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The absorption of molecular exciton states in disordered
networks is studied. The main purpose of this
paper is to look at how phases of the intermediate
ground-excited state superposition interfere during
the absorption process. How does this phase average
enable, or suppress, aborption to a delocalized
state? To address this question, a theory for phase
oscillators is used to predict the purity of the collective
excited state of the network. The results of the
study suggest that collective absorption by molecular
exciton states requires a sufficiently large electronic
coupling between molecules in the network compared
to the random distribution of transition energies
at the sites, even when the molecular network is
completely isolated from the environment degrees of
freedom. The ‘dividing line’ between absorption to
a mixture of, essentially, localized excited states and
coherent excitation of a pure delocalized exciton state
is suggested to be predicted by the threshold of phase
synchronization.
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1. Introduction

When a network is formed by a group of atoms or molecules that are electronically coupled to
each other, then absorption of light can reveal delocalized states known as Frenkel excitons [1-3].
What has been well-studied is how and why the delocalization of the exciton states is limited
by static and dynamic energy disorder, and coupling to vibrations in the case of molecules
[4-6]. The energy disorder here is the distribution of electronic transition energies that reflects
the heterogenous local environments of the molecules or atoms. The well-known results for
the case of static disorder (slow fluctuations of the transition energies) follow from taking an
ensemble average over many networks, where each one is in a slightly different heterogenous
local environment [5,7,8].

Here a very fundamental starting point is proposed regarding how to think about absorption
of a photon by a single disordered network in the limit of very low temperature and negligible
homogenous line broadening. In other words, the single network is characterized by a fixed
assignment of transition energies to the nodes and electronic coupling between the nodes. In the
main results of the paper, there is no ensemble averaging over networks. The average is taken only
over the phase of the intermediate light-matter superposition. Under these ideal assumptions, if
we calculate the excited states of the network the lowest energy state is going to be a pure state
for any non-zero value of coupling (technically, coupling that exceeds the spectral resolution of
the calculation), and a mixed state (i.e. excitation is localized on any one atom or molecule) only
if the coupling is zero. This process predicts that distant, very weakly coupled, near-degenerate
transitions absorb collectively.

The question addressed here is whether there is a fundamental reason that this seemingly
unphysical result is avoided. Specifically, is there a threshold value of the coupling (other than
‘non-zero’) to produce collective absorption of a photon by the network?

2. Absorption of a photon and ‘phase’

The absorption spectrum of a a coupled network, with Hamiltonian H, of molecules or atoms each
with a transition frequency wy, between the ground state |0) and excited state |n) is considered. It
is assumed that each molecule has only a single excited state, and can host at most one excitation.
That is, each molecule is a two-level system. The expression for the absorption can be written
as [9,10]
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where pi, is the dipole transition moment for molecule 7, Try,.;, means the trace over the bath
coordinates, and pyy, is the bath density at thermal equilibration with the ground electronic state.
The averages over € and ¢ are explained below. € adds a random offset to the transition energy
at each site (molecule). In the first part of the paper we do not average over ¢, but consider just
a single realization of random energy offsets at each site, then average over solely the phase. In
Section 5 we consider the ensemble average over e .

Each transition energy wn (in the site basis) comprises a constant mean transition energy
(frequency) specific to molecule n and a fluctuating term [11,12]: wn = €n + dwp. The fluctuations
of transition energy are discussed more below—they are the main complication challenging the
theory for spectroscopy in the case of molecular exciton states. The distribution of mean energy
gaps en, caused by the slow fluctuations, is typically ensemble averaged by performing many
calculations with random, normally-distributed values of €.

The phase offsets ¢, pertain to the intermediate state in the absorption process, which is a
ground-excited state superposition produced by the first interaction between the light and the
molecule. The phase offset indicates the quantum phase of the superposition, that is, the arbitrary
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complex coefficients in the intermediate state «|0) + 3|m). This superposition is evident in Eq.
2.1 as the coherence |m)(0| in the density matrix. When m = n the phases cancel and we do not
need to worry about phase at all. Otherwise, however, the phase difference does matter because
it affects how efficiently the sum over |m)(0| coherences can transition to excited state population
of a delocalized state.

