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Quantum computers can produce a quantum encoding of the solution of a
system of differential equations exponentially faster than a classical algorithm
can produce an explicit description. However, while high-precision quantum al-
gorithms for linear ordinary differential equations are well established, the best
previous quantum algorithms for linear partial differential equations (PDEs)
have complexity poly(1/¢), where € is the error tolerance. By developing quan-
tum algorithms based on adaptive-order finite difference methods and spectral
methods, we improve the complexity of quantum algorithms for linear PDEs
to be poly(d,log(1/e)), where d is the spatial dimension. Our algorithms apply
high-precision quantum linear system algorithms to systems whose condition
numbers and approximation errors we bound. We develop a finite difference
algorithm for the Poisson equation and a spectral algorithm for more general
second-order elliptic equations.

1 Introduction

Many scientific problems involve partial differential equations (PDEs). Prominent ex-
amples include Maxwell’s equations for electromagnetism, Boltzmann’s equation and the
Fokker-Planck equation in thermodynamics, and Schrodinger’s equation in continuum
quantum mechanics. While models of physics are often studied in a constant number of
spatial dimensions, it is also natural to study high-dimensional PDEs, such as to model
systems with many interacting particles. Classical numerical methods have complexity
that grows exponentially in the dimension, a phenomenon sometimes called the curse of
dimensionality [2]. This is a major challenge for attempts to solve PDEs on classical
computers.

A common approach to solving PDEs on a digital computer is the finite difference
method (FDM). In this approach, we discretize space into a rectangular lattice, solve a
system of linear equations that approximates the PDE on the lattice, and output the
solution on those grid points. If each spatial coordinate has n discrete values, then n¢
points are needed to discretize a d-dimensional problem. Simply outputting the solution
on these grid points takes time Q(n).

Beyond uniform grids, the sparse grid technique [32] has been applied to reduce the
time and space complexity of outputting a sparse encoding of the solution to O(n log? n)
[6, 39]. While this is a significant improvement, it still scales exponentially in d. It can be
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shown that for a grid-based approach this complexity is optimal with respect to certain
norms [6]. Reference [6] proposes alternative sparse grid algorithms whose complexities
scale linearly with n but exponentially with d. Another grid-based method is the finite
element method (FEM), where the differential equation is multiplied by functions with
local support (restricted by the grid) and then integrated. This produces a set of equations
that the solution must satisfy, which are then used to approximate the solution. In yet
another grid-based approach, the finite volume method (FVM) considers a grid dividing
space into volumes/cells. The field is integrated over these volumes to create auxiliary
variables, and relations between these variables are derived from the differential equation.

An alternative to grid methods is the concept of spectral methods [15, 28]. Spectral
methods use linear combinations of basis functions (such as Fourier basis states or Cheby-
shev polynomials) to globally approximate the solution. These basis functions allow the
construction of a linear system whose solution approximates the solution of the PDE.

These classical algorithms often consider the problem of outputting the solution at N
points in space, which clearly requires 2(NN) space and time. Quantum algorithms often
(though not always) consider the alternative problem of outputting a quantum state pro-
portional to such a vector, which requires only Q(log N) space—and correspondingly pro-
vides more limited access to the solution—but can potentially be done in only poly(log N)
time.

The fact that quantum states can efficiently encode exponentially long vectors has
also been leveraged for the development of quantum linear system algorithms (QLSAs)
[1, 8, 16]. For a linear system AZ = l_f, a QLSA outputs a quantum state proportional to
the solution #. To learn information about the solution #, the output of the QLSA must
be post-processed. For example, to output all the entries of an N-dimensional vector &
given a quantum state |z) proportional to it, even a quantum computer needs time and
space Q(N).

Because linear systems are often used in classical algorithms for PDEs such as those
described above, it is natural to consider their quantum counterparts. Clader, Jacobs, and
Sprouse [10] give a heuristic algorithm for using sparse preconditioners and QLSAs to solve
a linear system constructed using the FEM for Maxwell’s equations. The state output by
the QLSA is then post-processed to compute electromagnetic scattering cross-sections.

In subsequent work, Montanaro and Pallister [22] use QLSAs to implement the FEM
for d-dimensional boundary value problems and evaluate the quantum speedup that can
be achieved when estimating a function of the solution within precision e. This involves a
careful analysis of how different algorithmic parameters (such as the dimension and condi-
tion number of the FEM linear system and the number of post-processing measurements)
scale with respect to input variables (such as the spatial dimension d and desired precision
€), since all of these affect the complexity. Their algorithms have complexity poly(d, 1/¢),
compared to O((1/€)?) for the classical FEM. This exponential improvement with respect
to d suggests that quantum algorithms may be notably faster when d is large. However,
they also argue that for fixed d, at most a polynomial speed-up can be expected due to
lower bounds on the cost of post-processing the state to estimate a function of the solution.

The FDM has also been used in quantum algorithms for PDEs. References [7, 35] apply
the FDM to solve Poisson’s equation in rectangular volumes under Dirichlet boundary con-
ditions. Although the circuits they construct have poly(log(1/€)) gates, these circuits have
success probability poly(1/e), leading to poly(1/e) time complexity. Additionally, they do
not quantify errors resulting from the finite-difference approximation. Reference [12] ap-
plies the FDM to the problem5 of outputting states proportional to solutions of the wave
equation, giving complexity d2 poly(1/e), a polynomial dependence on d and 1/e (which
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is poly(n) for a fixed-order FDM). The FVM is combined with the reservoir method in
Reference [14] to simulate hyperbolic equations; although they achieve linear scaling with
respect to the spatial dimension, they use fixed order differences, leading to poly(1/e) scal-
ing. These FDM, FEM, and FVM approaches can only give a total complexity poly(1/e),
even using high-precision methods for the QLSA or Hamiltonian simulation, because of
the additional approximation errors in the FDM, FEM, and FVM.

The FDM is also applied in Reference [18] to simulate how a fixed number of particles
evolve under the Schrédinger equation with access to an oracle for the potential term.
This can be seen as a special case of quantum algorithms for PDEs. Other examples
include quantum algorithms for many-body quantum dynamics [37, 38] and for electronic
structure problems, including for quantum chemistry (see for example References [20, 25]).
However, here we focus on PDEs whose dynamics are not necessarily unitary.

In this paper, we propose new quantum algorithms for linear PDEs where the boundary
is the unit hypercube. In the spirit of Reference [22], we state our results in terms of the
approximation error and the spatial dimension; however, we do not consider the problem of
estimating a function of the PDE solution and instead focus on outputting states encoding
the solution, allowing us to give algorithms with complexity poly(log(1/¢)). Just as for the
QLSA, this improvement is potentially significant if the given equations must be solved as
a subroutine within some larger computation. The problem we address can be informally
stated as follows: Given a linear PDE with boundary conditions and an error parameter
€, output a quantum state that is e-close to one whose amplitudes are proportional to the
solution of the PDE at a set of grid points in the domain of the PDE. We focus on elliptic
PDEs, and we assume a technical condition that we call global strict diagonal dominance
(defined in (2.8)).

Our first algorithm is based on a quantum version of the FDM approach: we use a
finite-difference approximation to produce a system of linear equations and then solve that
system using the QLSA. We analyze our FDM algorithm as applied to Poisson’s equation
(which automatically satisfies global strict diagonal dominance) under periodic, Dirichlet,
and Neumann boundary conditions. Whereas previous FDM approaches [7, 12] considered
fixed orders of truncation, we adapt the order of truncation depending on e, inspired
by the classical adaptive FDM [3]. As the order increases, the eigenvalues of the FDM
matrix approach the eigenvalues of the continuous Laplacian, allowing for more precise
approximations. The main algorithm we present uses the quantum Fourier transform
(QFT) and takes advantage of the high-precision LCU-based QLSA [8]. We first consider
periodic boundary conditions, but by restricting to appropriate subspaces, this approach
can also be applied to homogeneous Dirichlet and Neumann boundary conditions. We
state our result in Theorem 1, which (informally) says that this quantum adaptive FDM
approach produces a quantum state approximating the solution of Poisson’s equation with
complexity d® poly(logd,log(1/e)).

We also propose a quantum algorithm for more general second-order elliptic PDEs
under periodic or non-periodic Dirichlet boundary conditions. This algorithm is based on
quantum spectral methods [9]. The spectral method globally approximates the solution
of a PDE by a truncated Fourier or Chebyshev series (which converges exponentially
for smooth functions) with undetermined coefficients, and then finds the coefficients by
solving a linear system. This system is exponentially large in d, so solving it is infeasible
for classical algorithms but feasible in a quantum context. To be able to apply the QLSA
efficiently, we show how to make the system sparse using variants of the quantum Fourier
transform. Our bound on the condition number of the linear system uses global strict
diagonal dominance, and introduces a factor in the complexity that measures the extent
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Algorithm Equation Boundary conditions Complexity
FDM/FEM/FVM general general poly((1/€)%)
TS Adaptive FDM/FEM (3] general general poly((log (1/¢€))?)
I% Spectral method [15, 28] general general poly((log (1/¢€))?)
O Sparse grid FDM/FEM (6, 39] general general poly((1/¢€)(log(1/€))%)
Sparse grid spectral method [29, 30] elliptic general poly(log (1/€)(loglog(1/€))%)
FEM [22] Poisson homogeneous poly(d, 1/¢€)
FDM [7] Poisson homogeneous Dirichlet dpoly(logd,1/e)
§ FDM [12] wave homogeneous d5/2 poly(1/e)
g FVM [14] hyperbolic periodic dpoly(1/e)
& Adaptive FDM [this paper] Poisson periodic, homogeneous d'3/2 poly(log d, log (1/€))
Spectral method [this paper] Poisson homogeneous Dirichlet dpoly (logd,log (1/€))
Spectral method [this paper] elliptic inhomogeneous Dirichlet d? poly (log (1/€))

Table 1: Summary of the time complexities of classical and quantum algorithms for d-dimensional
PDEs with error tolerance e. Portions of the complexity in bold represent best known dependence
on that parameter.

to which this condition holds. We state our result in Theorem 2, which (informally) gives a
complexity of d? poly(log(1/¢)) for producing a quantum state approximating the solution
of general second-order elliptic PDEs with Dirichlet boundary conditions.

