitter problem.
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Here we have shown how the scalar in Schwarzschild can be cast in the Pdéschl-Teller
form, but the more general Teukolsky equation (4.1) can also be put in a generalized Poschl-
Teller form. This class of potentials has an algebraic structure equivalent to the one that we
have discussed [72-74].

C Ladder in Regge-Wheeler and Zerilli

In the main text we argued for the vanishing of Love numbers using the symmetries of the
Teukolsky equation. One might wonder, however, if it is possible to see the phenomenon di-
rectly at the level of metric perturbations. Here we show that in Schwarzschild background a
similar structure is present in the Regge-Wheeler and Zerilli equations. We start by consider-
ing the Regge-Wheeler equation. The action governing the linearized dynamics of odd-parity
spin-2 perturbations around Schwarzschild black holes in general relativity is (see [18] for a
detailed derivation in general spacetime dimensions)

1. 1 /0T,\? 1
Sprw = z@:/dtdm <2\1f§ -3 (mf) - 2VRW(7~)\113> , (C.1)

where Vrw(r) is the Regge-Wheeler potential

e+ f/m?)) L f=1-"¢ (C.2)

r2 r r

Viaw(r) = )

and where 7, is the standard tortoise coordinate, defined as dr, = dr/f(r) = r2dr/A. Note
that ¥, in (C.1) is not quite the usual Regge-Wheeler variable [75], which is, instead, up
to a numerical factor, the time derivative of our ¥, [18]. In (C.1) we have integrated over
the angles to remove the dependence on the spherical harmonics. In the static limit, the
Regge-Wheeler equation, obtained from the action (C.1), is

d2v
Wj — Vaw(r)¥ = 0. (C.3)

One can introduce the following operators

Df =—-A0, + ;;Zi?)rs —lr, (C.4)
Dy = A0, + Prg —2r) — zi(r — 1) + 4rg | (C5)

which satisfy
D,.\D} — D} \D; = (20 + 1)r? Lll — 62(/11)2} : (C.6)

It can be shown that the equations of motion (C.3) can be equivalently written as r~*H,¥, =

0, where

(2 —4)%r8 Dy Df — (02 + 20— 3)r?
4(041)2

402 e+1
The algebra of Dét with Hy is the same as (2.7): Hypy D) = D;Hg and Hy_1D, = D, Hy,
which implies that D; and D, are raising and lowering operators in the sense that, if
W, solves Hy¥, = 0 for some ¢, then Hg_,_l(D?\Ifg) = 0 and Hy_1(D, ¥;) = 0. One can

Hg = D;—IDE — (C?)
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then repeat the analysis of section 2. In particular, by direct inspection of the equations
of motion for modes with ¢/ = 2, we can identify the quantity P, = 7“4A5r(732) which is
conserved on-shell, i.e., 0,P, = 0 if HoWy = 0. From the conservation of P» at large distances,

one can find the large-r behavior of the two independent solutions to the Regge-Wheeler
equation (C.3): one is \I'gl) (r — o0) ~ 3 (which is actually a good solution everywhere and
corresponds to P, = 0), while the other goes as \1152) (r — 00) ~ r=2 (which corresponds to
P, = constant # 0). From the conservation of P, one then infers that only \Ifgl) is regular

at the black hole horizon, while ng has to diverge logarithmically as In(1 — rs/r). One
can then generate regular solutions for all £’s by repeated use of the raising operator DZ,
Ut =D/f  ---D UM, As is manifest from the definition (C.4), ¥,® is a finite polynomial
with only positive powers of r. Then, using the constraint equations to compute the metric
fluctuation dg;4 from the solution ¥, or, alternatively, performing the matching with the
point-particle EF'T (5.1) [18], one concludes that the odd-type Love numbers vanish for all £’s.

