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Abstract. Givenahomogeneousideal / in a polynomial ring over a field, one may record, for
each degree d and for each polynomial f € I, the set of monomials in f with nonzero coef-
ficients. These data collectively form the tropicalization of I. Tropicalizing ideals induces
a “matroid stratification” on any (multigraded) Hilbert scheme. Very little is known about
the structure of these stratifications. In this paper, we explore many examples of matroid
strata, including some with interesting combinatorial structure, and give a convenient way
of visualizing them. We show that the matroid stratification in the Hilbert scheme of points
(PHIK i generated by all Schur polynomials in k variables. We end with an application to
the T'-graph problem of (AZ)lnl classifying this graph is a longstanding open problem, and
we establish the existence of an infinite class of edges.

1. Introduction

Let k be a field. The support of a homogeneous polynomial f € k[xy, ..., x,]1s
the set of monomials with nonzero coefficientin f.Let/ € R = k[x{,...,x,]bea
homogeneous ideal. For each degree d, the data of all supports of polynomials in 14
comprise a combinatorial portrait called the tropicalization of 1;, denoted Trop(1y).
A matroid (see [13] or Definition 2.5) is the data of a finite set E, together with
a subset of M C 2F satisfying certain combinatorial conditions. Trop(l;) is an
example of a matroid, where E = Mony is the set of degree d monomials in
Xlyooey Xp.

In this paper, we study [ via the infinite sequence of matroids Trop(/) =
(Trop(14))a=0; this sequence is the tropicalization of I. The matroids satisfy a
certain combinatorial compatibility condition, namely the defining condition of a
tropical ideal (Definition 2.8).

A (multigraded) Hilbert scheme is a moduli space parametrizing homogeneous
ideals. The fibers of the function I +— Trop() define a “matroid stratification”
on any Hilbert scheme, possibly with countably many strata, analogous to, and
generalizing, the more well-known matroid stratification on Gr(m, k").

We identify the matroid stratification in the case of principal homogeneous
ideals in k[x, y], i.e. in the Hilbert scheme of points (]P’1 )[k]. Note that a symmetric
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polynomial in k variables defines a divisor on (P!)[*] via the identification (P!)¥] =
Symk (P"). Then:

Theorem 3.7. The matroid stratification on (PY)*) is the stratification generated
by all Schur polynomials s, _in k variables.

We end with an application to the T-graph problem for (A%)"], which was our
original motivation for the project. Let X be a variety with the action of an algebraic
torus T such that the fixed point set X7 is finite. The 7-graph of X is a graph with
vertex set X, and an edge between two fixed points if they are the two limit points
of a 1-dimensional 7-orbit. A Hilbert scheme has a T = (C*)”-action by scaling
the variables x1, . .., x,. Determining the T -graphs of Hilbert schemes is a difficult
problem that has been studied by Iarrobino, Evain, Altmann and Sturmfels, Hering
and Maclagan, and others [1,4,6,8]. We show:

Theorem 5.11. Letk = C. Letk > 1 and d > k. Let S be the set of 1-dimensional
(C*)2-orbits in (A*)¥) whose limit points are the two fixed points (x*, y¢) and
(x?, yX). Then S is a finite set, in natural bijection with the set of binary necklaces
with k black and d — k white beads. (In particular, (xk, yd) and (xd, yk) are
connected by an edge in the T-graph of (A2)l4¥].)

In Sect,3.2, we pose some easily-stated questions from combinatorial lin-

ear algebra that we cannot answer. The answers would elucidate the relationship
between Theorems 5.11 and 3.7.
Relation to other work. The forthcoming paper [5] of Fink—Giansiracusa—
Giansiracusa is closely related to this one. Motivated by understanding “tropical
Hilbert schemes,” which are moduli spaces of tropical ideals over arbitrary valued
fields, they also investigate the tropicalizations of ideals of points in P!, Our results
complement each other: this paper considers trivially valued fields, and Hilbert
schemes of arbitrarily many points on P!, while they consider arbitrary valued
fields, but have results mainly for < 2 points in P!, We hope that these perspectives
can be merged to describe tropical Hilbert schemes of arbitrarily many points in
Pl

Zajaczkowska’s Ph.D thesis [ 14] studied the tropical Hilbert schemes of hyper-
surfaces of degrees 1 and 2 in P! and P>, Among other things, the thesis contains
the case k = 2 of Corollary 5.11.