Both of these approaches have complexity poly(d,log(1/¢)), providing optimal depen-
dence on € and an exponential improvement over classical methods as a function of the
spatial dimension d. Bounding the complexities of these algorithms requires analyzing
how d and e affect the condition numbers of the relevant linear systems (finite differ-
ence matrices and matrices relating the spectral coefficients) and accounting for errors in
the approximate solution provided by the QLSA. Furthermore, the complexities of both
approaches scale logarithmically with high-order derivatives of the solution and the inho-
mogeneity. The detailed complexity dependence is presented in Theorem 1 and Theorem 2,
and is further discussed in Section 5.

Table 1 compares the performance of our approaches to other classical and quantum
algorithms for PDEs. Compared to classical algorithms, quantum algorithms improve
the dependence on spatial dimension from exponential to polynomial (with the significant
caveat that they produce a different representation of the solution). Compared to previous
quantum FDM/FEM/FVM algorithms [7, 12, 14, 22], the quantum adaptive FDM and
quantum spectral method improve the error dependence from poly(1/¢) to poly(log(1/e)).
Our approaches achieve the best known dependence on the parameter e for the Poisson
equation with homogeneous boundary conditions. Furthermore, our quantum spectral
method approach not only achieves the best known dependence on d and ¢ for elliptic PDEs
with inhomogeneous Dirichlet boundary conditions, but also improves the dependence on d
for the Poisson equation with inhomogeneous Dirichlet boundary conditions, as compared
to previous quantum algorithms.

The remainder of the paper is structured as follows. Section 2 introduces technical
details about linear PDEs and formally states the problem we solve. Section 3 covers our
FDM algorithm for Poisson’s equation. Section 4 details the spectral algorithm for elliptic
PDEs. Finally, Section 5 concludes with a brief discussion of the results, their possible
applications, and some open problems.
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2 Linear PDEs

In this paper, we focus on systems of linear PDEs. Such equations can be written in the
form

Z(u(x)) = f(z), (2.1)

where the variable & = (z1,...,z4) € C? is a d-dimensional vector, the solution u(x) € C
and the inhomogeneity f(x) € C are scalar functions, and . is a linear differential
operator acting on u(x). In general, . can be written in a linear combination of u(x)
and its derivatives. A linear differential operator .Z of order h has the form

= > A 8:1:3 u(x), (2.2)

I3l <h
where 7 = (j1, ..., jq) is a d-dimensional non-negative vector with ||7|y = j1+---+jq < h,
Aj(x) € C, and
oI o HJd
ox? ozt Ozl

The problem reduces to a system of linear ordinary differential equations (ODEs) when
d=1. For d > 2, we call (2.1) a (multi-dimensional) PDE.
For example, systems of first-order linear PDEs can be written in the form

d
3 452 228 | gy wyua) = f(@), 2.0

j:l .]

where Aj(x), Ag(x), f(x) € Cfor j € [d] ;= {1,...,d}. Similarly, systems of second-order
linear PDEs can be expressed in the form

Z AJ1]2

J1,J2=1

) Oul@) | s dul@)

()
8:6]18:1332 i J Ox;

+ Ao(z)u(x) = f(z), (2.5)

where Aj; j,(x), Aj(x), Ao(x), f(x) € C for ji,j2,j € [d]. A well-known second-order
linear PDEs is the Poisson equation

d 2
Z 8833 f(x). (2.6)

A linear PDE of order h is called elliptic if its differential operator (2.2) satisfies

> Aj(x)E #£0, (2.7)

l3lli=h

for all nonzero &7 = f{l .. ]d with £1,...,&; € R™ and all . Note that ellipticity only
depends on the highest—order terms. When h = 2, the linear PDE (2.5) is called a second-
order elliptic PDE if and only if Aj j,(x) is positive-definite or negative-definite for any
@. In particular, the Poisson equation (2.6) is a second-order elliptic PDE.

We consider a class of elliptic PDEs that also satisfy the condition

d
1
Ci=1-3 A (@) > 4@ >0 (2.8)
ji=1 1L J2€[d\{71}
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for all &. We call this condition global strict diagonal dominance, since it is a strengthening
of the standard (strict) diagonal dominance condition

d
VRN e — S ) (2.9)

Observe that (2.8) holds for the Poisson equation (2.6) with C' = 1.
In this paper, we focus on the following boundary value problem:

Problem 1. In the quantum PDE problem, we are given a system of second-order elliptic
equations

S Z “u(z)
AJ a AJl]2 833‘]185(3]2 = f(w) (210)
ll3]l1=2 J1,d2=1

satisfying the global strict diagonal dominance condition (2.8), where the variable x =
(z1,...,2q4) € 2 = [-1,1] is a d-dimensional vector, the inhomogeneity f(x) € C is a
scalar function of x satisfying f(x) € C*°, and the linear coefficients A; € C. We are also

given boundary conditions u(x) = v(x) € 9Z or &i )|m~—i1 = Y(x)|z;=+1 € 0Z where
=

v(x) € C*. We assume there ezists a weak solutzon a(x) € C for the boundary value
problem (see Reference [13, Section 6.1.2]). Given oracles that compute the coefficients
Aj, and that prepare normalized states |y(x)) and | f(x)) whose amplitudes are proportional
to y(x) and f(x) on a set of interpolation nodes x, the goal is to output a quantum state
lu(x)) whose amplitudes are proportional to u(x) on a set of interpolation nodes x.

3 Finite difference method

We now describe our first approach to quantum algorithms for linear PDESs, based on the
finite difference method (FDM). Using this approach, we show the following.

Theorem 1. There exists a quantum algorithm that oulputs a state e-close to |u) that
Tuns in time

d2k+1

O(d6.5 tog" (| Cair /) \/1og[d4 log® (‘;Zﬁ‘/e) ]) (3.1)

and makes

d2k+1 2k+1

o) <d4 log? (’ L ‘/e) \/Iog [d4 log3 (]% ]/e)/eD (3.2)

queries to the oracle for f

To show this, we first construct a linear system corresponding to the finite difference
approximation of Poisson’s equation with periodic boundary conditions and bound the
error of this high-order FDM in Section 3.1 (Lemma 1). Then we bound the condition
number of this system in Section 3.2 (Lemma 2 and Lemma 3) and bound the error of
approximation in Section 3.3 (Lemma 4). We use these results to give an efficient quantum
algorithm in Section 3.4, establishing Theorem 1. We conclude by discussing how to use the
method of images to apply this algorithm for Neumann and Dirichlet boundary conditions
in Section 3.5.
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The FDM approximates the derivative of a function f at a point @ in terms of the values
of f on a finite set of points near x. Generally there are no restrictions on where these
points are located relative to @, but they are typically taken to be uniformly spaced points
with respect to a certain coordinate. This corresponds to discretizing [—1,1]? (or [0, 27)9)
to a d-dimensional rectangular lattice (where we use periodic boundary conditions).

For a scalar field, in which u(x) € C, the canonical elliptic PDE is Poisson’s equation
(2.6), which we consider solving on [0, 27)¢ with periodic boundary conditions. This also
implies results for the domain Q = [~1,1]¢ under Dirichlet (u(9$) = 0) and Neumann
(~-Vu(02) =0 Where 7 denotes the normal direction to 92, which for domain Q = [~1, 1]¢

is equivalent to a |z__ ., =0 for j € [d]) boundary conditions.

3.1 Linear system

To approximate the second derivatives appearing in Poisson’s equation, we apply the
central finite difference formula of order 2k. Taking xz; = jh for a lattice with spacing h,
this formula gives the approximation

£"(0) h2 Z i f(5h) (3.3)

j=—k
where the coefficients are [18, 21]
Hen J € M
Tji=q =2 Zle ri J=0 (3.4)
r_j Jj € —[k].
We leave the dependence on k implicit in this notation. The following lemma characterizes
the error of this formula.

Lemma 1 ([18, Theorem 7]). Let k > 1 and suppose f(x) € C***1 for x € R. Define the
coefficients r; as in (3.4). Then

d?u(zo) d?F 1y cehy2k-1
daz2 __h2 E:krwfah‘%Jh)+49(hi2k+1‘(2 ) ) (3.5)
—
where
d2k+1u’ . d2k+1y, (36)
dz2k+11 7 yefzo— khx0+kM dx2k+1 ) '

Since we assume periodic boundary conditions and apply the same FDM formula at
each lattice site, the matrices we consider are circulant. Define the 2n x 2n matrix S
to have entries S;; = 0; 11 mod2n. If We represent the solution u(z) as a vector @ =

?21 u(mj/n)€j, then we can approximate Poisson’s equation using a central difference

formula as

%Lﬁ a3 (rol + Zr] (S7+57))i=F (3.7)
where f = Z?Zl f(mj/n)€j. The solution @ corresponds exactly with the quantum state
we want to produce, so we do not have to perform any post-processing such as in Refer-
ence [12] and other quantum differential equation algorithms. The matrix in this linear
system is just the finite difference matrix, so it suffices to bound its condition number and
approximation error (whereas previous quantum algorithms involved more complicated
linear systems).

Accepted in (uantum 2021-10-12, click title to verify. Published under CC-BY 4.0. 7



3.2 Condition number

The following lemma characterizes the condition number of a circulant Laplacian on 2n
points.

Lemma 2. For k < (6/72)Y3n?/3 the matriz L = rol + Z?:l r;(S7 4+ S79) with r; as in
(3.4) has condition number k(L) = O(n?).

Proof. We first upper bound ||L|| using Gershgorin’s circle theorem [17] (a similar argu-
ment appears in Reference [18]). Note that

2(k!)? 2
ri| = - < = 3.8
IR 3
since
k!)? k(k—1)---(k—j+1
)" _ Kkl (kmitl) (3.9)
(k=W k+5) (k+j)k+j—1)--(k+1)
The radii of the Gershgorin discs are
k 2
2 27
2Z|m <2 27 = (3.10)
The discs are centered at rg, and
k 2
27
rol <2 |yl < =50 (3.11)
j=1

so || L]| < 42"

To lower bound ||L~!|| we lower bound the (absolute value of the) smallest non-zero
eigenvalue of L (since by construction the all-ones vector is a zero eigenvector). Let
w :=exp(mi/n). Since L is circulant, its eigenvalues are

k

)\l =rg+ Z ,’nj(wlj + w_lj) (312)
j—l
mlj
=ro+ ;27“J cos( - ) (3.13)
k 272 2 4
w7 (mcy) e
=1+ Jz::l 2r; (1 o2 + At s\ T (3.14)

k 272 ;2 4
Tl%g (mey) e
:jEZl 2r; (— 52 + T (3.15)
where the ¢; € [0,1j] arise from the Taylor remainder theorem. Using (3.8), we have

4k3

(3.16)

)\1—1— erj
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We now compute the sum

k k j
& 2y
210 = L B - (317
:2(k:!)22k: (,_1)j , (3.18)
2 k ]
_ 2((2]:))' Z(_DJ (ki]f) (3.19)
et
DRk (%)

=T 2o 620

e & <2k>
=1 (Zk)!j:%;k( U (3:21)

2
= (—1)F E;?)! (1—1)% — (-1 (2:>> (3.22)
= 1. (3.23)
Therefore, we have
2 k3
A< _ﬁ + W (3.24)
Finally, we see that
R(L) = |ILIIL7 (3.25)
a2 o2 A3 -
o)
22k3 —

_ §n2<1— 6:2) ! (3.27)
which is O(n?) provided k < (6/72)1/3n2/3, O

In d dimensions, a similar analysis holds.