In analogy with the scalar case, conserved quantities at higher ¢ can be obtained by

climbing the ladder:
O, Py=0, where P, =7r'A0,(r DDy - -D;¥). (C.8)

We stress that P» — which was inferred from the structure of the Regge-Wheeler equation
for ¢ = 2 — could have been equivalently derived from the action (C.1). Indeed, it can be
shown that, in the static limit, where one neglects time derivatives acting on W, the sector
with £ = 2 in (C.1) is invariant, up to total derivative terms, under the transformation
Wy = Q2¥y, where Q2 = r*Ad, — 3r3A. Following the Noether procedure, one finds the
conserved current Jy = —%r8A2[8T(%)]2 = —2P}. Thus, the conservation of Jo (9, Jo = 0)
is equivalent to 9,.P» = 0. The procedure can be generalized to all £’s. In particular, one can
introduce recursively the quantities

Qi=D/ ,Qi1D;, (C.9)

which can be shown to leave the action (C.1) invariant. The operators (C.9) should be
understood as follows: starting from a solution W, at level £, the chain of lowering operators
D3 --- D, generate a solution at level £ = 2; Q2 is then used to produce another solution
with ¢ = 2; finally, the raising operators D,_, - -- D, yield a level-£ solution.

The previous argument has shown that the vanishing of the black hole Love numbers of
odd type can be traced back to the existence of symmetries governing the static regime of the
Regge-Wheeler equation. Similar considerations can be in principle extended and applied also
to the case of the Zerilli equation [76] and the corresponding Love numbers of even type. The
logic that we will follow here is, however, slightly different. It is in fact much more convenient
to understand the vanishing of the even-type Love numbers by combining the previous result
with another property of black hole perturbations in general relativity, which avoids going
through the derivation of ladder operators for the Zerilli equation. We shall use instead
the existence of a duality symmetry relating perturbations of different parity. This duality,
which is the basis of isospectrality of massless spin-2 fields around Schwarzschild black holes
in general relativity [77],%> can be shown to be also responsible for the equality of the even
and odd Love numbers, at any given ¢ [79]. Combining the equality of the Love numbers, as a

35For a generalization to the case of partially massless spin-2 fields on Schwarzschild-de Sitter spacetimes,
see [78].
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result of the duality, with the vanishing of the static response for the Regge-Wheeler equation,
which we inferred above from the ladder symmetries, one can then conclude immediately that
the Love numbers of even type in general relativity must also vanish.

We conclude by mentioning that similar considerations and results, following from the
existence of ladder operators that raise and lower ¢, straightforwardly apply also to the case
of spin-1 perturbations around Schwarzschild black holes [18].

D Ladder in Teukolsky

In the main text, we were able to discern the properties of solutions to the Teukolsky equa-
tion by exploiting a ladder structure in spin, which relates solutions of the static spinning
Teukolsky equation to its scalar counterpart. However, there is also a more direct route,
which is to identify a ladder in ¢ structure in the Teukolsky equation at fixed s. In this
appendix we exhibit this structure directly.

In order to see this ladder structure, it is convenient to multiply eq. (4.3) by —A, and
rewrite the equation of motion as:

Hypl”) =0, with  Hp=—AH,,. (D.1)

Define the ¢ raising and lowering operators:

— 1
D?S = -A0, + 7£ s+ [(€+1)(zx — 22) — 2iqzy] ,
2(0+1) (D.2)
D, = A0, + ¢ ;_68 [0(z — 22) + 2iqzy] -

These operators obey the algebraic relations:

_ (204 1)22 P20+ 1)
‘DZ+1SDZ - DZ*lS‘DZS = 4 + 62(6 + 1)2 )

(04 1) + 4¢?)z} (D.3)
4(0+12

Hys = DZ+1SDZ —U+s+1)(l—-s+1)

(62 + 4q2)z,3

:Dzr—lsDK_s_ (£+8)(‘€_3> 4[2 )

and as before Dzj; act as ladder operators on the Hamiltonian:
Hyp1sDJ), = DfHys,  He_1sD,, = D, Hys. (D.4)

The appearance of non-local looking terms, factors of ¢ in the denominators of (D.2), should
not surprise us. Recall that for s = 1,2, the Newman-Penrose variables are first and second
derivatives of the gauge fields respectively (thus the Teukolsky equation involves more than
two derivatives on the fundamental fields). Ignoring this subtlety, we can still think of the
raising and lowering operators as giving us vertical symmetries of the equation of motion:
i.e., given @Z}és) which solves Hgsq/)és) =0, ngwés) satisfies Hg+1S(D€+S@ZJés)) = 0, and D[s@bés)
satisfies Hy_y S(D[sw;)) = 0. The fundamental origin of these symmetries is a bit obscure in
this case, because we do not have an action for the Teukolsky equation. Nevertheless, they
provide a useful device for manipulating solutions to the equation.
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Proceeding in the same formal manner, we can guess the horizontal ladder symmetries.
It is simplest to start with a negative s, i.e., s = —1 or s = —2 (s = 0 reduces to the scalar
case). In particular, for £ = —s = |s|, the constant term in Hy, vanishes, in which case the
equation of motion

