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The coupling between superconductors and strong lightwave pulses is an emerg-
ing control concept for superconducting quantum electronics. While progress
has been made towards terahertz-driven superconductivity and supercurrents,
the interactions able to drive non-equilibrium pairing are still poorly under-
stood, partially due to the lack of measurements of high-order correlation
functions. Particularly, sensing of the exotic collective modes that would uniquely
characterize light-driven superconducting coherence, in a way analogous to
the Meissner effect, is very challenging but much needed. Here we report
the discovery of parametrically-driven superconductivity by light-induced or-

der parameter collective oscillations in iron-based superconductors. The time-



periodic relative phase dynamics between the coupled electron and hole bands
drives the transition to a distinct non-equilibrium superconducting state. This
light-induced emergent state is characterized by a unique phase—amplitude
collective mode with Floquet-like sidebands at twice the Higgs frequency. We
measure non—perturbative, high—order correlations of this parametrically-driven
superconductivity by separating the terahertz multi-dimensional coherent spec-
tra into pump-probe, Higgs mode, and bi—-Higgs frequency sideband peaks.
We find that the higher—order bi-Higgs sidebands dominate above critical field,
which indicates the breakdown of the susceptibility perturbative expansion in

this parametrically-driven quantum matter.

Alternating “electromagnetic” bias, in contrast to DC bias, is emerging as a universal con-
trol concept to enable dynamical functionalities by terahertz (THz) modulation [1-9]. THz-
lightwave—accelerated superconducting (SC) and topological currents [8—17] have revealed ex-
otic quantum dynamics, e. g., high harmonics [9, 10, 18] and gapless quantum fluid states [19],
and light-induced Weyl and Dirac nodes [1,14]. However, high—order correlation characteristics
far exceeding the known two-photon light coupling to superconductors are hidden in conven-
tional single-particle spectroscopies and perturbative responses, where a mixture of multiple
excitation pathways contribute to the same low-order responses [20,21]. A compelling solu-
tion to sensing light-induced SC coherence far—from—equilibrium is to be able to identify their
correlations and collective modes [8,22-27]. The dominant collective excitations of the equi-
librium SC phase range from amplitude oscillations (Higgs mode) to oscillations of interband
phase differences (Leggett mode) of the SC order parameter. Although amplitude modes have

been observed close to equilibrium when external AC [9, 18] and DC [17, 28, 29] fields break
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inversion symmetry (IS), the order parameter phase—amplitude coherent oscillations have never
been observed in spite of their fascinating opportunity to parametrically drive quantum states.

Figure la illustrates the parametrically driven SC state, which is characterized by distinct
phase—amplitude collective modes arising from strong light-induced couplings between the am-
plitude and phase channels in iron-based superconductors (FeSCs). The ground state of FeSCs
is known to have s, rather than BCS, pairing symmetry, which is determined by strong cou-
pling between electron (e) and hole (h) bands. The state can be viewed as the relative orientation
of correlated Anderson pseudo-spins located at different momentum points k [9]. Up and down
pseudo-spins correspond to filled and empty (k, —k) Cooper-pair states, while canted spins are
the superposition of up and down pseudo-spins. In FeSCs, the pseudo-spins are anti-parallel
oriented between e — h bands with order parameter phase difference of 7 (red and blue arrows
in upper left box, Fig. 1a) (Methods Section 1.2). The THz-driven dynamics causes time-
dependent deviations of this s relative phase and leads to precession of the correlated pseudo-
spins, which in turn parametrically drives pseudo-spin canting (upper right box, Fig. 1a) from
the equilibrium anti-parallel configuration. The latter results from the different dynamics of the
SC phase in each band, which leads to different e — h pseudo-spin rotations. Consequently, the
strong light-induced coupling between pseudo-spins (Ap) in each band and the relative phase
between them (A#), marked in Fig. 1a, can lead to phase—amplitude oscillations and emergent
collective modes, absent for either DC currents or weak field driving.

THz frequency, multi-dimensional coherent nonlinear spectroscopy (THz-MDCS) [11, 30—
35] represents a correlation tomography and control tool to distinguish between different many-
body response functions and collective modes. Unlike for THz—-MDCS studies of semiconduc-
tors [11,31,32,36], magnets [33], and molecular crystals [34], Fig. 1a illustrates three distinct
features of our THz-MDCS scheme which is applied for the first time here on superconductors.

First, our approach is based on measuring the phase of the supercurrent coherent nonlinear



emission, in addition to the amplitude, by using phase-resolved coherent measurements with
two intense phase—locked THz pulses of similar field strengths. Taking advantage of both the
real time and the relative phase of the two THz fields, we separate in two-dimensional (2D) fre-
quency space spectral peaks generated by light-induced correlations and collective mode inter-
actions from the conventional pump—probe, four—wave—mixing, and high—harmonic—generation
signals [9,23]. This 2D separation of spectral peaks arising from high—order nonlinear pro-
cesses achieves a “super” resolution of higher order interactions and collective modes in highly
non-perturbative states. This capability is not possible with traditional single-particle or pump—
probe spectroscopies [9,19,23]. Second, as a result of lightwave condensate acceleration by the
effective local field inside a thin—film SC induced by THz-pulse-pairs and electromagnetic prop-
agation effects [9], the Cooper pairs (k, —k) of the equilibrium BCS state experience SC pairing
with finite center-of-mass momentum pg(t) (Fig. 1a). Precisely, this phase persists well after the
two strong pulses and exhibits (k + ps(t)/2, —k + ps(t)/2) Cooper pairing, due to dynamical
symmetry breaking of the centrosymmetric pairing states [9]. Third, the finite—momentum—
pairing quantum state with supercurrent-flow o< pg(t) controllable by two—pulse interference
can host distinct collective modes that parametrically drive the time-dependent pseudo-spin
oscillators. This process triggers the phase-amplitude dynamics illustrated in Fig. 1a, whose
nonlinear interactions determine the THz—MDCS spectral profile [35].

In this Article, we reveal a parametrically driven SC state by time—periodic light-induced
dynamics of the order parameter phase in a Ba(Fe;_,Co,)2Ass superconductor. Such a ef-
fect parametrically drives time—dependent Anderson pseudo—spin canting from the anti-parallel
equilibrium orientation, consistent with our quantum kinetic simulations. Such parametric driv-
ing becomes important when the phase dynamics is amplified by a unique phase—amplitude
collective mode that develops with increasing THz pulse—pair driving and gives rise to the dras-

tic nonlinear shift from wiges 10 2WHhiges peaks.