Lemma 3. For k < (6/72)"/3n?/3, let L := rol + E?zl ri(S7 + S7I) with r; as in (3.4).
The matriz I == L@ [® 4+ @ L ® I®2 4 ... 4 [®-1 & [, has condition number
k(L") = O(dn?).

Proof. By the triangle inequality for spectral norms, ||L’|] < d||L||. Since L has zero-sum
rows by construction, the all-ones vector lies in its kernel, and thus the smallest non-zero
eigenvalue of L is the same as that of L’. Therefore we have

”2]“3)_1 (3.28)

4
! 2

which is O(dn?) provided k < (6/m2)Y/3n?/3, O
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3.3 Error analysis

There are two types of error relevant to our analysis: the FDM error and the QLSA error.
We assume that we are able to perfectly generate states proportional to f The FDM
errors arise from the remainder terms in the finite difference formulas and from inexact
approximations of the eigenvalues.

We introduce several states for the purpose of error analysis. Let |u) be the quantum
state that is proportional to @ = 274 u(mj/n) L, ej, for the exact solution of the
differential equation. Let |u) be the state output by a QLSA that exactly solves the linear
system. Let |@) be the state output by a QLSA with error. Then the total error of
approximating |u) by |@) is bounded by

[y = (@) | < [llu) — @) + [[|[w) — @] (3.29)

= €FDM + €QLSA (3.30)

and without loss of generality we can take eppy and eqrsa to be of the same order of
magnitude.

Lemma 4. Let u(Z) be the exact solution of (Y%, fé)u(f) = f(¥). Letu € RE?

encode the exact solution in the sense that U =3 ;czq u(mj/n) @y ej,. Let i € R0

be the exact solution of the FDM linear system %L’ﬂ = f, where L' is a d-dimensional
(2k)th-order Laplacian as above with k < (6/72)/3n3/2, and f = Z?Zl f(mj/n)€j. Then
I = all < ORY2nl2=2 41| (2 4)1).
Proof. The remainder term of the central difference formula is O( 32221 h#=1(e/2)%F),
S0
. d2k+1y,
/—» 2k—1)\ =

ﬁL =f+ O(‘W‘(ehﬂ) )é (3.31)

where €is a (2n)? dimensional vector whose entries are O(1). This implies

d2k+1

_ u 1\ >
ﬁL’( —a) :O(‘W‘(eh/m% He (3.32)
and therefore
L A2y 2%+1 /
@ — | = O(| T | (eh/2 1) ) 4 (3.33)
d 2 +1 2k+1
=0((2n) /‘m‘(ehﬁ) /). (3.34)

By Lemma 2 we have A\; = ©(1/n?), and since h = ©(1/n), we have

L d2ktly
it = all = O (220l D=2 o (e/2)%) (3.35)

as claimed. 0
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3.4 FDM algorithm

To apply QLSAs, we must consider the complexity of simulating Hamiltonians that cor-
respond to Laplacian FDM operators. For periodic boundary conditions, the Laplacians
are circulant, so they can be diagonalized by the QFT F' (or a tensor product of QFT's for
the multi-dimensional Laplacian L), i.e., D = FTLF is diagonal. In this case the simplest
way to simulate exp(iLt) is to perform the inverse QFT, apply controlled phase rotations
to implement exp(iDt), and perform the QFT. Reference [27] shows how to exactly im-
plement arbitrary diagonal unitaries on m qubits using O(2™) gates. Since we consider
Laplacians on n lattice sites, simulating exp(iLt) takes O(n) gates with the dominant con-
tribution coming from the phase rotations (alternatively, the methods of Reference [36]
or Reference [4] could also be used). Using this Hamiltonian simulation algorithm in a
QLSA for the FDM linear system gives us the following theorem. We restate Theorem 1
as follows.

Theorem 1. There exists a quantum algorithm that outputs a state e-close to |u) that
runs in time

d2k:+1

O(d6.5 10g4.5(‘d 2k+1‘/e)\/10g{d410g (‘;:ﬁ‘/e) ]) (3.1)

and makes

d2k+l

o) <d4 log? (’ e ’/e) \/lOg [d4 log3 (’j:;:ﬁ ’/e) /eD (3.2)

queries to the oracle for f

Proof. We use the Fourier series based QLSA from Reference [8]. By Theorem 3 of
that work, the QLSA makes O(k4/log(k/eqrsa)) uses of a Hamiltonian simulation al-

gorithm and uses of the oracle for the inhomogeneity. For Hamiltonian simulation we
use d parallel QFTs and phase rotations as described in Reference [27], for a total of
O(dnk,/log(k/eqrsa)) gates. The condition number for the d-dimensional Laplacian scales
as k = O(dn?).

We take eppy and eqrsa to be of the same order and just write e. Then the QLSA
has time complexity O(d?n3+/log(dn?/¢)) and query complexity O(dn?log(dn?/¢)). The
adjustable parameters are the number of lattice sites n and the order 2k of the finite
difference formula. To keep the error below the target error of ¢ we require

d/2, (d/2)—2k+1 Aty 2k
9d/2, W](e/z) = O(e), (3.36)
or equivalently,
d2k+1
(—d/2) + (2k — 1 — (d/2)) log(n) — 2k log(e/2) = Q(log(‘m‘ /€))- (3.37)

Now we focus on the choice of adjustable n and k relying on e. This procedure is inspired
by the classical adaptive FDM [3], so we call it the adaptive FDM approach. We must
have 2k — 1 > d/2 for the left-hand side of (3.37) to be positive for large n. Indeed, we
find the best performance by taking k as large as possible subject to the assumption of
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Lemma 2, i.e., k = cn?/® where ¢ := (6/72)"/3. For this choice of k and for n sufficiently
large, (3.37) is equivalent to

klog(n) = en??log(n) = Q(log(‘ j%;l:kl ‘/ )) (3.38)

To satisfy the condition 2cn?? — 1 > d/2, we must have n = Q(d®?). Combining this
observation with (3.38), we choose

n = 0(d/10g¥2(| 32’;; 7)) (3.39)
so that
k=cn?? = @(dlog(’gzﬁf’/e)). (3.40)

The QLSA then has the stated time complexity

O(dn? /log(an/e)):O(d6'510g (‘32::1‘/6 \/log[dﬂog (‘;’;:fﬂ/e) D, (3.41)

and makes

O(dn?log(dn?/e)) = o<d4 1og3(‘32'“;1‘ /e) \/10g[d4 log? (| dzz;ﬂ /€) /eD (3.42)

queries to the oracle for f O

This can be compared to the cost of using the conjugate gradient method to solve the
same linear system classically. The sparse conjugate gradient algorithm for an N x N
matrix has time complexity O(Ns+/klog(1/¢)). For arbitrary dimension N = O(n?), we
have s = dk = cdn®® and k = O(dn?), so that the time complexity is O(d**3%2log(1/€)

log5/ 2+3d/2 |dj;:il |/€)). Alternatively, d fast Fourier transforms could be used, although

this will generally take Q(n%) = Q(d3¥/210g3¥/?( gj;;l |/€)) time.

3.5 Boundary conditions via the method of images

We can apply the method of images to deal with homogeneous Neumann and Dirichlet
boundary conditions using the algorithm for periodic boundary conditions described above.
In the method of images, the domain [—1,1] is extended to include all of R, and the
boundary conditions are related to symmetries of the solutions. For a pair of Dirichlet
boundary conditions there are two symmetries: the solutions are anti-symmetric about
—1 (i.e., f(—x—1) = —f(x—1)) and anti-symmetric about 1 (i.e., f(14+z) = —f(1—x)).
Continuity and anti-symmetry about —1 and 1 imply f(—1) = f(1) = 0, and furthermore
that f(z) = 0 for all odd x € Z and that f(z +4) = f(x) for all z € R. For Neumann
boundary conditions, the solutions are instead symmetric about —1 and 1, which also
implies f(x 4+ 2) = f(z) for all x € R.

We would like to combine the method of images with the FDM to arrive at finite
difference formulas for this special case. In both cases, the method of images implies
that the solutions are periodic, so without loss of generality we can consider a lattice

n [0,27) instead of a lattice on R. It is useful to think of this lattice in terms of the
cycle graph on 2n vertices, i.e., (V. E) = (Zan,{(i,i + 1) | i € Zay}), which means that
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the vectors encoding the solution u(z) will lie in R?™. Let each vector €; correspond to
the vertex j. Then we divide R?" into a symmetric and an anti-symmetric subspace,
namely span{e;j + egt1-;}7—; and span{e; — egpt1-;}7_, respectively. Vectors lying in
the symmetric subspace correspond to solutions that are symmetric about 0 and 7, so they
obey Neumann boundary conditions at 0 and 7; similarly, vectors in the anti-symmetric
space correspond to solutions obeying Dirichlet boundary conditions at 0 and 7.
Restricting to a subspace of vectors reduces the size of the FDM vectors and matrices
we consider, and the symmetry of that subspace indicates how to adjust the coefficients.
If the FDM linear system is L”@" = f” then L” has entries
7’|z’fj\ + ri-i—j—l ) § k
Tii—j| T Ton—i—j+1 n—k <1

where + (—) is chosen for Neumann (Dirichlet) boundary conditions and due to the trun-
cation order k, r; = 0 for any j > k. This is similar to how Laplacian coefficients are
modified when imposing boundary conditions in discrete variable representations [11].

For the purpose of solving the new linear systems using quantum algorithms, we still
treat these cases as obeying periodic boundary conditions. We assume access to an oracle
that produces states |f”) proportional to the inhomogeneity f”(x). Then we apply the
QLSA for periodic boundary conditions using |f”)|4) to encode the inhomogeneity, which
will output solutions of the form |u”)|+). Here the ancillary state is chosen to be |+) (|—))
for Neumann (Dirichlet) boundary conditions.

