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A bstr a ct — T h e r e c e nt C O VI D- 1 9 p a n d e mi c h as l e d t o a n
i n c r e asi n g i nt e r est i n t h e m o d eli n g a n d a n al ysis of i nf e cti o us
dis e as es. O u r s o ci al b e h a vi o rs i n t h e d ail y li v es h a v e b e e n
si g ni fi c a ntl y aff e ct e d b y t h e p a n d e mi c. I n t his p a p e r, w e p r o p os e
a f e d e r at e d e v ol uti o n a r y g a m e-t h e o r eti c f r a m e w o r k t o st u d y t h e
c o u pli n g of h e r d b e h a vi o rs c h a n g es a n d e pi d e mi cs s p r e a di n g.
O u r f r a m e w o r k e xt e n ds t h e cl assi c al d e g r e e- b as e d m e a n- fi el d
e pi d e mi c m o d el o v e r c o m pl e x n et w o r ks b y i nt e g r ati n g it wit h
t h e e v ol uti o n a r y g a m e d y n a mi cs. T h e st atisti c all y e q ui v al e nt
i n di vi d u als i n a p o p ul ati o n c h o os e t h ei r s o ci al a cti vit y i nt e nsiti es
b as e d o n t h e fit n ess o r t h e p a y offs t h at d e p e n d o n t h e st at e of
t h e e pi d e mi cs. M e a n w hil e, t h e s p r e a d of i nf e cti o us dis e as es o v e r
t h e c o m pl e x n et w o r k is r e ci p r o c all y i n fl u e n c e d b y t h e pl a y e rs’
s o ci al a cti viti es. We a d d r ess t h e c h all e n g e of f e d e r at e d d y n a mi cs
b y b r e a ki n g t h e a n al ysis i nt o t h e st u di es of t h e st ati o n a r y
p r o p e rti es of t h e e pi d e mi c f o r gi v e n h e r d b e h a vi o r a n d t h e
st r u ct u r al p r o p e rti es of t h e g a m e f o r a gi v e n e pi d e mi c p r o c ess.
We us e n u m e ri c al e x p e ri m e nts t o s h o w t h at o u r f r a m e w o r k
e n a bl es t h e p r e di cti o n of t h e hist o ri c al C O VI D- 1 9 st atisti cs.

I. I N T R O D U C T I O N

T h e C O VI D- 1 9 p a n d e mi c h as u n pr e c e d e nt e dl y i m p a ct e d
o ur s o ci et y i n m a n y w a ys. M a n y p e o pl e w or k at h o m e,
s h o p o nli n e, a n d c o m m u ni c at e o v er z o o m. D uri n g t h e p ast
y e ars, w e h a v e wit n ess e d a lit a n y of p oli ci es r e g ar di n g s o ci al
dist a n ci n g, m as k- w e ari n g, a n d v a c ci n ati o n t o pr e v e nt a n d
miti g at e t h e s pr e a di n g of t h e p a n d e mi c. T h e p a n d e mi c h as
m a d e a si g ni fi c a nt i m p a ct o n t h e w a y w e b e h a v e a n d i nt er a ct
i n o ur d ail y lif e. We h a v e o bs er v e d a str o n g i nt er pl a y b et w e e n
p e o pl e’s b e h a vi ors a n d t h e p a n d e mi c. W h e n t h e n u m b er of
C O VI D c as es g o es d o w n, r e o p e ni n g p oli ci es e n a bl e m or e
s o ci al a cti viti es t o r et ur n t o n or m al. If n ot d o n e c ar ef ull y,
t h e y w o ul d cr e at e a d diti o n al i nf e cti o n w a v es, w hi c h w e h a v e
wit n ess e d r e c e ntl y i n m a n y c o u ntri es.

H er d b e h a vi or d es cri b es t h e c oll e cti v e b e h a vi or al p att er n
of a p o p ul ati o n r es ulti n g fr o m t h e b e h a vi ors of i n di vi d u als i n
t h e s a m e f as hi o n. It pl a ys a n i m p ort a nt r ol e i n t h e p a n d e mi c
si n c e it is oft e n dri v e n b y p oli ci es or i n di vi d u al i n c e nti v es.
F or e x a m pl e, citi es will d esi g n i n c e nti v es f or i n di vi d u als t o b e
v a c ci n at e d t o r e a c h t ar g et e d h er d i m m u nit y. M a n y c o u ntri es
h a v e e nf or c e d t h e p oli ci es of m as k- w e ari n g i n p u bli c s p a c es
t o cr e at e h er d b e h a vi or t h at r e d u c es t h e ris k of m ass i nf e cti o n.

