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ABSTRACT
The variance and fractional variance on a fixed time window (variously known as “rms percent” or
“modulation index”) are commonly used to characterize the variability of astronomical sources. We
summarize properties of this statistic for a Gaussian process.

1. INTRODUCTION

A recent study of millimeter variability of Sgr A*
(Wielgus et al. 2022) makes use of the so-called mod-
ulation index M on a fixed time window. This statistic,
which simply calculates the ratio between the standard
deviation and the mean of the light curve on the win-
dow, has been used in various contexts (cf. Vaughan et
al. (2003), where it is called Fy,;, the “fractional rms
variability amplitude”). The Event Horizon Telescope
used this statistic to compare observed light curves with
simulations (Event Horizon Telescope Collaboration et
al. 2022), but in the course of that work we were unable
to find a clear summary of the effects of the length of
the window on M for Gaussian processes. The relevant
quantities are easy to derive; in this note we collect them
in one place using consistent notation.

In this brief note pur and 0% are the mean and variance
(for example of a light curve) measured in a window of
finite duration 7. Assuming the underlying time series
is well modeled as a Gaussian process, we answer the
following questions: (1) how is the covariance related
to the expected 02?7 (2) given the covariance, what is
the expected variance in o2 for a single measurement?
(3) how correlated are successive samples of o2 and, in
particular, can they be treated as independent measure-
ments? (4) what is the relationship of the expected o2
to the structure function? (5) what are the answers to
these general questions for the important special case
of a damped random walk? (6) what are the effects
of sparse and nonuniform sampling? (7) what are the
implications for the modulation index? In this discus-
sion we neglect measurement errors. We also assume the
observation duration is small compared to the window
duration.

2. MEASURED VARIANCE

Let f(t) be a stationary Gaussian random process with

mean (f(t)) = p and unconditional variance {f2(t)) —

u? = 2. Since the process is stationary, we may set the

covariance function to be (f(t1) f(t2)) — (f(t1)){(f(t2)) =
Cov(t1,ta) = Cov(|ty —t2|). Here (-) denotes the ex-
pectation value.

When observed on a window [0,7], the measured
mean and variance are

T
— / f(t)dt, (1)

T
=g [ GO 2

Notice that while (ur) = p, pur # p but is rather a
random variable that depends on f(t). Let

1
p(tl,tg) = ;COV(tl,tQ) (3)

be the correlation function of f, and define

1 T T
C(T) = = / / p(th tz) dt2 dtl. (4)
T 0 0
Then

(1) = 1% + o%e(T), (5)
(%) = *(1 — o(T)). (6)

What is the variance of o2 for a single measurement?
It is helpful to define

Cl(T) = % // p(tl,t2)2 dtg dtl, (7)
CQ(T) = % /// p(fl,tg)p(tg,tg) dtg dtg dtl, (8)

// p(t1,ta) dts dtl} i
2 9)

where all integrals are evaluated from 0 to T'. Then the
variance of 02 is

Var(o2) = 20 [c1(T) — 2¢o(T) + c3(T)] . (10)

es(T) = % {

[e(T)



2 LEE AND GAMMIE

As a result of the correlation between points in a time
series, the behavior of the measured mean and variance
are dependent on both the covariance function and the
length of the observation window. Assuming ¢(T) —
0 as T — oo, (¢%) is smaller than the unconditional
variance o2 for small T', and approaches it as T increases.

3. CORRELATION BETWEEN DIFFERENT
WINDOWS

How independent are measurements of 0% over succes-
sive windows? Consider a second window [AT, T+ AT,
with

| [T+AT
AT
L1 [THAT ,
or =75 (f(t) — pr)” dt. (12)
AT

Since f is stationary and thus p(t1,t2) = p(|t2 — t1]),

define
T+AT
T2 / / p(ty,ta) dta diy, (13)
T+AT
E ?/ / tl,tg dtg dtl, (14)
1 T+AT
E Ti / / / tl, t3 p(tz, tg) dtg dtQ dtl
T+AT [ T+AT
/ / p(ti,t3)p(ta, t3) dts dty dty,
0
(15)
T+AT 2
/ / p(ty, ts) dity dty
=[d( . (16)
Then

Cov(or, of) = 20" [} (T) — 2¢5(T) + c4(T)].  (17)

Evidently the measured variance on windows with a
small time separation are correlated. The degree of cor-
relation depends on the separation between windows,
the length of the windows, and the shape of the covari-
ance function.

4. RELATIONSHIP BETWEEN 02ND THE
STRUCTURE FUNCTION

The structure function at a time lag At, here defined
as

1

T—-At
SFA0 = 7= [ e a0 — s @t (3)

is closely related to 0%, since

(SF(At)) = 202 — 2Cov(At) (19)

and thus

T T _
)= [ [

Since c¢(y) corresponds to the integral of the covariance
function over [0, 7] x [0, 7], (0%.) corresponds to the in-
tegral of the structure function over [0,7] x [0, T].