Finally, the fluctuating part of the transition frequency is assumed to be the same for each
molecule. It is accounted for by evaluating the transition frequency correlation function using the
cumulant expansion [11]. The appropriate equations are well-known for the case of an ensemble
of uncoupled molecules. To calculate the absorption spectrum of a network (molecular exciton),
the theory is complicated bcause we have to account for cross-correlations between molecules
hand-in-hand with diagonalization of the Hamiltonian matrix to obtain the absorbing eigenstates
[9,10,13,14]. Despite a number of studies, there is no exact equation we can apply to this case. As
Yang notes [9], this is because there is interplay between the electron-nuclear coupling (giving
the energy gap fluctations) and the intermolecular couplings, which may need to be described
perturbatively.

Instead of pursuing this difficult issue of the absorption spectrum, the focus of this paper is
on the phase correlations in the network. Do the phase factors cancel, like they do in the single
molecule case? If not, what are the implications? The clue to answering this question is how
the phase correlation is predicted to depend on the ratio of electronic coupling to the width of
the distribution of molecule (or node) energy offsets. That prediction is made using well-known
models for synchronization of phase oscillators, described below. The results give the qualitative
picture shown in Fig. 1, that motivates the approach taken in this work.

An arbitrary network
comprising N nodes (blue)
and couplings (red).

Each node i is characterized
by a phase 6,.

Phase oscillators synchronize only above a threshold,
thereby correlating the phases throughout the network.

N =50 Kio =20 N =50 Klo=4.0

strong
synchronization

il |
il &lnchronia ﬂ’

i
[ 1 2 3 ] 6

o

Does a similar model predict whether a network of molecules
or atoms is likely to absorb a photon collectively or locally?

Figure 1. Summary of the main properties of phase oscillators coupled to form a network. When coupling K exceeds a
threshold, then correlations between the oscillator phases abruptly increase.

The main purpose of this paper is to look at how phases coalesce during the absorption process
so that the phase differences are minimal. Or, under what conditions it is unlikely that the phases
will synchronize at all, thereby fundamentally preventing aborption to a delocalized state. To
address this question a theory for phase oscillators is used to predict the purity of the collective
excited state of the network. The purity (defined as Tr p?) indicates the mixedness of a state via
Kadison’s inequality for positive maps on bounded linear operators on a Hilbert space.

The statistical time evolution of oscillator phases in a network of coupled oscillators has been
widely studied using the Kuramoto model [15-22]. The Kuramoto model is a simple statistical
model, but appropriate for predicting synchronization thresholds for a remarkable variety of
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systems that exhibit some kind of periodicity. The phase synchronization is modeled by the
coupled differential equations

. K N
0;=v; + N Z‘i aijsin(0; — 60;), (2.2)
=

where v; is the frequency of the oscillator at node i, §; is the oscillator phase defined in terms of
accumulated phase and an offset 6;(t) = ¢;t + ¢;, K is the coupling value, a;; (with value 0 or
1) are taken from the adjacency matrix of the graph representing the node connectivities in the
network [23] (assumed here to be all-to-all), and the coupling is renormalized by the factor 1/N so
that networks are size-intensive with respect to the lowest eigenvalue. This assertion of constant
all-to-all coupling, though not physical for a system of interacting molecules, does not change the
physical conclusions of the work. Its main value is that it allows the numerical calculations to be
compared to prior studies of phase oscillator networks.

A version of the Kuramoto model that can be applied to systems characterized by non-Abelian
algebra, such as quantum nodes (two-level systems) has been proposed by Lohe [24],

N
L iK
ihUUS = Hig + 55 3 aig(U;Uf = GiU)), 23)
j=1

where H;; incorporates the frequency offset (relative to the mean) ¢; /% of node ¢, and U; is an
n X n unitary matrix that associates node ¢ with an element of the unitary group U(n) or one of
its subgroups, such as SU(n). The matrix represents the quantum phase of node 3. This equation
has also been well studied [25-27]. If we associate U; = e~ i then the Kuramoto equation is
recovered. As described below, this simplified case is appropriate for a network of molcules that
are fixed in position relative to each other.

The key finding of the Kuramoto-Lohe equations is that phase synchronization is a threshold
phenomenon. That is, phases spontaneously correlate only once the threshold value of coupling
(K) relative to the standard deviation of energy offsets €; of nodes in the network (og) is
surpassed. Here it is hypothesized that such a threshold also exists for collective absorption of
a photon by an isolated network. To test that idea, we will study here whether purity of the
synchronized state of the network can be defined and that it measures mixedness, as it should.
Note that the Kuramoto-Lohe model predicts solely the synchronized state of the network, which
is the single emergent state [28], whose eigenvalue is distinguished from the main density of
states. The motivation and approach of the paper are summarizd in Fig. 1.