R es e ar c h o n h er d b e h a vi ors h as f o c us e d m ai nl y o n t o pi cs
r el at e d t o fi n a n ci al m ar k ets a n d e c o n o mi cs [1 ]. At t h e
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P a n d e mi c St at eH er d B e h a vi ors

M e di a a n d I nf or m ati o n

Fi g. 1.  T h e f e d er at e d e v ol uti o n ar y g a m e fr a m e w or k. T h e h er d b e h a vi ors
i n fl u e n c e e pi d e mi c s pr e a di n g a m o n g t h e p o p ul ati o n. T h e m e di a r e p orts
a b o ut t h e e pi d e mi c st at es sti m ul at e str at e g y r e visi o ns, w hi c h r es h a p e h er d
b e h a vi ors.

s a m e ti m e, e pi d e mi c pr o c ess es ar e oft e n st u di e d as st a n d-
al o n e d y n a mi c al pr o c ess es wit h o ut i n c or p or ati n g i n di vi d u al
b e h a vi ors i nt o t h e m o d el [ 2 ]. T h er e is a n e e d f or a n i nt e gr at e d
fr a m e w or k t h at gi v es a h olisti c u n d erst a n di n g of t h e p a n d e mi c
t o g et h er wit h h er d b e h a vi ors.

I n t his p a p er, w e pr o p os e a f e d er at e d e v ol uti o n ar y g a m e-
t h e or eti c fr a m e w or k t o m o d el t h e h er d b e h a vi ors t h at ar e
c o u pl e d wit h t h e s pr e a di n g of e pi d e mi cs. M oti v at e d b y t h e
v a c ci n ati o n g a m e of [ 3 ], w e c o nsi d er e v ol uti o n ar y g a m es
pl a y e d b y p o p ul ati o ns of pl a y ers. H o w e v er, i nst e a d of
c o nsi d eri n g t h e c o n v er g e ntl y st a bl e N as h e q uili bri a, w e f o c us
dir e ctl y o n t h e e v ol uti o n ar y d y n a mi cs. T h e e v ol uti o n ar y g a m e
d y n a mi cs [ 4 ] ar e p o p ul ati o n-l e v el or m e a n- fi el d d y n a mi cs
t h at d es cri b e t h e e v ol uti o n or t h e a d a pti v e r e visi o n of t h e
str at e gi es w h e n t h e p o p ul ati o ns i nt er a ct wit h e a c h ot h er. T h e y
e x pli citl y d es cri b e t h e c h a n g es i n h er d b e h a vi ors.

O n e criti c al c o m p o n e nt of t h e e v ol uti o n ar y g a m e fr a m e-
w or k is t h e m o d eli n g of i nf e cti o us dis e as e. I n t his w or k,
w e c o nsi d er a cl ass of m e a n- fi el d e pi d e mi c m o d els o v er
c o m pl e x n et w or ks [ 2 ], [5 ], [6 ], [7 ] t o c a pt ur e t h e s o ci al
i nt er a cti o ns a m o n g t h e i n di vi d u als. T h e i n di vi d u als o v er t h e
n et w or k ar e ass u m e d t o b e st atisti c all y e q ui v al e nt wit hi n t h e
s a m e s u b- p o p ul ati o n. T h e m e a n- fi el d d y n a mi cs f ort hri g htl y
d es cri b e t h e i n fl u e n c es of h er d b e h a vi or o n t h e s pr e a di n g of
t h e e pi d e mi c. We us e a c o m pl e x n et w or k m o d el c h ar a ct eri z e d
b y a d e gr e e distri b uti o n t o r e pr es e nt t h e s o ci al i nt er a cti o ns of
t h e p o p ul ati o ns. E a c h i n di vi d u al i n t h e n et w or k is ass o ci at e d
wit h a d e gr e e of c o n n e cti o ns t h at d et er mi n es t h e pr o b a bilit y
of i nf e cti o n a n d t h us t h e s pr e a di n g of t h e dis e as e.

T h e e pi d e mi c m o d el is c o ns oli d at e d i nt o t h e e v ol uti o n ar y
g a m e as ill ustr at e d i n Fi g. 1. T h e s pr e a di n g of t h e e pi d e mi c
a m o n g t h e p o p ul ati o ns is aff e ct e d b y t h e s o ci al a cti vit y
i nt e nsiti es of t h e i n di vi d u als. As t h e i nf or m ati o n a n d t h e
p oli ci es c o n c er ni n g t h e e pi d e mi c ar e c o m m u ni c at e d t o t h e
p o p ul ati o n t hr o u g h p u bli c m e di a, i n di vi d u als r es p o n d t o t h e m
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and adapt their social activities, constituting herd behavior at
the population level. It is clear from Fig. 1 that the state of
the epidemics and the herd behaviors are interdependent.

