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Abstract—This article presents an efficient methodology based 

on boundary integration to calculate the dc and ac impedance of 

power distribution networks (PDNs) for arbitrary-shape and 

multilayer printed circuit boards (PCBs). The proposed method 

adopts a boundary element method to extract inductances for the 

arbitrary parallel-plane shapes. Subsequently, the equivalent 

circuit formed by the via inductances and plane capacitances is 

solved using the node voltage method. By merging the parallel and 

serial inductances and simplifying the equivalent circuit, the 

computationtimecanbesignificantlyreducedforalargenumberof 

viasandlayers.Thismatrixmanipulationstrategycanbeappliedto 

variousPCBstructureswithouthumaninterventionorcommercial 

circuit solvers. Moreover, a contour integral method is employed 

to calculate the dc resistances for arbitrary shape and multilayer 

PDNs. Therefore, the wideband PDN impedance from dc to ac 

frequencies can be efficiently calculated through 1-D boundary 

integration, which can be performed more quickly than full-wave 

simulations. The proposed method can aid in the development of 

electronic design automation tools for PDN design. 

Index Terms—AC impedance, boundary element method (BEM), 

boundary integration, contour integral method, dc impedance, 

electronic design automation, power distribution network (PDN). 

I. INTRODUCTION 

FFICIENTLY and accurately simulating the direct-

current 

(dc) and alternating-current (ac) impedance of power 

distribution networks (PDNs) is crucial to the power integrity 
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of integrated circuits (ICs) in the pre-layout design and 

optimization stage. However, it is generally inefficient to 

perform impedance modeling using commercial full-wave 

simulation tools for complex PDN designs with irregular board 

shapes and multi-layer stackups. Some modeling 

methodologies have been developed to calculate the ac 

impedance for PDNs [1]–[9]. The cavity model method [1] can 

efficiently calculate inductances between vias. Based on the 

cavity model approach, equivalent circuits were reconstructed 

for multiple PDN structures, and specific matrix rules were 

developed to simplify the circuits [2] [3]. But the cavity model 

method [1]–[3] can only handle rectangular board shapes. The 

plane-pair partial equivalent element circuit (PPP) method [4] 

can tackle irregular plane shapes, but it requires solving a 2D 

mesh circuit and is not computationally efficient for 

optimization purposes. 

Someboundaryintegrationmethods[5]–[10]thatrequireonly 

1D discretization and integration along the boundary can deal 

with irregular plane shapes. An integral-equation 

equivalentcircuit (IEEC) method was proposed to calculate the 

impedance forsingle-layer[5]andmulti-

layer[6]PDNstructures.Asimilar contour integral method was 

proposed to calculate the voltage distribution and impedance 

between the two parallel planes [7]. Also, a boundary integral-

equation method was developed to 

computetheradialscatteringmatrixforanyirregular-shapeplate 

pair [8]. A fast contour integral method was further proposed 

for 

widebandpowerintegrityanalysis[9].However,theseboundary 

integration methods [5]–[9] have issues with low-frequency 

breakdown and hence are not suitable for calculating the PDN 

impedance from dc to ac frequencies. A boundary element 

method (BEM) has been proposed [10] to calculate quasi-static 

inductances for arbitrary-shape parallel planes, which resolves 

the low-frequency breakdown issue. However, the impedance 

calculation for multi-layer PDN structures was not addressed 

in [10]. 

The dc impedance, which determines the IR drop, is also a 

critical factor for PDN systems. Some methods using 2-D 

finite-difference discretization [11], [12] have been adopted to 

accelerate the calculation of the dc IR drop, but these methods 

are not adequately time-efficient because 2-D meshes are 

required. A contour integral method (CIM) that requires only 

E 
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1-D boundary integration has been developed to rapidly 

compute 

 

Fig. 1. Illustration of the BEM for calculating quasi-static inductances between 

vertical vias in arbitrary-shape cavities. 

dc resistances for arbitrary-shape power planes [13]. However, 

to the best of our knowledge, there are no well-developed 

methods or commercial tools that can efficiently compute dc 

and ac impedances over a wide frequency range for complex 

PDN structures. Some commercial tools are commonly used in 

industriestosimulatedcandacimpedancesseparately;however, 

such approaches are too time-consuming for repetitive design 

optimizations. 