Typically, the (second-order) graph Laplacian for the path graph with Dirichlet bound-
ary conditions has diagonal entries that are all equal to 2; however, using the above spec-
ification for the entries of L leads to the (1,1) and (n,n) entries being 3 while the rest of
the diagonal entries are 2.

To reproduce this case, we consider an alternative subspace restriction used in Refer-
ence [33] to diagonalize the Dirichlet graph Laplacian. In this case it is easiest to consider
the lattice of a cycle graph on 2n+ 2 vertices, where the vertices 0 and n+ 1 are selected as
boundary points where the field takes the value 0. The relevant antisymmetric subspace
is now span({e; — e2n+2-;}7_;) (which has no support on e and ep41).

If we again write the linear system as L"@” = f”, then the Laplacian has entries

T|i—j\ — ’I"iJrj ) S k
LZ]': Tli—j| k<i<n-—k
T|z'fj\ — Toan—i—j42 n—=k S 7.
We again assume access to an oracle producing states proportional to f”(x); however,
we assume that this oracle operates in a Hilbert space with one additional dimension
compared to the previous approaches (i.e., whereas previously we considered implementing

U, here we consider implementing ( 6[; ?)) With this oracle we again prepare the state

|/")|—) and solve Poisson’s equation for periodic boundary conditions to output a state
|u"}|—) (where |u”) lies in an (n + 1)-dimensional Hilbert space but has no support on the
(n + 1)st basis state).

4 Multi-dimensional spectral method

We now turn our attention to the spectral method for multi-dimensional PDEs. Since in-
terpolation facilitates constructing a straightforward linear system, we develop a quantum
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algorithm based on the pseudo-spectral method [15, 28, 34] for second-order elliptic equa-
tions with global strict diagonal dominance, under various boundary conditions. Using
this approach, we show the following.

Theorem 2. Consider an instance of the quantum PDE problem as defined in Problem 1
with Dirichlet boundary conditions (4.28). Then there exists a quantum algorithm that
produces a state in the form of (4.29) whose amplitudes are proportional to u(x) on a
set of interpolation nodes x (with respect to the uniform grid nodes for periodic boundary
conditions or the Chebyshev-Gauss-Lobatto quadrature nodes for mon-periodic boundary
conditions, as defined in in (4.7)), where u(x)/|u(x)| is e-close to u(x)/||u(x)| in la
norm for all nodes x, succeeding with probability (1), with a flag indicating success,
using

dlAlls o /
+ad ) poly(log(s' /) (1)
<CHA||*
queries to oracles as defined in Section 4.4. Here ||Alls == X 51,<n l45l, |All« =

E?:l |A; |, C >0 is defined in (2.8), and

= min @ Ni= T 4.2
g=minfa(@)ll, ¢ :=maxmax & (@), (4.2)

d 7 it i—
. S llklleo<n 2og—1 Fo + (Aj9% )2+ (A% )2
— ok - Sk L
Dlklloosn 2j=1 (fi + Aj A + Az )2

(4.3)

The gate complexity is larger than the query complexity by a factor of poly(log(d||A|s/¢€)).

After introducing the method, we discuss the complexity of the quantum shifted Fourier
transform (Lemma 5) and the quantum cosine transform (Lemma 6) in Section 4.1. These
transforms are used as subroutines in our algorithm. Then we construct a linear system
whose solution encodes the solution of the PDE in Section 4.2 (with a simple illustrative ex-
ample presented in Appendix A), analyze its condition number in Section 4.3 (Lemma 10,
established using Lemma 7, Lemma 8, and Lemma 9), and consider the complexity of state
preparation in Section 4.4 (Lemma 11). Finally, we prove our main result (Theorem 2) in
Section 4.5.

In the spectral approach, we approximate the exact solution 4(x) by a linear combi-
nation of basis functions

@ = Y con@) (4.4)

lElloo<n

for some n € Z*. Here k = (k1,...,kq) with k; € [n+ 1]o :={0,1,...,n}, ¢k € C, and

d
o(@) = [[ ok, (x;), € [d]. (4.5)
jaie

We choose different basis functions for the case of periodic boundary conditions and for
the more general case of non-periodic boundary conditions. When the boundary conditions
are periodic, the algorithm implementation is more straightforward, and in some cases
(e.g., for the Poisson equation), can be faster. Specifically, for any k; € [n+ 1]p and
zj € [—1,1], we take

eilki—In/2])mz; periodic conditions,
O, (z5) = { (4.6)

Tj,(xj) := cos(k; arccos ), non-periodic conditions.
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Here T, is the degree-k Chebyshev polynomial of the first kind.

The coefficients ¢ are determined by demanding that u(x) satisfies the ODE and
boundary conditions at a set of interpolation nodes {x1 = (Xty,- - > X1g) }|t]| e, With I €
[n + 1]o, where

n+1
ml; . g ..
cos -1, mnon-periodic conditions.

21, ST L.
—&L — 1, periodic conditions,

Here {n+1 —1:1€ [n+1]o} are called the uniform grid nodes, and {cos ™ : I € [n + 1]}
are called the Chebyshev-Gauss-Lobatto quadrature nodes.
We require the numerical solution u(x) to satisfy

ZL(ulxa)) = fxa), Vi € [n+1]o, j € [d]. (4.8)

We would like to be able to increase the accuracy of the approximation by increasing n,
so that
|i(x) —u(z)]| -0 as n— oc. (4.9)

The convergence behavior of the spectral method is related to the smoothness of the
solution. For a solution in C"*!, the spectral method approximates the solution with
n = poly(1/¢). Furthermore, if the solution is in C°°, the spectral method approximates
the solution to within e using only n = poly(log(1/e€)) [28]. Since we require k; € [n + 1]o
for all j € [d], we have (n + 1)? terms in total. Consequently, a classical pseudo-spectral
method solves multi-dimensional PDEs with complexity poly(log?(1/e)). Such classical
spectral methods rapidly become infeasible since the number of coefficients (n + 1)¢ grows
exponentially with d.

Here we develop a quantum algorithm for multi-dimensional PDEs. The algorithm
applies techniques from the quantum spectral method for ODEs [9]. However, in the case
of PDEs, the linear system to be solved is non-sparse. We address this difficulty using a
quantum transform that restores sparsity.

4.1 Quantum shifted Fourier transform and quantum cosine transform

The well-known quantum Fourier transform (QFT) can be regarded as an analogue of
the discrete Fourier transform (DFT) acting on the amplitudes of a quantum state. The

QFT maps the (n + 1)—dimensional quantum state v = (7}0, V1, ,vn) eCn 1 to the state
f}——(f}o,f}l,...,’f)n)EC 1 with
U E ( Zkl) l [ 1] (4 10)
v Uk, € n+ . .
= T k 0

In other words, the QFT is the unitary transform

1 n
vn+1 k%Oex (

2mikl

F, = -1kl (4.11)

Here we also consider the quantum shifted Fourier transform (QSFT), an analogue of
the classical shifted discrete Fourier transform, which maps v € C**! to ¢ € C**! with

N ori(k — [n/2))(1 — (n+1)/2)
- n+1ZeXp< nt 1

o, 1€ [n+ 1o, (4.12)
k=0
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In other words, the QSFT is the unitary transform

. 1 & 2mi(k — [n/2))(1 — (n+1)/2
Fyi=——— 3 exp( (k= [n2))(i = (n 1)/ ))uw. (4.13)
vn+1 =0 n+1
We define the multi-dimensional QSFT by the tensor product, namely
1 7TZ n n
F = ——— S H exp (ZHE =IOV 1y J1g) (R (R,
(4 D) e 2l o <n =1
(4.14)

where k = (ki,...,kq) and l = (l1,...,l4) are d-dimensional vectors with k;,1; € [n]o.

The QSFT can be efficiently implemented as follows:

Lemma 5. The QSFT F; defined by (4.13) can be performed with gate complexity O(logn
loglogn). More generally, the d-dimensional QSF'T F;? defined by (4.14) can be performed
with gate complexity O(dlognloglogn).

Proof. The unitary matrix F); can be written as the product of three unitary matrices

FS = S, FyRy, (4.15)
where - 2mik(n +1)/2
R, zkzz%)exp< T)U@)( | (4.16)
and

n—Ze <2m 1n/2) (1 - (n+1)/2)>|l><l|' 17

n+1

It is well known that F), can be implemented with gate complexity O(lognloglogn), and
it is straightforward to implement R, and S, with gate complexity O(logn). Thus the
total complexity is O(logn loglogn).

We rewrite v in the form

v = Z ’Uk|k1>...’kd>, (4.18)

l[%lloo<n

where v, € C with k = (k1,...,kq), and each k; € [n]p for j € [d]. The unitary matrix
F can be written as the tensor product

F;=Q)F;. (4.19)

Performing the multi-dimensional QSFT is equivalent to performing the one-dimensional
QSFT on each register. Thus, the gate complexity of performing F;? is O(dlognloglogn).
O

Another efficient quantum transformation is the quantum cosine transform (QCT)
[19, 26]. The QCT can be regarded as an analogue of the discrete cosine transform (DCT).
The QCT maps v € C**! to © € C*! with

2 & Kl
o = \/>Z 9107 cos lvk, I € [n+1]o, (4.20)
=0 "
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where

1 1=0
5= V2 o (4.21)
1 len-1].

In other words, the QCT is the orthogonal transform
C'\/iznjdd kl—ﬂﬂ k 4.22
=0 10 08 — ) (K. (4.22)
k,1=0
Again we define the multi-dimensional QCT by the tensor product, namely

2\d d kil
C., ::,/(5) N > TT ok cos =25 0) gl (kal, (4.23)

‘lHOOSanI

where k = (ki,...,kq) and l = (l1,...,ly) are d-dimensional vectors with k;,; € [n + 1]o.

The classical DCT on (n+1)-dimensional vectors takes O(nlog n) gates, while the QCT
on (n + 1)-dimensional quantum states can be implemented with complexity poly(logn).
According to Theorem 1 of Reference [19], the gate complexity of performing C,, is
O(log?n). We observe that this can be improved as follows.

Lemma 6. The quantum cosine transform C,, defined by (4.22) can be performed with
gate complezity O(log nloglogn). More generally, the multi-dimensional QCT C,, defined
by (4.23) can be performed with gate complexity O(dlognloglogn).

Proof. According to the quantum circuit in Figure 2 of Reference [19], C), can be decom-
posed into a QFT Fj,1, a permutation

P, = 1 , (4.24)

and additional operations with O(1) cost. The QFT F, 1 has gate complexity O(logn
loglogn). We then consider an alternative way to implement P,, that improves over the
approach in [24].