How does phase potentially matter? It is well known that energy inhomogeneity increases
the mixedness of an exciton state (e.g. [23] and references cited therein). Similarly, an average
over the unknown phase distribution of the intermediate states in the absorption process—the
ground-excited state superpositions—may introduce mixedness to the absorbing state.

3. Formalism and methods

The systems we will examine in this paper are networks comprising /N coupled quantum nodes
(that can represent two-level systems, atoms, molecules, etc). The energy gap of node i, obtained
from expectation values of the zeroth-order Hamiltonian Hy, is €;. The site excitation energies ¢;
of the ensemble of nodes i are disordered and normally distributed with standard deviation o g
about the mean. In the numerical work, once the set of ¢; are assigned, they are fixed. That is,
a single representative network is being consided in each calculation. The networks studied in
the numerical computations comprise between 100 and 2000 nodes with standard deviation of
energy off-sets o = 10 in the same relative units as K.

The nodes are coupled to each other by an interaction Hamiltonian Hj ‘all-to-all’, which is
standard for the models inspiring this work, but any other coupling scheme could be assumed.
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We make the abstraction that all the node-node coupling matrix elements of Hy, H;;, are equal:

In the Kuramoto-Lohe model, the operator for each node acts on the Hilbert space #; for node
i taken over C? with respect to the basis vector ¢;. An arbitrary intermediate state (coherence)
during light absorption is an element of SU(2)

[¥:) = i [0) + B41) (3.2)

with a;, 8; € C and |a;|? + |8;|2 = 1. The phase state of the network comprising N nodes in the
single excitation subspace has the form

N

B(t) = R (il 0); + Bil1)i) (3.3)

i=1

~ Y a1]0)1a2(0)2... Bil1); ... an|0)
[

Quantum phase is defined by the complex coefficients for the state of each node [29], and,
for one node, can be viewed as a point on the 3-sphere S*, or a normalized quaternion, x; =
x; + iy; + jz; + kw;. The quantum phase of the product state is a point on the 3N-torus. However,
by defining a phase relative to ajaa ... ay, the relative phase of the product state is reduced a
point on s3.

To ensure that the study here is intuitive, this phase problem is reduced from a point on S3 one
phase angle ¢;, a point on S by putting U; = ¢'% This is appropriate when the physical structure
of the network restricts the phase. For example, consider that the two states of the node can be
ground and excited electronic states of a molecule. Further, consider each node (i.e. molecule) to
be located at position ﬁi, and the transition dipole moment i; at each site has a fixed orientation.
Then each phase is constrained relative to this structure because it represents the unknown phase
associated solely with each vector ji;. With this simplification, the synchronized, or emergent,
phase state predicted by Eq. 2.3 is

N
@(t):%Zemim)lw)g...|1>i...|0>N, (3.4)
=1

The Kuramoto model is a statistical theory, so we are really using it to calculate densities by
averaging over initial phases. For example, a good way of thinking about Eq. 2.3 is to associate
UiU]T to the statistical density operator element p;; = |i)(j|. Eq. 3.4 captures this idea if we use
it to define the phase density operator py = |®(t))(®(t)|, calculated by ensemble averaging over
phase. This appropriately represents the statistical average of synchronization trajectories starting
from different values of the initial phase distribution. Below it is established that the mixedness
of the synchronized state is indeed estimated using the purity, Tr p3.

4. A connection between synchronization and mixedness

The order parameter indicates the extent of phase synchronization. It is defined [15] as the real
part, r, of the sum of complex phases:

re’¥ = i Z e, (4.1)
1=1

Fig. 2a shows two representative trajectories, quantified by the order parameter, for an
ensemble of phase oscillators with the initial condition of a partially random phase distribution.
Below the threshold value of K relative to g the phases do not synchronize and the order
parameter equilibrates to zero, as seen in the trajectory for K = 14. When the order parameter
is zero it means the phases of the nodes §; are uncorrelated. In such a case, the phase trajectories
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are sensitive to the initial phase distribution. For example, see how the phases evolve in the
two panels of Fig. 2b, where all the parameters in the two simulations are identical, except
that the initial phase distributions are different. The ‘zig-zag’ form of the phase indicates that
phase accumulates with time (e;¢) when it is not synchronized by, essentially, zeroing out the ¢;
contribution to §; because of the coupling. The ‘zig-zag’ shape comes about because 6; mod(27)
is plotted.

