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Abstract—This letter presents a novel approach to 

assure hemodynamic safety in closed-loop controlled 
critical care.  The approach is equipped with safety-
preserving control based on control barrier functions to 
ensure the safety of hemodynamic state, hemodynamic 
monitoring to estimate hemodynamic state, and 
probabilistic recursive therapeutic target guidance to 
direct a patient as closely as possible to a prescribed 
therapeutic target along a desired trajectory.  A notable 
advantage of the approach is that it can be augmented to 
single-input-single-output critical care control loops 
developed in isolation to guard hemodynamic safety 
against conflicts between them, providing a practical 
alternative to sophisticated multi-input-multi-output 
control loop design.  The efficacy of the approach was 
examined in a hemorrhage resuscitation-intravenous 
sedation case study using realistic virtual patients.  The 
approach as a whole assured the boundedness of 
hemodynamic state by reconciling conflicts between the 
two control loops.  The recursive therapeutic target 
guidance directed patients to personalized reachable 
targets while maintaining the patients’ therapeutic 
responses near the desired therapeutic trajectory.  The 
approach may serve as an effective means to reconcile 
multiple critical care control loops and assure holistic 
hemodynamic safety. 
 

Index Terms—Control barrier function, virtual patient, 
hemorrhage, sedation, recursive guidance. 

I. INTRODUCTION 
HERE is a bursting interest in closed-loop control of 
critical care treatments including fluid resuscitation 
[1], vasopressor therapy [2], [3], anesthesia and 

analgesia [4], [5], and mechanical ventilation [6], [7] to name 
a few, by virtue of its ability to devote to patient care with full 
vigilance.  In fact, recent reports have suggested clinical 
feasibility of closed-loop control in individual treatments [8]–
[10]. 

However, the state-of-the-art is not yet mature enough to be 
reliably deployed to real-world critical care settings in which 
multiple treatments are administered concurrently to a patient.  
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Existing critical care controllers are designed for individual 
treatments on a loop-by-loop basis, with little considerations 
for inter-loop interferences.  When multiple treatments are to 
be administered to a patient, closed-loop controllers developed 
in isolation are stacked in tandem with practically no account 
for potential conflicts between them and their ultimate impact 
on patient safety [11]–[14], other than ad-hoc restrictions on 
therapeutic targets [4] and means [9] as well as their manual 
adjustments by clinicians [12].  A natural alternative is multi-
input multi-output control design.  But, it may be inefficient 
and even intractable to design provably safe high-dimensional 
controllers suited to a large number of heterogeneous critical 
care treatments.  Hence, a practical solution may be to develop 
an add-on capability that can be augmented to mediate already 
existing single-input single-output critical care controllers. 

This work intends to develop a novel practically deployable 
approach to reconcile conflicts between multiple closed-loop 
controlled critical care treatments and assure patient safety.  
Our approach consists of safety-preserving control based on 
control barrier functions (CBFs) [15] to mediate individually 
developed single-input-single-output critical care controllers, 
hemodynamic monitoring to estimate state variables required 
to realize the safety-preserving control, and probabilistic 
recursive therapeutic target guidance to direct a patient to a 
prescribed therapeutic target as closely as possible along a 
desired path.  We use hemorrhage resuscitation-intravenous 
(IV) propofol sedation as a case study, which is relevant in 
that these treatments can exhibit conflicting interactions and 
compromise hemodynamic safety: hemorrhage resuscitation to 
achieve a blood pressure (BP) target dilutes propofol in the 
blood and weakens its intended effect, while propofol 
interrupts hemorrhage resuscitation by inducing vasodilation 
and venodilation that lowers BP.  Hence, although closed-loop 
controlled treatments appear to successfully direct a patient to 
prescribed BP and sedation targets, the internal hemodynamics 
of the patient, represented by cardiac output (CO) and total 
peripheral resistance (TPR), can often be pushed to an 
unacceptably dangerous state [16]. 