The permutation P,, can be decomposed as

P, = F,T,F !, (4.25)

where F, is the Fourier transform (4.11) and T, = >~ e~ i |k) (k| is diagonal. The gate
complexities of performing F,, and T, are O(lognloglogn) and O(logn), respectively. It
follows that C), can be implemented with circuit complexity O(lognloglogn).

The matrix C,, can be written as the tensor product

Cn =) Ch. (4.26)

As in Lemma 5, performing the multi-dimensional QCT is equivalent to performing a QCT
on each register. Thus, the gate complexity of performing C,, is O(dlognloglogn). O
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4.2 Linear system

In this section we introduce the quantum PDE solver for the problem (2.1). We construct

a linear system that encodes the solution of (2.1) according to the pseudo-spectral method

introduced above, using the QSFT/QCT introduced in Section 4.1 to ensure sparsity.
We consider a linear PDE problem (Problem 1) with periodic boundary conditions

u(x +2v) =u(x) Ve e P, Vvell (4.27)
or non-periodic Dirichlet boundary conditions
u(x) =v(x) Ve idg. (4.28)

According to the elliptic regularity theorem (Theorem 6 in Section 6.3 of Reference [13]),
there exists a unique solution 4(x) in C* for Problem 1.

We now show how to apply the Fourier and Chebyshev pseudo-spectral methods to
this problem. Our goal is to obtain the quantum state

\u) X Z Ck¢k(Xl)|l1> PN |ld>, (4.29)

[&lloo, I2]]oc <n

where ¢g(xi) is defined by (4.5) using (4.6) for the appropriate boundary conditions
(periodic or non-periodic). This state corresponds to a truncated Fourier/Chebyshev
approximation and is e-close to the exact solution u(x;) with n = poly(log(1/¢)) [28].
Note that this state encodes the values of the solution at the interpolation nodes (4.7)
appropriate to the boundary conditions (the uniform grid nodes in the Fourier approach,
for periodic boundary conditions, and the Chebyshev-Gauss-Lobatto quadrature nodes in
the Chebyshev approach, for non-periodic boundary conditions).

Instead of developing our algorithm for the standard basis, we aim to produce a state

lc) o Z cklk1) ... |kq) (4.30)
klloo<n
that is the inverse QSFT/QCT of |u). We then apply the QSFT/QCT to transform back
into the interpolation node basis.
The truncated spectral series of the inhomogeneity f(x) and the boundary conditions
~v(x) can be expressed as

fl@)= 3" fuou(@) (4.31)
&l oo <n
and
vx) = D Ardw(x), (4.32)
[lElloo <n

respectively. We define quantum states |f) and |y) by interpolating the nodes {x;} defined
by (4.7) as

froc > o) fell) - |l (4.33)
ellool[Eloo <n
and
o > bk )kl - lla), (4.34)
el oool[E]loo <n

respectively. These are the states that we assume we can produce using oracles. We
perform the multi-dimensional inverse QSFT/QCT to obtain the states

1fyoc S fulk) ... lka), (4.35)

klloo<n
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and

)y o< > Awlki) ... |ka)- (4.36)
Iklloo<n

Having defined these states, we now detail the construction of the linear system. At
a high level, we construct two linear systems: one system AZ = f (where Z corresponds
to (4.30)) describes the differential equation, and another system BZ = § describes the

boundary conditions. We combine these into a linear system with the form
LE=(A+B)Z=f+7. (4.37)

Even though we do not impose the two linear systems separately, we show that there exists
a unique solution of (4.37) (which is therefore the solution of the simultaneous equations
AT = f and BZ = §), since we show that L has full rank, and indeed we upper bound its
condition number in Section 4.3.

Part of this linear system will correspond to just the differential equation

L) = Y Ajgezula) = f0a), (4.38)

ld1l1=2

while another part will come from imposing the boundary conditions on 07 = Uj¢(q 9%,
where 07, :={x € | v; = £1} is a (d — 1)-dimensional subspace. More specifically, the
boundary conditions

u(xi) =v(x1) Vxi €02 (4.39)

can be expressed as conditions on each boundary:

u(xl,...,xj_1,1,$j+1,...,a;d):fyj+, :1368@]‘, j € [d] (440)
w(zt, ..., zj—1, =L, Tjq1, ..., 2q) = VT xe 0%;, je€ld]. '

4.2.1 Linear system from the differential equation

To evaluate the matrix corresponding to the differential operator from (4.38), it is conve-
nient to define coefficients cg) and ||k||cc < n such that

o7 .
@u(m) = Z cg)gbk(:c) (4.41)

[kllco<n

for some fixed j € N¢ (as we explain below, such a decomposition exists for the choices of

basis functions in (4.6)). Using this expression, we obtain the following linear equations

for cg):

S 4 Y e = s fell) ). (4.42)

l3lli=2 " lklloc;lltllco<n [Elloo; [[2[oc <n

To determine the transformation between cg) and cg, we can make use of the differential

properties of Fourier and Chebyshev series, namely

d . ,
ae“m = ikmettm® (4.43)
and
T, (¢ T . (t

E+1 k—1
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respectively. We have

D= 3 DPNkrr, koo < n, (4.45)

[7]loc <n

where Dflj ) can be expressed as the tensor product

DY) =Dl @ D)2 @@ Di, (4.46)
with 5 = (j1,...,Ja). The matrix D,, for the Fourier basis functions in (4.6) can be written

as the (n + 1) x (n+ 1) diagonal matrix with entries
[Dalie = il — |n/2])r. (4.47)

As detailed in Appendix A of Reference [9], the matrix D,, for the Chebyshev polynomials
in (4.6) can be expressed as the (n 4+ 1) x (n + 1) upper triangular matrix with nonzero
entries

[Dplir = —, kE+rodd, r>k, (4.48)
Ok
where
2 k=0
o) = (4.49)
1 kelnl.

Substituting (4.46) into (4.42), with D,, defined by (4.47) in the periodic case or (4.48)
in the non-periodic case, and performing the multi-dimensional inverse QSFT/QCT (for a
reason that will be explained in the next section), we obtain the following linear equations
for ¢,

> A > [DD)grer|ly) .. |lg) = ST felt) |l (4.50)

l3h=2 " l[Elloo,[leocs[I7[loc<m [[Felloos lIEfloc <m2

Notice that the matrices (4.47) and (4.48) are not full rank. More specifically, there
exists at least one zero row in the matrix of (4.50) when using either (4.47) (k = |n/2])
or (4.48) (k =n). To obtain an invertible linear system, we next introduce the boundary
conditions.

4.2.2 Adding the linear system from the boundary conditions

When we use the form (4.29) of u(x) to write linear equations describing the boundary
conditions (4.40), we obtain a non-sparse linear system. Thus, for each © € 0%; in (4.40),
we perform the (d — 1)-dimensional inverse QSFT/QCT on the d — 1 registers except the
jth register to obtain the linear equations

S oclk) k) = > ATlk) ke, AT € 09,

K]l oo < Ifelloe <n
= o
’ " . (4.51)
ST o (DFeglkr) . ka) = Y. ATk Jka), AL €02
K]l oo < l[elloo <
kj:n—l kj:n—l

for all j € [d], where the values of k; indicate that we place these constraints in the last
two rows with respect to the jth coordinate. We combine these equations with (4.50) to
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obtain the linear system

S 4 Y DPPNwerlk) k) = Y Z A A AL+ ) - ),

l3li=2 llklloc,ll7(lec<n [[Klloc <n =1
(4.52)
where
59 _ PP+ G il =2, [l =2 (153)
Dy, 9l =2, lldlleo =1

with G,(f. ) defined below. In other words, 5,(5 ) = Déj ) + Gq(qj ) for each 7 that has exactly
@ _

one entry equal to 2 and all other entries 0, whereas D,’’ = DT(Lj ) for each j that has
exactly two entries equal to 1 and all other entries 0. Here GT(«LJ )
tensor product

can be expressed as the

GY =119 @G, o I%r (4.54)

where the rth entry of j is 2 and all other entries are 0. For the Fourier case in (4.6) used
for periodic boundary conditions, D,, comes from (4.47), and the nonzero entries of G,
are

[Gulinj2 e =1, k€ [n+1o. (4.55)

Alternatively, for the Chebyshev case in (4.6) used for non-periodic boundary conditions,
D,, comes from (4.48), and the nonzero entries of G,, are

[Gn]n,k =1, ke [n + 1]0,
[Grln1k = (—1)F, ke n+1.

The system (4.52) has the form of (4.37). For instance, the matrix in (4.37) for
Poisson’s equation (2.6) is

(4.56)

(2 0,...,0) 0) 0,0,...,2)

70,2,‘.., TH\Ys
LPoisson = + D7(1 + -+ D7(7, (457)

5( ) DS) ® 1991 4+ I®E§3) ® [®4-2 ... 4 [®d-1 ®E7(12)- (4.58)

'@& S

Il
—

j
For periodic boundary conditions, using (4.45), (4.47), and (4.55), the second-order dif-

. =2 .
ferential matrix Dfl) has nonzero entries

Dk = —((k = [n/2)m)?2 ke [n+ 1o\{|n/2]}, (159)
[Ef)hn/%,k =1, k € [n+ 1]o. '

For non-periodic boundary conditions, using (4.45), (4.48), and (4.56), 57(12) has nonzero
entries

r—1 r—1 2 2
—(2 2r 2l r(r°—k
[Di)]m = Z [Dn]kl[Dn]lr = Z — = g, k+reven, r>k+1,
I=k+1 Ok 1 g1 91 Ok
k+1odd k+1odd
I+ rodd [+ 7 odd
[ﬁg)]n,k L, keln+ 1]0,
—(2
Dy = (—1)F, ken+1]o
(4.60)

To explicitly illustrate this linear system, we present a simple example in Appendix A.
We discuss the invertible linear system (4.52) and upper bound its condition number in
the following section.
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4.3 Condition number

We now analyze the condition number of the linear system. We begin with two lemmas
bounding the singular values of the matrices (4.59) and (4.60) that appear in the linear
system.

Lemma 7. Consider the case of periodic boundary conditions. Then for n > 4, the largest
and smallest singular values of Eﬁf) defined in (4.59) satisfy

Tmax(DL)) < (20)>3,
1 (4.61)

-(2)
min Dn .
(D) 2

Y

Lemma 8. Consider the case of non-periodic boundary conditions. Then the largest and
smallest singular values of ﬁ,(f) defined in (4.60) satisfy

Umax(ﬁ 2)) < 77,4,
1 (4.62)

The proofs of Lemma 7 and Lemma 8 appear in Appendix B. Using these two lemmas,
we first upper bound the condition number of the linear system for Poisson’s equation,
and then extend the result to general elliptic PDEs.