THz multidimensional coherent spectroscopy of FeSCs

We measured optimally Co-doped BaFe;As, (Ba-122) epitaxial thin film (60 nm) with 7, ~23 K
and lower SC gap 2A; ~ 6.8 meV (Methods section 1.1). We used THz-MDCS to mea-
sure the responses to two phase-locked, nearly single-cycle THz pulses A and B of simi-
lar field strength (Fig. 1b), with central frequency wy ~ 4 meV (black arrow, Fig. Ic) and
broadband frequency width of Aw ~ 6 meV (purple dashed line, Fig. 1c). Representative
time scans of these THz-MDCS experiments driven by laser fields Erp, a3 =229kV/cm, are
shown in Fig. 1d. The measured nonlinear differential emission correlated signal, Exy,(¢,7) =
Eag(t,7)— EA(t) — EB(t, 7), was recorded as function of both the gate time ¢ (Fig. 1d) and the
delay time 7 = tg —t 4 between the two pulses A and B (Fig. 1e). We note three points. First, as
demonstrated by Fnp (¢, 7) shown in Fig. 1d (pink cross), measured at fixed delay —7 = 6.5 ps,
the electric field in the time domain allows for simultaneous amplitude-/phase-resolved detec-
tion of the coherent nonlinear responses induced by the pulse—pair and has negligible contribu-
tions from the individual pulses. This is achieved by subtracting the individual responses, Ex (t)
and Eg(t, 7) (red and blue solid lines), from the full signal obtained in response to both phase—
locked pulses, Fap(t, 7) (black solid line). Second, Eny, (¢, 7) in Fig. le vanishes above T, as
seen by comparing the 5 K (red diamond) and 40 K traces (black cross). Third, the THz-MDCS
signals persist even when the two pulses do not overlap in time, e. g., at —7 = 6.5 ps (Figs. 1d—
le). The long-lived correlated signal Fny (¢, 7) indicates that the two sub-gap laser excitations,
centered below 2A; (Fig. 1¢), have generated robust supercurrent—carrying macroscopic states
persisting well after the pulse.

Figure 2 compares the 2D THz temporal profile of the coherent nonlinear signal Fny, (¢, 7)
for relatively weak (Fig. 2a), intermediate (Fig. 2b), and strong (Fig. 2c) driving fields. The

Eny(t, 7) dynamics reveals that pronounced coherent temporal oscillations last much longer



than the temporal overlap between the two driving pulses (Fig. 1b). One can introduce fre-
quency vectors characterizing the two pulses A and B, wa = (wp & Aw,0) and wp = (wy £
Aw, —wy F Aw), which are centered around wy ~ 4 meV (black arrow, Fig. 1c). Following
these notations, the observed long—lived coherent responses generate sharp THz-MDCS spec-
tral peaks visible up to ~ 8 meV below substrate absorption (Methods section 1.1). These
spectra were obtained by Fourier transform of Eyy,(¢, 7) with respect to both ¢ (frequency w;)
and 7 (frequency w,) (Figs. 2d-2f). We observe multiple distinguishing and well-defined res-
onances with unique lineshapes that drastically change with increasing field strength. These
Entp(wy, w,) spectra differ strongly from the conventional ones measured, e. g., in semiconduc-
tors [11,31,32], where peaks are observable at multiples of the THz driving pulse frequency
wp ~ 4 meV (magenta dashed line), as expected in the case of a rigid excitation energy bandgap.
The observed peaks in FeSCs are much narrower than the excitation pulse width Aw (Fig. 1c).
This result implies that Exp, (¢, 7) oscillates with the frequencies of SC collective mode exci-
tations that lie within the Aw of the few-cycle driving pulses. The width of the THz-MDCS
spectral peaks is determined by the SC mode damping and not by Aw of the driving pulses.
The normalized Eni(w;,w,) experimental spectra (Figs. 2g—2i) visualize nonlinear cou-
plings of SC collective mode resonances and their field-dependences. For the weaker pump
field of Ey = 229 kV/cm (Fig. 2g), Ex(wy, w,) shows four dominant peaks. Intriguingly, the
two strongest peaks are located at the higher frequencies, roughly (6,0) meV and (6, —6) meV,
with the weaker peaks at the lower frequencies, slightly below (2,0) meV and (2, —2) meV.
This observation is in strong contrast to the expectation from conventional harmonic generation
that high—order nonlinear signals should be weaker than lower—order ones which indicates the
breakdown of the susceptibility perturbative expansion around the SC equilibrium state. For
the intermediate field of Fy = 333 kV/cm (Fig. 2h), Enp(w;, w,) shows several peaks close to

each other (red and green lines), centered at new frequencies ~ (5,0) meV and (5, —5) meV,



which exhibit similar non-perturbative behavior as the dominant high order THz-MDCS spec-
tral peaks. The spectral profile changes again with increasing THz driving: four peaks are
observable in the THz-MDCS spectrum for the highest studied pump field of £y = 475 kV/cm.
The two strongest THz-MDCS peaks are roughly located at (2.3,0) meV and (2.3, —2.3) meV,
while two weaker peaks become detectable at (6.2,0) meV and (6.2, —6.2) meV (Fig. 2i). These
high field peaks should be distinguished from the low field ones at similar frequencies (Fig. 2g),
as the latter have red-shifted with increasing field due to the SC gap reduction. The evolution
of the MDCS spectral peaks reflect the emergence of different collective modes with increasing

driving field, which characterize the transition to different non-equilibrium SC states.

Light-induced drastic changes of collective modes

We first introduce some basic principles to classify the observed peaks in (wy, w.) space. First,
the non-equilibrium SC state driven by the THz pulse—pair is characterized by a quenched
asymptotic value of the time—evolved SC order parameter, which defines the Higgs frequencies
wi,; = 2A;, where i = 1 (¢ = 2) denotes the hole (electron) pocket of the FeAs bandstructure.
The above Higgs mode frequencies decrease from their equilibrium values of 24 ; with increas-
ing field, which leads to a redshift of the THz—MDCS spectral features observed in Figs. 2g-2i.
Note that we only probe the lower Higgs mode, wy ;1 ~ 6.8 meV, while the higher Higgs fre-
quency, wy 2 ~ 19 meV, lies outside of the measured spectral range (Fig. 1c). Second, the THz
pulses drive the Anderson pseudo-spin oscillators [9,35] at the different momenta k (Methods
section 1.4). The pseudo-spin dynamics is dominated by frequencies ~ wy ;.4 = (wp;, 0) and
~ whgip = (wui, —wnji), 1. e., field-dependent Higgs and quasi-particle pair excitations, or
~ 2wa B, 1. €., quasi-particle excitations driven at the laser frequency.

To identify which nonlinear process generates each peak measured in Figs. 2g-2i, we use

our quantum kinetic simulations (Methods section 1.3) and the above three principles. Light-



wave propagation inside a SC thin film geometry determines the effective driving field F(t) =
B, (t) — 522 J(t), which is obtained from Maxwell’s equations [37] and differs from the ap-
plied field Ery,(t) (n is the refractive index). This effective field drives the nonlinear su-
percurrent J(t), described self-consistently by solving the gauge-invariant SC Bloch equa-
tions [23, 35, 37] (Methods section 1.3) for a 3-pocket SC model with strong electron-hole
pocket interaction U far exceeding the intra—band pairing interaction. We simulate directly
the Eny,(t, 7) temporal dynamics measured in the experiment (Fig. 3a as an example) and then
obtain the Enp, (wy, w, ) spectra (Figs. 3b—3e). These simulations are fully consistent with the ob-
served drastic change in the THz-MDCS spectra, where non-perturbative spectral peaks emerg-
ing with increasing field (Figs. 2g-21i) are indicative of a transition to light-driven SC states with
different, emergent collective modes.