B Hjb) =0, with = AT ekl (D.5)

takes the simple form:
~ BAD.(BAD)uf)) = 0. (D-6)

It is easy to see that a symmetry of this equation is
51/1‘(;) = Q‘(§|)w|§|) , where Q‘(j‘) = SAOD, . (D.7)

This transformation is a symmetry in the sense that [3?H, |s]s> Ql(jl)] = 0, so that if 1/1‘(88‘) is a
solution, so is Q|(§|)¢\(;\)' We can bootstrap to higher ¢ > —s = |s| by:

(s) _ p+ + ) - —
Qr = D15 D Qe Digigrs Dis - (D.8)
Starting from a level £ solution zpés), the combination D‘;| s D[sdjés) produces a solution
at level £ = —s = |s|. We already know acting on it with Q‘(ss‘) produces another level

+

¢ = —s = |s| solution. Finally raising the result back with D | --- Dy

produces another

level £ solution. We thus have an equation-of-motion symmetry in the sense that if wes) is a
solution, so is Q;)wes). Note, however, that [3%Hys, Q;)] # 0.

Considering s = —2 for instance, the growing solution for ¢ = 2 is ¢£72) =
E*E*DTDS'@/J(()O) with w[()o) = constant. (Here, the D*’s are the raising and lower-
ing operators for scalar.) It is not hard to show 1/)&72) is a constant too, and thus
Qg_2)¢§_2) = 0. Conversely, the decaying solution for £ = 2 is 1[)5_2) = E-E-D{Df ¢éo) with
1/1(()0) = e~ 2iaIn[(z=21)/2] _1 Tt can be checked that Qé_Q)wé_Q) # 0. The obvious extensions of
these statements to £ > 2 can be derived by climbing the ladder.

What about s = 27 The corresponding symmetry operator can be obtained by climbing
the spin ladder:

QP =E/EfENEY, QY EE EE . (D.9)
Analogous statements can be made for s = —1 and s = 1.
E Supersymmetric structure

The ¢-ladder structure, with the equation of motion operator H, written as some sort of
square, is reminiscent of supersymmetric quantum mechanics. The supersymmetric structure
can be made explicit as follows. It is convenient to define A, and A};:

1
Ap=D; = A0, + 5 [0z — 22) + 2iqzy)

1 (E.1)
AZ = DZ;l = —A0, + 3 [0(z — 22) — 2iqzi] -
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where we have used D* defined in eq. (3.7). The operator AZ is the hermitian conjugate of
Ay in the sense that the action can be thought of as [ dy v; Hyy with 9y, =A0,. Noting that

52 14 2\ ,2 52 +4 2\ .2
AJAy = Hy + = 4q % AL =Hp+ ¢ 4q )ka, (E-2)
we are motivated to define the operator
by = A 0 (E.3)
T\ 0 aal) '

such that its eigenvectors W, satisfying

(% + 4q2)z,§

HeWy = E¥y, E, 1 )

(E.4)

consist precisely of the v, and 1,_;1 solutions packaged together. In particular, it is simple
to check that two possible solutions are:

U, = <1/(’f> , U, = (A;)w) , (E.5)

where 1y solves Hypy = 0 and Agtpy solves Hy_1(Ag)g) = 0. The operator H, can be thought
of as coming from an anti-commutator of “supercharges”

My ={Qn,Q}, with Q= (jg 8) ; (E.6)
which satisfy [H, Qi = [Ho, Q};] = 0. From this perspective, the Hamiltonian at level £
is the supersymmetric partner of the Hamiltonian at level £ 4+ 1 and so on (indicating that
these potentials are shape invariant). We can then understand the simplicity of the tower of
potentials from the fact that the ¢ = 0 potential is just a constant.?® We have spelled out the
supersymmetric structure for the scalar in a Kerr background. The same can be done for the
Teukolsky equation, with conjugation involving s — —s. Incidentally, in the context of metric
perturbations around a Schwarzschild background, there is a different sort of supersymmetry
that has been discussed in the literature, one that relates parity even and odd modes, obeying
the Zerilli and Regge-Wheeler equations. The Teukolsky equation provides an economical
description, with the even and odd modes described by the real and imaginary parts of the
Newman-Penrose variable, making the symmetry between them manifest.