For the case of the Poisson equation, we use the following simple bounds on the extreme
singular values of a Kronecker sum.

Lemma 9. Let

d
L=@PM=MI® '+ M%7 +... + 1?1 @ M,, (4.63)
j=1

where {Mj}?zl are square matrices. If the largest and smallest singular values of M;
satisfy
Umax(Mj) < S;‘nax’

S (4.64)
Umin(Mj) Z Sj )

respectively, then the condition number of L satisfies

d max
Zj:l S5
J=1°j

Proof. We bound the singular values of the matrix exponential exp(M;) by
omax(exp(DM;)) < es;nax’

min

Tmin(exp(M;)) > o (4.66)

using (4.64). The singular values of the Kronecker product ®§l:1 exp(M;) are

d d
S (® exp(Mj)> — T o%, (exp(M;)) (4.67)
j=1 j=1
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where oy, (exp(M})) are the singular values of the matrix exp(M;) for each j € [d], where
k; runs from 1 to the dimension of M;. Using the property of the Kronecker sum that

d d
exp(L) = exp (@ Mj) = ® exp(M;), (4.68)
j=1 J=1

we bound the singular values of the matrix exponential of (4.58) by

(exp(L)) < e
Omax (€X < e4~i=17
P (4.69)

d min

Umin(exp(L)) > €Ej=1 5

Finally, we bound the singular values of the matrix logarithm of (4.69) by

(4.70)

<=1 (4.71)

as claimed. 0

This lemma easily implies a bound on the condition number of the linear system for
Poisson’s equation:

Corollary 1. Consider an instance of the quantum PDE problem as defined in Problem 1
for Poisson’s equation (2.6) with Dirichlet boundary conditions (4.28). Then for n > 4,
the condition number of Lpoisson i1 the linear system (4.37) satisfies

ﬁLPoisson S (zn)4 (472)

Proof. The matrix in (4.37) for Poisson’s equation (2.6) is Lpgisson defined in (4.58). For
both the periodic and the non-periodic case, we have

—

Omax (E 2)

o 1 (4.73)
Umin(DrEz -

by Lemma 7 and Lemma 8. Let M; = ES) for j € [d] in (4.63), and apply Lemma 9 with
57 = n* and s]min = 1/16 in (4.65). Then the condition number of Lpgisson is bounded
by

(2
max (D
K/LPoisson S Ligé)) S (2”)4 (474)
Umin(Dn )
as claimed. 0

We now consider the condition number of the linear system for general elliptic PDEs.
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Lemma 10. Consider an instance of the quantum PDE problem as defined in Problem 1
with Dirichlet boundary conditions (4.28). Then for n > 4, the condition number of L in
the linear system (4.37) satisfies

[Alls

< 4 .

K

where || A|ly = Diljlh<2 1451 = ?1,3'2:1 |4, 5l 1Al == ;l:l |A; ], and C > 0 is defined
in (2.8).

Recall that C' quantifies the extent to which the global strict diagonal dominance
condition holds.

Proof. According to (4.52), the matrix in (4.37) is

L= Y aDY. (4.76)
lilh=2

We upper bound the spectral norm of the matrix L by

1L < 3 |14;ID). (4.77)
l7llh=2

For the matrix ﬁﬁf ) defined by (4.53), Lemma 7 (in the periodic case) and Lemma 8 (in

the non-periodic case) give the inequality
1D < nt, (4.78)

so we have
ILI < > 140" = [|Alls n®. (4.79)
ll3ll=2

Next we lower bound ||L&|| for any ||€|| = 1.

It is non-trivial to directly compute the singular values of a sum of non-normal matrices.
Instead, we write L as a sum of terms L; and Lo, where Lq is a tensor sum similar to
(4.58) that can be bounded by Lemma 9, and Lo is a sum of tensor products that are
easily bounded. Specifically, we have

L, = A1,1E7(12) ® J®d—-1 4ot Ad,dl®d_1 ®ﬁ£l2)

(4.80)
Ly=L— L.

The ellipticity condition (2.7), V€ 3=, =n Aj(a:)ﬁj # 0, can only hold if the A; ; for j € [d]
are either all positive or all negative; we consider A;; > 0 without loss of generality, so

d
1Al =" |A;;
1

d
=Y Aj;. (4.81)
i= j=1

Also, the global strict diagonal dominance condition (2.8) simplifies to

d
C=1- Z A, Z ’Ajlij‘ >0, (4.82)
=1 "0 Gae[d\{j1}

1

where 0 < C < 1.
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We now upper bound || LaL7*| by bounding HDg)LIIH for each j = (j1,...,Jq) that
has exactly two entries equal to 1 and all other entries 0. Specifically, consider j,, = j, =1
for ri,7m9 € [d], r1 # 72, and j, = 0 for r € [d]\{r1,m2}. We denote

L) .= 81171 @ D2 @ [®d1 4 [¥rml @ D2 g (@42 (4.83)

We first upper bound HD%J )H by 3||LY]||. Notice the matrices DY) and LY share the
same singular vectors. For k € [n + 1]p, we let v; and Ay denote the right singular vectors
and corresponding singular values of Dy, respectively. Then the right singular vectors of
DY and LY are vE = ®?:1 vk;, where k = (k1,...,kg) with k; € [n+ 1] for j € [d].
For any vector v = ) k||  <n %Vk, We have

1D = > JauPIDPvoll> = > Jawl* Oy, My, ) (4.84)
llklloo<n [l K]l <

IO = 37 JarlPILP ol = YT Janl’(OF,, +AF, )% (485)
[&lloo<n klloo<n

which implies HD,(f )vH < 1||ILYWy|| by the inequality of arithmetic and geometric means
(also known as the AM-GM inequality). Since this holds for any vector v, we have

N 1 N
IDPLTY < SILD LT (4.86)
Next we upper bound ||D2|| by Hﬁg)H. For any vector u = [ug, ..., un|, define two
vectors w = [wo, ..., wy,]’ and W = [Wy, ..., W, such that
D2[ug, ..., un)t = [wo, ..., wn]" (4.87)
and .,
D, [uo, . .., un]" = [Wo,. .., )" (4.88)

Notice that w|, ;) = 0 and wy, = wy, for k € [n+ 1]o\{[n/2]} for periodic conditions,
and w,—1 = w, = 0 and wy = Wy for k € [n + 1]o\{n — 1,n} for non-periodic conditions.
Thus, for any vector v,

n n
. . —(2
1D20))? = [lw]? = 3w} < S w} = |[w]? = [P o] (4.89)
k=0 k=0

Therefore,

2 2
ILOLT < 31t o Dy @ 190 L < SO @ DY @ 194 LY. (4.90)
s=1 s=1

We also have )
. 1 —
IDPLM < 53 1 @ DY @ 1%L (4.91)
s=1

We can rewrite 17~ @ E,(f) @ 1% L7 in the form

-1

d
11 o DY @ 1907 (Z A oD g I®d—7”h> . (4.92)
h=1
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The matrices I~ ® 57(12) ® I®4~"h share the same singular values and singular vectors,
SO
Ak, 1

J®rs—1 ®ﬁ7(12) ® I®47s =11 — max s < , 4.93
H 1 H Xk'r Z%:l Ah7h>\kh Ars,rs ( )

where \g, are singular values of 17 ~1 ®E$l2) ®I®4"n for ky, € [n]o, h € [d]. This implies

L1
ATl,Tl AT277’2

N 1
IDY LY < o (

5 ). (4.94)

)

Using (4.82), considering each instance of DY) in Ly, we have

. d 1

IL2Lit < 30 (A lIDP LI < YT 5= > [Ajual <1-C (4.95)
1772 Ji=1 "INt Gaeld\ {51}

Since L and L; are invertible, ||L1_1L2H <1-C <1, and by Lemma 9 applied to HL1_1H,
we have

I Yl Al 16

IL7H = L+ L) 7 < T+ Lo LT ) T < -

ILLyY —  C¢ ClA[l
(4.96)
Thus we have 1]
_ b 4
k= | LIIL7| < (2n) (4.97)
Cl|All«
as claimed. O

4.4 State preparation

We now describe a state preparation procedure for the vector f + ¢ in the linear system
(4.37).

Lemma 11. Let Of be a unitary oracle that maps |0)|0) to a state proportional to |0)|f),
and |¢)|0) to |p)|0) for any |p) orthogonal to |0); let Oy be a unitary oracle that maps
|0)]0) to 0Y]0), [5)]0) to a state proportional to |§)|y+) for j € [d], and |j + d)|0) to a
state proportional 1o |j + d) |y~ for j € [d). Suppose LA, I7 ), h9 )] and Az for
J € [d] are known. Define the parameter

Vo J Sz Sl + (A + Ay ) o9
Ylklloo<n 2g=1 |fe + Aj A%+ Aj A |2
Then the normalized quantum state
d . .
B) o< >0 (e AT+ A k) - k), (4.99)

llklloo<n j=1

with coefficients defined as in (4.35) and (4.36), can be prepared with gate and query
complexity O(qd?lognloglogn).
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Proof. Starting from the initial state |0)|0), we first perform a unitary transformation U
satisfying

oo — __unl .
JIDE+ ST BT
d )| .
+ . 17) 4.1
jzl\/lllf>|!2+2?2( 2 I )+ A2, I )P) (4:100)
S )l .
: lj+d)
RN S < T AT

on the first register to obtain

HAN0) + Av il I + - - + Agallly)]12d)
VILOIZ + iy (A2, 1732 + A2 1))

This can be done in time O(2d + 1) by standard techniques [31]. Then we apply O, and
Oy to obtain

0)1.£) D) + - 4 Agg|2d) |4,
S a0 (fRl0) + ALt + -+ Ag A 12d) L) g, (4102)

[&lloo; [[2][oc <n

10). (4.101)

according to (4.33) and (4.34). We then perform the d-dimensional inverse QSFT (for
periodic boundary conditions) or inverse QCT (for non-periodic boundary conditions) on
the last d registers, obtaining

S (Ful0) + ALALT L) + -+ Agadi12d) k) - k). (4.103)

[klloc<n

Finally, observe that if we measure the first register in a basis containing the uniform
superposition |0) 4+ |1) + - - -+ |2d) (say, the Fourier basis) and obtain the outcome corre-
sponding to the uniform superposition, we produce the state

d
Yoo U+ AT+ A k) - Tka). (4.104)

Iklloc<n j=1

Since this outcome occurs with probability 1/¢%, we can prepare this state with proba-
bility close to 1 using O(q) steps of amplitude amplification. According to Lemma 5 and
Lemma 6, the d-dimensional (inverse) QSFT or QCT can be performed with gate complex-
ity O(dlognloglogn). Thus the total gate and query complexity is O(qd?lognloglogn).