The federated framework in Fig. 1 can be mathematically
described by a system of coupled differential equations.
One set of differential equations represents the mean-field
evolutionary dynamics of the game strategies. The other set
of differential equations describes the epidemic process. It is
critical to examine the structural properties of the federated
dynamics, including the stability and the steady state. To this
end, we first discuss the stability of the epidemic dynamics
under fixed herd behavior and then analyze the structural
properties of the evolutionary game under the steady states.
We find out that, under certain conditions, there is a unique
nontrivial globally asymptotically stable steady state given the
herd behaviors. The players’ decisions in the game turn out to
be strategic substitutes. This property makes the evolutionarily
stable strategies (ESS) [4] or the Nash equilibria achievable
even when the individuals revise their strategies myopically on
their own. We also formulate a unified optimization problem
to compute the Nash equilibrium based on an equivalent
representation of the population game as a finite-player game
problem, where each population is viewed as a player. We
use numerical experiments to compare the simulated infection
curve with the COVID-19 statistics of the infected in New
York City. The prediction of two peaks in the pandemic over
a time interval of interest provides a promising analytical and
policy design tool for the pandemic.

In the full-length online version of our paper [8], we
extend the analysis of structural properties of the game to
different time scales and provide techniques for approximation
purposes. We also investigate the role of information in
shaping human behavior and study network structures as
the consequences of behavioral patterns.

We introduce the general framework in Section II. In
Section III, we present analytical results when the epidemic
evolves at a faster time-scale. Section IV presents the
numerical experiments. We conclude the paper in Section V.

II. PROBLEM SETTING

In this section, we describe our federated evolutionary
game framework in detail. We first introduce the general
framework and then turn to the setting under epidemic. We
will start by considering a finite number of players and show
later that the number can go to infinity.

A. Description of the General Framework

Consider N players (nodes) over a network. Each player
belongs to a subset in the set D := {1, 2, ..., D} representing
its degree of connectivity, i.e., a player in d ∈ D has degree
d. The number of players in d ∈ D is Nmd ∈ N+. The
degree distribution is then denoted by [md]d∈D. Let Ξ be
the finite state space of all the players and Sd ⊂ [0, 1]n

d

be the finite strategy space of players with degree d, with
|Ξ| = L and |Sd| = nd, respectively. We use sdi ∈ Sd to
denote a typical strategy. Let S :=

∏
d∈D Sd with |S| =∑

d∈D nd = n. Under the epidemic context, elements in Ξ

describe the health status of individuals in an epidemic, such
as ‘Susceptible’, ‘Infected’, and ‘recovered’ in the classic
SIR model [5]. Elements in X are the individual actions that
affect the spreading of the virus, such as willingness to wear
a mask and the probability to take the vaccine.

Let wd
ξ (t) be the fraction of players with degree d who

are in state ξ at time t. Let xd
i (t) be the fraction of

players with degree d playing strategy sdi at time t. We
use w(t) = (w1(t), ..., wD(t)) ∈ W ⊂ RDL

+ and (t) =

(x1(t), ..., xD(t)) ∈ X =
∏

d∈D X d ⊂ Rn1×···×nD

+ to denote
the concatenations of wd

ξ (t) and xd
i (t), respectively.

Suppose that players are constantly interacting physically
on the network. Physical interactions cause potential changes
in players’ states. We use the degree-based mean-field
approach [2] to capture the federated dynamical system on
the large network. The players are assumed to be statistically
equivalent if they have the same degree and the same strategy.
In other words, in the large population, the players are
distinguishable only based on their degree and their strategy.

Let Qd
ξ : W × X × [0, 1]P → R be a Lipschitz function

describing the dynamical evolution of the fraction of players
with degree d that are in state ξ. The federated dynamics of
players’ state transitions are as follows:

ẇd
ξ (t) = Qd

ξ

(
w(t), x(t), [md]d∈D

)
, ∀d ∈ D, ∀ξ ∈ Ξ. (1)

Note that in (1), the dependence on w(t) emphasizes the
coupling of players’ state transitions, and the dependence on
[md]d∈D illustrates the effect of the network. We use w̄(x)
to denote the steady-state value of w(x).