2. Multigraded Hilbert schemes and their matroid stratifications
2.1. Multigraded Hilbert schemes

Multigraded Hilbert schemes are the natural moduli spaces of homogeneous ideals
in a polynomial ring. Let k be a field, and consider the polynomial ring R =
Klxy, ..., x-].

Definition 2.1. For b € Z., a (positive) Z-multigrading' a = (ay, ..., a,) on
R is an assignment of a multidegree a; € Z};O \ {(0, ...,0)} to each variable x;. A
multigrading is nondegenerate if the rowspan of a is a rank-b lattice in Z".

! There is a more general notion of multigrading that we will not need, see [7].
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All multigradings from now on are assumed to be nondegenerate. A Z°-
multigrading defines a decomposition R = dezl, R;. Any a-homogeneous

ideal I C R has a multigraded Hilbert function® h : ZZO — N, defined by
h(d) = dimy(Raq/(1 N Ry)).

Haiman and Sturmfels [7] define a multigraded Hilbert scheme Hilbg (A") that
is a projective fine moduli space for a-homogeneous ideals with multigraded Hilbert
function 4. For each d € ZZO, there is a short exact sequence of vector bundles on

Hilb/ (A7):
0—>Z;—>Rg— Qi — 0, (D

where 7, is the universal ideal sheaf, R,; denotes the trivial sheaf with fiber Ry,
and Qy is the rank-/4(d) universal quotient sheaf.

Example 2.2. An important special case is when [ has finite colength, i.e.
dimy (R/I) = Zdezbo h(d) < oo. In this case V(I) has finite length, and there is

a natural embedding Hilbg (A") — (A )[Zd h@] into the Hilbert scheme of points
in A",

Example 2.3. Whenr = 2, Hilb’; (Az) is smooth, irreducible, and rational [11], see
also [4,8].
Example 2.4. 1f b = 1 and ), h(d) is not finite, then Hilb?al’_'_,ar)(A’) has a
natural map to a Hilbert scheme of subschemes of the weighted projective space
P(ai, ..., a;), cut out by the same ideal.

This map need not be an embedding, essentially due to the fact that I €
Hilbg (A") could have (x, ..., x,) as an embedded prime.

2.2. Tropicalizing ideals

Tropical geometry usually takes place over a valued field, but in this paper we will
always assume k is trivially valued. We present the definitions we need only in this
simpler context; see [10] for the general definitions.

First we briefly recall the basics of matroid theory. See [13] for details, including
how to reconcile the following definition with the allusion in the introduction.

Definition 2.5. A matroid M = (E,r) is the data of a finite set E, called the
groundset, together with a function r : 28 Zso (where 2F is the power set of
E) called the rank function, such that:

(Hr@ =0,

(2) For all subsets S, S’ C E, r(SUS)+r(SNS") <r(S) +r(S), and

(3) For every subset S € E and every element x € E\ S, r(S) < r(SU {x}) <
r(S)+ 1.

2 Positivity of a is necessary here; otherwise Ry /(I N Ry) need not be finite-dimensional.
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The rank of M is r(E). A subset S C E is called dependent if r(S) < |S|, and
independent otherwise. A maximal independent subset is called a basis, and all
bases have cardinality (E). A minimal dependent subset is called a circuit, and
a union of circuits is called a cycle. A 1-element circuit is called a loop, and an
element of E not contained in any dependent sets is a coloop. The corank function
is r*(S) = |S| — r(S). A subspace V C kE gives rise to a matroid Trop(V') with
groundset E called its tropicalization, with rank function r(S) = dim(kS/V Nk%)
for S C E. (Note that this is dual to some definitions in the literature.)