O

Alternatively, if it is possible to directly prepare the quantum state |B), then we may
be able to avoid the factor of ¢ in the complexity of the overall algorithm.
4.5 Main result

Having analyzed the condition number and state preparation procedure for our approach,
we are now ready to establish the main result. Theorem 2 as follows.
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Theorem 2. Consider an instance of the quantum PDE problem as defined in Problem 1
with Dirichlet boundary conditions (4.28). Then there exists a quantum algorithm that
produces a state in the form of (4.29) whose amplitudes are proportional to u(x) on a
set of interpolation nodes x (with respect to the uniform grid nodes for periodic boundary
conditions or the Chebyshev-Gauss-Lobatto quadrature nodes for non-periodic boundary
conditions, as defined in in (4.7)), where u(x)/||u(x)| is e-close to u(x)/|a(x)| in lo
norm for all nodes x, succeeding with probability Q(1), with a flag indicating success,
using

diAlls /
+ad ) poly(log(s /) (1.1
<CHAH*
queries to oracles as defined in Section 4.4. Here ||Alls == X j1,<n 145l |All« =

Z;-lzl |A; |, C >0 is defined in (2.8), and

= min || f= o (1) 4.2
g=minfa(@)l, ¢ :=maxmax|a"" (@), (4.2)

d £ ~J+ AJ—
. Y llkfwn =1 Ji T (A% )2+ (A% )2
Yo <n g1 (e + g+ Aj A% )2

(4.3)

The gate complezity is larger than the query complexity by a factor of poly(log(d||A||s/¢€)).

Proof. We analyze the complexity of the algorithm presented in Section 4.2.
First we choose

| log(2)
"= | aioa(@)) (4.105)
where .
Q- g’(lgje). (4.106)

By Eq. (1.8.28) of Reference [34], this choice guarantees

3

HM@—M@MQ@MW“WwM;w_%zlfei& (4.107)
Now |[|a(x) — u(x)|| < ¢ implies
a(x)  u(@) d o .
Mm@m IW@WHSHMMW@MAW@M}Sg—é_’ (4.108)

so we can choose n to ensure that the normalized output state is e-close to @(x)/||d(x)|.

As described in Section 4.2, the algorithm uses the high-precision QLSA from Refer-
ence [8] and the multi-dimensional QSFT/QCT (and its inverse). According to Lemma 5
and Lemma 6, the d-dimensional (inverse) QSFT or QCT can be performed with gate
complexity O(dlognloglogn). According to Lemma 11, the query and gate complexity
for state preparation is O(qd?lognloglogn).

For the lincar system L¥ = f + g in (4.37), the matrix L is an (n + 1)4 x (n + 1)?
matrix with (n 4+ 1) or (n + 1)d nonzero entries in any row or column for periodic or
non-periodic conditions, respectively. According to Lemma 10, the condition number of L
is upper bounded by élﬂﬁ (2n)*. Consequently, by Theorem 5 of Reference [8], the QLSA

produces a state proportional to & with O(g"ﬁ"i (2n)®) queries to the oracles, and its gate
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complexity is larger by a factor of poly(log(d||A||xn)). Using the value of n specified in
(4.105), the overall query complexity of our algorithm is

df| Al 2) /
+ qd” ) poly(log(g'/ ge)), (4.109)
<C ]l
and the gate complexity is
which is larger by a factor of poly(log(d||Al|s/€)), as claimed. O

Note that we can establish a more efficient algorithm in the special case of the Poisson
equation with homogenous boundary conditions. In this case, ||Alls = ||Al|«+ = d and
C = 1. Under homogenous boundary conditions, the complexity of state preparation can
be reduced to d poly(log(g’/ge)), since we can remove 2d applications of the QSFT or QCT
for preparing a state depending on the boundary conditions, and since v = 0 there is no
need to postselect on the uniform superposition to incorporate the boundary conditions.
In summary, the query complexity of the Poisson equation with homogenous boundary
conditions is

dpoly(log(g'/ge)); (4.111)

again the gate complexity is larger by a factor of poly(log(d||A|s/¢€)).

5 Discussion and open problems

We have presented high-precision quantum algorithms for d-dimensional PDEs using the
FDM and spectral methods. These algorithms use high-precision QLSAs to solve Poisson’s
equation and other second-order elliptic equations. Whereas previous algorithms scaled
as poly(d,1/e€), our algorithms scale as poly(d,log(1/e)).

This work raises several natural open problems. First, for the quantum adaptive
FDM, we only deal with Poisson’s equation with homogeneous boundary conditions. Can
we apply the adaptive FDM to other linear equations or to inhomogeneous boundary
conditions? The quantum spectral algorithm applies to second-order elliptic PDEs with
Dirichlet boundary conditions. Can we generalize it to other linear PDEs with Neumann
or mixed boundary conditions? Also, can we develop algorithms for space- and time-
dependent PDEs? These cases are more challenging since the quantum Fourier transform
cannot be directly applied to ensure sparsity. Finally, can we improve the dependence on
d?

Second, the complexity scales logarithmically with high-order derivatives (of the inho-
mogeneity or solution) for both the adaptive FDM and the spectral method. In particular,
Theorem 1 shows that the complexity of the quantum adaptive FDM scales logarithmi-
cally with ‘% , and Theorem 2 shows that the complexity of the quantum spectral
method is poly(log ¢’), where ¢’ upper bounds ||+ ()| (see (4.2)). Such a logarithmic
dependence on high-order derivatives of the solution is typical for classical algorithms,
including the classical adaptive FDM (see for example Theorem 7 of Reference [18]) and
spectral methods (see for example Eq. (1.8.28) of Reference [34]), both of which have
the same logarithmic dependence on |%] and ¢’. This logarithmic dependence means
that the algorithm is efficient even when faced with a highly oscillatory solution with an
exponentially large derivative.
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However, the query complexity of time-dependent Hamiltonian simulation only de-
pends on the first-order derivatives of the Hamiltonian [5, 23]. Can we develop quantum
algorithms for PDEs with query complexity independent of high-order derivatives, and
henceforth develop an unexpected advantage of quantum algorithms for PDEs?

Third, can we develop quantum algorithms for other types of PDEs, such as stochastic
or nonlinear PDEs?

Fourth, can we use quantum algorithms for PDEs as a subroutine of other quantum
algorithms? For example, some PDE algorithms have state preparation steps that require
inverting finite difference matrices (such as Reference [12] using certain oracles for the
initial conditions); are there other scenarios in which state preparation can be done using
the solution of another system of PDEs? Can quantum algorithms for PDEs be applied
to other algorithmic tasks, such as optimization?

Finally, how should these algorithms be applied? While PDEs have broad applications,
much more work remains to understand the extent to which quantum algorithms can be of
practical value. Answering this question will require careful consideration of various tech-
nical aspects of the algorithms. In particular: What measurements give useful information
about the solutions, and how can those measurements be efficiently implemented? How
should the oracles encoding the equations and boundary conditions be implemented in
practice? And with these aspects taken into account, what are the resource requirements
for quantum computers to solve classically intractable problems related to PDEs?
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A An example for solving Poisson’s equation

In this appendix, we present an example of solving Poisson’s equation in two dimensions
using our algorithm. The Poisson equation is

0?2 0?2
Au(or,a) — (a ' 8)u< v = flanm),  (ena) €Q=[L12 (A1)
1 2

We consider two kinds of boundary value problems, as follows.

e Periodic boundary conditions:

u(zy, 29) = u(xy + 20, 29) = u(wy, 22 + 20), (z1,22) €V =[-1,1>,v € Z
(A.2)
u(0,0) = v
e Non-periodic boundary conditions:
u(zy,1) = 1), u(l, o) = r32),
(z1,1) = yn(21) (1,22) = vE(22) (A3)

u(z1, —1) = ys(21), u(-1,22) = yw(z2).

We first present the quantum Fourier spectral method to solve (A.1) with the periodic
conditions (A.2). In particular, we choose n = 2 in the specification of the linear system.
The truncated Fourier series can be written as

$17 $2 Z Z Ck;hkg kl 1 Trzl Z(kg 1)71':172 (A4)
=0 k=0
We are given an oracle for preparing the state

Z Zf<2l1 B

11=0102=0

2 = 1)) (A.5)

that interpolates the uniform grid nodes (4.7). We first perform a multi-dimensional
inverse QSFT on (A.5) to obtain

2 2
Z Z fk17k2‘k1>|k2>7 (A.6)
k1=0ko=0

where by, , are defined by (4.35). Then we apply the quantum linear system algorithm
of Reference [8] to solve the linear system

Lp|X) = |B), (A7)

where the solution is

2 2
= Z Z Ck17k2|k1>|k2>' (AS)

k1=0 ko=0

According to (4.52),the discretized linear system from (A.1) is

D:@I1+1® D2, (A.9)
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where the Fourier difference matrix D,, is defined by (4.47) with n = 2, namely

so that

Therefore, the matrix (A.9) is

—272

Di@l+I®Dj=

—ir 0 0
Dy=| 0 0 0],
0 0 ir
-2 0 0
Di=|1 0 0 0
0 0 —=x?
—?
—272
—2
0
—2
— 272
—72

— 272

(A.10)

(A.11)

(A.12)

The rank of this matrix is (n+ 1)¢ — 1 with d = 2, n = 2. We use the boundary condition

to complete the linear system:

—272

€0,0 fo,0
co,1 fo1
o2 fo2
€1,0 f10
1 1 ci1| = Y
—m? 1,2 fi2
—2m? 2,0 f2,0
—7? 2.1 f21
—272) \c2.2 f2.2

. (A13)

where the additional linear equation comes from u(0,0) = Zzlzo 222:0 Chiky = V- In
some problems, we might be directly given the value of ¢ 1, say, c1,1 = 7. Then the linear

system would be

—272

0,0 fo,0
co,1 fo
Co,2 foz2
1,0 f10
1 ail|l =17
—7? c1,2 fi2
—2m? 2,0 f2,0
—n? 2,1 f21
—27%) \ca2 f2,2

(A.14)