II. MATHEMATICAL MODEL AND VIRTUAL PATIENTS 

A. Mathematical Model 
We employed a mathematical model capable of replicating 

the combined hemodynamic effects of hemorrhage 
resuscitation and IV sedation developed and validated in our 
prior work [16].  The mathematical model is equipped with (i) 
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blood volume (BV) kinetics in arteries and veins including 
vessel-tissue fluid exchange, (ii) homeostatic compensatory 
control of CO, TPR, and unstressed BV to maintain BP, and 
(iii) pharmacology of the IV sedative propofol.  The BV 
kinetics represents the changes in arterial and venous BV and 
BP in response to fluid resuscitation: 
𝑉̇𝑉𝐴𝐴(𝑡𝑡) = 𝑄𝑄(𝑡𝑡) − [𝑃𝑃𝐴𝐴(𝑡𝑡) − 𝑃𝑃𝑉𝑉(𝑡𝑡)] 𝑅𝑅(𝑡𝑡)⁄ − 𝐽𝐽𝐸𝐸(𝑡𝑡) (1) 
𝑉̇𝑉𝑉𝑉(𝑡𝑡) = −𝑄𝑄(𝑡𝑡) + [𝑃𝑃𝐴𝐴(𝑡𝑡) − 𝑃𝑃𝑉𝑉(𝑡𝑡)] 𝑅𝑅(𝑡𝑡)⁄ + 𝐽𝐽𝑅𝑅(𝑡𝑡) (2) 
where 𝑉𝑉𝐴𝐴 and 𝑉𝑉𝑉𝑉 are arterial and venous BV (including plasma 
and red blood cell (RBC) volumes), 𝑄𝑄 is CO, 𝑅𝑅 is TPR, 𝑃𝑃𝐴𝐴 and 
𝑃𝑃𝑉𝑉 are arterial and venous BP, and 𝐽𝐽𝑅𝑅 and 𝐽𝐽𝐸𝐸 are the rates of 
fluid gain and vessel-tissue fluid exchange.  𝑃𝑃𝐴𝐴 and 𝑃𝑃𝑉𝑉 relate 
to 𝑉𝑉𝐴𝐴 and 𝑉𝑉𝑉𝑉 by vessel capacitances: 
𝑃𝑃𝐴𝐴(𝑡𝑡) − 𝑃𝑃𝐴𝐴0 = (𝑉𝑉𝐴𝐴(𝑡𝑡) − 𝑉𝑉𝐴𝐴0) 𝐶𝐶𝐴𝐴⁄  (3) 
𝑃𝑃𝑉𝑉(𝑡𝑡) − 𝑃𝑃𝑉𝑉0 = �𝑉𝑉𝑉𝑉(𝑡𝑡) − 𝑉𝑉𝑉𝑉0 − (𝑉𝑉𝑉𝑉𝑉𝑉(𝑡𝑡) − 𝑉𝑉𝑉𝑉𝑉𝑉0)� 𝐶𝐶𝑉𝑉⁄  (4) 
where 𝑃𝑃𝐴𝐴0 and 𝑃𝑃𝑉𝑉0 are nominal arterial and venous BP, 𝑉𝑉𝑉𝑉𝑉𝑉 is 
unstressed venous BV, 𝑉𝑉𝐴𝐴0, 𝑉𝑉𝑉𝑉0, 𝑉𝑉𝑉𝑉𝑉𝑉0 are nominal arterial, 
venous, and unstressed venous BV, and 𝐶𝐶𝐴𝐴 and 𝐶𝐶𝑉𝑉 are arterial 
and venous capacitances.  Total BV, 𝑉𝑉, is given by the sum of 
𝑉𝑉𝐴𝐴 and 𝑉𝑉𝑉𝑉: 
𝑉𝑉(𝑡𝑡) = 𝑉𝑉𝐴𝐴(𝑡𝑡) + 𝑉𝑉𝑉𝑉(𝑡𝑡) (5) 
The vessel-tissue fluid exchange is modeled to replicate the 
capillary filtration and lymphatic flow following the change in 
BV in such a way that the resuscitated fluid is ultimately 
distributed into BV and the fluid volume in the tissues per a 
prescribed fraction.  Denoting 𝑟𝑟𝐵𝐵 the prescribed change in BV 
in the steady state in response to 𝐽𝐽𝑅𝑅: 
𝑟𝑟𝐵𝐵(𝑡𝑡) = 1

1+𝛼𝛼𝑅𝑅
∫ 𝐽𝐽𝑅𝑅(𝜏𝜏)𝑑𝑑𝑑𝑑𝑡𝑡
0  (6) 

where 𝛼𝛼𝑅𝑅 is the ratio between the changes in BV and tissue 
fluid volume in the steady state due to resuscitated fluid, the 
vessel-tissue fluid exchange is modeled as a proportional 
compensation to let 𝑉𝑉(𝑡𝑡) − 𝑉𝑉0 converge to 𝑟𝑟𝐵𝐵(𝑡𝑡): 
𝐽𝐽𝐸𝐸(𝑡𝑡) = 𝐾𝐾𝐸𝐸�𝑉𝑉(𝑡𝑡) − 𝑉𝑉0 − 𝑟𝑟𝐵𝐵(𝑡𝑡)� (7) 
where 𝑉𝑉0 is nominal BV, and 𝐾𝐾𝐸𝐸 is a gain constant. 

