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Abstract. It was recently shown in [Wechsung et. al., Proc. Natl. Acad. Sci. USA,
2022] that there exist electromagnetic coils that generate magnetic fields which are
excellent approximations to quasi-symmetric fields and have very good particle
confinement properties. Using a Gaussian process based model for coil pertur-
bations, we investigate the impact of manufacturing errors on the performance
of these coils. We show that even fairly small errors result in noticeable perfor-
mance degradation. While stochastic optimization yields minor improvements, it
is not able to mitigate these errors significantly. As an alternative to stochastic
optimization, we then formulate a new optimization problem for computing op-
timal adjustments of the coil positions and currents without changing the shapes
of the coil. These a-posteriori adjustments are able to reduce the impact of coil
errors by an order of magnitude, providing a new perspective for dealing with
manufacturing tolerances in stellarator design.

1. Introduction

One of the most expensive and technically challenging aspects of the construction of
stellarators [14, 21, 24] is the design, manufacturing and assembly of the primary coil
system that generates the magnetic field confining the plasma. As computing resources
and simulation capabilities have increased over the last few decades, large-scale
numerical optimization has proven to be the method of choice for the design of new
stellarator experiments [11]. Numerical simulations of guiding-center trajectories have
shown that the state-of-the-art stellarator designs obtained from these optimization
efforts are now able to confine even highly energetic particles for long timescale with
minimal losses — a key requirement for practical use as fusion reactors [4, 7, 16, 26].
However, good performance of a stellarator can only be guaranteed if the coils are
manufactured and placed with high accuracy [1, 10, 23], a requirement that has turned
out to be a significant cost driver and risk factor for any plans to build a stellarator
experiment [21, 24]. To illustrate the fragility of confinement to even rather small
coil errors, we consider coils [26] that approximate the two quasi-axisymmetric (QA)
configurations found in [16]. We compute particle losses for alpha particles for the
case when the coils are built perfectly, and when they have errors of a few millimeters,
which may be compared to coil lengths of the order of a few meters (we give a precise
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adjustments to the currents.
The manuscript is structured as follows: using the model for coil errors introduced

in [27], we first perform a systematic study of the performance of the confining
magnetic field as the magnitude of the error is increased. We find that the precise
quasi-symmetry property is quickly lost even for small coil errors. In order to improve
robustness, we then apply stochastic optimization to the problem. While this results
in slightly smaller average field error, the effect is small and does not result in improved
particle confinement. Motivated by this finding, we propose a novel strategy to deal
with coil manufacturing errors. Assuming that the coils (and hence the errors that were
made during production) can be measured accurately before placing them, we solve a
separate optimization problem to find adjustments to the placement of the coils that
mitigate manufacturing errors as much as possible. Assuming perfect measurements
and placement, we show that these position adjustments are able to reduce the impact
of manufacturing errors by several orders of magnitude. This result motivates a larger
emphasis on the accurate measurement and placement of coils, at a level comparable
to the attention given to their manufacturing.

2. Stochastic optimization for precise quasi-symmetry

2.1. Formulation of the coil optimization problem and model for coil errors

Following the approach of the FOCUS coil design tool [29], we solve an optimization
problem to find coil shapes and currents so that the magnitude of the normal
component of the magnetic field induced by the coils is minimized on the boundary S
of a given ideal MHD equilibrium. We use the same setup as in [26]: for each of the
two quasi axisymmetric fields of [16], 16 coils are optimized in order to reproduce the
target field. Since the field satisfies two-fold rotational symmetry as well as stellarator
symmetry, we only need to describe the shape and current of four independent modular
coils to determine the whole system. We make the common single filament assumption
and represent each coil as a smooth, periodic function Γ(i) : [0, 2π] → R

3, represented
by a truncated Fourier series [29, eqn. (2)].

We consider an objective that is given by the relative quadratic flux on the target
surface,

f(B) =

∫

S

(

B · n
‖B‖

)2

ds, (1)

and denote the magnetic field induced by a set of coils by B(c) =
B({Γ(i)(c)}16i=1, {I(i)(c)}16i=1), i.e., the parameter vector c contains the Fourier co-
efficients describing the four independent coils and their currents I(i)(c), and the
remaining 12 coils and currents are determined through symmetries. We recall that if
f(B) = 0, then the field induced by the coils matches the target field exactly in the
volume bounded by the surface.