We elaborate the above quantum state transitions by identifying three different excitation
regimes. They are marked in Figs. 3f (black dash lines) and distinguished by the field-strength
dependence of the interband phase difference 60(w) peak: I, the perturbative susceptibility
regime; II, the non-perturbative state with dominant Higgs amplitude mode; regime III, the
parametrically-driven SC state determined by phase—amplitude collective mode. We first ex-
amine regime I, where the Higgs frequency wy ; remains close to its equilibrium value, 2A; ~
6.8 meV, similar to the “rigid” excitation energy gap in semiconductors. The simulated THz-
MDCS spectrum (Fig. 3b) then shows several peaks (Table 1, Methods) splitting along the w,
vertical axis, at w; = wy (dashed magenta line) and w; = wy; (dashed green line). The conven-
tional pump—probe signals are observed at (wp, —wp) and (wo, 0) in Fig. 3b, generated by the
familiar third-order processes wa —wa +wp and wp —wp +wa, respectively. Four-wave mixing
signals are also observed at (wp,wp) and (wg, —2wy), generated by the third—order processes
2wp — wp and 2wp — wp. However, the perturbative behavior in this regime is inconsistent

with the dominance of higher—order peaks (Fig. 2g) for the much stronger fields used in the



experiment to achieve the necessary signal—to—noise ratio.

By increasing the field strength (Figs. 3c—3e), the calculated signals along the w, verti-
cal axis and at (wp, —wp), (wp,0) diminish. Only peaks along (w:,0) and (w;, —w;) are then
predicted by our calculation, consistent with the experiment in Figs. 2g-2i. For the lower
field strength of 250 kV/cm (Fig. 3c), our calculated Exp (w;, w,) shows two weak peaks at
w; ~ 2 meV (black dashed line) and two strong broken—IS peaks at w; = wp; ~ 6 meV
(green dashed line) similar to the experimental THz-MDCS peaks in Fig. 2g. The weak peaks
atw; ~ 2meV (black dashed line) arise from high-order difference-frequency Raman processes
(PP, Table 2 in Methods), which generate pump—probe signals at w, = w1 — wo, as observed
in Fig. 2g. The strong peaks at the Higgs frequency w; = w1 ~ 6 meV (green dashed line)
dominate for intermediate fields up to ~ 400 kV/cm (regime II, Fig. 3f). However, they vanish
if we neglect the electromagnetic propagation effects as discussed later. The BCS ground state
evolves into a finite—momentum—pairing SC state, which is determined by the condensate mo-
mentum pg generated by nonlinear processes (Supplementary Fig. 4c, Note 4). This condensate
momentum persists well after the pulse. Higgs frequency peaks then arise from ninth—order IS
breaking nonlinear processes generated by the coupling between the Higgs mode and the light-
wave accelerated supercurrent J(¢) (IS Higgs, Table 2 in Methods). The superior resolution
achieved for sensing the collective modes by using THz—MDCS with 2D coherent excitation is
far more than that achieved by using a static IS symmetry breaking scheme using a DC current
(Supplementary Fig. 9, Note 7).

For even higher field strengths of 350 kV/cm (Fig. 3d) and 700 kV/cm (Fig. 3e), the THz—
MDCS spectra change above the excitation threshold where the order parameter phase dynamics
becomes significant (regime III, Fig. 3f). In this regime I1I, new dominant THz—MDCS peaks
emerge at w; = 2wy, — wp (blue dashed line), referred to as bi-Higgs frequency sideband.

Satellite peaks are also observed at w; = 2wy, — 2wy (red dashed line). Figure 3g demonstrates



a threshold nonlinear behavior of these bi-Higgs frequency sideband peak strengths, which co-
incides with the development of strong phase dynamics (Fig. 3f). These theoretical predictions
are fully consistent with our experimental observations in Figs. 2h and 2i. For the intermediate
field in Fig. 3d, the THz-MDCS peaks at w; = 2wy — 2wy ~4 meV (red dashed line) and
w; = wn,1 ~6 meV (green dashed line) are close to each other. As a result, they merge into
a single broad resonance around (5,0) meV and (5, —5) meV which agrees with the measured
broad, overlapping THz-MDCS peaks ~5 meV in Fig. 2h. The calculated w;, = 2wy ; —wy peak
(blue line) is not visible experimentally due to the substrate absorption. For the highest studied
field strength (Fig. 3e), the calculated THz—-MDCS signals are dominated by the bi—Higgs fre-
quency nonlinear sidebands at w; = 2wy — wp ~ 6.0 meV and w; = 2wy — 2wy ~ 2.0 meV.
Both sidebands peaks now fall into the substrate transparency region and are clearly resolved in
Fig. 2i. The emergence of these new THz-MDCS peaks in Regime III is a direct manifestation
of the phase-driven Anderson pseudo-spin canting (Fig. 1a), as further discussed later.

Figure 4 demonstrates the strong temperature dependence and redshift of the observed peaks
as we appoach T,. The THz-MDCS spectrum FEnp,(w;, w,) at temperature 16 K is shown in
Fig. 4a for the intermediate field of £y = 333 kV/cm. It is compared in Fig. 2h with the
spectrum at 7' = 5 K for same excitation. The broken—IS signals observed at the Higgs mode
frequency w; = wy; red-shift with increasing temperature, from (5,0) meV and (5, —5) meV
peaks at 5 K to broad peaks slightly below (2.5, —2.5) meV and (2.5,0) meV at 16 K (green
line). This redshift arises from the thermal quench of the SC order parameter 2A; with increas-
ing temperature. However, unlike for the case of THz coherent control of the order parameter
demonstrated in Fig. 2h, a thermal quench does not produce any obvious bi—Higgs frequency
THz-MDCS peaks, expected at ~1 meV, which is indicative of the coherent origin of the latter.
Figures 4b and 4c show the temperature dependence of the measured differential coherent emis-

sion Enp,(t,7) and the corresponding Fxr,(wy, 7) at a fixed pulse separation —7 = 6.5 ps. It is
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clearly seen, by comparing the 5 K (black line) and 22 K (gray) traces, that, when approach-
ing 7. from below, the coherent nonlinear emissions quickly diminish and red-shift. Finally,
Figs. 4d—4e show a detailed plot of Exp,(w;, 7) up to 100 K. The integrated spectral weight

shown in Fig. 4d correlates with the SC transition at 7 (gray dashed line).

The phase—amplitude mode and parametric driving

Figure 5 offers more insight into the physical mechanism behind the observed transition in the
THz-MDCS spectra with increasing field. First, we compare Exr,(wy, w,) for a field strength of
250 kV/cm between (i) the full calculation that includes electromagnetic propagation and inter-
ference effects leading to slowly decaying ps(t) after the pulse (Fig. 5a), and (ii) a calculation
without electromagnetic propagation effects, where ps(t) oscillates during the THz pulse and
vanishes afterwards (Fig. 5b). The w; = wy; peaks vanish in Fig. 5b (green dashed line) and
Exp(wy, w,) is dominated by broad pump—probe (PP) peaks at w; = wy ~ 4 meV. This result
suggests that the peaks at wy ;, which dominate the PP peaks in nonlinear regime 11, (Fig. 2g (ex-
periment) and Fig. 5a (theory)), provide coherent sensing of non-perturbative Higgs collective
modes underpinning the finite—-momentum—pairing SC phase (Supplementary Note 7).