Example 2.6. If kis algebraically closed, the tropicalization of a generic dimension-
k subspace V e Gr(k, kE ) is the uniform matroid Uy g, defined by the rank function

_JISHISI =k
r(S)_{k S| > k.

We will use the following two standard facts.

Lemma 2.7. Let V C k¥ be a subspace.

o If S C E is a circuit in Trop(V), then there exists v = (Ve)ecr € V such that
S={eekE:v, #0}.
o Forany v = (Ve)ecg € V, the set S = {e € E : v, # 0} is a cycle in Trop(V).

(Over an infinite field, the converse of the second statement holds.)

Now we introduce our main objects of study.

Definition 2.8. Let a = (a1, ..., a,) be a positive multigrading on k[x1, ..., x,].
Let Mony (a) denote the set of monomials of degree d with respect to the grading
a. A tropical (homogeneous) ideal M = (My) dezt, with respect to the grading

a (over the Boolean semifield) is the data of, for each d € ZZO, a matroid .#Z; =
(Mong(a), rg), such that -

for any circuit S of .#;, and any monomial m’ € Mony (a), m’S is a cycle in
Maya(a).

The multigraded Hilbert function of a tropical homogeneous ideal .# is the
function d +— r;(Mong(a)).

Just as a subspace of k" gives rise to a matroid (a “tropical linear space over the
Boolean semifield”), a homogeneous ideal with respect to the grading a gives rise
to a tropical homogeneous ideal with grading a:

Definition 2.9. Let I C k[xy, ..., x,] be a-homogeneous. The tropicalization of
I is Trop(I) = (Trop(])d)dezbo, where Trop(I)g = Trop(Iy).

Observe that Lemma 2.7 implies that Trop(/) satisfies the condition in Definition
2.8, and that the multigraded Hilbert functions of I and Trop (/) agree by definition.
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2.3. Pictures of tropical ideals

When r = 2, we visualize a tropical ideal .# as follows. We draw a grid whose
boxes representing monomials in two variables x and y, where the bottom-leftmost
square represents the monomial 1. We draw each circuit of .# as a line segment
connecting a collection of dots in the grid; these dots correspond to monomials in
the circuit. We also label each degree d by the Hilbert function of ./, evaluated at
d. (For simplicity, all examples shown have the standard grading a = (1, 1).)

To avoid clutter, we may omit a circuit S of .# if we deem it “uninformative,”
i.e. if § is “forced” to be dependent by the existence of a circuit in lower degree.
Precisely, from now on we omit a circuit S in degree d if there exists a circuit
S’ in degree d’ < d and a collection T of degree-(d — d") monomials such that
S € UpermS and S| > |U,,er mS’| — 1T . In this case, S must be dependent,
as follows.

Consider the ordering < on Mony (a) by increasing y-exponent. By Definition
2.8, each setmS’ is acycle. Foreachm € T, select a circuit of mS’ that contains the
=<-minimal element of m S’. Then a circuit elimination argument, exactly analogous
to matrix row-reduction, shows that the set |_J,,.; mS’ has corank at least | T|.

Example 2.10. Theideal I = (x> +x?y+2xy? 43y, x°, xy*) has tropicalization
pictured in Fig. 1, where in the left image all circuits are drawn, and in the right
image uninformative circuits are omitted.

2.4. Dependence loci and the matroid stratification

The operation of tropicalization defines a stratification of any multigraded Hilbert
scheme Hilbg (A"), as follows. Fix d € ZZO and U € Mony(a), with £ := |U|. We
give a scheme-theoretic restatement of the condition on / € Hilbg (A") that U be
dependent in Trop(/)4. Consider the tautological sequence (1) on Hilbé’ (A"). The

&. \k..
e e
N NYATER

1 2 3 3 3 1 0 0 1 2 3 3 3 1 0 0

Fig. 1. Two pictures of Trop()c3 + xzy + ny2 + 3y3, X3, xy4). See Notation 4.4 for an
explanation of the colors/shading
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collection U defines, up to sign, an element of /\e R;. The wedge power of the
map R; — Qg gives a global section oy of /\/Z Q. This section vanishes at [ if
and only if the monomials in U are linearly dependent modulo Iy, i.e. if and only
if U is a dependent set in Trop(/;). Thus we define:

Definition 2.11. The dependence scheme of U is
D(U) := V(oy) C Hilb! (A").