The homeostatic compensatory control to maintain BP is 
phenomenologically modeled in such a way that (i) CO 
compensates for the change in venous BP, (ii) TPR and 
unstressed venous BV compensate for the change in arterial 
BP, and (iii) TPR decreases as blood viscosity decreases: 
𝑠̇𝑠𝑄𝑄(𝑡𝑡) = −𝑝𝑝𝐶𝐶𝑠𝑠𝑄𝑄(𝑡𝑡) + (𝑧𝑧𝐶𝐶 − 𝑝𝑝𝐶𝐶)Δ𝑃𝑃𝑉𝑉(𝑡𝑡)  
Δ𝑄𝑄(𝑡𝑡) = 𝐾𝐾𝐶𝐶𝑠𝑠𝑄𝑄(𝑡𝑡) + 𝐾𝐾𝐶𝐶Δ𝑃𝑃𝑉𝑉(𝑡𝑡) (8) 
𝑠̇𝑠𝑅𝑅(𝑡𝑡) + 𝑝𝑝𝑅𝑅𝑠𝑠𝑅𝑅(𝑡𝑡) = −𝛥𝛥𝑃𝑃𝐴𝐴(𝑡𝑡)  
𝛥𝛥𝛥𝛥(𝑡𝑡) = 𝐾𝐾𝑅𝑅𝑠𝑠𝑅𝑅(𝑡𝑡) + 𝐾𝐾𝐻𝐻𝛥𝛥𝛥𝛥(𝑡𝑡) − 𝐺𝐺𝑅𝑅𝐶𝐶𝑒𝑒(𝑡𝑡) (9) 
𝛥𝛥𝑉𝑉𝑉𝑉𝑉𝑉(𝑡𝑡) = 𝐾𝐾𝑉𝑉𝑉𝑉𝑠𝑠𝑅𝑅(𝑡𝑡) + 𝐺𝐺𝑉𝑉𝑉𝑉𝐶𝐶𝑒𝑒(𝑡𝑡) (10) 
where 𝛥𝛥𝛥𝛥(𝑡𝑡) = 𝑄𝑄(𝑡𝑡) − 𝑄𝑄0, 𝛥𝛥𝛥𝛥(𝑡𝑡) = 𝑅𝑅(𝑡𝑡) − 𝑅𝑅0, 𝛥𝛥𝑃𝑃𝐴𝐴(𝑡𝑡) =
𝑃𝑃𝐴𝐴(𝑡𝑡) − 𝑃𝑃𝐴𝐴0, 𝛥𝛥𝑃𝑃𝑉𝑉(𝑡𝑡) = 𝑃𝑃𝑉𝑉(𝑡𝑡) − 𝑃𝑃𝑉𝑉0 with 𝑄𝑄0 and 𝑅𝑅0 being 
nominal CO and TPR, 𝛥𝛥𝛥𝛥(𝑡𝑡) = 𝐻𝐻(𝑡𝑡) − 𝐻𝐻0 where 𝐻𝐻(𝑡𝑡) is 
blood hematocrit defined as 𝐻𝐻(𝑡𝑡) = 𝑉𝑉𝑅𝑅𝑅𝑅𝑅𝑅

𝑉𝑉𝐴𝐴(𝑡𝑡)+𝑉𝑉𝑉𝑉(𝑡𝑡)
 (where 𝑉𝑉𝑅𝑅𝑅𝑅𝑅𝑅 is 

red blood cell volume) and 𝐻𝐻0 is its nominal value, 𝐾𝐾𝐶𝐶, 𝐾𝐾𝑅𝑅, 
𝐾𝐾𝐻𝐻, and 𝐾𝐾𝑉𝑉𝑉𝑉 are gains, 𝑝𝑝𝐶𝐶 and 𝑧𝑧𝐶𝐶 are pole and zero related to 
the CO dynamics, 𝑝𝑝𝑅𝑅 is pole related to the vasomotor tone 
dynamics, and 𝐺𝐺𝑅𝑅 and 𝐺𝐺𝑉𝑉𝑉𝑉 are gains related to vasodilation 
and venodilation effects of propofol. 

The propofol pharmacology is modeled as a compartmental 
drug mixing model (11)-(13), a 1st-order effect site delay 
model (14), and drug effect models (9)-(10) and (15) [17]: 

𝑚̇𝑚1(𝑡𝑡) = −(𝑘𝑘10 + 𝑘𝑘12 + 𝑘𝑘13)𝑚𝑚1(𝑡𝑡) + 𝑘𝑘21𝑚𝑚2(𝑡𝑡) +
𝑘𝑘31𝑚𝑚3(𝑡𝑡) + 𝐽𝐽𝑃𝑃(𝑡𝑡) (11) 
𝑚̇𝑚2(𝑡𝑡) = 𝑘𝑘12𝑚𝑚1(𝑡𝑡) − 𝑘𝑘21𝑚𝑚2(𝑡𝑡) (12) 
𝑚̇𝑚3(𝑡𝑡) = 𝑘𝑘13𝑚𝑚1(𝑡𝑡) − 𝑘𝑘31𝑚𝑚3(𝑡𝑡) (13) 
𝐶̇𝐶𝑒𝑒(𝑡𝑡) = −𝑘𝑘𝑒𝑒0𝐶𝐶𝑒𝑒(𝑡𝑡) + 𝑉𝑉𝑃𝑃𝑘𝑘𝑒𝑒0𝑚𝑚1(𝑡𝑡)