Next, we turn to the transition from Higgs to dominant bi-Higgs signals at w; = 2wy ; — wp.
We associate this transition with the development of a time—dependent pseudo-spin canting
from the equilibrium anti-parallel pseudo-spin directions, which is parametrically—driven by
amplified relative phase dynamics at frequency wy; (Methods sections 1.4 and 1.5). If the inter—
band Coulomb coupling exceeds the intra—band pairing interaction, the Leggett mode phase
oscillations lie well within the quasi—particle continuum (regime I for weak THz fields), so they
are overdamped (Fig. 3f). Above critical THz driving (regime II1), however, the THz—modulated
superfluid density of strongly—Coulomb—coupled electron and hole pockets (Methods section

1.5 and Supplementary Note 4) enhances the nonlinear coupling of the order parameter phase
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and amplitude oscillations. This leads to phase oscillations at the same Higgs frequency wy ;
as the amplitude oscillations, which we refer as to the phase—amplitude collective mode. The
latter interacts with quasi—particle excitations at energy ~ wy 1, wWhich amplifies the THz-
MDCS sideband peaks at frequencies ~ 2wy (Fig. 3e). This amplification is at the expense of
the Higgs mode peak at wy ; which dominates in regime II.

To further corroborate the transition from Higgs amplitude to phase—amplitude collective
mode, we compare in Figs. 5c and 5d THz—-MDCS spectra obtained from the full calculation for
700.0 kV/cm driving with those obtained by turning off the pseudo—spin canting around the s
equilibrium state driven by the wyy ; time—periodic phase oscillations (Supplementary Figs. 4d
and 6, Note 4). Our formulation of the gauge—invariant SC Bloch equations in terms of two cou-
pled pseudo—spin nonlinear oscillators (Methods section 1.4) shows that non—adiabatic pseudo—
spin canting is parametrically driven with time—dependent strength ~ |A; | sin(266) p; 2, where
p1 and py are the x and y Anderson pseudo-spin components. Such phase-dependent contri-
bution to the nonlinear response is amplified by the strong THz modulation of the superfluid
density characterized by light-induced changes in |A;|2. Consequently, the threshold nonlinear
field dependence of this coupling (Supplementary Fig. 4d) leads to the strong field dependence
of the ~ 2wy ; sideband (Fig. 3g). By comparing Figs. 5c and 5d, we see that the signals at
frequencies w; = 2wy — wo (blue dashed line) and w; = 2wy — 2wy (red dashed line) are
absent when the order parameter phase can be approximated by its equilibrium value. We also

compare the full result with a calculation without interband Coulomb interaction between the

electron and hole pockets (Fig. 5e), which again diminishes the bi-Higgs frequency signals.

Conclusion

We demonstrate parametrically-driven superconductivity enabled by light-induced phase—amplitude

coupling and by time-periodic relative phase dynamics. The discovery, characterization and

12



control of the light-induced high—order correlations, superconducting coherence and entangle-
ment in parametrically-driven quantum matter is of direct interest to quantum information, sens-

ing, and superconducting electronics.
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Fig. 1. Lightwave parametrically-driven superconductivity in FeSCs. a, Schematics of
THz multidimensional coherent spectroscopy via THz-pulse-pair excitations and detections.
A time-dependent phase-driven Anderson pseudo-spin canting is shown schematically (upper
right box) where the pseudo-spin components are defined by density matrix Ap (Methods sec-
tion 1.3). The equilibrium anti-parallel pseudo-spin configuration (upper left box) is driven
non-adiabatically by the light-induced time dependence of the order parameter electron—hole
relative phase Af at the Higgs frequency. b, Temporal waveforms of the nearly single-cycle
THz pulse—pair used in the experiment (red and blue lines), and c, spectra of the used pulses
with , centered at wy = 4 meV (vertical dashed arrow); purple dashed line indicates the broad-
band frequency width Aw. d, Temporal dynamics of the measured coherent nonlinear trans-
mission Exi (¢, 7)(pink) = Eap(t,7)(black) — Ex(t)(red) — Eg(t, 7)(blue) as a function of
gate time ¢ at a fixed delay time between the two pulses, —7 = 6.5 ps, under THz driving fields
of 229 kV/cm at temperature of 5 K. e, Temporal dynamics of the Exy, (¢, 7) amplitude decay
below (red diamond, 5 K) and above (black cross, 40 K) 7, as a function of pulse—pair time
delay 7 under THz driving fields of 333 kV/cm. The correlated nonlinear signal Exp,(t, 7)(red)
decays over timescales much longer than the pulse duration.
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Fig. 2. Drastic changes of correlation peaks and collective modes revealed in the driv-
ing electric field dependence of THz-MDCS. a-c, Two-dimensional (2D) false-colour plot
of the measured coherent nonlinear transmission Eyp,(t,7) of FeSCs at 5 K induced by THz
pump electric fields of (a) 229 kV/cm, (b) 333 kV/cm, and (c) 475 kV/cm. d-f, The corre-
sponding THz 2D coherent spectra Exy,(wy, w,) at 5 K for the above three pump electric fields,
respectively. Pump frequency wy is indicated by vertical dashed lines. g-i, The normalized
Exp(wy, w,) spectra are plotted for the same pump fields to highlight the pump field-dependent
evolution of the correlation peaks along the 2D frequency vector space. Peaks marked by the
dashed lines are located at frequencies associated with pump—probe signal (black), Higgs mode
(green) and bi-Higgs frequency sidebands (red and blue) consistent with the theory shown in
Fig. 3.
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Fig. 3. Gauge-invariant quantum Kinetic simulation of THz-MDCS. a, An example of
calculated Eyi,(t,7) as a function of gate time ¢ and delay time 7 for 250 kV/cm pump field.
b-e, 2D Fourier transform of Enp(t,7) for THz pump electric fields of (b) 25 kV/cm, (c)
250 kV/cm, (d) 350 kV/cm, and (e) 700 kV/cm. Dashed black (blue) lines indicate pump-
probe w; = wp; — wp (bi-Higgs frequency sideband w; = 2wy — wy) while IS-breaking
signals at Higgs w; = wpy,; (bi-Higgs frequency sideband w; = 2wy — 2w,) are marked by
vertical dashed green (red) line; pump—probe peaks at w; = wy are indicated by a vertical
dashed magenta line. f, Field-strength dependence of the dominant peak in the spectrum of
the interband phase difference 60(w). g, Field-strength dependence of the bi-Higgs frequency
sidebands at 2wy ; — wo follows the 06(w) behavior in (f), which identifies the importance of
light—induced time—periodic phase dynamics at the wy ; frequency in driving a non—equilibrium
SC state. Three excitation regimes are marked (main text).

Fig. 4. Temperature dependence of THz-MDCS signals. a, THz-MDCS spectra Exr, (w;, w-)
at 16 K for pump electric field of 333 kV/cm. b, Temporal profiles of two-pulse THz coherent
signals Ey,(t, 7) at various temperatures from 5 K to 22 K for a peak THz pump electric field
of Epump = 229 kV/cm and —7 = 6.5 ps. Traces are offset for clarity. ¢, The corresponding
Fourier spectra of the coherent dynamics in (b). d-e, A 2D false-color plot of THz coherent
signals (e) as a function of temperature and frequency w; with (d) integrated spectral weight at
various temperatures. Dashed gray line indicates the SC transition temperature.