As the epidemic evolves, the players receive information
from public media containing samples of the epidemic
state at times. We assume that the times between infor-
mation broadcasts are independent, and they follow a rate
τ exponential distribution. We use a strategic interaction
to represent a round where players update their strategies
based on the current information broadcast. In a strategic
interaction, players update their strategies by considering
only the current information broadcast. The information
broadcast contains w and x at the time of sampling. Let
Rd

ij(w(t), x(t)) : W×X → [0, 1] denote the probability of a
player with degree d switching from strategy sdi to strategy sdj .
Next, we illustrate the evolution of the fraction of players with
degree d playing strategy sdi . Consider a small time period dt.
There will be τdt expected informational interactions during
this period. The change of the number of players with degree
d playing strategy sdi is:

N

∑
j∈Sd

xd
j (t)R

d
ji(w(t), x(t))−

∑
j∈Sd

xd
i (t)R

d
ij(w(t), x(t))

 τdt.

(2)
By considering fractions of players in (2), we obtain the mean
dynamic as follows:

1

τ
ẋd
i (t) =

∑
j∈Sd

xd
j (t)R

d
ji(w(t), x(t))

−
∑
j∈Sd

xd
i (t)R

d
ij(w(t), x(t)), ∀i ∈ Sd, ∀d ∈ D.

(3)

The evolutions of (1) and (3) constitute a system of federated
differential equations.
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Since the evolutions in (1) and (3) consider the fractions
of the players, we naturally interpret the above setting as
the interactions among populations when the total number of
players goes to infinity, i.e., N → +∞.

Let F d
i : W ×X → R be the payoff function of a player

with degree d who plays strategy sdi . In general, F d
i depends

on w(t) and x(t). The dependence on x(t) characterizes the
game-theoretic aspect of the framework. The dependence on
w(t) reveals the coupling of all players’ state evolutions. Let
F = (F 1, ..., FD) ∈ Rn1×···×nD

.
Connecting with the standard definition of evolutionary

games [4], we call x a social state and call, with a slight
abuse of terminology, R := (R1, ..., RD) a revision protocol.
We refer to the game defined by the payoff function F , the
evolutionary dynamics (3), and the federated state dynamics
(1) as a federated evolutionary game.

Definition 1. Let NE(F ) denote the set of NE of the game
defined by the payoff F and the federated state transitions
(1). A social state x ∈ X is a Nash Equilibrium (NE),
i.e., x ∈ NE(F ), if for all d ∈ D, xd ∈ mdBRd(x),
where the set BRd(·) denotes the set of best responses,
i.e., BRd(x) := {z ∈ Rnd

+ : 1T z = 1, zi > 0 if sdi ∈
argmaxj∈Sd F d

j (x, w̄(x))}.

The difference between Definition 1 and the standard NE
is that x is the best response to the payoffs generated by
x together with the steady-state value of (1) given x. This
definition integrates the coupling of (1) and (3) into the
definition of NE of our framework.

In the following, we assume that the strategies in each set
Sd are listed in an increasing order, i.e., sdi > sdj if i > j.

B. The framework Under Epidemics
Consider the states of the players described by the

Susceptible-Infected compartmental model on a degree-based
network [5] with degree distribution [md]d∈D. We use Idi (t)
to denote the fraction of the infected players in population d
adopting strategy sdi at time t. We regard a strategy sdi as a
player’s social inactivity level, which is the opposite of the
social activity level (SAL). The SAL, represented by 1− sdi ,
describes the probability of a player behaving actively in face-
to-face social activities through all of her connections with
other players. A strategy sdi close to 1 means that the player
is highly cautious when interacting physically through her
connections with others. Given social state x, the evolution
of Idi (t) is also affected by a recovery rate γ ∈ R+ and a
contagion rate λ ∈ R+. The dynamical system, analogous to
(1), describing the time evolution of Idi (t) is

İdi (t) = −γIdi (t) + λd
i

(
1− Idi (t)

)
dΘ(t), (4)

where λd
i = λ(1− sdi ) denotes the activity-aware contagion

rate of a player with degree d and SAL 1− sdi . The second
term on the right-hand side of (4) describes the events related
to contagion, whose probability is proportional to the activity-
aware contagion rate λd

i , the density of susceptible players
1− Idi (t), the degree of connections d, and the probability
Θ(t) that a link is connected to an infected player. This
probability can be expressed as follows:

Θ(t) =

∑
d∈D

(∑
i∈Sd dx

d
i I

d
i (t)