Simply minimizing c 7→ f(B(c)) is an ill-posed problem in general, so in order to
obtain coils that can be constructed at reasonable cost, the flux objective is usually
combined with penalties or constraints on the geometry of the coils. In this work, we
follow the formulation of [26] and consider inequality constraints on the gap between
coils, their mean squared and maximum curvature, and their length. Shorter coils are
usually less complex geometrically, which is why the coil length is a commonly used
regularizer in coil optimization. In order to study the sensitivity of optima to this
regularizer, we vary the coil length constraint, which bounds the sum of the lengths
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of the four independent coils, from Lmax = 18m to Lmax = 24m to obtain several coil
sets of varying complexity and performance. These lengths are relative to a device
configuration scaled to have an average major radius of 1m. We refer to a specific
coilset using the notation ‘Target[Lmax]’, e.g., QA[24] refers to the coilset that targets
the QA configuration of [16] and for which the four independent modular coils have a
combined length of maximally 24m.

As demonstrated in [26], solving this optimization problem yields coils that
achieve very precise quasi-symmetry and low particle losses. However, for the design of
a practical experiment or reactor it is crucial to understand the impact that coil errors
have on the magnetic field and on its ability to confine particles. In order to answer
this question, we require a model for coil errors that arise during manufacturing and
placement. Following the approach of [27, Section 2], we denote the coil errors by
Ξ(i) and consider the perturbed coils with parameterization Γ(i) + Ξ(i). We model
coil errors as the sum of a systematic error, which satisfies two-field-period symmetry
and stellarator symmetry, and statistical error, which is independent for each coil,

that is Ξ(i) = Ξ
(i)
sys + Ξ

(i)
stat. The two different sources of error are modelled using a

Gaussian process with the same pointwise standard deviation σ. To give intuition
for the resulting magnitude of the error, we consider the normal component of the
perturbation. Denoting by n and b a normal and binormal vector along the curve,
we note that at each point, P (θ) = ‖(Ξ(i)(θ) · n(θ))n(θ) + (Ξ(i)(θ) · b(θ))b(θ)‖ is
Rayleigh(

√
2σ) distributed, and hence the expected pointwise normal error magnitude

is E(P (θ)) =
√
πσ. The distribution of the maximum error along the coil is more

complicated, but in our experiments it is usually a small multiple of the expected
normal error magnitude.

The length scales for the stochastic processes are chosen to be π/2 for the
systematic error, and π for the statistical error. An example for a coil perturbation
drawn from this model can be seen in Figure 2; in magnitude and structure this error
is similar to that measured for the W7-X experiment [2, Figure 3].
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Figure 2. Samples drawn from the error model for two coil groups (A and
B). Shown in the same colour are samples from our error model for coils related
through stellarator and two-field-period symmetry. We see that part of the error
is the same across the four instances of the modular coils, i.e., within group A
and group B. The reader may compare these figures with the measurements for
W7-X in [2, Figure 3].

We collect the information about the Gaussian processes underlying the
deformations in ζ and denote the magnetic field generated by a set of perturbed
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coils by
B(c, ζ) = B

(

{Γ(i)(c) +Ξ(i)(ζ)}16i=1, {Ii(c)}16i=1

)

. (2)

The stochastic optimization problem that we solve is then given by

minimize
c

Eζ

[

f
(

B(c, ζ)
)

]

, (3a)

subject to Max(κi) ≤ κmax for i = 1, . . . , 4, (3b)

Mean(κ2
i ) ≤ κmsc for i = 1, . . . , 4, (3c)

4
∑

i=1

Li ≤ Lmax, (3d)

min
θ,θ′

‖Γi(θ)− Γj(θ
′)‖ ≥ dmin for all 1 ≤ i < j ≤ 16, (3e)

‖Γ′
i‖ =

Li

2π
for i = 1, . . . , 4. (3f)

Here (3b) limits the maximum curvature along each coil, (3c) limits the mean-squared
curvature along each coil, (3d) limits the combined length of the independent modular
coils, and (3e) enforces that the coils are separated from each other. Finally, the
constraint in (3f) ensures a constant incremental arclength in the parametrization of
the coils. We include this constraint for two reasons:

(i) To ensure differentiability of line integrals: the mean squared curvature for
example is given by 1

Li

∫

[0,2π)
κi(θ)‖Γ′

i(θ)‖ dθ. The incremental arclength term

in that integral is not differentiable with respect to coil coefficients if ‖Γ′
i(θ)‖ = 0

anywhere.