Thisarticleproposesanapproachthatcanrapidlycalculatedc 

andacimpedancesbasedonboundaryintegration.Anequivalent 

L-C circuit is constructed for multilayer PDN structures by 

extracting inductances based on the BEM. Similarly, an 

equivalent resistive circuit is created for multilayer designs by 

utilizing 

theCIM.Hence,theacanddcimpedancescanbothbecomputed by 

solving the two circuits. Instead of using commercial circuit 

solvers [2], [3], such as SPICE, a matrix manipulation method 

is introduced to simplify and solve the equivalent circuits 

based on the well-known node voltage method. 

Compared with the previous works [2], [3], [10], [13], this 

article presents a novel method that can simultaneously address 

dc and ac for multilayer PDN structures. Moreover, in contrast 

to the traditional equivalent-circuit modeling approach based 

on the cavity model [2], [3], the proposed method can handle 

irregular board shapes without the need for commercial 

circuitsolvers.Theproposedmethodologycanaidindeveloping 

electronic design automation (EDA) tools for PDN design and 

optimization independent of other commercial products. 

The rest of this article is organized as follows. In Section II, 

the BEM and CIM are briefly introduced. Section III elaborates 

the matrix manipulation method used to solve the equivalent 

circuit network and simplify the matrices based on the node 

voltage method. Full-wave simulations are used to validate the 

approachinSectionIV.Finally,SectionVconcludesthisarticle. 

II. BOUNDARY INTEGRATION METHODS 

Thissectionbrieflyintroducestheboundaryintegrationmethod

s adopted in this article—the CIM for calculating dc 

resistances [13] and the BEM for calculating ac inductances 

[10]. These two methods were both derived from Green’s 

second identity. The corresponding equations can be found in 

[10] and [13], and are not explicitly described in this article. 

A. Boundary Element Method 

Based on Green’s second identity, Friedrich and Leone [10] 

derived the BEM to calculate quasi-static inductances between 

 

Fig. 2. Illustration of the CIM for calculating the resistance network between 

nodes in arbitrary-shape metal planes. 

parallel planes, as illustrated in Fig. 1. This method requires that 

the plane edge can be approximated as a perfect magnetic 

conductor (PMC), which is a reasonable approximation when 

the plate separation h is much smaller than the wavelength and 

plane size. Moreover, because the quasi-static inductance is 

calculated, the BEM cannot work well at high frequencies when 

the printed circuit board (PCB) starts to resonate. However, the 

abovementioned preconditions are well suited for typical PDN 

scenarios in PCBs with solid metal layers at frequencies below 

a few hundred megahertz. 

The calculation process of the BEM [10] is organized and 

shown in the Appendix section, and (19)–(32) are used to 

calculate the inductance matrix. In this process, the small port 

approximation reduces the number of segments by treating each 

circular port as a single segment. Each port needs to be excited 

to calculate the inductance terms (including the self-terms) 

between this port and the other cells. The calculation time 

increases with the via number nearly proportionally rather than 

exponentially. Afterward, an equivalent circuit with inductances 

and capacitances can be produced for multilayer structures. In 

Section III, a matrix manipulation method for solving the L-C 

circuit will be described. 

B. Contour Integral Method 

The CIM [13] was proposed for calculating the dc resistances 

betweenconductivenodeswithinanarbitrary-shapemetalplane. 

The boundary, including the outer and inner boundaries, is 

approximated and discretized into straight segments. The 

equations used for the CIM calculation are organized and 

explained in the Appendix section, from (33) to (42). A mesh 

resistor network example is illustrated in Fig. 2, where three 

conductive nodes are used as an example. There is a branch 

resistor between 

everytwonodesinthemeshresistornetwork.InmultilayerPDN 

structures, this mesh resistor network and the via resistances can 
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be integrated to obtain the total dc resistance, which will be 

discussed in Section III. 