Fig. 5. Origin of correlation and collective mode peaks in THz-MDCS signals. a-b,
Exp(wy, w,) for (a) the full calculation with lightwave propagation (£, = 250 kV/cm) and for
(b) a calculation without pulse propagation effects (F£y; = 250 kV/cm). Dashed black (green)
lines indicate w; = wp1 — wo (W¢ = wp,1). The IS peaks at w; = wy; vanish without per-
sisting IS breaking. c-e, Enp(w;,w,) for (c) the full calculation with lightwave propagation
(Ey = 700 kV/cm), for (d) a calculation without phase—amplitude coupling (E, = 400 kV/cm),
and for (e) a calculation without interband interaction, U = 0 (E; = 100 kV/cm). To di-
rectly compare the different THz-MDCS spectra, the field strengths of the different calcula-
tions are chosen such that wy ; are comparable, wy; ~ 5.0 meV. Dashed blue lines indicate
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Methods

Sample preparation and quality

We measure optimally Co-doped BaFe;Ass epitaxial single crystal thin films [38] which are

discussed in Supplementary Note 8 (Supplementary Figs. 10-12). They are 60 nm thick, grown

on 40 nm thick SrTiOs buffered (001)-oriented (La;Sr)(Al;Ta)O3 (LSAT) single-crystal sub-

strates. The sample exhibits a SC transition at 7, ~ 23 K (Supplementary Fig. 11). THz
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spectra are visible up to ~ 8 meV below substrate absorption (Supplementary Fig. 12). The
base pressure is below 3x 107> Pa and the films were synthesized by pulsed laser deposition
with a KrF (248 nm) ultraviolet excimer laser in a vacuum of 3x10~* Pa at 730° C (growth
rate: 2.4 nm/sec). The Co-doped Ba-122 target was prepared by solid-state reaction with a
nominal composition of Ba/Fe/Co/As = 1:1.84:0.16:2.2. The chemical composition of the thin
film is found to be Ba(Fe( g2, Cop 0s)2As; g, which is close to the stoichiometry of Bal22 with
8 % (atomic %) optimal Co-doping. The PLD targets were made in the same way using the
same nominal composition of Ba(Feg g2 C0og 03)2AS2 2.

The epitaxial and crystalline quality of the sample were confirmed by four-circle X-ray
diffraction (XRD), complex THz conductivity, and other extensive chemical, structural and
electrical characterizations (Supplementary Figs. 10-12). Equilibrium low frequency electrody-
namics measurements show that the superfluid density ng vanishes above 7, ~ 23 K and that
the lower SC gap is ~ 6.2-7 meV, in agreement with the values quoted in the literature [39,40].
We measured temperature-dependent electrical resistivity for superconducting transitions by
the four-point method (Supplementary Fig. 10). Onset 7. and 7. at zero resistivity are as high
as 23.4 K and 22.0 K, respectively, and AT; is as narrow as 1.4 K. These are the highest and
narrowest values for Ba-122 thin films. In our prior papers, we also checked the zero-field-
cooled magnetization 7; and clearly showed a diamagnetic signal by superconducting quantum

interference device (SQUID) magnetometer measurements.

1.2 THz-MDCS of Anderson pseudo-spin canting states

Following the early work of Anderson, a superconducting state can be viewed in terms of an
N-spin/pseudo-spin state, with one 1/2 spin at each momentum point interacting with all the
rest. The spin texture resulting from this long-range spin interaction, determined by the relative

orientation of the different correlated spins located at different momentum points, describes
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the properties of the superconducting state. Unlike in one-band SCs with BCS order parame-
ter, the properties of the multi-band iron pnictide superconductors studied here are determined
by the strong coupling between electron and hole bands and corresponding pseudo-spins. The
ground state is known to have s, order parameter symmetry. This means that, in equilib-
rium, the Anderson pseudo-spins are anti-parallel oriented between electron and hole bands, as
shown in Fig. 1a for a pictorial illustration. This anti-parallel pseudo-spin orientation between
different bands reflects a phase difference of 7™ between the electron and hole components of
the order parameter. Collective excitations of the superconducting state may be described as
magnon-like collective excitations of the Anderson pseudo-spins, while quasi-particle excita-
tions correspond to flipping a single spin. THz excitation leads to precession of the correlated
pseudo-spins around their equilibrium positions. The new light-driven dynamics proposed here
causes time-dependent deviations of the order parameter relative phase between electron and
hole bands, which in turn parametrically drive Anderson pseudo-spin time-dependent canting
from the equilibrium anti-parallel orientation corresponding to electron-hole phase difference
of m. Such canting from the anti-parallel pseudo-spin orientation between electron and hole
bands results from the different dynamics of the SC phase in each band, which leads to differ-
ent electron and hole pseudo-spin rotations.

Close to equilibrium, time-dependent oscillations of the electron—hole relative phase that
drives pseudo-spin canting results in the Leggett phase collective modes. These collective
modes are additional to the Higgs amplitude modes. However, the Leggett linear response
modes are damped in iron pnictides, as their energy lies within the quasi-particle excitation
continuum, higher than the frequency of the lower Higgs amplitude mode which coincides
with twice the SC gap 2A;. Our numerical results presented in the main text show that strong
light-induced time-dependent nonlinear coupling of the order parameter phase and amplitude

oscillations leads to phase oscillations at the same Higgs frequency as the amplitude oscilla-
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tions. We refer to such phase—amplitude simultaneous oscillations at the same frequency of
twice the SC energy gap, as the phase—amplitude collective mode of the highly driven non-
equilibrium state. This phase—amplitude collective mode replaces the Higgs amplitude and
Leggett phase collective modes, which describe the perturbative low order responses to the
THz driving electric field. Since the relative phase of the order parameter electron and hole
components determines the anti-parallel pseudo-spin configuration that defines the SC equi-
librium state of iron pnictides, the development of relative phase oscillations around 7 at the
same frequency as the amplitude Higgs oscillations drives non-adiabatically an ultrafast spin
canting from the equilibrium anti-parallel pseudo-spin configuration. Such phase-driven An-
derson pseudo-spin canting, shown schematically in Fig. 1a of the main text, corresponds to
a time-dependent change in the relative pseudo-spin orientation between the electron and hole
bands. This ultrafast canting from the anti-parallel orientation oscillates at the Higgs rather than
Leggett frequency above THz excitation threshold. It is in addition to the collective pseudo-spin
precession within each individual band, which describes the hybrid-Higgs light-induced collec-
tive mode of iron pnictides introduced in our previous work [23]. The relative phase oscillations
around the equilibrium value of 7 are long-lived when their frequency shifts to the Higgs mode
frequency of twice the SC energy gap, which is below the quasi-particle continuum leading to
the damping of the Leggett phase mode. Therefore, this frequency shift, induced by the strong
light-induced coherent coupling of the order parameter phase and amplitude oscillations above
threshold field, parametrically drives a non-equilibrium state characterized by time-dependent
pseudo-spin canting from the anti-parallel equilibrium configuration. The nonlinear coupling
between pseudo-spin and phase oscillations at the Higgs frequency results in THz-MDCS side-
bands at twice the Higgs frequency, which is confirmed by our numerical results in the main
text.