In the case that K exceeds the threshold value, then the order parameter is not zero, as seen
in the trajectory with K = 25. A high order parameter indicates that correlations increase because
the phases coalesce owing to autonomous optimization of the phase offsets in ¢;, Fig. 2c. Notice
now that all the ; lock to near zero (or, equivalently, multiples of 2).

(a) 1.0

50.8—

2] K=25

go.ef

SR

20.4—

g ,

50.2i K=14
O~ T T T T T T
0 1000 2000 3000 4000

Time (arb. units)
(b) K=14

Phase
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(c)
6
8 4
© 4
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7
0 500
Time at Equilibrium (arb. units)
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Figure 2. (a) Order parameter versus time in trajectories. (b) Phases (in the rotating frame modulus 27) for 10 randomly
selected nodes, calculated with K = 14. The two panels show two calculations of exactly the same network, but different
initial phases. The time range is the last quarter of the trajectory shown in part (a). (c) Phases (in the rotating frame)
for 10 randomly selected nodes, calculated with K = 25. These phase trajectrories are insensitive to the initial phase
distribution.

The increase in order parameter, and hence phase correlation, can be measured by the
distribution of phase in the equilibrium part of the trajectories. Variance and standard deviation
of a distribution on the circle is “directional” because of the way the distribution wraps around the
circumferance. So, we need to be careful analyze the phase distribution appropriately. The phase
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distributions are therefore quantified by their circular standard deviations, using the definition in
Ref. [30]. The method is implemented in the Astrostatistics library for Python.

The circular standard deviation for the phases in each calculation, oy, are plotted in Fig. 3.
Notice that narrowing of the phase distribution mirrors the increase in order, with the abrupt
transition from unsynchronized phase oscillators (phase distribution that is effectively uniform),
to synchronized phase oscillators with a narrow phase distribution. The phase distributon
narrows because the synchronized phase oscillators will be found in a small interval containing
the fixed point, or attractor [21].
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08 e O° order
4 o
0.6 e
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[ ]
| [ ] O’
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0.2 ."0.. 6
(L TYYY
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Figure 3. Order parameter as a function of the ratio of coupling strength to energy standard deviation calculated for a
network with N = 2000.

The issue to consider is whether the complex phases in Eq. 3.4 can be used to construct the
density operator pg = |®9(t))(@(t)| that, in turn, measures mixedness, caused by phase disorder, of
the absorbing state of the network. The mixedness is measured by Tr p2, which will have a value
of 1/N for a fully mixed state and a value of 1 for a pure state.

We can see that this does work out by first explicitly writing an arbitrary average over phases
of the phase density operator. Here the system comprises N nodes and the average is taken over
M realizations. The complex phase for successive samples in the average is indicated by a prime.

M ez o etfia 4 el g gifs
1 e—ialz + e—i@iz _,’_ . M
P0= NERTE |5 4 o tha 4 . M 4
We then obtain
1 o o
Tr pj = NI NM? +23 (9 4 ) (e e 1) (4.3)
>

The second term on the square brackets comprises N(N — 1)/2 terms, each made up of M 2
products. These M? products, when multiplied out, give a total of (M — 1) ‘squared’ terms and
M(M — 1) ‘cross’ terms. These cross terms can be collected into M (M — 1)/2 groups that pair
them up:

2 Z(eieij et g )(efieij Te Wiy ) 4.4)
J>i
=g 4 4 et o =101 + ¢iis o= 1015 +... 4.5)

N(M—1) terms (N—1)2M(M—1)/2 groups

H
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Now each of the groups can be written in terms of the cosine of a difference in phase differences
that compares terms in the distribution. That is, if we index the pairs by k& and collect the phase
differences into each xfj, they have the form

ewij e_wr;j + ewéj e_wij = 2cos Xi’fj (46)
So we end up with
2 1 2 k
Tr pj = sz IVM® + (M — 1N + > cosxi; ]. 4.7)
Jj>i
————

(N—=1)NxM(M—1) terms

Now taking the limit M — oo, it is evident that Tr pz takes values ranging from 1/N to 1 as
required.