F Hypergeometric identities

In uncovering the ladder structures in black hole perturbations, we were aided by the known
static solutions which are in the form of the (Gauss) hypergeometric function oF;.>” Neigh-
boring hypergeometric functions, with arguments offset by unity, are known to be related.

36This supersymmetric structure at ¢ = 0 is just the standard structure of the Péschl-Teller potential,
discussed in appendix B.
3TFor a review of some of the elementary properties of hypergeometric functions, see appendix B of [18].
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The identities we find the most helpful in revealing the ¢-ladder are:

d oF1 [%cb‘z] - cleze D=0 oa- i -2 2F1 [a’cb’z}

dz z(b—a—1)(1-2)
(F.1)
a(c—b) a+1, b—
_z(b—a—l)(l—z)2F1[ +1cb 1‘4’
d a, by ]_ blle=b-1)—(a—b-1)(1 - 2)] a, b
i = e (F2)

b(c—a) a—1,
_zm—b—nu—@ZH{ 2b+Wz]

Note that the independent solutions to the equation (4.3) take the form of

s b—s+1

s s s ,—2iqn|(z—2zk)/2z — ’e 1=
1!)&):2':1{ 1—3—2iq ]7 dée):AeQQI I k)/]2F1[ i3 e ‘Z}’

z
’g’ 1+ s+ 2iq .
(F.3)
where wﬁ) corresponds to the purely growing branch. The identities (F.1) and (F.2) can be
derived from known identities in the literature:

(c—a—1)9F [a’cb‘z} = (b—a—-1)(1-2)oF [a—}—cl, b’z]

PR (F.4)
o=y [T 0]
a, b
[(a_b)(a—b—1)(1—z)+b(c—b—1)]2F1[ c ‘z}
1 b 1, b+1 (E5)
:a(a—b—l)(l—Z)QFl |:a+c’ ‘Z:|+b(c—a)2|:1 |:CL— ’C * ‘z]’
b 1. b bz 1, b+1
e O R R e
d b ab +1,b+1
a0 e ] = T A ] "

Equations (F.4) and (F.5), generalizing the Gauss contiguous relations, can be found in 1.27
and 2.1 of [80]. Equation (F.6) can be found on pg. 43 of [81]. Equation (F.7) is well known
and can be found on pg. 41 of [82]. The identities useful for revealing the s-ladder are
eq. (F.7) and:

d c—1 a+b—c a, b _ c—2 a+b—c—1 a—1,b—1

dz(z (1-2) 2F1{ ¢ ‘Z}>—(C_1)Z (1-2) 2F1{ c—1 ‘Z}’
(F.8)

from pg. 42 of [82].

G Scalar-Gauss-Bonnet theories
In this appendix, we consider the case of a scalar field coupled to the Gauss-Bonnet cur-

vature invariant RéB = RMP°R,p0 — 4R R, + R?. Such a coupling makes it possible
to evade the no-hair theorem, sourcing a nonzero scalar profile around a black hole with a
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decaying 1/r tail at large r [37]. This example is an interesting laboratory that allows us
to test the consequences of our ladder symmetries for Love numbers and hair in an explicit
microscopic model.

Let us start by adding a linear coupling of the form Lgp ~ agbRQGB to the ultraviolet
theory of a scalar field coupled to gravity. For simplicity, we shall treat the coupling « in
Lap perturbatively and look for a solution to the field equations in powers of a. At linear
order in «, we can ignore the backreaction of the metric (corrections to the metric enter at
order a?) and study the scalar’s dynamics on a fixed Schwarzschild geometry. The scalar’s
equation of motion is

O¢ = —aR%y . (G.1)

After decomposing ¢ in spherical harmonics, the Gauss-Bonnet term in (G.1) plays the role
of a source for the £ = 0 mode, while the equations for the higher multipoles are unchanged
at this order in o with respect to (2.2). In the static limit, the solution for the monopole
that is regular at the horizon is

4rg
3r3

Pr=0(T) = Poo + (4 + % + ) + 0(a?), (G.2)
rrs T

where ¢ is a constant, corresponding to the value of ¢(r) at r = oo. The term 4a/(rrs)

is the well-known fall-off that corresponds to the scalar hair generated by the Gauss-Bonnet

coupling [37]. On the other hand, it is clear from (G.2) that there is no static response

induced by a constant tidal field, which would be proportional to ¢o.