To create and characterize the Anderson pseudo-spin canting states, the FeAs SC film is
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excited with two broadband THz pulses of similar amplitude, with a center frequency ~ 1 THz
(4.1 meV) and broadband frequency width of Aw ~ 1.5 THz (Fig. 1c). The measured nonlinear
coherent differential transmission Eni,(t,7) = FEap(t,7) — Ea(t) — Eg(t,7) is plotted as a
function of gate time ¢ and the delay time between the two pulses A and B, 7. The time-resolved
coherent nonlinear dynamics is then explored by varying the inter-pulse delay 7 between the two
THz pulses. Measuring the electric fields in time-domain through electro-optic sampling (EOS)
by a third pulse allows for phase-resolved detection of the sample response as a function of gate
time ¢. The signals arise from third and higher order nonlinear pump—probe responses of the
superconducting state, which are separated from the linear response background to obtain an

enhanced resolution. Details of our THz setup can be found elsewhere [9, 19,41,42]

1.3 Gauge-invariant theory and simulations of THz-MDCS signals

Details are presented in Supplementary Note 1 and Note 2. In thin film SCs, electromagnetic
propagation effects combined with strong SC nonlinearity leads to an effective driving electric
field and Cooper pair center-of-mass momentum that persist well beyond the duration of the
laser pulse. To model both effects in a gauge—invariant way, we use the Boguliobov—de Gennes

Hamiltonian [43, 44]
> [0 6+ A1) — = e, 8) + 85) + )] i)

- X / dx [ A, ()l (0wt , (%) +he] | ()

where the fermionic field operators ij(x) create an electron characterized by the spin index
« and the band index v; &, (p + eA(x,t)) is the band dispersion, with momentum operator
p = —iVy, vector potential A(x,t), and electron charge —e; 1 denotes the chemical potential,

while ¢(x,t) is the scalar potential. The complex SC order parameter component in band v is
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given by
Ax) = =23 galta(x)upa(x)) = [A, (x)]e ). )
A

The Hartree and Fock energy contributions are

pr(x) =2 Z / d*x'V(x — x')ng, (x') (3)

and
M%,V(X) = _gu,una,l/(x)> (4)

respectively, where n,,(x) = (¢ ,(x)15,(x)). V(x —x') is the long-ranged Coulomb poten-
tial, with Fourier transform V = ¢?/(g9¢?), which pushes the in-gap Nambu—Goldstone mode
up to the plasma frequency according to the Anderson—Higgs mechanism [45]. The Fock energy
pg” (x) ensures charge conservation. g, , describes the effective inter- (A # v) and intra-band
(A = v) pairing interactions.
The multi-band Hamiltonian (1) is gauge invariant under the general gauge transforma-
tion [46]
T, (x) — 73202y (x), (5)

when the vector potential, scalar potential, and SC order parameter phases transform as

A(x) — A(X)—i—Q%VA(X), d(x) — P(x) _Q_Z%A(X)’ 0,(x) = 6,(x)+A(x). (6)

Here, we introduced the field operator in Nambu space, ¥, (x) = (wh(x), ¥,.,(x))T, and the
1 0
0 -1
(U, (x)¥!(x')) depends on the specific choice of the gauge. To obtain gauge-invariant SC

Pauli spin matrix o3 = ( ) However, the density matrix p®) (x,x") = (%) (x,x')) =

equations of motion, we introduce center-of-mass and relative coordinates R = (x 4+ x’) /2 and
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r = x — x’ and define the transformed density matrix [37]

1

P (r,R) = exp [—16/2
0

0

x p"(r,R)exp —ie/

1
2

d/\A(R+/\r,t)-rcr3]
dAA(R + Ar,t) - ra;;] , (7)

where p)(r,R) = (¥, (R + £)U} (R — %))). By applying the gauge transformation (5), the

density matrix 5)(r, R) transforms as [37]
A (r,R) — exp[iosA(R)/2] 5% (r, R) exp [-io3A(R)/2] . (8)

After applying a Fourier transformation with respect to the relative coordinate r, we perform an

additional gauge transformation
ﬁ(u) (k, R) _ e—icrg@,,o( )/2 (1/) (k R) io30y, R)/27 (9)

to eliminate the phase 0,,, of the SC order parameter for a reference band 1. The equations of
motion then depend on the phase difference, 06, = 6,,, — 0, of the order parameter components
between different bands v # 1. The latter relative phases also determine the equilibrium
symmetry of the multi-band SC order parameter (e. g., 54 Or S1).

Assuming that the multi-band SC system is only weakly spatially-dependent [35,37], we
express the gauge-invariant density matrix in terms of Anderson pseudo-spin components at

each wavevector k:

Z ~(V) (10)

Here, 0,,, n = 1---3, are the Pauli spin matrices, o is the unit matrix, and ﬁ,(f)(k) are the

pseudo-spin components of band v. We then straightforwardly derive gauge-invariant SC Bloch
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equations of pseudo-spins, thus generalizing Ref. [37] to the multi-band case:

%ﬁé”)(k) = —eE(t) - Vipy (k)
— |A| |sin a6, (5 (k_) — 57 (k) + cos 86, (55" (k_) — 55 (k)|
9500 = B, (K7 () — |, sin 66, N, (k).
9500 = B, (k) () — |, cos 50, N, (k)
9500 = — e B(1) - Vil (k)

— A | |sindb, (57 (k-) + 5 (k) + cos 86, (75 (ki) + 55 (k)| , (A1)

where ki = k + pg/2. The above equations were solved numerically coupled to Maxwell’s
equations to compare with the experiment. Three different sources drive light-induced pseudo-
spin motion in the above equations: Condensate center-of-mass momentum pg, effective chem-
ical potential p.¢, and order parameter phase difference between different bands v, 66, =

6,, — 0,. The coupling of the laser field leads to the time-dependent band energy
E, (k) = & (k-) + & (ki) + 2(pterr + 1) - (12)

This time-dependence comes from the light-induced condensate momentum pg(t), the effective

chemical potential pi.¢, and the Fock energy

v 1 14 14 ~\V
ph= 5 (u# + ) — —gy,yzk: [1 + )(k)} : (13)

The spin—7 and spin—| electron populations determine the phase-space filling contributions:
N.(k) = ~(v) k _ ~(v) k _ ~(v) k _ ~(v) k 14
(k) =pg (k=) = p3 (k=) — gy (ki) — py 7 (ky). (14)

Compared to the conventional pseudo-spin models used in the literature before, the gauge-
invariant SC Bloch equations (11) include quantum transport terms proportional to the laser

electric field, such as e E - Vkﬁéy)(k), which also lead to +pg(t)/2 k—space displacements
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of the coherences and populations in the finite-momentum-pairing SC state. Dynamically in-
duced inversion symmetry breaking leads to the coupling between py(k) and p3(k) described
by Eq. (11). As already discussed in Refs. [9, 18,19, 35, 37], by also including the lightwave
electromagnetic propagation effects inside the SC system, described by Maxwell’s equations,
the above inversion symmetry breaking persists after the driving pulse.

We obtain the experimentally-measured signals by calculating the gauge-invariant super-

current [37]
Ity =Y Vi (k)5 (k) (15)
K\

with pseudo-spin component ﬁ(()’\) (k). The nonlinear differential transmission measured in the

experiment is obtained in terms of J(¢) by calculating the transmitted E-field after solving

Maxwell’s equations. For a SC thin film geometry, we obtain the effective driving field [37]

E(t) = Bru,(t) - 5-3(¢), (16)

where Fry,(t) is the applied THz electric field and n is the refractive index of the SC sys-
tem. THz lightwave propagation inside the SC thin film is included in our calculation by self-
consistently solving Eq. (16) and the gauge-invariant SC Bloch equations (11) [37]. Using the
above results, we calculated the nonlinear differential transmission correlated signal measured

in the THz-MDCS experiment, which is given by
ENL :EAB(t,T> —EA(t) —EB(t,T) (17)

for the collinear 2-pulse geometry used in the experiment (Fig. 1a). Eap(t, 7) is the transmitted
E-field induced by both pulses A and B, which depends on both the gate time ¢ and the delay
time between the two pulses, 7. Ea(t) and Eg(t, ) are the transmitted electric fields resulting

from pulse A and pulse B separate driving. The THz—-MDCS spectra are obtained by Fourier
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transform of Fxp (¢, 7) with respect to both ¢ (frequency w;) and 7 (frequency w,). To an-
alyze the spectra, we introduce “time vectors” ¢ = (t,7) and “frequency vectors” (w;,w,),
such that the electric fields used in the calculations can be written as E (') sin(wat’) and
Eg(t') sin(wgt’). In the calculations here, we assume Gaussian envelope functions E ().
The corresponding frequency vectors of the two pulses A and B are wy = (wp,0) and wg =
(wo, —wp) where wy is the central frequency of the pulses.