We now present the quantum Chebyshev spectral method to solve (A.1) with non-
periodic conditions (A.3). Similarly, we choose n = 3 in the specification of the linear
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system. The truncated Chebyshev series of the solution can be written as

3 3

u(xy,x9) = Z Z Chiy koo Ty (1) Ty (22). (A.15)
k1=0 ko=0

We are given an oracle for preparing the state

22 mlq 7l
> f(cos 3 »cos 3>|l1>|l2) (A.16)

11=012=0

that interpolates the Chebyshev-Gauss-Lobatto quadrature nodes specified in (4.7). We
first perform the multi-dimensional inverse QCT on (A.5) to obtain (A.6), where fy, , are
defined by (4.35). Then we apply the quantum linear system algorithm of Reference [8] to
solve the linear system (A.7) with the solution (A.8). The discretized linear system from
(A.1) is (A.9), where the Chebyshev difference matrix D,, is defined by (4.48) with n = 3,
namely

01 0 3
0 0 40

D3 = 00 0 6l (A.17)
0 0 0O

and

00 4 O

2 10 0 0 24

D3 = 000 0 (A.18)
00 0 O

Notice that the rank of D2 is n — 1, which implies the second derivative for d = 1 can be
represented as
u’(z) = g To(z) + [Ty (z) = deaTo(x) + 24csTy (), (A.19)

where the truncation order of u”(x) is n—2, and the coefficients c{, . . . , ¢l _, are determined

by ca,...,cpn. Similarly for the case d = 2, the coefficients of Au(x) are determined by

66/0 = 4cgo + 4eog, Cgl = 24cp3 + 4coq, 682 = 4ca9, 66/3 = 4co3,
/! /! /! /!

clo = 4c12 + 24c30, ¢ = 24c13 + 24c31, gy = 24c32, ¢35 = 24c33, (A 20)

/! /! .

620 == 4622, 621 == 24623,

/! "
630 — 4632, 033 — 24033,
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so the matrix D2 ® I + I ® D3 gives the linear system

€0,0
€o,1
4 4 0,2 fo,0
24 4 Co,3 foa
4 c1,0 Jo,2
4 c11 fo3
4 24 C1,2 J1,0
24 24 C1,3 . f171
94 ¢20 = f1,2 . (A.Ql)
24 || c21 J13
4 2,2 f2,0
24 2,3 f21
4 €3,0 13,0
24) | e31 f31
C3,2
3,3

We now use the boundary conditions to complete the linear system. The truncated Cheby-
shev series of the solution can be written as

2
(@) =Y gng T (21),
k1 =0
2
vs(z1) = Z 95k, Ty (1),
o (A.22)
ve(®2) = > 988 Thy (32),
k=0
2
Yw(z2) = > gwi, T, (22).
ko=0

We are given an oracle for preparing the state by interpolating the Chebyshev-Gauss-
Lobatto quadrature nodes specified in (4.7)

3 3
ml 7l

N 7N<COS 1>|51), ) ’YE(COS 2)”2%

=0 3 - 3

1= 2=0

(A.23)
3 il 3 7y
Z s (cos >|l1>, Z YW (cos >|l2).
3 3
l1:0 12:0
We perform the multi-dimensional inverse QCT on (A.23) to obtain
3 3
ognw k), Y gmp,lk),
k1=0 k2=0
3 3 (A.24)
Z gSk1|k1>a Z ngg‘k2>a
k1=0 k2=0
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where ay, i, are defined by (4.36). The linear system from the boundary conditions is

1 1 1 1 Co,0 gNo
1 1 1 1 Co,1 gN1
1 1 1 1 Cp,2 gNo
1 1 1 1 Cp,3 gN3
1 -1 1 -1 C1,0 gso
1 -1 1 -1 C1,1 gsq
1 -1 1 -1 €1,2 gsa
1 -1 1 -1 C1,3 _ gss
1 1 1 1 C2.0 - 9dEq
1 1 1 1 C2,1 9E1
1 1 1 1 C2.2 9dE-
1 1 1 1 C2.3 9dE3
1 -1 1 -1 C3.0 gwo
1 -1 1 -1 C3.1 agw
1 -1 1 -1 C3.2 gwo
1 -1 1 -1 C3.3 gws
(A.25)

Adding the two linear systems (A.21) and (A.25) together, we obtain a full-rank linear
System

DY o1+12DY, (A.26)
where
0 0 4 O
=2 [0 0 0 24
Dy’ =, | 1 .1 (A.27)
1 1 1 1

In summary, the linear system including the differential equations and the boundary con-
ditions is

4 4 C0,0 fo,0
24 4 Co,1 fo
1 -1 1 -1 4 Co,2 fo2 +9sg
1 1 1 1 4 Co,3 fo3+gng
4 24 C1,0 fi0
24 24 C1,1 f1’1
1 -1 1 -1 24 c1,2 fi2+9s,
1 1 1 1 24 cs | _ | fis+tgn,g
1 —1 1 4 —1 CQ,O - f270 —+ gWO
1 —1 1 24 —1 C2,1 fg’l + 9w,
1 -1 1 -1 2 -1 -1 C2,2 gwo + gso
1 -1 1 1 1 2 —1 c2.3 gws + gno
1 1 1 1 4 €3,0 f3,0+9E,
1 1 1 1 24 c3,1 fa1+9E,
1 1 1 1 -1 2 -1 C3,2 gEs + gs3
1 1 1 1 1 1 2 C3,3 ge3 + gn3
(A.28)

B Singular values of second-order differential matrices

Here we present a detailed proof of the singular value estimation in Lemma 7 and Lemma 8.
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Lemma 7. Consider the case of periodic boundary conditions. Then for n > 4, the largest
and smallest singular values of Eﬁf) defined in (4.59) satisfy
—(2
Omax(DL)) < (2n)27,

—(2 1 (4.61)
Umin(D;)) z —.
V2
Proof. By direct calculation of the [, norm (i.e., the maximum absolute column sum) of
(4.59), for n > 4, we have

2
Dk < (“50T) < 2n? (B.1)
Then the inverse of the matrix (4.59) is
D1 = — L n n
L e O L
BH@)y- _ 1 '
(D7) 1]Ln/2J7k_ (k= [n/2])m)?" ke n+1

as can easily be verified by a direct calculation.
By direct calculation of the Frobenius norm of (4.59), we have

a4

< 2. B.3
90 — (B-3)

., > 1 2
(D) HE<1+2) e 1+ gy
k=1
Thus we have the result in (4.61):

(D $3><W+ 1| D [l < (20)>7,

min(DL 2)) o 1 (B.4)

- H(Di)-luF V2
as claimed. O

Lemma 8. Consider the case of non-periodic boundary conditions. Then the largest and
smallest singular values of ﬁf) defined in (4.60) satisfy

O'max(ﬁ(m) < n47
1 (4.62)
=16

Proof. By direct calculation of the Frobenius norm of (4.60), we have

Omin (D(Q) )

2 12
HES)H% < n? max <M> <n?-n®=nd (B.5)
k,r Ok
Next we upper bound ||(E$12))_1H. By definition,
—(2)y— 2\
ID7)7 = sup (D7)l (B.6)
bl <1

Given any vector b satisfying ||b]] < 1, we estimate ||z|| defined by the full-rank linear
system

DW= (B.7)
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Notice that 522) is the sum of the upper triangular matrix D2 and (4.56), the coordinates

Z2,...,Ty are only defined by coordinates by, ...,b,—2. So we only focus on the partial
system
D@10,0,zs,...,2,)" = [bo, ..., bn2,0,0]T. (B.8)

Given the same b, we also define the vector y by
Dn[O, Y1y 3yYn—1, O]T = [bo, oo ,bn_g, O, O]T, (BQ)

where each coordinate of y can be expressed by

n—1 n—1
21
be = > [Duluy = —y, k+lodd, I>k ke [n — 1]o. (B.10)
=1 1=1 7k
Using this equation with k =1 — 1 and k = [ + 1, we can express y; in terms of b;_; and
i 21 1
—yy=b1— —10by, len-1], B.11
pt o B B [ ] (B.11)

where we let b,_1 = b, = 0. Thus we have

n—1 ) n—1 011 1 2
= i R —
;yz ;( 2l < -1 . l+1)>

=1 -
n—1 _2
01 1
= Z 412 (1 + Ulz 1>(bl2—1 + bl2+1)
15:1 1 o (B.12)
< 1(5(2) +b3) + 16 Z(le—1 +b741)
1=2
n—2
<2 b
1=0
We notice that y also satisfies
0,91, Yn_1,0]" = D,[0,0,2,...,2,]7, (B.13)
where each coordinate of y can be expressed by
“ " 2r
Y= Z[Dn]”mr = Z —Zp, l4+rodd, r>1, 1€ [n—1]. (B.14)
r=1 r=1 g1

Substituting the (r — 1)st and the (r 4 1)st equations of (B.14), we can express x in terms

of y:

2r 1
Ty = Ypr—1 —
Or—1 Or—1

Yr41, TE [n]\{1}7 (B'15>

where we let v, = yp4+1 = 0. Similarly, according to (B.15), we also have

n n—1
doap <2 (B.16)
=2 =1
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Then we calculate 23 + 22 based on the last two equations of (B.7), (B.12), and (B.15),

giving

(o + 1) + (20 — 21)?]

(
<b —le) —|—<n 11— Y (_1)1351) ]
=2
" O1—1 1 2
:2 < lz;ll<yl 1—Ulyl+1>>

+ (bn—l = (-1 —= (Z/l 1— 7Z/l+1 )

2 2
x0+x1:

N | = [\D\r—t

| =

INA
N | —
/
—
+
[~]=
q
Nw»—l
N— I V]

2
n 2
by + > (yie1 — yl+1) + 02

(B.17)
1=2 1=2
n 2
+ Z Y—1 — yl+1>
1=2
<3 1"‘*23 by, + by, 1+Z (i1 + i)
2 4 = l l—1
) i | A +4nz_:1 ;
n—2
<bL4b, o +8) b
=0
Thus, based on (B.12), (B.16), and (B.17), the inequality
n n
St —adaat e 3ol
=0 =2
n— _
Sba by +8Y b4 b (B.18)
!
n—2
<by by 12> b <12
1=0
holds for any vectors b satisfying ||b]| < 1. Thus
1D = sup ||| < 12 < 16. (B.19)
o<1
Altogether, we have
—(2 —2
omax(D)) < Dyl <
2 1 1 B.20
Umm(D()>_7IZE (B.20)
1(Dn) =
as claimed in (4.62). O
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