III. SPECIALIZED CIRCUIT SOLVER 

A. AC Network 

For a multilayer PDN structure, an equivalent circuit can be 

built by connecting the via inductances calculated by the BEM 

and the plane capacitances. A simple PDN example with three 

layers and four vias is shown in Fig. 3 to aid in the following 

 

Fig. 3. Simple example to demonstrate the equivalent L-C circuit for a 

multilayer PCB. (a) Stackup and vias of the PCB. (b) Equivalent L-C circuit. 

Numbers with circles represent node numbers, and numbers without circles 

represent branch numbers. 

explanation. Fig. 3(a) shows the stackup and vias of the PCB, 

and Fig. 3(b) depicts the equivalent circuit network. 

For the example shown in Fig. 3, four ports are defined 

between the power vias and ground vias on the top and bottom 

layers. In this article, the Z-parameter matrix of the PDN is 

calculatedfirst.Afterward,theZ-parametermatrixiscascadedto 

the Z-parameter of the decaps to be placed at the corresponding 

locations to obtain the total PDN impedance because the same 

PCB will be used to connect with different decaps iteratively in 

the decap optimization process. Using Z-parameters for 

calculation is much more efficient than repeatedly solving the 

entire circuit. 

Fig. 3(b) shows the node and branch number assignment for 

an equivalent circuit. The node and branch numbers are marked 

bynumberswithandwithoutcircles,respectively.Therearenine 

nodes (n = 9) and ten branches (b = 10) in total. The branch 

numbers are successively assigned to different via segments in 

different cavities. The node numbers are also assigned 

consecutively, except that the node numbers given to nodes 

connecting to the same plane are identical. An algorithm that 

automatically assigns node and branch numbers for different 

PCB stackups can be conveniently designed following this 

strategy. 

B. Node Voltage Method 

The node voltage method is a well-known approach for 

solving circuits using matrix formulations [14]. The process of 

the node voltage method can be summarized by 

  (1) 

where A is the reduced incidence matrix with dimension n × b, 

in which n is the number of nodes and b is the number of 

branches; Yb is the branch admittance matrix with size b × b; and 

Vn and In are the node voltage matrix and node current matrix 

with size n × 1, respectively. 

In the reduced incidence matrix A, each row corresponds to a 

node, and each column corresponds to a branch. The elements 

of A are defined as 

branch k leaves node j 

, branch k enters node j (2) branch k not 

connected to j. 

It is worth noting that (1) can be regarded as a matrix form 

of Kirchhoff’s current law (KCL). If there are n nodes in the 

circuit, there will be n KCL equations corresponding to the n 

rows of the matrix operation in (1). One can find that these 

KCL equations are not independent due to undefined reference 

potential, which means that the original matrix (A · Yb · AT) is a 

singular matrix that cannot be inverted. To make the matrix (A 

· Yb · AT) invertible, a standard solution in the node voltage 

method is to select a reference node, so that all the other 

voltages will be referenced to this node. The corresponding 

row and column of this node must also be deleted from the 

matrix (A · Yb · AT). 

For example, the matrix A in Fig. 3(b) is 

 

The impedance matrix for the branches Zb is 

 ⎡jω [Lcavity_1] 0

 0 0 

 0 jω [Lcavity_ 

Zb = ⎢⎢⎢⎢⎢⎣⎢⎢ 

 0 0 

 0 0 0 

where ω is the angular frequency, C9 and C10 are the 

capacitances for the two cavities represented by branches 9 
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and 10, respectively, Lcavity_1 and Lcavity_2 are the inductance 

matrices 

fortheviasinthetwocavities,respectively,expressedasfollows: 

 (5) 

  Lcavity_  (6) 

where Lij denotes the mutual inductance between branch i and j, 

and Lii is the self-inductance of branch i. 

The branch admittance matrix Yb is the inverse matrix of the 

branch impedance matrix Zb, namely 

 Yb = Zb−1. (7) 

As mentioned earlier, a reference node must be selected, and 

the corresponding row and column must be removed from the 

matrix (A · Yb · AT). Thus, the relationship between Vn and In 

 

Fig.4. Newnodeandbranchnumberassignmentobtainedafterchoosingnode 2 in 
Fig. 3(b) as the reference node. 

can be acquired as 

 . (8) 

Namely, the Z-matrix Zn for all defined nodes (except for the 

reference node) is 

 . (9) 

For the case in which the chosen reference node is node 2, 

the new node number assignment after removing the reference 

node isshowninFig.4.ThenodeZ-matrixZn isthenan8 × 8matrix. 