𝑉𝑉𝐷𝐷(𝑉𝑉𝐴𝐴(𝑡𝑡)+𝑉𝑉𝑉𝑉(𝑡𝑡)−𝑉𝑉𝑅𝑅𝑅𝑅𝑅𝑅)
 (14) 

𝐵𝐵𝐵𝐵𝐵𝐵(𝑡𝑡) = 𝐹𝐹𝐵𝐵𝐵𝐵𝐵𝐵�𝐶𝐶𝑒𝑒(𝑡𝑡)� (15) 
where  𝑚𝑚1, 𝑚𝑚2, and 𝑚𝑚3 are propofol mass in the central as 
well as fast and slow peripheral compartments, 𝑘𝑘10, 𝑘𝑘12, 𝑘𝑘13, 
𝑘𝑘21, and 𝑘𝑘31 are rate constants, 𝐽𝐽𝑃𝑃 is propofol administration 
rate, 𝐶𝐶𝑒𝑒 is effect site propofol concentration, 𝑘𝑘𝑒𝑒0 is effect site 
time constant, 𝑉𝑉𝐷𝐷 and 𝑉𝑉𝑃𝑃 are nominal central distribution and 
plasma volumes, and 𝐹𝐹𝐵𝐵𝐵𝐵𝐵𝐵(∙) is a sigmoidal function relating 
𝐶𝐶𝑒𝑒 to BIS, a widely used sedation measure [18]. 

B. Virtual Patient Generation 
We derived a virtual patient (VP) generator pertaining to the 

mathematical model in II.A by applying it and datasets 
acquired in prior works [19], [20] to a collective variational 
inference (C-VI) method developed by us [21].  In brief, the 
C-VI method represents the hierarchical relationship between 
a cohort of patients and each individual patient therein into a 
probabilistic graphical model (PGM).  The PGM embodies the 
notion that the set of model parameter values pertaining to 
each patient can be viewed as a sample taken from the cohort-
level model parameter distributions (which can be viewed as a 
VP generator), which encode typical behaviors anticipated 
from most patients in the cohort.  For this PGM, the C-VI 
method infers the latent parameters specifying the probability 
density functions of both cohort-level and patient-specific 
parameter values in the mathematical model using modern 
variational inference techniques [22], [23] and stochastic 
optimization algorithms [24], [25].  In this work, we used the 
C-VI method to infer the means and standard deviations (SDs) 
of the probability density functions for all the parameters in 
the mathematical model both at cohort and individual subject 
levels.  Then, we employed the cohort-level model parameter 
distributions as the VP generator for the mathematical model 
in II.A (via random sampling), both in the development (i.e., 
in specifying process noise for the development of a 
hemodynamic monitoring algorithm in III.B as well as in 
constructing a probabilistic reachability contour map as a basis 
for a probabilistic recursive therapeutic target guidance 
algorithm in III.C) and in silico evaluation (see IV) of the 
proposed approach. 

III. HEMODYNAMIC SAFETY ASSURANCE APPROACH 
Denoting 𝑥𝑥 ≜ {𝑥𝑥1,⋯ , 𝑥𝑥10}, where 𝑥𝑥1 = 𝛥𝛥𝑉𝑉𝐴𝐴, 𝑥𝑥2 = 𝛥𝛥𝑉𝑉𝑉𝑉, 

𝑥𝑥3 = 𝛥𝛥𝑉𝑉𝑉𝑉𝑉𝑉, 𝑥𝑥4 = 𝑠𝑠𝑄𝑄 = 1
𝐾𝐾𝐶𝐶
Δ𝑄𝑄 − Δ𝑃𝑃𝑉𝑉, 𝑥𝑥5 = 𝛥𝛥𝛥𝛥, 𝑥𝑥6 = 𝑟𝑟𝐵𝐵, 𝑥𝑥7 =

𝛥𝛥𝐶𝐶𝑒𝑒, 𝑥𝑥8 = 𝛥𝛥𝑚𝑚1, 𝑥𝑥9 = 𝛥𝛥𝑚𝑚2, and 𝑥𝑥10 = 𝛥𝛥𝑚𝑚3, where all the 
deviations (i.e., 𝛥𝛥s in 𝑥𝑥) are defined with respect to an initial 
state (when the algorithm is recruited), we reformulated the 
mathematical model in II.A as follows: 
𝑥̇𝑥(𝑡𝑡) = 𝑓𝑓(𝑥𝑥) + 𝑔𝑔(𝑥𝑥) ∙ 𝑢𝑢(𝑡𝑡)  

𝑦𝑦(𝑡𝑡𝑘𝑘) = ℎ�𝑥𝑥(𝑡𝑡𝑘𝑘)� = � 𝑃𝑃𝐴𝐴
(𝑡𝑡𝑘𝑘)