We can also see this result in a more general way. The ensemble average in the phase basis
produces the state that is a mixture of unitary transformations of a pure reference state with
density operator p, so that pg =3 U ZT pU;, and Tr pg = 1 by linearity of the trace and the cyclic
permutation U TAU = AUUT = A. However, Tr pa comprises two sets of terms:

# [(Uprl)2 + (U;pU2)2 +... squared terms

Tr pj =
—&—U}LpUl ngUg + .. } cross terms

4.8)
The N squared terms, each equal to unity, sum to 1/N. The cross terms do not reduce to unity
because, while the trace is invariant under cyclic permutations, arbitrary permutations are not
allowed. The cross-terms average to zero when og =1, and then Tr pg —1/N.

The limiting values of Tr pg as a function of N are illustrated by numerical calculations
presented in Fig. 4. To carry these out, a random matrix theory approach has been used [23] as
described in the following section. This procedure yields the results shown in Figure 4 for o9 = 1.
Notice that Tr p tends to 1/N in each as the number of samples M in the average becomes very
large.

0~

1 10' 10 10° 10*
M

Figure 4. RMT phase-basis calculations of mixing of states as a function of the number of realizations of the ensemble
included in the average. The anymptotic values 1/N are evident. M is the number of samples taken in the average.

In Fig. 5, the mixedness of the synchonized eigenstate of the network is plotted as a function
of K. The mixedness is assessed by Tr p%, where the average has been taken over the initial
phase distribution. A transition, as a function of K, from a mixed state to a pure state with
respect to the phase basis is evident. The threshold occurs at the same value as the threshold
for synchronization, see Figure 3. For this isolated network, after the synchronization threshold is
passed as a function of K, the states converge quickly to pure states. The pure exciton state is the
result we expect for optical absorption an isolated, single network. The results indicate that, as
hypothesized, absorption of light does not coherently excite the entire network for smaller values
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of K because absorption ‘events’ (light-matter coupling) in the site basis are unsynchronized.
The electronic coupling K plays a key role synchronizing the light-matter coupling to populate a
coherent (delocalized) exciton state.

The relative phases of the nodes encode their correlations in the network. When the phases are
uncorrelated, the corresponding equilibrium state is fully mixed. This is not intuitive. One would
think that if ¢; is specified for each node, and the pairwise coupling among nodes H;; # 0, then
the eigenstate of the emergent, synchronized state must be a pure state. However, if the phase for
each node is uncorrelated with phase at any other node, it is a random variable taken from the
uniform circular distribution because the phase of the intermediate superposition state at each
node is unknowable—and thus the state produced by light absorption is fully mixed. This fully
mixed state is simply the statistical average of the excitation being at any one of the nodes in the
network.

1.0 goeooeescsecoce
] e?
pure state
0.8 ®
] )
N 0.6
=] .
—
= 0.4
02 mixed
state
0 000Q0°
o=
0 10 20 30 40 50

K (arb. units)

Figure 5. Mixedness of the isolated state as a function of K. The blue dots correspond to results for a network with
N =500, the red dots for N = 1000, and black open circles for N = 2000.

5. Comparison to random matrix theory

The phase distribution discussed in the previous sections is related to the energy gap distribution
on the network. Here we examine that idea by comparing ensemble averages taken over phase
with those taken over energy offsets (¢;). To calculate these averages, a form of random matrix
theory is used. Random matrix theory [23] is a simple way to calculate ensemble properties of a
disorded system. We study the method here in order to put the phase oscillator model into the
context of a well known theory for calculating the excited states of disordered molecular exciton
systems.

The approach for the phase random matrix theory (RMTp) involves using the phase
distribution oy associated to each K, shown in Figure 3. We then solve the eigenvalue problem
for an N x N Hamiltonian matrix in the site basis, with phase disorder constrained by oy:

K i(05=00) i
Hij_{ N aije i ]

5.1
0 when i=j G1)

Instead of an average over energies, the system is ensemble-averaged over the distribution of
random phase variables 6; drawn from a normal circular distribution with standard deviation og.
We obtain an eigenvalue spectrum equivalent to that of the adjacency matrix A with elements
a;;. The eigenvector of the state with lowest eigenvalue in each realization of the ensemble—the
synchronized state—is used to construct the density matrix in the phase basis pg.