Eventually, we need a 4 × 4 Z-matrix for ports 1–4. Therefore, 

Zn must be partially extracted by selecting the node indices of 

the corresponding ports. 

The reference node (original node 2 in Fig. 3) is already the 

negative node for ports 1 and 2; hence, ports 1 and 2 

correspond to nodes 1 and 2, respectively. However, the 

negative node for the bottom ports 3 and 4 is node 7, which is 

different from the reference node. Thus, node 7 must also be 

considered to obtain the Z-parameters corresponding to ports 3 

and 4. 

 The node Z-matrix Zn describes the relationship between 

V

 I 

Because ports 3 and 4 share the same negative node, which 

is node 7, In6, In7, and In8 should satisfy 

By substituting (11) into (10), we can obtain (12) shown at 

the bottom of this page. Specifically, to acquire the Z-

parameters corresponding to the bottom ports, we must subtract 

the rows and columns corresponding to the negative nodes of 

the bottom ports from the rows and columns corresponding to 

the positive nodes. 

Finally, the Z-parameter matrix for ports 1–4 can be extracted 

from (12) as 

 

The matrix manipulation method introduced previously can 

be applied to more complex scenarios. The inductances and total 

impedance matrix can be bridged through the node voltage 

method and Z-matrix manipulation to avoid the need for SPICE-

like circuit solvers. The impedance matrix can be further 

cascaded with Z-matrices of decaps to attain the total impedance 

of a PDN system. 

C. Matrix Reduction 

Because the number of nodes and branches increases with the 

number of vias and layers, the computation speed of the 

previous matrix calculations will decrease correspondingly. The 

most time-consuming calculation step is (9), which requires 

matrix multiplication and inverse calculation. To accelerate the 

calculationprocess,wecanmergeparallelandserialinductances to 

reduce the number of nodes and branches and, thus, reduce the 

matrix size of A and Yb. 

Kim et al. [2] and Shringarpure et al. [3] introduced specific 

rules for merging inductances and simplifying equivalent 

circuits for complex production-level PCBs. However, it is 
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difficult to explicitly program these rules or generalize them to 

various board configurations without human intervention. This 

article introduces a criterion that automatically identifies and 

merges branches based on the assigned node and branch 

numbers. 

Fig. 5 shows an example for identifying parallel and serial 

branches that can be combined. Branches i and j are parallel 

branches: the 

voltages on these 

two branches are 

equal because both 

of their terminal 

nodes are 

connected, namely 

Vi = Vj. 

(12) 

 

Fig. 5. Illustration of parallel and serial branches that can be merged. 

Branches m and n are serial branches: the currents on the two 

branches are identical because there is only one current path 

from branch m to n, namely Im = In. Other parallel and serial 

branches that satisfy the requirements are not marked in Fig. 5 

to clarify the following explanation. 

Assume that N is the total number of inductance branches, 

matrix [L] is a large inductance matrix including all inductance 

branches, and matrix [B] is the inverse of [L], as expressed in 

the following: 

. 

. 

Assume that Vm(n) and Im(n) are the total branch voltage and 

current after branches m and n have been merged, and Vi(j) and 

Ii(j) are the total branch voltage and current after branches i and j 

have been merged. Here, the following relationship should be 

satisfied: 

Im(n) = Im = In 
⎪⎨ (16) 

Vm(n) = Vm + Vn 

Ii(j) = Ii + Ij 

⎪⎪⎩ Vi(j) = Vi = Vj. 

By substituting (16) into (14) and (15), it is simple to derive 

(17) and (18) shown at the bottom of the next page. 