𝐵𝐵𝐵𝐵𝐵𝐵(𝑡𝑡𝑘𝑘)� = �𝑥𝑥1
(𝑡𝑡𝑘𝑘) 𝐶𝐶𝐴𝐴⁄ + 𝑃𝑃𝐴𝐴0
𝐵𝐵𝐼𝐼𝐼𝐼(𝑡𝑡𝑘𝑘) � (16) 
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where 𝑓𝑓(𝑥𝑥) and 𝑔𝑔(𝑥𝑥) are vector functions that can be derived 
from (1)-(15), 𝑢𝑢(𝑡𝑡) = [𝐽𝐽𝑅𝑅 𝐽𝐽𝑃𝑃]T, and 𝑡𝑡𝑘𝑘 is a sampling time 
instant.  The control objective is to direct BP and BIS of a 
patient as closely as possible to a prescribed target while 
ensuring the boundedness of CO and TPR in a safe regime: 
min
𝑢𝑢

lim
𝑡𝑡→∞

𝐷𝐷�𝑦𝑦(𝑡𝑡),𝑦𝑦𝑑𝑑(𝑡𝑡)� s.t. 𝑄𝑄 ≤ 𝑄𝑄� and 𝑅𝑅 ≥ 𝑅𝑅 (17) 
where 𝐷𝐷�𝑦𝑦(𝑡𝑡),𝑦𝑦𝑑𝑑(𝑡𝑡)� is the distance between 𝑦𝑦(𝑡𝑡) and 𝑦𝑦𝑑𝑑(𝑡𝑡) 
along a prescribed therapeutic trajectory, and 𝑄𝑄� and 𝑅𝑅 are the 
upper bound of CO and the lower bound of TPR, respectively. 

The proposed approach to accomplish the control objective 
is equipped with 3 main elements: safety-preserving control 
based on CBFs to ensure boundedness of CO and TPR, 
hemodynamic monitoring to estimate state variables required 
to realize the CBF-based control, and probabilistic 
reachability-based recursive therapeutic target guidance (Fig. 
1).  These elements, when combined, reconcile therapeutic 
goal and hemodynamic safety by enforcing the boundedness 
of hemodynamic variables (by CBFs) and directing a patient 
to a personalized reachable therapeutic target along a desired 
therapeutic trajectory with intermediate targets (by recursive 
target updates). 

A. Safety Assurance via Control Barrier Functions 
To preserve hemodynamic safety during closed-loop 

controlled hemorrhage resuscitation and IV sedation, we 
adopted a real-time optimization-based control strategy in 
which resuscitation inputs computed by the isolated closed-
loop hemorrhage resuscitation and IV sedation controllers are 
mediated by way of CBFs to ensure the forward invariance of 
hemodynamic variables in an admissible regime.  In the 
context of hemorrhage resuscitation and IV propofol sedation, 
hemodynamic safety requires the upper-boundedness of CO 
and lower-boundedness of TPR to avoid over-resuscitation 
and subsequent vasodilation/venodilation.  We expressed the 
boundedness constraints for CO and TPR as follows from (8) 
and (9): 
ℎ1(𝑥𝑥) = −𝑄𝑄0 − 𝐾𝐾𝐶𝐶 �𝑥𝑥4(𝑡𝑡) + 𝑥𝑥2(𝑡𝑡)−𝑥𝑥3(𝑡𝑡)

𝐶𝐶𝑉𝑉
� + 𝑄𝑄� ≥ 0 (18) 

ℎ2(𝑥𝑥) = 𝑅𝑅0 + 𝑥𝑥5(𝑡𝑡) − 𝑅𝑅 ≥ 0 (19) 
These constraints have relative degrees 1 and 2 with respect to 
𝐽𝐽𝑅𝑅 and 𝐽𝐽𝑃𝑃, respectively, which makes it impossible to mediate 
𝐽𝐽𝑅𝑅 and 𝐽𝐽𝑃𝑃 concurrently using CBFs.  Hence, we increased the 
relative degree pertaining to 𝐽𝐽𝑅𝑅 by designing the actuator 
dynamics and augmenting it to (6) as follows: 
𝜖𝜖𝑥̇𝑥11(𝑡𝑡) = −𝑥𝑥11(𝑡𝑡) + 𝐽𝐽𝑅𝑅(𝑡𝑡), 𝑟𝑟𝐵𝐵(𝑡𝑡) = 1

1+𝛼𝛼𝑅𝑅
∫ 𝑥𝑥11(𝜏𝜏)𝑑𝑑𝑑𝑑𝑡𝑡
0  (20) 

where 𝜖𝜖 > 0.  Using (16) and (18)-(20), we constructed the 
following reciprocal CBF (R-CBF) candidates: 
𝐵𝐵𝑖𝑖(𝑥𝑥) = 1