The above calculations can be understood in terms of (exact and broken) symmetries in
the following way. The point is that the coupling to the Gauss-Bonnet operator is responsible
for an explicit breaking of the (g symmetry, so that hair is no longer forbidden. At the level
of the point-particle EFT (5.1), the breaking of )y implies that the tadpole g¢ coupling can
appear in the infrared description and should therefore be included in the EFT. In particular
— combined with the spherical symmetry of the system — it implies that if we expand
g¢ in spherical harmonics only the monopole is allowed by symmetries. And indeed this
is precisely what the microscopic calculation shows: the Gauss-Bonnet coupling allows for
nonzero monopole hair (but not for higher-multipole-type of hair). Even though the coupling
to the Gauss-Bonnet operator breaks Qg explicitly, one finds that Q¢>1 are still symmetries
of the theory, up to linear order in «. This is enough to ensure the vanishing of the Love
numbers with £ > 1.3® On the other hand, the absence of a static response for £ = 0 is
enforced by the shift symmetry, ¢ — ¢ + ¢, which is an exact invariance of the theory with
linear coupling Lgp ~ aquéB, if we ignore any backreaction on the metric (decoupling
limit). As a result, all the black hole’s scalar Love numbers vanish.

It is instructive to contrast this result with the case of a scalar field coupled quadratically
to the Gauss-Bonnet operator, i.e., Lo ~ %oquQRéB [41]. In contrast to the previous
example, the shift symmetry is now broken explicitly in the ultraviolet theory. Therefore,
there is no reason now for the monopole Love number to vanish and the quadratic worldline

38Note that this result follows from knowing the exact microscopic dynamics. Formulating a similar state-
ment directly at the level of the EFT (5.1) seems more subtle. Indeed, the breaking of Qo allows in general
all the A¢’s in (5.1). Presumably, understanding how to implement a subset of our symmetries (at selected
£’s) at the level of the worldline action (5.1), as mentioned in section 5, would allow us to use the remaining
symmetries to constrain (at least some of) the other couplings ;. Nevertheless, the vanishing of the monopole
Love number can at least be understood in terms of the shift symmetry ¢ — ¢ + ¢, which clearly forbids ¢?
in (5.1), providing in the infrared a symmetry explanation of why X\g = 0.
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operator ¢? not to be allowed in the point-particle effective description. This is indeed what
one finds from an explicit calculation in the microscopic theory and after matching with the
EFT. To show this, we again solve the scalar equation of motion, which now reads

O¢ + apREp =0, (G.3)

perturbatively in . Focusing for simplicity on the monopole ¢ = 0, the solution to (G.3)
that is regular at r = r, is now

br=0(T) = boo (1 +a <7’i L2y 4r5) + (’)(aQ)) : (G.4)

r2 = 33

where we have discarded terms that are order a? or higher. The constant ¢, now multiplies
the whole solution — this follows from the fact that, as opposed to (G.1), eq. (G.3) is
homogeneous in ¢ — and one can genuinely interpret the 1/r tail as the static response to
the monopole tidal field profile ¢o,. According to [41], this theory can even generate hair,
which from the EFT perspective is described by a linear ¢ coupling to the worldline. This
represents a spontaneous breaking of the discrete ¢ — —¢ symmetry that is present in the
microscopic theory. This so called scalarization phenomenon seems to occur only if « is
sufficiently large.

Our exploration of the black hole ladders — black hole arpeggios as it were — was partly
inspired by Bach’s music. A ladder structure can be discerned for instance in the celebrated
prelude of Cello Suite No. 1 in G major.

2 o0 o 2 e0 o P o® @ P o® &
s o — f f f f f f T e i e i !
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