Analogous calculations using the usual Hamiltonian matrix elements (i.e. amplitude as well
as phase information) were carried out, RMT g, using the methods previously described [23] and
Hamiltonian matrix elements
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H;; = {_]I\gaij viF o (5.2)
€; when i =j

where ¢; is a random variable drawn from a normal distribution with standard deviation o . The

ensemble average gives the spectrum of density of (singly-excited) states. The eigenvector of the

sychronized state at each realization of the ensemble in the RMT g calculation is identified as the

eigenvector with the lowest inverse participation ratio (i.e. the most delocalized states). That state

is used to construct the density matrix in the energy basis pg.

Now we compare calculations using RMTy to analogous calculations using the RMT g method
to show: (a) the relationship between phase oscillator models and random matrix theory methods;
(b) to thereby reveal two sources of decoherence in large, isolated quantum networks, which
clarifies the size-scaling of mixedness of a quantum state.

1
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. N
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.
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* Quantum thermalization
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T + T + T T T T T T T
5 10 15 20 25 30 35 40 45 50 55
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G o1y 5 014
2 2
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Figure 6. (a) Comparison of mixing as a function of coupling strength K for RMTy calculations versus RMT g
calculations. (b) Density of excited states predicted by RMT g with the synchronized state indicated by an arrow. Here
eigenstate thermalization mixes the synchronized state with the background density of states. (c) Same as (b), but here
the synchronized state is distinguished from the background density of states. (d) Von Neumann entropies calculated from
RMTj calculations. (e) Von Neumann entropies calculated from RMT g calculations.

The analysis of py obtained from random matrix theory calculations based on the estimates
of oy for each K are compared to analysis of pg in Fig. 6. It is evident that mixedness of the
synchronized state in the phase-RMT, quantified by Tr p or von Neumann entropy Sy, decreases
with a similar trend to the decrease in oy and increase in order parameter. These results are
compared with their analogs, Tr p% or von Neumann entropy Sg, highlighting the trends as a
function of N. The RMTy and RMTE calculations are in qualitative agreement because RMTy
captures a key source of mixing in disordered systems, which is the loss of phase coherence by
averaging.

The notable difference between the K —dependence of mixedness estimated from analysis of
po versus pg, is that the onset of synchronization (rapid reduction of mixedness) happens at
higher K in the energy-RMT calculations than predicted using the phase-RMT. The reason for
this is that mixing in pg caused solely by phase decoherence, but mixing in pg is caused by both
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phase decoherence and the zero-temperature regime of eigenstate ‘thermalization” [31,32]. When
the synchronized state is embedded in the density of other states, Fig. 6b, then the synchronized
state (indicated by the arrow) mixes with the quasi-degenerate background states; by convexity
of the state, any linear combination of these quasi-degenerate state is also a valid eigenstate. This
source of mixing is eigenstate thermalization. It appears to be significant in the regime when
K < 20p. When the synchronized state is sufficiently separated from the density of other states,
Fig. 6c, phase synchronization is the dominant mixing mechanism and consequently the mixing
predicted by the models in the phase-RMT and energy-RMT are in close agreement.

6. Conclusion

This study considered absorption of a photon by a single disordered network in the limit of
very low temperature and negligible homogenous line broadening. In other words, the single
network is characterized by a fixed assignment of transition energies to the nodes and electronic
coupling between the nodes. Under these ideal assumptions, if we calculate the excited states
of the network by diagonalizing the Hamiltonian matrix in the usual way, the lowest energy
state is going to be a pure state for any non-zero value of coupling, and a mixed state (i.e.
excitation is localized on any one atom or molecule) only if the coupling is zero. This process
leads to the unfortunate result that distant, very weakly coupled, near-degenerate transitions
absorb collectively. The question addressed here was whether there is a fundamental reason that
this seemingly unphysical result is avoided. Specifically, is there a threshold value of the coupling
(other than 'non-zero’) to produce collective absorption of a photon by the network? The results of
the study suggest that collective absorption by (isolated) molecular exciton states does require a
sufficiently large electronic coupling between molecules in the network compared to the random
distribution of transition energies at the sites. The ‘dividing line” between absorption to a mixture
of, essentially, localized excited states and coherent excitation of a pure delocalized exciton state
was suggested to be predicted by the threshold of phase synchronization.
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