It is immediate that dependence schemes are closed subschemes. Since matroids
are uniquely defined by their dependent sets, we define:

Definition 2.12. Let .# be a tropical ideal. The matroid stratum S(#) C
Hilbg (A") of A is the locally closed subscheme

ﬂ ﬂ D) N ﬂ DW)¢

dezb,, \U dependentin .#y U independent in .2

Note that each stratum involves an infinite intersection of Zariski-open sets, and
therefore S(.#) may not be Zariski-locally closed. Indeed we will see in Sect.3
that this does occur! However, if ) dez?, h(d) < oo, then there are no independent
sets in sufficiently large degree—this implies there are finitely many strata in the
matroid stratification of Hilbg (A"), and they are Zariski-locally closed.

Remark 2.13. The number of strata in the matroid stratification of Hilbg (A") is
countable, as follows. A stratum S(.#) is determined by the collection of sets
U such that D(U) D S(#); in particular, S(.#) is the unique stratum whose

Zariski closure is (), () vcMong@) P(U). As Hilbg (A") is Noetherian, any such
. o DW)2S(A) o .
intersection is actually finite; this defines an injective function from the set of

matroid strata in Hilbg (A") into the set of finite intersections of the countable
collection {D(U)}y of subsets.

Note, however, that this argument does not imply that the number of tropical
ideals with fixed grading and Hilbert function is countable; indeed, we do not know
whether this is the case.

Example 2.14. We here introduce a simple, but surprising, example of a dependence
locus, which we will return to repeatedly. Assume k = C. Letr =2, b = 1, and
a = (1, 1), and suppose there exists k > 1 such that

h(d)z{z“jj,’; @

The corresponding Hilbert scheme is the moduli space of principal homogeneous
ideals in k[x, y] generated in degree k, i.e. the Hilbert scheme (P')*] of length-k
subschemes of P!. Fix d > k, and let U = {x?, y¢}. We classify D(U) C (PhIKI,

Suppose I = (f) € D(U) < (PH™I. Then (f) contains a polynomial of
the form c;x? + cyy¢, i.e. there exists a degree-(d — k) polynomial p such that
pf = c1x% +c2y?. Note that V (pf) consists of the d points {[¢ : 1]: ¢¢ = c2/c1)
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(as long as c¢; # 0). These are the vertices of a regular d-gon in C centered at the
origin. Since V (f) is a length-k subscheme of V (pf), V (f) consists of k of the d
vertices.

Conversely, given a collection of k points z1, ..., zx € C that are distinct ver-
tices of some regular d-gon centered at 0, the defining polynomial f of {z1, ..., zx}
satisfies (f) € D(U) (simply by letting p be the defining polynomial of the other
d — k vertices).

To visualize D(U) further, consider the C*-action on regular d-gons centered
at 0. This defines an action on D(U), and the collection of ratios z2/z1, ..., 2k /21
defines an orbit; this collection is equivalent to the data of a binary necklace with
k black and d — k white beads. Let Ny denote the set of such necklaces. Then
D(U) is a union of rational curves indexed by Ny i, all of which intersect at the
two points (x*) (where the d -gon is scaled down to 0) and (%) (where the d -gon
is scaled out to 00).

In arank-k matroid (E, r), aset S € E with |S| < k is dependent if and only if
S’ is dependent for every S’ 2 S with |S’| = k. (This follows from the fact that all
bases have cardinality k.) We have the following scheme-theoretic version of this
fact, which we will use in Sect. 3:

Proposition 2.15. Fix a graded Hilbert function h. Let U € Mong(a) with |U| <
h(d). The dependence scheme D(U) C Hilbg (A") satisfies

DW)= () DW).

WoU
[W|=h(d)

(Note: This also holds if |U| > h(d), in which case both sides are equal to
Hilb/ (A").)