We solve the gauge-invariant optical Bloch equations (11) for a 3-pocket model with a
hole (h) pocket centered at the ['-point and two electron (e) pockets located at (m,0) and
(0,7). We include the inter e-h pocket interactions (ge;, = gn.) as well as intra-pocket in-
teractions (V) = ¢y ) and neglect inter e—e pocket interactions for simplicity. We use an
interband-to-intraband interaction ratio of U = g.1,/V\ = 3 to model the dominance of in-
terband coupling between e-h pockets over intraband interaction in Fe-based superconductors.
The pockets are described by using the square lattice nearest-neighbor tight-binding disper-
sion &, (k) = —2[J, zcos(ky) + Jyycos(ky)] + 1, with hopping parameter .J,; and band-offset
. We choose a circular hole pocket with J; , = J;, = 25.0 meV and p1; = —15.0 meV.
We introduce the known particle-hole asymmetry between electron and hole pockets in our
system [47-49] by considering elliptical electron pockets with J,, = J3, = —25.0 meV,
Joy = J3, = —80.0 meV, and pp = pz = 15.0 meV. Such asymmetry strongly suppresses
the higher Higgs mode in the spectra of E/xp, in our calculation as discussed in Ref. [23]. We
assume s.-pairing symmetry with equilibrium SC order parameters A; = 3.4 meV for the hole
pocket and Ay = Az = 9.7meV for the electron pockets. The multi-band SC system is excited

with two equal broadband pulses with center frequency wg = 1 THz.
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1.4 Pseudo-spin canting driven parametrically by phase oscillations

To identify the physical origin of the THz—MDCS peaks, we derive nonlinear oscillator equa-
tions of motion from the full gauge—invariant equations of motion (11). Details are discussed
in Supplementary Note 3. First, we express the density matrix 5*)(k) describing the non-

equilibrium SC state as
P (k) = p0 (k) + AP (K) (18)

where 5)0(k) is the density matrix of the equilibrium (stationary) state and Ap") (k) is the
non-equilibrium change induced by the strong driving fields. We consider s.-symmetry in the
SC ground state, as in the studied iron pnictide system. 56° = 0, 7 then defines the equilibrium
pseudo—spin orientations in the different bands, while ﬁg’)’o(k) =0, and ﬁgy)’o(k) # 0, i. e., the
pseudo-spins point along the z—axis and are anti-parallel between electron and hole bands. By
taking the second time derivative of Eq. (11), we obtain the deviations of the x and y pseudo-
spin components from equilibrium, Aﬁgu) (k) and A[)g') (k), in terms of equations of motion for

two non-linearly coupled oscillators:

02 ARV (k) + [E2(k) + 4|A, |2 sin? AG,] Ap (k) + [8:E, (k) + 2|A, 2 sin246,] ApY (k)
= S0 (k) = (06 = 6, B, (k)] N, (k).

92 A0S (k) + [E2(k) + 4|A, 2 cos® A8,] ARY) (k) + [<8,E, (k) + 2|1A, |2 sin2A6,] AR (k)
= 57 (k) — [002,, + 0AE, (K)] N, (k). (19)
The above coupled oscillator equations of motion describe light-induced pseudo-spin canting

parametrically driven by long-lived time-dependent phase oscillations A, = 66, —3§6°. §A! =

Al — Al , and A! = A describe the light—induced order parameter collective dynamics,

v,
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where we introduced the real and imaginary parts of the complex-valued order parameters
AL =18, cos 80, = —23 " g0 V(k), AL=|Asind0, =2 g (k). (20)
Ak Ak

The first terms on the right-hand side (rhs) of Egs. (19), Sl(,l’Z)(k), describe pseudo-spin driv-
ing by sum- and difference-frequency Raman and quantum transport processes, previously dis-
cussed in Ref. [35], modified here by Af, # 0 (Supplementary Note 3). The second term on the
rhs of Egs. (19), proportional to the light-induced order parameter deviations from equilibrium
0A! and 6A”, describes the collective modes arising from the non-perturbative coupling of the
different k pseudo-spins.

The main new effect here comes from parametric driving of the nonlinear oscillator equa-
tions of motion (19) by the time-dependent order parameter relative phase A, (¢). This para-
metric driving results in non-adiabatic canting of the pseudo-spins from their equilibrium di-
rections defined by 60% = 0, 7. It originates from the dependence of the left-hand side of
Egs. (19) on Ad,(t), which is enhanced by the phase—amplitude collective mode of the driven
non-equilibrium SC state, discussed in the next section. By expanding the nonlinear coupled—
oscillator equations of motion to lowest order in the driving A6, (t) and ps(t), we show that
pseudo-spin canting from the equilibrium direction, Aﬁg/)(k) # 0, is described by the time—

dependent coupling to
(0B, (k) — 4]A, 220, ()] Apl”, @1

where 0,E,(k) =~ e(E(t) - Vk)(ps - Vi) e(k) is approximated by expanding the band dis-
persions in powers of the center-of-mass momentum pg. Equation (21) drives light-induced
pseudo-spin canting determined by the competition between condensate momentum and order
parameter relative phase dynamics oscillating at ~ wy ;. In particular, 0,E, (k) drives pseudo-

spin canting via difference-frequency Raman processes ws g — wa ~ 0 and sum-frequency
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Raman processes wa g + wap ~ 2wy > wp,; On the other hand, the time-dependence of the
interband phase difference is dominated by strong oscillations close to the Higgs frequency
w1, rather than the Leggett mode frequency well within the quasi—particle continuum, when a
phase—amplitude collective mode develops above critical field (Supplementary Fig. 1).
When the quasi-particle excitations are resonantly driven by the pulse E?-spectrum, as is
~(v)

the case for the broad pulses used here, the p; (k) spectra are dominated by a momentum-

dependent peak centered at the quasi-particle excitation energy,

EY = 23/ + s + 1 + A o2, 22)

determined by the quenched order parameter asymptotic value |A; |. The dominant contri-
bution of the pseudo-spin oscillations that determine the time—dependence of Aﬁgy)(k) comes
from quasi-particle excitations close to the excitation energy minimum, which is located close
to the Higgs mode energy wy; (Supplementary Fig. 2). As a result, Aﬁgy)(k) mainly oscil-
lates close to wy ;. We thus obtain, through the nonlinear coupling Eq. (21), THz-MDCS
sidebands centered at the sum of the frequencies of Af,(t) oscillations (phase—amplitude col-
lective mode frequency close to wy; 1) and Apﬁ”) oscillations (quasi—particle excitations close to
w,1). Above critical driving, this nonlinear coupling is amplified by the light-induced quench
of the superfluid-density (Supplementary Fig. 4d) as discussed in more detail in Supplementary

Notes 3 and 4.