5. DAMPED RANDOM WALK EXAMPLE

For the damped random walk
COV(tl,tQ) _ 0'267“1 t2\/7‘ (21)
SF(At) = 20° (1 - e*m/f) . (22)
Recall that At > 0 is a time lag and is not the same

as AT, which labels differences between windows. For
y=T]t,

1 1
) =2 (5 - ey>) 7 (23)
c1(y) = c(2y), (24)
es(y) = yi (Qu2+e?) = (T—e M) (1—e¥), (25)
es(y) = [e)P, (26)

with

(02) = o2(1 - e(y)), (27)
Var(o%) = 20* [¢(2y) — 2e2(y) + (y)] - (28)

For illustrative purposes we will look at the correla-
tion between consecutive windows, i.e. taking AT = T.
Then,

¢) = (1=, (29)
A (y) = (2y), (30)
)= ga=e0+e). @)
c3(y) = le(y)]?, (32)

with
Cov(o2,0%) = 20" [ (2y) — 2¢5(T) + 0'2(y)] . (33)

and the correlation between the two segments is

Cov(c2,0/?)
Corr(o%,0?) = Vagr(Taz)T' (34)
T
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Asy—0,
2
y oy
()0 (B-L+06). @9
T
2 a2y 4
Var(o7) = o < I +0(y%) |, (36)
4 5
Con(op,o) + o' (1 = 2 +0GM) . (31)
5y2  25y°
2 oy 4
Corr(o7, o) — 35 198 + O(y*), (38)
and as % — 0,
2 —2
st Oy) |, (39)

2 9
Var(c2) — o* Y + O(y3)> , (40)
C 2 2 4 1 2 O —4 41
ov(or,07) =0 @_ﬁ+ (w7 ), (41)
1 1
2 2 -3
Corr(o7, 0F) — m + 57 +0(y™). (42)

All four quantities are plotted in Figure 1. Evidently
the correlation between consecutive windows disappears
asT — 0 or T'— oo, and peaks at T =~ 27.

6. SPARSE AND NON-UNIFORM SAMPLING

In the previous section, o2 was evaluated as an in-

tegral. For real data, if the observation was uniformly
and densely sampled (relative to both the characteris-
tic timescale 7 and the length of the observation T,
o2 can be approximated as the variance of the observa-
tion. However, data is commonly sampled sparsely and
nonuniformly.

If the observation is sampled by f; = f(t), ¢ =

1,---, N, then we would measure
LN
E— , 4
KT N i:Zlflv ( 3)
XN
2 _
T =N ; [fi — pr] (44)
Then
(br) = p, (45)
9 N N
(W) =1+ S pltity), (46)
i=1 j=1

TS P Rt SV
<UT> o” |1 N2 Zzp(twtj) ’ (47)

are the discrete analogues of equations 5 and 6. If
the sampling was uniform, the sum would serve as an

approximation to the integral in equation 4, but non-
uniform sampling will bias our estimate. The nature of
this bias depends on the details of the sampling.

One strategy for minimizing bias would be to weight
each sample by the gaps Atf; between observations.
However, this can fail if there are large gaps in the
data. For example, consider a densely sampled obser-
vation across the first and third hour of a three-hour
observation, with an hour-long gap in the middle of the
observation period. On the first and third segments of
observation, we can assume that the measured variance
of the segments well-approximates the integrated vari-
ance of the underlying process.

For this example, we can look at the effects of two dif-
ferent methods of addressing this gap in our observation:
taking the unweighted variance across our samples and
weighting each sample by the time gaps in observation
before and after the sample.

For a given statistic g(t) calculated from f(t) (such as
the point-wise variance, g(t) = f(t)? — ), the under-
lying “true” measured value from ¢t = Oh to t = 3h is

3
G = % /0 o(t) dt. (48)

The first method essentially assumes all observations are
uniformly spaced across the entire observation, dilating
the function g(¢):

Gi = (49)

Q| =

/2

[/01 g(t)dt + /:g(t) dt} . (50)

For a quantity like the variance, this gives a consistent
underestimate of the true measured value across three
hours. On the other hand, the second method instead
places undue weight on the endpoints:

3/2 3
V 9(2t/3) dt +/ 9(2t/3 +1) dt
0 3

[N

Gy = % Mlg(t) dt + %g(l) + %g(Q) + /129@) dt} .

(51)
The resulting value of G5 is strongly dependent on the
values g(1) and ¢g(2) at the endpoints of the gap in the
observation.

Thus, it is useful to Monte Carlo the analysis on Gaus-
sian processes with the same sampling as the data, to
see the effects of the sampling on the measurement of
variability. In our applications the variance in the mea-
surement tends to outweigh any effects of sampling.

7. MODULATION INDEX

The modulation index or rms percent is My = or/pur,
the standard deviation divided by the mean over a pe-
riod of observation. For a Gaussian process, the mea-
sured variance and the measured mean are uncorrelated,
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since

(oFnr) = <;/O [FOnr — p7] dt>

= %//(ffﬁ)dtldtg

- %// (f1faf3) dty dtydts
=0,

The standard deviation and mean are similarly uncorre-
lated. However, they are clearly not independent. Thus,
rather than deriving an analytic expression for M, we
will explore it computationally.

Figure 1 shows the mean and variance of My for a
damped random walk, along with the covariance and
correlation of measurements of Mr between consecutive

windows. Similar statistics for 02 are also given. These
quantities were averaged over 107 independent realiza-
tions, with damped random walk parameters o = 0.24,
pw =24, and 7 = 1. Each damped random walk was
generated on 2048 uniformly spaced points between 0
and 20, and the statistics were measured as a function
of the window length T' € [0, 10], calculated on the first
window (or first two, where applicable).

Qualitatively, 02 and Mz behave similarly. Of par-
ticular interest is the correlation between consecutive
windows, which peaks on the order of 7 but remains
fairly low across all window lengths, never rising above
0.1. Thus, as long as 0% and My are measured on in-
dependent windows (AT > T'), the correlation between
measurements remains small.

This work was supported by NSF grants AST 17-16327
(horizon), OISE 17-43747, and AST 20-34306, and by
the Grainger College of Engineering’s Willett Chair.
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Figure 1. The mean and variance of 0% and My for a damped random walk, along with the covariance and correlation of these
measurements on consecutive windows, as functions of the window length T'/7, averaged over 107 realizations with o = 0.24
and p = 2.4. Analytic results, where available, are shown in red. The means are normalized by ¢ and o/pu, respectively, and
the variance and covariance are normalized by o and (o/u)?.