(ii) To ensure constant length scale of the Gaussian process error model: if the
incremental arclength is allowed to vary along the coil, then this might distort
the characteristic length scale of the Gaussian process. In experiments without
this constraint, we observe that the optimization algorithm exploits this freedom.
This results in a lower objective value, deceptively implying that stochastic
optimization has larger benefit than it actually does. In reality, some of the
improvement in the objective is due to varying the arclength around the curve.
This causes quadrature points along the coil to bunch together or to separate
from one another, thereby nonphysically smoothing the error in some regions, or
making it highly oscillatory in others. This is not desirable as the representation
of the curve should not impact the nature of the errors.

To approximate the expectation over the coil errors, we draw samples ζk of the
error distribution, evaluate the flux objective for each perturbed set of coils and
compute the Monte Carlo sample average, that is

Eζ [f(B(c, ζ))] ≈ 1

N

N
∑

k=1

f(B(c, ζk)). (4)

The deterministic optimization problem can be recovered by simply setting ζ = 0.
We solve this optimization problem using the SIMSOPT software [15]. SIMSOPT

is an open-source library for stellarator optimization that is mostly written in Python,
with performance-critical parts (such as the Biot-Savart law) implemented in C++.
The constraints are implemented as penalty functions, and we increase each penalty
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term until the constraint violation is less than 0.1%, as also done in [26]. Derivatives
of the flux objective and the regularization terms are computed by SIMSOPT using
a mix of manual implementation and automatic differentiation based on JAX [6].
SIMSOPT uses the L-BFGS [22] quasi-Newton scheme to solve the optimization
problem efficiently. L-BFGS uses a history of gradients evaluated at different
parameters to approximate second derivatives, which we found to be important for
convergence as it helps to overcome the ill-posedness of the optimization problem. We
run the L-BFGS iteration for 14 000 iterations and then perform an additional five
steps of Newton’s method, using a finite difference approximation for the Hessian, in
order to ensure convergence. For the shorter coils the problem is better conditioned
and L-BFGS on its own is able to reduce the norm of the gradient of the objective
by 10 orders of magnitude or more. For the longer coils, L-BFGS is only able to
reduce the gradient by about seven orders of magnitude and we gain an extra order
of magnitude reduction using the Newton iterations. We note that poor conditioning
of coil design problems as the coil length increases was also observed in [7, Fig. 4].

To mitigate issues of local minima, we ran the deterministic optimization for 8
different initial guesses and picked the best performing configuration, as measured by
the flux objective. The different initial guesses are obtained by performing random
perturbations of regularly spaced circular coils. For the stochastic optimization, we
run 16 optimizations: 8 that use the minimizers of the deterministic problem as initial
guesses, and 8 that use perturbations of circular coils as initial guess. We use 4096
samples to approximate the mean in (4). Each stochastic optimization problem is run
on 128 cores across eight nodes consisting of two Intel Xeon Platinum 8268 CPUs and
takes approximately eight hours to solve.

2.2. Numerical results

First, we evaluate the impact of stochastic optimization directly on the flux objective.
Then, we additionally study how designs obtained with the deterministic and the
stochastic approaches perform with respect to physical quantities of interest such as
alpha particle confinement.

We solve the stochastic problems for perturbations with σ = 1mm, as well as
the deterministic problem. For the obtained coil designs, we then draw 128 new
perturbations of magnitude ranging from σ = 0mm to σ = 1mm and compute the
sample mean of the flux objective. Here, and in the remainder of this manuscript,
we use the notation 〈·〉 to denote that we computed the sample average across coil
perturbations for the quantity of interest (such as quadratic flux, violation of quasi-
symmetry, or particle confinement). We recall that the device has a major radius of
approximately R = 1m and that σ = 1mm implies an expected pointwise error of√
πσ ≈ 0.002R. For devices with different major radius R, the coil error magnitude

would be scaled linearly to maintain the same relative quadratic flux 1.
As expected, for very small perturbations the deterministic minima outperform

the stochastic minima. If this was not the case, this would indicate that the
deterministic algorithm was stuck in a poor local minimum. We only observe
an advantage for stochastic optimization over deterministic optimization once the
perturbation magnitude is close to the one used for the stochastic optimization.
However, the difference is not large: for the QA[24] and QA+Well[24] configurations
the mean is reduced by ∼13% and ∼10% respectively, and the improvement is smaller
still for the shorter coils.











Increasing tolerances in coil design 11

coil adjustments to reduce the impact of coil errors. We will use the error model from
the previous section to simulate coil errors of various magnitudes and then evaluate
how well these errors can be mitigated.

While, once built, the shape of the coil cannot be changed, the coil can still be
shifted, rotated, and its current can be adjusted. There are therefore seven degrees
of freedom per coil that could be optimized: three degrees of freedom corresponding
to translations in each direction, three degrees of freedom corresponding to rotations
around each axis, and one degree of freedom for the current in the coil. Here, we
consider each of the 16 coils independently, as manufacturing errors might not satisfy
stellarator symmetry or field period symmetry and hence each coil might require a
distinct correction.