1.5 Phase-amplitude collective mode and bi-Higgs frequency sidebands

To clarify the role of the phase—amplitude collective mode in enhancing the parametric pseudo—
spin driving, we have studied the field dependence of the order parameter amplitude spectrum
|A1(w)| and the spectrum of the relative phase Af(w) for strong Coulomb interband coupling
as in the iron-based SCs studied here (Supplementary Figs. 4a and 4b). At low fields, |A;(w)|

is dominated by a peak at ~ wy 1, while Af,(w) shows a peak located within the quasi-particle
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continuum, corresponding to the Leggett mode. This low—field result reproduces previous col-
lective mode results obtained by using susceptibility expansions. With increasing driving field,
nonlinear coupling between phase and amplitude moves the relative phase mode towards wy ;
by creating phase—amplitude collective modes. The emergence of a strong Af(w) peak at the
Higgs frequency wy ; results from a light—induced phase—amplitude collective mode at wy ;.
This collective mode displays strong phase oscillations at wy ;, which allows for resonant para-
metric driving of the coupled nonlinear harmonic oscillators (19). The resulting time—dependent
pseudo—spin canting leads to the sideband signals at twice the Higgs energy wy ;1 (Supplemen-
tary Fig. 4e).

To clarify the transition from Higgs collective mode to coupled phase—amplitude mode with
energy w1, we compare the field-dependence of the persisting superfluid momentum pg (Sup-
plementary Fig. 4c), which breaks the inversion symmetry and characterizes the strength of the
Higgs mode signals at w; = wy 1, and the maximum of the |A;|? sin 2A6 spectrum (Supple-
mentary Fig. 4d), which drives pseudo—spin canting in response to the time—dependent changes
of the relative phase. pg arises from the coupling between SC nonlinearity and electromag-
netic propagation effects, which determines the effective driving field Eq. (16) dependent on
the supercurrent J(t). At low driving fields, the increase of pg is proportional to E3, since in
this regime it is generated to lowest order by third-order nonlinear processes when lightwave
propagation effects are included [37]. This initial excitation regime is, however, followed by
another excitation regime, where, in a two-band SC, the quench of the SC gap is only slightly
modified as the driving field increases as observable in Supplementary Fig. 4a. This behavior is
unlike the one-band case [18,37] and results from the strong interband coupling between elec-
tron and hole pockets leading to the formation of a hybrid-Higgs collective mode [23]. In this
non-perturbative excitation regime, the contribution of Higgs collective effects to the nonlinear

response dominates over quasi-particle excitations, which results in the different nonlinear in-
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crease of pg as compared to the initial regime seen in Supplementary Fig. 4c. Above 600 kV/cm
driving, a further increase of the driving field leads to a complete quench of the SC gap (results
are only shown up to an order parameter quench of 25 % in Supplementary Fig. 4) which results
in a stronger nonlinear increase of pg compared to the one in the initial excitation regime seen
in Supplementary Fig. 4c. This behavior is in agreement with the results in one-band super-
conductors discussed in Refs. [18,37]. Compared to the increasing superfluid momentum pg,
the maximum of the |A;|? sin 2A0 spectrum (Supplementary Fig. 4d) remains near zero in the
perturbative excitation regime. In this susceptibility regime, parametric time—periodic driving
of pseudo-spin canting by the phase dynamics is negligible, and we recover previously obtained
results without any bi—Higgs frequency sidebands. However, above critical laser field, Sup-
plementary Fig. 4d shows a (two-step) nonlinear increase in |A;|? sin 2A6, up to 400 kV/cm
excitation. In this regime, the coupled phase—amplitude mode emerges when the relative phase
mode gets close to wy; (Supplementary Fig. 4b). A further increase of £ leads to a strong in-
crease of the maximum of the |A;|? sin 2Af spectrum, which coincides with the emergence of
the non—perturbative bi—Higgs frequency sidebands in the THz—MDCS spectra (Supplementary
Fig. 4e). In this high excitation nonlinear regime, the SC order parameter is quenched, which
leads to a stronger increase of the relative phase oscillation amplitude, enhanced by 1/|A].
Due to the strong nonlinear increase above driving field threshold, Supplementary Fig. 4d, the
pseudo—spin canting driven by |A;|? sin 2A# dominates over that due to the increase of pg, Sup-
plementary Fig. 4c. This is in contrast to the behavior at lower fields, where pg increases while
|A1]? sin 2A0 remains small. As a result, the THz-MDCS signals generated by the phase—
amplitude mode at w; = 2wy ; — wp and w; = 2wy — 2wy dominate over the Higgs collective

mode nonlinear signals at w; = wy ;.
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1.6 Nonlinear processes contributing to the THz-MDCS spectra

In this section, we summarize all nonlinear processes that contribute to the THz-MDCS spec-
tra in Figs. 2 and 3 as discussed in Supplementary Note 5-7. First, we list the conventional
pump-probe (PP) and four-wave-mixing (FWM) signals already known from THz-MDCS spec-
troscopy experiments on semiconductors. Such peaks significantly contribute to the THz-
MDCS spectra here only in the perturbative excitation regime (Fig. 3b) and result from the

nonlinear processes summarized in Table 1.

H signal ‘ nonlinear process ‘ frequency space H

PP WB — WRB + WA (wo, 0)

PP WA — WA + wp (wo, —wo)
FWM 2wp — wa (wo, —2wp)
FWM 2wA — WBR (wo, wo)

Table 1. Third-order nonlinear processes contributing to the THz-MDCS spectra

With increasing field strength, new high order correlated wave-mixing signals emerge,
which dominate over the above conventional pump—probe and four-wave mixing signals. In
particular, lightwave propagation inside the SC system leads to dynamical inversion-symmetry
breaking persisting after the pulses. As a result, new wave-mixing signals (ISWM) emerge at
w; = wy,1 Which are generated by nonlinear processes involving amplitude Higgs mode exci-
tation. Bi-Higgs frequency and inversion-symmetry breaking bi-Higgs frequency (IS bi-Higgs)
sideband peaks emerge with increasing field strength and exceed the Higgs signals at elevated
Ejy. In addition, difference-frequency Raman process assisted by quasi-particle excitations leads
to high order correlated pump—probe signals. All high order correlated wave-mixing spectral

peaks and corresponding nonlinear processes are summarized in Table 2.
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H signal nonlinear process ‘ frequency space H

IS Higgs wiA + (WA — wa) + (2w — 2wp) (wi,1,0)
IS Higgs wiB + (wp —wp) + (2wa — 2wy) (w1, —wm1)
Bi-Higgs 2wir 1A + (2wp — 2wp) — wa (2w — wo, 0)
Bi-Higgs 2wir 1 + (2wa — 2wa) —wp (2w — wo, —2wp 1 + Wo)
IS bl—nggS (WH,I;A — QWA) + WH,1:A + (2&)]3 — 2(,(}]3) (2(4)1{71 — 2&)07 0)
IS bi-Higgs | (wm1m — 2wp) + wh1.p + (2wa — 2wa) | (2wi1 — 2wo, —2wp 1 + 2wp)
PP wi A + (WA —wa) + (2w — 2wp) — wa (wh,1 — wo, 0)
PP wi,B + (W —wp) + (2wa —2wx) —wp | (W1 — Wo, —Wh,1 + Wo)

Table 2. High-order nonlinear processes contributing to the THz-MDCS spectra

Data availability

The data that support the plots within this paper and other findings of this study are available

from the corresponding author upon reasonable request.
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