ℎ𝑖𝑖(𝑥𝑥)
+ atan �𝐿𝐿𝑓𝑓

1
ℎ𝑖𝑖(𝑥𝑥)

� + 𝜋𝜋
2

, 𝑖𝑖 = 1,2 (21) 

Note that 1
ℎ𝑖𝑖(𝑥𝑥)

≤ 𝐵𝐵𝑖𝑖(𝑥𝑥) ≤ 1
ℎ𝑖𝑖(𝑥𝑥)

+ 𝜋𝜋 and 𝐿𝐿𝑔𝑔𝐵𝐵𝑖𝑖(𝑥𝑥) ≠ 0, 𝑖𝑖 = 1,2.  
Hence, it is possible to find 𝑢𝑢 which satisfies the following 
inequalities for all 𝑥𝑥 satisfying ℎ𝑖𝑖(𝑥𝑥) > 0, 𝑖𝑖 = 1,2: 
inf 
𝑢𝑢
�𝐿𝐿𝑓𝑓𝐵𝐵𝑖𝑖(𝑥𝑥) + 𝐿𝐿𝑔𝑔𝐵𝐵𝑖𝑖(𝑥𝑥) ∙ 𝑢𝑢 − 𝛼𝛼�ℎ𝑖𝑖(𝑥𝑥)�� ≤ 0, 𝑖𝑖 = 1,2 (22) 

where 𝛼𝛼(∙) is a class K function.  Based on the R-CBFs (21), 
we formulated the following real-time quadratic programming 
(QP) problem to assure hemodynamic safety while guiding 
patients to a desired therapeutic target: 
𝑢𝑢∗ = arg min

𝑢𝑢
𝜂𝜂1�𝐽𝐽𝑅𝑅 − 𝐽𝐽𝑅𝑅�

2 + 𝜂𝜂2�𝐽𝐽𝑃𝑃 − 𝐽𝐽𝑃𝑃�2  
s.t.  inf 

𝑢𝑢
�𝐿𝐿𝑓𝑓𝐵𝐵𝑖𝑖(𝑥𝑥) + 𝐿𝐿𝑔𝑔𝐵𝐵𝑖𝑖(𝑥𝑥) ∙ 𝑢𝑢 − 𝛼𝛼�ℎ𝑖𝑖(𝑥𝑥)�� ≤ 0, 𝑖𝑖 = 1,2 

 𝐽𝐽𝑅𝑅 ≥ 0, 𝐽𝐽𝑃𝑃 ≥ 0 (23) 
where 𝐽𝐽𝑅𝑅 and 𝐽𝐽𝑃𝑃 are resuscitation inputs computed by the 
isolated fluid resuscitation and propofol sedation controllers 
(i.e., “Fluid Resuscitation Control Loop” and “IV Propofol 
Sedation Control Loop” in Fig. 1). 

B. Hemodynamic Monitoring via Extended Kalman Filter 
To realize the real-time QP-based control in (23) requires 

access to all the state variables.  In this work, we employed an 
extended Kalman filter (EKF) based on the mathematical 
model in II.A developed in our prior work [26], which can 
estimate 𝑥𝑥(𝑡𝑡) in real time from 𝑢𝑢(𝑡𝑡) as well as BP and BIS 
measurements.  For the design of the EKF, we defined the 
process noise and its covariance matrix to represent the effect 
of parametric uncertainty as derived in the VP generator [27], 
while we defined the sensor noise and its covariance matrix 
based on the noise variance associated with 𝑃𝑃𝐴𝐴 and 𝐵𝐵𝐵𝐵𝐵𝐵.  We 
then derived the state estimate 𝑥𝑥� using the EKF’s recursive 
prediction and update procedure.  The state 𝑥𝑥� thus estimated 
was used to solve the QP in (23). 

C. Probabilistic Recursive Therapeutic Target Guidance 
Hemorrhage resuscitation and IV sedation exert conflicting 

hemodynamic effects to each other.  Hence, patients receiving 
these treatments concurrently may fail to reach a prescribed 
therapeutic target without violating hemodynamic safety.  In 
addition, while preserving the boundedness of CO and TPR, 
the R-CBF-based mediation of resuscitation inputs in (22) can 
cause unpredictable drift in the therapeutic endpoints (i.e., BP 
and BIS), especially if the prescribed target is not reachable.  
To resolve these issues, we conceived a recursive target 

 
 

Fig. 1. Hemodynamic safety assurance based on probabilistic reachability-based recursive therapeutic target 
guidance, hemodynamic monitoring, and safety-preserving control loop reconciliation via control barrier functions. 
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guidance method based on probabilistic reachability.  Its basic 
idea is to assess the probabilistic reachability of a prescribed 
therapeutic target, create a trajectory connecting the patient’s 
current state to the prescribed therapeutic target and equip it 
with multiple intermediate targets with gradually decreasing 
probabilistic reachability, and direct a patient through these 
intermediate targets, in a sequential manner, as closely as 
possible to the prescribed therapeutic target while assuring 
that hemodynamic safety is preserved (Fig. 2). 