From (17) and (18), we can conclude that to merge serial 

inductances, the corresponding rows and columns in the large 

inductance matrix [L] should be summed. Similarly, to combine 

⎧ 
⎪ 
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Fig. 6. Example of a constructed resistive network. (a) Top view of the board. 
(b) Side view. (c) Equivalent resistive network. 

parallel inductances, the corresponding rows and columns in 

the 

matrix[B]shouldbeadded.Multipleserialandparallelbranches in 

more complex scenarios can be automatically determined from 

predefined branch and node numbers using the same strategy 

without human intervention. The merged inductance matrix 

can then be substituted into the branch impedance matrix Zb. 

The branch and node numbers can be subsequently reorganized 

after the merging process so that the node voltage method can 

be applied to calculate the total impedance. 

D. DC Network 

The ac network neglects the impact of dc resistance, which 

dominatesPDNimpedanceatnear-dcfrequencies.Inthisarticle, 

the dc impedance is calculated separately by building a similar 

equivalent circuit formed by dc resistances. In Fig. 6, a simple 

example demonstrates how the resistive network is constructed 

by including plane resistances, which can be computed by the 

CIM, and via resistances, which can be calculated from the 

resistance of a cylindrical conductor. 

In this example, there are three conductive vias and two 

metal layers. Via 1 is connected to the bottom layer but not to 

the top layer. Vias 2 and 3 are connected to the top and bottom 

layers. There is an antipad between Via 1 and the top layer. The 

dc resistance observation port is between the upper end of Via 

1 and the nearest location on the top layer around the antipad. 

Fig. 6(c) presents an equivalent resistance circuit for this 

two-layer example. Rvia_1, Rvia_2, and Rvia_3 represent the via 

resistances, and R12, R13, and R23 denote the plane resistances 

between the contacting nodes with the metal planes for the 

three vias, which can be calculated from the CIM approach. 

Thus, a more complicated resistive network can be constructed 

for more complex board structures in the same way. The total 

dc impedance can be calculated by employing the node voltage 

method, which is more straightforward than calculating the ac 

impedance and hence is omitted. 

 

Fig. 7. Simulation case to verify the dc resistance calculation. (a) Top view. (b) 

Side view. The metal plane thickness is 0.02 mm, the distance between two 

adjacent metal layers is 0.05 mm, and the via radius is 0.1 mm. 

TABLE I 

DC RESULT COMPARISON 

 

IV. SIMULATION VALIDATION 

A. DC Verification 

Somecommercialsimulationtools,suchasthestationarycurren

t solver in CST [15], can simulate dc resistance for complex 

metalstructures.TheexampleshowninFig.7isutilizedtoverify 

theresistivenetworkthroughacomparisonwithCSTsimulation 

results.Inthissimulationcase,therearefiveviasandfourlayers. 

Via 1 is not connected to the top layer but is connected to the 

other three layers. Vias 2–4 are connected to all four layers 

with an equal distance to Via 1. The equivalent resistive 

network is more complicated than that in Fig. 6(c) but can be 

constructed using the same approach. 

The complex resistive circuit for the board structure in Fig. 

7 is again solved using the node voltage method. The result is 

given in Table I. The resistive circuit based on the CIM 

provides 

1.59 mΩ, whereas the CST stationary current solver outputs 

1.55 mΩ, with a 0.04 mΩ deviation only. However, the CIM 

requires only 0.1 s, whereas the CST simulation requires more 

than 10 min. 

 

Fig. 8. Simulation verification case. (a) Board shape and port locations. 
(b) Board stackup. 
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B. AC Verification 

The high-frequency structure simulator (HFSS) simulation 

tool [16] is utilized for comparison to verify the ac impedance 

calculation based on the BEM and node voltage method. Fig. 8 

shows the board shape, port locations, and stackup. The board 

hasanirregularshapethatcannotbehandledbythecavitymodel 

method [1]. There are six ports distributed on the board, and the 

power and ground vias for each port are separated by 2 mm. The 

ground and power vias are all stitched from the first layer to the 

last layer. The ground vias are connected with all three ground 

layers and disconnected with the power layer through antipads, 

and vice versa for all the power vias. The dielectric 

constantis4.4.Sincetheproposedmethodneglectstheinfluence of 

dielectric loss, the loss tangent of the dielectric material is set to 

0. Port 1 is the impedance observation port, and ports 2–6 are 

connected to decaps. In the HFSS simulation, the Sparameters 

for the six ports are simulated and then connected to the S-

parameters of decap models. The parameters of the decap 

models used in this article are listed in Table II, including the 

capacitance, equivalent series resistance (ESR), and equivalent 

series inductance (ESL). 