)∑
d∈D dmd

. (5)

Since we have assumed the statistical equivalence of players
with the same degree and the same strategy, the contributions
of players to the probability Θ(t) are lumped together
according to their degrees and strategies. The probability
of a link connecting to an infected player with degree d
choosing strategy sdi is proportional to dxd

i I
d
i (t). Hence, by

normalizing using the average degree, we obtain (5). The
consistency of (4) and (5) follows from a similar reasoning
as discussed in [5], since the effect of SAL has already been
considered in λd

i .
We remark that (5) couples the dynamics in (4) of each

strategy in each population. Let I(t) = (I1(t), ..., ID(t)) ∈
[0, 1]n

1×···×nD

. We use Īdi and Θ̄ to denote the steady-states
of Idi (t) and Θ(t). The concatenations are Ī and Īd.

The payoff F d
i depends on the information broadcast at

the time of sampling. In general, it takes the form

F d
i = sdiUina + (1− sdi )U

d,i
act, (6)

where Ud,i
act : [0, 1] → R and Uina := rina ∈ R−. In

(6), sdiUina represents the expected utility of being socially
inactive. The term Uina corresponds to isolating oneself
from others. Hence, we assume that Uina is a negative
constant reward for all players. The term (1 − sdi )U

d,i
act in

(6) contributes to expected utility of being socially active,
where Ud,i

act corresponds to the reward from getting infected
through physical interactions on the network. Therefore, we
set Ud,i

act to be a decreasing function of ηdi , which represents
the probability that a player in population d playing strategy
sdi is infected. The probability that a player is infected can
be equivalently understood as the fraction of infected players.
Then, we obtain ηdi = Od

i (I
d
i (t)), where Od

i is a player’s
observation of the infected fraction of players at the time
of an information broadcast. Note that the case of imperfect
observations will be considered later. For now, we consider
perfect observations, i.e., ηdi = Idi (t). Since the evolution
(4) is coupled and the term (5) depends on x, the payoff
satisfies the definition in Section II-A. We remark that the
rate parameter τ determines the rate of the federated system
of differential equations. Therefore, the sampled epidemic
status is at a steady state if τ → ∞ and is time-dependent
otherwise. In this paper, we let Ud,i

act = −ractη
d
i for all players

with reward parameter ract ∈ R+, for simplicity reasons.
By defining r = rina

ract
∈ R− to be the relative reward of

being socially inactive against being socially active, we obtain
the payoff function suitable under (4) as follows:

F d
i = sdi r − (1− sdi )η

d
i . (7)

Note that we drop the dependence of F d
i and ηdi on the state I

when we analyze equilibrium behaviors since I is a function
of the social state x, as can be observed in Definition 1.

III. LONG-TERM BEHAVIOR

In this section, we study the behavior of our model when
1
τ → ∞. This setting means that information broadcasts
take place at the steady states of (4). The scenario where
a information broadcast takes place at time T < +∞
is considered in [8], where we adopt a different style of
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analysis and obtain extensions of results to be presented in
the following.

A. Steady States of Epidemic Dynamics Given Social States
From (4) and (5), we express the steady-state values as

Īdi =
θdi Θ̄

γ + θdi Θ̄
, (8)

where θdi = λd(1− sdi ), and

Θ̄ =

∑
d∈D

(
d
∑

i∈Sd x
d
i Ī

d
i

)∑
d∈D dmd

. (9)

Let d̄ :=
∑

d∈D dmd denote the average degree of the
network. By combining (8) and (9), we obtain the equation
containing only Θ̄ as follows:

Θ̄ = d̄−1
∑
d∈D

d
∑
i∈Sd

xd
i θ

d
i Θ̄

γ + θdi Θ̄

 . (10)

From (10), we observe that Θ̄0 = 0 is always a solution.
Accordingly, Īdi,0 = 0 for all d and i. We call the steady
state (Ī0, Θ̄0) the zero steady state (or disease-free steady
state), which refers to the proportion of the infected in players
playing all strategies in all populations are all zero and that
all links have zero probability to lead to an infected node. The
zero steady state is often referred to as the disease-free state
[6]. Meanwhile, positive steady states arise from dividing Θ̄
from both sides of (10) when Θ̄ ̸= 0:

1 = d̄−1
∑
d∈D

d
∑
i∈Sd

xd
i θ

d
i

γ + θdi Θ̄

 . (11)

In a positive steady state pair (Ī+(x), Θ̄+(x)), we have
Θ̄+(x) ∈ (0, 1]. It shows that a link possesses a positive
probability to connect to an infected node. In addition,
Īdi,+(x) = 0 if and only if sdi = 1. This fact explains that
a player can be safe from the epidemic only if she lives a
totally isolated life. We remark that the positive steady state
pair depends on the social state x since (10) contains x. The
next result presents the conditions on the stability of the zero
steady state and the positive steady state. We refer the readers
to [8] for the proof.