In this work, we constructed a probabilistic reachability 
contour map in the BP-BIS plane numerically by simulating a 
large number of VPs with isolated single-input single-output 
hemorrhage resuscitation and IV sedation controllers.  The 
probabilistic reachability of a BP-BIS point was calculated as 
the percentage of the simulated VPs which reached the point 
without violating the inequalities (18)-(19).  In this way, each 
BP-BIS point was assigned a probabilistic reachability value 
(meaning the possibility of taking the patient from an initial 
BP-BIS state to the point while maintaining hemodynamic 
safety).  Then, we derived the desired therapeutic trajectory as 
the steepest descent path connecting the initial BP-BIS state 
and a prescribed BP-BIS therapeutic target, which is the 
shortest path in the sense of probabilistic reachability.  On the 
trajectory, we introduced intermediate therapeutic targets in 
5% probability increment from the therapeutic target.  During 
the closed-loop controlled treatment, the approach initially 
presents the easiest (i.e., closest to the initial state; e.g., cyan 
square in Fig. 2) intermediate BP-BIS target to the isolated 
closed-loop controllers to compute 𝐽𝐽𝑅𝑅 and 𝐽𝐽𝑃𝑃, which is then 
mediated by the QP (23) to derive 𝐽𝐽𝑅𝑅 and 𝐽𝐽𝑃𝑃 administered to 
the patient.  If the presented intermediate target is reached 
(determined by BP error≤0.3 mmHg and BIS error≤0.1), it 
sequentially presents increasingly challenging intermediate 
targets to the closed-loop controllers.  However, it reverts to 
the previous target if hemodynamic safety is violated (i.e., if 
𝐽𝐽𝑅𝑅 and 𝐽𝐽𝑃𝑃 computed by the isolated single-input single-output 
closed-loop controllers violate the inequality in (22)), at which 
point it stops updating the therapeutic target. 

IV. IN SILICO EVALUATION 
To evaluate the efficacy of the proposed approach, we 

created and used 100 VPs using the VP generator derived in 
II.B.  In addition, we designed and used two single-input-
single-output PID controllers for hemorrhage resuscitation and 

IV propofol sedation.  Note that these PID controllers 
preserved hemodynamic safety in all the 100 VPs when used 
individually.  For realistic in silico evaluation, we considered 
sensor noise used in the design of the EKF as well as the limits 
on the fluid and propofol infusion doses (𝐽𝐽𝑅𝑅 and 𝐽𝐽𝑃𝑃; according 
to the capacity of commercially available infusion pumps). 

We conducted in silico evaluation of the proposed approach 
in a number of hemorrhage resuscitation-propofol sedation 
scenarios using diverse initial post-hemorrhagic BP-BIS states 
and therapeutic BP-BIS targets.  To test the hypothesis that the 
proposed approach can enhance hemodynamic safety, we 
examined the boundedness of CO and TPR when the closed-
loop hemorrhage resuscitation and IV sedation controllers 
were used in isolation vs in conjunction with the proposed 
approach.  In addition, to test the hypothesis that the recursive 
therapeutic target guidance can retain the patients’ therapeutic 
responses near the desired therapeutic trajectory, we examined 
the distribution of the final BP-BIS state pertaining to all the 
VPs in the presence vs absence of the recursive therapeutic 
target guidance. 

V. RESULTS 
Fig. 2 shows a representative example of the probabilistic 

reachability map in the BP-BIS space overlaid with the desired 
therapeutic target trajectory.  Fig. 3 shows a representative 
example of BP-BIS (left) and CO-TPR (right) trajectories in 
the absence (upper panel) and presence (lower panel) of the 
proposed approach to reconcile the hemorrhage resuscitation 
and IV sedation control loops.  Fig. 4 compares the final BP-
BIS (left) and CO-TPR (right) states when (i) the control loops 
are not reconciled (upper panel); (ii) only the safety-
preserving control but not the recursive target guidance 
component of the proposed approach is employed (middle 
panel); and (iii) the proposed approach is employed as a while 
(lower panel).  Table I compares the distributions of BP and 
BIS errors as well as maximum CO and minimum TPR values 
in the absence and presence of the proposed algorithmic 
architecture for control loop reconciliation. 

VI. DISCUSSION 
The current progress in closed-loop control of critical care 

treatments reveals that an important prerequisite for deploying 
closed-loop controlled critical care to clinical practice is the 
assurance of hemodynamic safety endangered by potential 
conflicts between individual closed-loop controllers recruited 
in isolation with no account for control loop interference.  This 

TABLE I 
DISTRIBUTIONS OF BP AND BIS ERRORS AS WELL AS MAXIMUM CO AND MINIMUM TPR VALUES IN HEMODYNAMICALLY (A) 
SAFE VS (B) UNSAFE VIRTUAL PATIENTS, IN THE ABSENCE AND PRESENCE OF THE PROPOSED APPROACH FOR 
RECONCILIATION OF HEMORRHAGE RESUSCITATION-IV PROPOFOL SEDATION CONTROL LOOPS. 
 