Using the BEM and the node voltage method, the Zparameter 

of the board can be calculated and cascaded with the Z-

parametersofthedecaps.Theentireprocesstakeslessthan1s, 
TABLE II 

 

TIME COMPARISON OF BEM AND HFSS 

 

Fig. 9. Comparison of results obtained by the BEM and HFSS simulations for 

the case shown in Fig. 8. Port 1 is the impedance observation port. (a) Ports 2–

6 are connected to decap models C5, C4, C3, C2, and C3, respectively, on the 

top. (b) Ports 2, 5, and 6 are connected to decap models C5, C2, and C3 on the 

bottom. Ports 3 and 4 are connected to decap models C4 and C3 on the top. 

while the HFSS simulation requires more than 10 min, as given 

in Table III. Fig. 9 compares the impedances obtained by the 

BEM and HFSS simulation. Fig. 9(a) shows the results obtained 

when five top decaps are added to ports 2–6, and Fig. 9(b) shows 

the results obtained by adding two top decaps and three bottom 

decaps. 

Two different metal materials, i.e., copper and perfect electric 

conductor (PEC), were used for the HFSS simulation. From 

Fig.9,itcanbeconcludedthattheBEMresultmatcheswellwith the 

HFSS simulation based on PEC. For copper, there are visible 

deviations between the BEM results and HFSS simulation at the 

resonance dips. The resonance dips using copper in the 

simulation are slightly higher than the simulation values using 

PEC and the calculated values using BEM. This is reasonable 

because adding copper resistance in the L-C series resonances 

at the resonance dips will raise the dip values. The discrepancies 

at the resonance peaks are, however, negligible. Resonance 

peaks of PDN impedance are usually more critical than 

resonance dips astheycanviolateatargetimpedancemoreeasily. 

 

(17) 

(18) 
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Despiteslight deviations from full-wave simulations due to the 

negligence of resistance, the proposed method in this article is 

still a powerful tool for rapidly estimating impedance in 

complex PDN systems. 

C. DC + AC Verification 

Simulating PDN impedance at dc and ac frequencies usually 

requires different simulation tools. Hence, it is time-consuming 

 

Fig. 10. Comparison of results for boundary integration and full-wave 

simulation from dc to ac. The metal plane thickness is 0.02 mm, and the via 

radius is 0.1 mm. (a) Board shape and port locations. (b) Board stackup. (c) 

Impedance curve comparison. 

to obtain a wideband PDN impedance from dc to ac 

frequencies utilizing commercial full-wave simulators. In this 

article, the calculation time for determining the wideband PDN 

impedance is significantly reduced by combining the dc and ac 

results from the CIM and BEM. 

The simulation case shown in Fig. 10 was used to verify the 

calculated impedance from dc to ac frequencies. Fig. 10(a) 

shows the locations of the IC port (the impedance observation 

port),voltageregulationmodule(VRM)port,anddecapportson 

the PDN board. Fig. 10(b) shows the board stackup information. 

Similar to the board structure in Fig. 8, the power and ground 

vias are stitched from the first layer to the last layer. 

Because there is no commercial tool that can cover the 

impedance calculation from dc to ac, the dc and ac impedances 

were separately simulated by two different commercial tools 

(CST for dc impedance [15] and HFSS [16] for ac impedance) 

and then combined. In the dc impedance simulation with CST, 

copper material was used for the metal planes and vias. In 

contrast, PEC was used in the ac impedance simulation with 

HFSS to avoid dc resistance. Because VRM modeling is 

beyond the scope of this article, the VRM port was directly 

shorted to neglect possible parasitics in the VRM. Eventually, 

the dc and ac simulation results were combined to represent the 

total impedance over a wideband frequency range. 