Theorem 2. Given a social state x, the zero steady state
(Ī0, Θ̄0) is globally asymptotically stable if λd(1−sdi )

γ < 1

for all i ∈ Sd and all d ∈ D; the unique positive steady
state (Ī+(x), Θ̄+(x)) is globally asymptotically stable if
λd(1−sdi )

γ ≥ 1 for all i ∈ Sd and all d ∈ D.

We will focus on the positive steady state pair
(Ī+(x), Θ̄+(x)) in the sequel, i.e., the scenario where
λd(1−sdi )

γ ≥ 1 for all i ∈ Sd and all d ∈ D. Note that
the uniqueness of positive steady state follows from the fact
that the right-hand-side of (11) is strictly decreasing in Θ̄.

B. Numerical Computation of Steady States

Define M(z) = d̄−1
∑

d∈D

(
d
∑

i∈Sd
xd
i θ

d
i z

γ+θd
i z

)
with z ∈

[0, 1]. The computation method to obtain a steady state relies
on the next result, whose proof is omitted.

Theorem 3. M(·) is a contraction mapping on [0, 1].

Theorem 3 indicates that the steady state Θ̄ can be obtained
by the fixed-point iterations using the mapping M(·).

C. Equilibrium Analysis

Before focusing on the NE, we first introduce an equivalent
D-player game associated with the population game. In this
equivalent game, a player with degree d plays a weighted-
mixed strategy xd from the set Sd. By weighted-mixed
strategy, we refer to the restriction that 1Txd = md. Given
a social state x = (xd, x−d), where x−d denotes the
population states of populations other than population d, the
expected payoff of player d playing xd is EF d(xd, x−d) :=
(xd)TF d(xd, x−d) =

∑
i∈Sd xd

iF
d
i (x

d, x−d). The following
result on the NE is inspired by this equivalent game. The
proof can be found in the full-length paper [8].

Theorem 4. A social state x∗ is an NE of the game defined
in Section II if and only if it solves:

min
x∈X ,y∈RD

∑
d∈D

−EF d(xd, x−d) +
∑
d∈D

ydmd

s.t. − F d(x) ≥ −yd1nd , ∀d ∈ D,

xd ≥ 0, 1Txd = md, ∀d ∈ D.

(12)

Gradient-based algorithms can be used to numerically solve
(12). At each iteration of the algorithm, the descent direction
consists of the gradient vector ∂Fd

i

∂x (x) for all i ∈ Sd and for
all d ∈ D. We provide below the explicit expression of the
gradient vector given a social state.

With a slight abuse of notation, we specify the dependence
on x by writing the steady-state quantities using Θ̄(x) and
Īdi (x). We express the gradient using the chain rule as
∂Fd

i

∂x (x) = − (1−sdi )γθ
d
i

(γ+θd
i Θ̄(x))2

· ∂Θ̄
∂x (x). Next, we derive the term

∂Θ̄
∂x (x) leveraging (11). Define H : R × Rn → R by
H(Θ, x) = (d̄)−1

∑
d∈D

(
d
∑

i∈Sd
xd
i θ

d
i

γ+θd
i Θ

)
− 1. It is clear

from the definition that H is continuously differentiable
with respect to both arguments. Suppose that, given x∗,
the pair (Θ∗, x∗) solves (11), i.e., H(Θ∗, x∗) = 0. The
Jacobian of H with respect to the first argument at (Θ∗, x∗)
is JΘ(Θ

∗, x∗) := ∂H
∂Θ ((Θ∗, x∗)) ∈ R. It can be observed

from (10) that Θ∗ > 0 if x∗ is a social state. Hence,
JΘ(Θ

∗, x∗) < 0. Invoking the implicit function theorem,
we observe that there exists a neighborhood VΘ of Θ∗

and a neighborhood Vx of x∗, such that there is a unique
continuously differentiable function h : Vx → VΘ satisfying
h(x∗) = Θ∗ and H(h(x∗), x∗) = 0. Furthermore, the
derivative of h(·) can be expressed as

∂h

∂xd
i

(x∗) = −(JΘ(h(x
∗), x∗))−1 ∂H

∂xd
i

(h(x∗), x∗). (13)