(a) Hemodynamically safe virtual patients. 
 BP Error [mmHg] BIS Error [·] Max CO [lpm] Min TPR [mmHg/lpm] 

No Reconciliation 0 (-0~0) 0 (-0.2~0.1) 5.7+/-0.7 14.4+/-1.9 
Reconciliation 0 (-1~0) 0 (-0.1~0.1) 5.5+/-0.7 14.9+/-1.8 

 

(b) Hemodynamically unsafe virtual patients. 
 BP Error [mmHg] BIS Error [·] Max CO [lpm] Min TPR [mmHg/lpm] 
     

No Reconciliation 0 (-0~0) 0 (0.2~0.1) 8.5+/-1.3 9.4+/-1.6 
Reconciliation -5 (-6~-2) 1.3 (0.0~2.0) 6.3+/-1.2 11.9+/-2.2 
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work presented a novel reconciliation approach that can be 
readily employed with multiple individually designed single-
input single-output closed-loop critical care controllers to 
assure hemodynamic safety in a patient and demonstrated its 
efficacy in hemorrhage resuscitation-IV sedation scenario.  

The probabilistic reachability contour map was effective in 
visualizing the likelihood of reaching any therapeutic target as 
well as in deriving an adequate therapeutic trajectory.  The 
representative example shown in Fig. 2 concerns a patient in a 
post-hemorrhagic state (BP 77 mmHg and BIS 93) that must 
be guided to a therapeutic target (BP 90 mmHg and BIS 60), 
whose reachability is estimated to be 50%.  The recursive 
therapeutic target guidance directs patients along the derived 
therapeutic trajectory.  The probabilistic reachability contour 
map may evolve into a stand-alone clinical decision-support 
system to guide the therapeutic target selection task.  

The proposed approach was notably effective in preserving 
hemodynamic safety (Fig. 3 and Table I).  For the scenario in 
Fig. 2, the proposed approach directed the VP only up to the 
intermediate target pertaining to the probabilistic reachability 
of 90% in Fig. 2 upon the violation of the R-CBF constraints 
(22) by the treatment inputs 𝐽𝐽𝑅𝑅 and 𝐽𝐽𝑃𝑃 computed by the 
isolated single-input single-output closed-loop controllers.  All 
in all, the proposed approach preserved the boundedness in 
CO and TPR in 39 among the 50 hemodynamically unsafe 
VPs (50% of 100 VPs) in whom the boundedness constraints 
(18)-(19) were violated when closed-loop hemorrhage 
resuscitation and propofol sedation controllers were recruited 
in isolation.  The approach judiciously pushed these VPs to 
patient-specific reachable intermediate targets while assuring 
hemodynamic safety via R-CBF-based control mediation, 
instead of blindly pushing them to the therapeutic target at the 
expense of unacceptably high CO and/or low TPR.  All the 11 
unsafe VPs were attributed to the parametric uncertainty, 

which led to inaccuracy in the EKF-based state estimation as 
well as the evaluation of the R-CBF inequality (22).  In other 
words, the proposed approach assured the hemodynamic 
safety of all the VPs in the absence of parametric uncertainty 
in the EKF and R-CBF computations.  However, the degree of 
excursions in CO and TPR outside of the admissible regime 
was small in all the VPs (lower panel in Fig. 4). 

The recursive therapeutic target guidance was effective in 
retaining the therapeutic responses of the VPs in the vicinity 
of the desired therapeutic trajectory, especially compared to 
when it was not employed (compare middle vs lower panels in 
Fig. 4).  Hence, recursive therapeutic target guidance may 
optimize the consistency in patient responses to treatments, 
thereby providing clinician users with enhanced predictability 
for the dynamic therapeutic response trajectory through time 
in all patients. 

In sum, the evaluation results suggest that the proposed 
approach can be readily augmented with isolated hemorrhage 
resuscitation and IV propofol sedation controllers to reconcile 
therapeutic goals and hemodynamic safety via real-time state 
estimation, optimization-based control loop mediation, and 
recursive target guidance. 
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Fig. 4. Final BP-BIS (left) and CO-TPR (right) states 
when (i) the control loops are not reconciled (upper 
panel); (ii) only the safety-preserving control but not the 
recursive target guidance component of the proposed 
approach is employed (middle panel); and (iii) the 
proposed approach is employed as a whole (lower 
panel).  Hemodynamic safety constraints are CO≤7 lpm 
and TPR≥9 mmHg/lpm. 
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