Fig. 10(c) shows perfect agreement between the boundary 

integration method proposed in this paper and the full-wave 

simulation result with and without decaps. It can be observed 

that the four decap types (C1, C2, C3, and C4 given in Table 

II) effectivelysuppresstheimpedancecurveandthehigh-

frequency inductance value. The four bumps in the impedance 

curve are caused by the four decap types and are also marked 

in Fig. 10(c). 
TABLE IV 

TIME COMPARISON OF BEM AND FULL-WAVE (DC + AC) 

 

The proposed method can calculate PDN impedance from dc 

to ac frequencies. However, to better view the physical 

capacitances and inductances in the impedance curve, the 

frequency in Fig. 10(c) is plotted in the log scale, so the 

frequency axis starts with 10 kHz instead of 0 Hz. 

In addition, the boundary integration requires less than 1 s, 

while the full-wave simulations require more than 15 min, 

including both the dc and ac simulation, as given in Table IV. 

In contrast to previous works [1]–[3], our proposed method can 

simultaneously deal with arbitrary-shape planes and dc 

impedance. Moreover, our boundary integration method is 

more efficient than the PPP method [4] for complex board 

shapes. 

V. CONCLUSION 

Thisarticlepresentsanefficientmethodforcalculatingdcand ac 

impedances in arbitrary-shape and multilayer PDNs using 1-D 

boundary integration. By adopting the BEM, quasi-static 

inductancesforarbitrary-shapeparallelplanescanbecalculated. 

Subsequently, an equivalent L-C circuit can be constructed for 

multilayerstructures.Theequivalentcircuitcanbesolvedwithin a 

few seconds by applying the well-known node voltage method 

and a general matrix reduction approach. Using a similar CIM, 

the dc plane resistances in arbitrary-shape metal planes can be 

rapidly calculated. Thus, an equivalent resistive network can 

be built to calculate the dc IR drop for multilayer PDNs. 

Moreover, the wideband impedance from dc to ac for arbitrary-

shape and multilayer PDNs can be computed without the need 

for commercial circuit solvers. The proposed method perfectly 

agrees with the full-wave simulation results but is a 

thousandfold faster. 

Because the proposed method calculates quasi-static 

inductances, it is not suitable for high frequencies, where the 

PCB starts to have resonant modes. Nevertheless, PDN 

impedances are usually evaluated below a few hundred 

megahertz. Thus, the 

proposedmethodissufficientlyaccurateformostPDNmodeling 
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scenarios. Although the proposed methodology can tackle 

arbitrary plane shapes, including voids, this method requires 

that the boundary, including the inner and outer boundary, can 

be approximated as a PMC. This precondition will lose validity 

for 

complexstructuressuchasmeshedplanesorgridPDN,although 

the PPP method can be considered under these circumstances. 

A boundary integration method was also developed for the fast 

ac impedance calculation of grid PDN with arbitrary shapes 

[17], 

[18],whichcanbeincorporatedwiththeproposedmethodinthis 

article for more complex PDN scenarios in future work. 

Moreover, although this article considers both dc and ac 

impedances, the impact of conductor resistance on ac 

impedance is neglected because the ESR values of decoupling 

capacitors are dominant in most application cases. 

The proposed method considerably reduces the simulation 

time for PDN systems with complex board shapes, 

multilayered stackups, and large numbers of vias. Hence, this 

method can aid in EDA tool development for PDN design, 

such as prelayout design optimization tools [19] and machine 

learning applications [20]. 

APPENDIX 

The critical equations for the BEM [10] and CIM [13] are 

organized and shown in this section for clarity. 

A. Boundary Element Method 

The board boundary must be divided into approximately 

straight segments to apply the BEM [10]. Assume that there are 

two cells m and k. The center coordinate for the observation cell 

k is (xk, yk); the starting location for the source cell m is (xa, ya); 

the ending location for the source cell is (xe, ye); the length of 

the cell m is lm; the distance between (xk, yk) and (xa, ya) is ra. 