Denoting, for the ith coil, the translation by s(i) ∈ R
3 and the rotation angles by

α(i) = (α
(i)
1 , α

(i)
2 , α

(i)
3 ) ∈ R

3, we consider the rigid transformation

O
s
(i),α(i)(x) = Ryaw(α

(i)
1 )Rpitch(α

(i)
2 )Rroll(α

(i)
3 )x+ s(i) (5)

with the rotation matrices

Ryaw(α) =





cos(α) − sin(α) 0
sin(α) cos(α) 0

0 0 1



 ,

Rpitch(α) =





cos(α) 0 sin(α)
0 1 0

− sin(α) 0 cos(α)



 ,

Rroll(α) =





1 0 0
0 cos(α) − sin(α)
0 sin(α) cos(α)



 .

(6)

We denote the magnetic field induced by the corrected coils by

B(c, ζ, {(s(i), α(i), δI(i))}16i=1) = B({O
s
(i),α(i)(Γ(i)(c)+Ξ(i)(ζ))}16i=1, {I(i)(c)+δI(i)}16i=1)

(7)
and then for a given design ĉ (obtained from deterministic optimization in this case)

and measured manufacturing errors ζ̂, we solve

minimize
{(s(i),α(i),δI(i))}16

i=1

f
(

B(ĉ, ζ̂, {(s(i), α(i), δI(i))}16i=1)
)

,

subject to

{

the curves {O
s
(i),α(i)(Γ(i)(c) +Ξ(i)(ζ))}16i=1

satisfying the distance constraints.

(8)

Since coil length and curvature are not affected by rigid transformations, all
other geometric constraints considered in the optimization (3) or its deterministic
counterpart are satisfied automatically. We note that our approach differs from the
one employed for W7-X in a few aspects. Firstly, all coils are adjusted at once, rather
than sequentially. Secondly, the objective that we minimize is the same as the one used
during coil design, rather than a separate error field objective, and lastly, in addition
to considering coil shifts and rotations, we also consider current adjustments as a
degree of freedom that can be used to adjust the magnetic field. To better understand
the impact of the current in addition to the placement correction, we consider three
variants of this a-posteriori optimization, which we refer to as the correction levels
(CL):
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(CL1) Only optimize for the position and orientation of the coils. The resulting
optimization problem has 16 · 6 = 96 degrees of freedom.

(CL2) CL1 plus a current correction per modular coil group. This is motivated by the
fact that usually each set of four nominally identical modular coils is connected
in series to the same power supply, so adjusting the current on a per-coil basis
is more complicated. The resulting optimization problem has 16 · 6 + 4 = 100
degrees of freedom.

(CL3) CL1 plus a current correction for each individual coil. The resulting
optimization problem has 16 · 7 = 112 degrees of freedom. This corresponds to
the situation in (8).

In Figure 7, we show an example of the impact of coil errors and how well they
can be corrected. While in the figure we only show four coils, all 16 coils may have
different errors, and each coil position is corrected by solving the optimization problem
(8) over rigid body motions and currents for each coil. As can be seen, the normal
flux increases significantly due to errors, but that increase can be almost entirely
eliminated by the coil position, orientation, and current adjustments.

Figure 7. Left: QA[22] coils. Middle: QA[22] coils with random draw from
the error model (σ = 2mm). Right: QA[22] coils with error and CL3 correction.
Note that the differences between the coils are too small to be visible. Coils are
modelled as line filaments and the finite cross section is for visual purposes only.
The color on the surface indicates B · n/|B|. We observe that the a-posteriori
corrections are able to almost entirely undo the impact of the coil errors.

Remark. Note that when building a stellarator experiment, one may not be able to
wait until all the coils have been manufactured to start placing them. To address
such situations, one can formulate a sequence of similar optimization problems that
adjust coils or groups of coils as they arrive from manufacturing. The all-at-once
optimization problem considered here can be viewed as a best case scenario in which
measurements of all coils are available.

To systematically evaluate to what degree accurately measured manufacturing
errors can be corrected, we again draw 128 random perturbations to be added to the
deterministic minimizer. Then, for each set of perturbations, we solve the optimization
problem (8) for each of the correction levels in order to minimize the flux objective.
We repeat this procedure for multiple perturbations and error magnitudes and plot
the resulting sample averages in Figure 8. We find that coil manufacturing errors can
consistently be corrected to a large degree by adjusting coil placement and currents.
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