Thus, the term ∂Θ̄
∂x (x) can be obtained directly using (13)

at the given social state x. Therefore, the explicit gradient
vectors are of the form

∂F d
i

∂x
(x) =

(1− sdi )γθ
d
i

(γ + θdi Θ̄(x))2

(
(JΘ(Θ̄(x), x))−1 ∂H

∂x
(Θ̄(x), x)

)
,

(14)
where Θ̄(x) is obtained from the fixed-point iterations using
the mapping M(·) and
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∂H

∂x
(Θ̄(x), x) =

1

d̄

(
1·θ1

1

γ+θ1
1Θ̄(x)

· · · D·θD
nD

γ+θD

nD Θ̄(x)

)
. (15)

In general, the optimization problem (12) is nonconvex.
However, gradient-based algorithms are still promising meth-
ods for finding stationary points, i.e., points with sufficiently
small gradients. Moreover, we know from the proof of
Theorem 4 that the global optimal point yields a zero objective
value. Therefore, we can test the stationary point obtained
by the algorithms using the objective value to verify whether
it is a potential global optimal point, i.e., an NE social state.

D. Property of the Game

Stability studies the structural properties of the games
under which sequential plays following specific revision
protocols converge to an NE. In this section, we analyze
players’ incentives to change strategies when the game is
played sequentially.

Let DF (x) := d
dxF (x) ∈ Rn×n denote the derivative of

the payoffs with respect to the social state. From (14), we
can express DF as

DF (x) =

γ

d̄
(JΘ(Θ̄(x), x))−1


(1−s11)θ

1
1

(γ+θ11Θ̄(x))2

...
(1−sD

nD )θD
nD

(γ+θD
nD

Θ̄(x))2




1·θ11
γ+θ11Θ̄(x)

...
D·θD

nD

γ+θD
nD

Θ̄(x)


T

.
(16)

In some classes of games, such as potential games and stable
games, various evolutionary dynamics show global stability.
These games require special structures of the derivative matrix
DF (x). Next, we study the structural properties of (16).

Theorem 5. Under the assumption that every information
broadcast takes place at the steady state of (4), i.e., τ → ∞,
the game defined in Section II is a submodular game.

The proof can be found in [8]. A more transparent equiva-
lent explanation of the above result is that the decisions in
our evolutionary game are strategic substitutes, i.e., increases
in strategies of other players result in a relatively lower
strategy of a given player. This fact is straightforward in the
following sense. People are less likely to choose outdoors
if the streets are crowded owing to a higher likelihood of
infection. Otherwise, people tend to choose outdoors.

The counterpart to a submodular game is a supermodular
game [4], where decisions of players are strategic comple-
ments. In supermodular games, increases in strategies of
other players result in a relatively higher strategy of a given
player. This isotone property of the payoff function makes
the best response correspondences of players well-behaved
and the best-response dynamics with stochastic perturbation
converge to perturbed NE of the game [4]. The behavior of
learning dynamics in submodular games is more involved [9].
However, following [10] and [11], we can obtain guarantees
on the stability of simple learning processes.

Consider the best-response dynamics of the form

xd
[k+1] = mdBRd(x[k]), ∀d ∈ D, (17)

where the subscript [k] represents iteration k. Let xd
min =

(md, 0, ..., 0)T and xd
max = (0, ..., 0,md)T denote the min-

imal and maximal state of population d. Let xmin =
(x1

min, ..., x
D
min) and xmax = (x1

max, ..., x
D
max) denote the

minimal and maximal social state. The following result [10]
characterizes the stability of the learning process (17).

Corollary 6. There exists a minimal point x∗
min ∈ NE(F )

and a maximal point x∗
max ∈ NE(F ). The best-response

dynamics (17) generate a monotonically increasing sequence
which converges to x∗

min when the initial point is xmin;
(17) generates a monotonically decreasing sequence which
converges to x∗

max when the initial point is xmax.

The results in Corollary 6 have the following interpretations.
The initialization at xmin corresponds to the situation where
players pay little attention to potential infections caused
by the epidemic. In this scenario, players are at high SAIs
and interact actively over the network. Through sequential
revisions of strategies, players gradually become aware of the
potential risks from physical interactions and they become
increasingly careful about their physical interactions with
others. Hence, the sequence generated by (17) starting from
xmin is increasing. The convergence to x∗

min shows that by
naively best-responding to current payoffs, the population
can eventually reach a point where no one has an incentive
to further revise her strategies. On the contrary, the scenario
where the starting point is xmax indicates cautious plays at
the beginning, since players have no information about the
potential consequences of the epidemic. Through sequential
plays, players become better informed and behave more
audacious, i.e., the subsequent social states generated by (17)
after xmax are decreasing. Finally, there is a point where
no one is willing to take more risks (e.g., going to the
supermarket without wearing a mask).