Denote v1 as 

 

and v2 as 

 

First, the coefficient Dkm is calculated by 

 
for , where R is an arbitrary value greater than the 

maximum Euclidean distance between source and observation 

point for a given geometry. 

For small circuit port cell m, or v1 = ra 

 Dkm ≈ 0, for small circular cell m, or v1 = ra. (22) 

The self-coefficient Dkk of the small circular port is 

 . (23) 

Then, the coefficient Gˆkm is calculated as 

 

where S is the board area, and h is the separation distance 

between the two planes. 

Similar to Dkm, the value of Gˆ
km is approximately zero for 

small circular port cell m or v1 = ra, namely 

 Gˆkm ≈ 0, for small circular cell m, or v1 = ra. (25) 

Subsequently, the coefficient Gkm can be calculated using 

 

where  is the center-to-center distance from cell k to 

cell m, and Gkm is nonzero only when cell m is on the current 

excitation port. 

For the small circular port, the self term Gkk becomes 
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  (27) 

where r0 is the radius of the small circular port. 

Each small circular port can be treated as a single port cell, 

rendering the discretization unnecessary. Assume that there are 

Np small circular ports and Nb segments for the remaining 

boundary. Hence, the total number of cells is N = Np + Nb. 

The calculation process proceeds by exciting the current ports 

one by one to calculate the inductance terms (including the self 

terms) between the excitation port and other cells. The Dkm and 

Gˆ
km termsarenotrelatedtotheexcitationportsandonlyneedto be 

calculated once. However, for each different port excitation, the 

Gkm terms need to be recalculated. 

Assumethattheexcitationportisportj.Theinductanceterms 

between port j and other cells are 

(L) = ([E] − [D])−1 (G) 

where [E] is the identity matrix 

(28) 

(L) = (L1j L2j ... Lij ... LNj)T 
(29) 

(G) = (G1 G2 ... Gk ... GN)T (30) 

 

For each port excitation, the the matrix (G) must be 

recalculated,andthematrix([E] − 

[D])onlyneedstobecalculatedand inverted once. The total 

calculation time is linearly proportional to the number of 

excitation ports. 

B. CIM 

Similar to the BEM, the boundary must be discretized into 

small segments to apply the CIM [13]. Assume that the contour 

C, including the inner and outer boundary of the plane, is 

discretized into L segments; the contour C, a sum of all circular 

boundaries,includingvianodesandantipadholes,isdividedinto M 

segments. Also, assume that there are P circular elements in 

total, and each circular element is discretized into K segments, 

namely M = P × K. 

First, an equation system can be established by using the 

Greens’ identity of the second kind: 

 

where 

(34) 

(35) 

. 

where δij is the Kronecker’s delta, r is the location of the 

observation point  is the location of the source segment j, 

 is the distance between the observation and source 

points, ρˆ is the normalized vector of r  is the normal 

direction of the jth segment, κ is the electric conductivity, Wj is 

the width of the jth segment, and d denotes the metal thickness. 

Equation (33) can be further organized into the following 

matrix form: 

 

where q represents the index of the segments on the boundary C, 

and p denotes the index of the segments on the boundary 

C. Note that the matrix U¯qq is singular due to the undefined 

reference potential, and one row and column of one defined 

reference potential needs to be removed from U¯qq. 

Equation (36) can be organized to 

  (37) 

where 

  . (38) 

Since nocurrent flows on theplane boundary, namely I¯q = 0, 

so (38) can be reduced to 

 Φ¯p = D¯¯ppI¯p. (39) 

Assume the P circular elements include S via nodes and T 

antipad nodes. Since no dc current flows through the antipads, 

(39) can be further reduced to 

 Φ¯s = D¯¯ssI¯s. (40) 

By merging the segments on the same via node, a reduced 

equation system with the size of S as the number of nodes can 

be obtained 

 I¯node = G¯¯nodeΦ¯node. (41) 
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Further, the branch resistor between two nodes i and j can be 

calculated as 

  (42) 

where the coefficients Gij correspond to the elements of the 

conductance matrix G¯¯node in (41). 

The branch resistors illustrated in Fig. 2 are used in the dc 

resistance network to calculate the total dc impedance of a 

PDN system. 
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