Note that the maximal and the minimal points x∗
max and

x∗
min do not, in general, correspond to the equilibrium points

where the payoffs of players reach the maximum and the
minimum, respectively [11]. Corollary 6 enables the monotone
convergence to the NE of the evolutionary dynamics of the
form:

ẋd = min{mdBRd(x)} − xd, ∀d ∈ D, (18)

where min{·} selects the least element from a set. The
reason lies in the discretization of (18): xd(t + δ) =
δmin{mdBRd(x(t))} + (1 − δ)xd(t), which has the in-
terpretation that in a small period δ, only δ portion of
the population revises their strategies to the one obtained
using the best-responses. The updates (17) correspond to
δ = 1. Suppose that tk and tk+1 are two time instances
corresponding to iteration [k] and [k+1] in (17). Since starting
from xmin, (17) yields xd

[k] ≤ xd
[k+1], and for any δ ∈ (0, 1),

xd(tk + δ) = δmin{mdBRd(x(tk))} + (1 − δ)xd(tk) =
δxd

[k+1]+(1−δ)xd
[k]. Then, xd

[k] ≤ xd(tk+δ) ≤ xd
[k+1]. If we

pick δ, δ1, · · · , δend ∈ [0, 1] such that 0 < δ1 < δ2 < · · · <
δend < 1, the same relation follows: xd

[k] ≤ xd(tk + δ1) ≤
· · · ≤ xd(tk+δend) ≤ xd

[k+1]. Therefore, the discretization of
(18) is monotone between tk and tk+1 for arbitrary choices of
an increasing sequence of δ. This fact shows the monotonicity
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of (18) and its convergence to the NE from xmin, when we
let δ → 0. The scenario where the starting point is xmax

follows the similar reasoning.

IV. NUMERICAL EXPERIMENTS

In this section, we present the results of numerical experi-
ments. For presentation purposes, we use 2 populations with
the number of strategies being 3 and 2, respectively. We set
the parameters r, λ, and γ to values such that the unique
positive steady state appears under a given social state and
that there are no dominant strategies.

(a)

(b)

Fig. 2. Multiple peaks of new infections. (a) Statistics of COVID-19 in New
York [12]. (b) Predicted new infected density curve using our framework.

In Fig. 2, we compare the curve of the reported cases using
the historical COVID-19 data and the simulated curve of the
infected density using our framework. The multi-peak curves
in Fig. 2(a) and Fig. 2(b) correspond to different waves of
epidemic outbreak. The first wave is the natural outbreak of
an epidemic when it first starts to spread among infectious
individuals. The decreases of new cases between July 2020
and November 2020 in Fig. 2(a), and between time 20 to 50
in Fig. 2(b) correspond to the period when people start to
avoid close contacts and the policies are enforced to mitigate
the epidemic, such as wearing masks all the time. In Fig.
2(a), the second infection wave is a consequence of relaxed
social guidance [13] and the violations of existing quarantine
policies. At t = 50 in Fig. 2(b), we set the behaviors of the
populations to change. This change captures the populations’
overconfidence in the epidemic status as the number of new
cases decreases. When the populations become less careful,
i.e., more people play strategies close to sd1 in the set Sd, the
newly infected density curve increases and shows a second
peak. This second peak is an indication of the influence of
herd behaviors on the epidemic evolution.

V. CONCLUSION

We have proposed a federated evolutionary game frame-
work that couples the epidemic state dynamics with the
evolution of strategies to study the herd behaviors over com-
plex networks. We have designed the mechanism containing
physical interactions and information broadcasts to combine
federated state transitions over a large network and sequential
strategy revisions in the populations. Taking the epidemic
model as a special case, we have found a unique nontrivial
steady state when the epidemic evolves faster. We have
characterized the Nash equilibrium of the game at the steady-
state. In addition, we have shown that decisions in the game
are strategic substitutes, which have enabled simple learning
processes to reach equilibrium. Our numerical examples
have indicated the predictive power of our framework by
comparing the simulated dynamics to the historical COVID-
19 statistics. The multi-peak pattern observed in the case
study has shown that the herd behaviors have been attributed
to multiple epidemic outbreaks.
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