Proof. Consider the sequence of maps

U U] h(d) » h(d)
L w
Aspan@) > N2 @ N> D Ao
U'e (i, U'e (i)
U'NU £

where ¢ is the inclusion, p is the projection, and w(«) = ¢ A /\u <y 4. Note that w is
injective, as it is induced by the nondegenerate pairing /\IU‘ QR /\h @D=Ulg, —
k. Thus V(w(oy)) = V(op).

Also, powotiszero, so wot factors through ker(p) = @U,e(h Mong /\h(d) Q.

d)—|U|
u'nUu=¢
Thus
DW)=Vy)=Vwer)= [)| Vleyw)= [)| DU UU).
U/e(h(g;)f‘\iw) U,E(hg)offjuw)
u'nu=y u'nu=¢
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The matroid stratification of Hilbg (A") satisfies the following straightforward recur-
sivity relation, which implies that when studying strata, we may ignore ideals of
the form I = m1’, where m is a monomial. There are natural inclusions tq, ..., (,
between a-multigraded Hilbert schemes, defined by ¢; (1) = x; 1.

Proposition 2.16. Let U C Mong(a). Then
_ 1
N (DW)) =D <;(U \{meU:x J(m})) )
l

We omit the proof, as it is straightforward, and we will use the Proposition only to
reduce the number of strata that are of interest.

3. The matroid stratification of (P!)[¥]

Let & > 0. In this section, we will describe (Theorem 3.7) the matroid stratification
oinlbﬁ(A’) inthecaser =2, b=1,a=(1,1), and let & be as in (2). We write
R = k[x, y]. Note that Hilb’; (A") is simply the familiar Hilbert scheme of points
(PHlk], Recall that

(PHM = Sym* (P!) = P,

where [ag : a; : --- : a;] € P* corresponds the principal ideal I = (apx* +
alxk_ly +---+ akyk) € (IP’I)U‘], and to the set of roots (with multiplicity) V(I) €
Sym*(Ph).

We will describe the matroid stratification on (P1)*] via vanishing loci of sec-
tions of line bundles. For convenience, we note that the sheaf @(n) on P is iden-
tified with the sheaf Sym* (P!) of Si-symmetric functions in k pairs of variables
X1, Y1, - - - » Xk, Yk, bihomogeneous in each pair of variables of degree n. Also, the
tautological line bundle Z; on (P")¥] (see (1)) is identified with the bundle O(—1)
on P¥.

3.1. The correspondence between Schur polynomials and subsets of monomials

We introduce the following version of Schur polynomials, bihomogenized in each
variable.

Definition 3.1. Let k > 1. Let A = (A1, ..., Ay) be a partition, in nonincreasing
order, with ¢ < k parts. We write A; = 0 for ¢ < i < k. The bihomogeneous Schur
polynomial s, in k variables is defined by

A +h—1,004k—2, . 2 +0) (XT5 Y1 v+ oy Xks Vi)
Ak—1,k=2,..,0) (X1, Y1, -+ Xky V)

SA (X1, Y1, X2, Y25 ooy Xk, V) =

where

li =
A1y 1y, i) (K15 V1, X2, V2, -y Xk, i) = det(x[ y; ™)
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is the Vandermonde determinant.
Similarly, the bihomogeneous elementary symmetric polynomials e

are defined by

i,y xoy) = Y [Tx [

AC[klicA i¢A
[Al=j

Note that s, is bihomogeneous of degree A and e; is bihomogeneous of degree 1in
each pair of variables x;, y;. To avoid confusion, we point out that eg = y1 - - - yk.

Notation 3.2. Schur polynomials in k variables are indexed by partitions with at
most k parts, or alternatively by Young diagrams that fit inside a k x oo rectangle.
Since Young diagrams also appear in this paper in relation to monomial ideals, we
distinguish them as follows. We draw Young diagrams related to Schur polynomials
with the longest row on top (English notation), as opposed the way we have been
drawing monomial ideals (French notation).

We now give a correspondence between Young diagrams and sets of monomials.

Definition 3.3. Fix &, k > 1. Let X be a partition whose Young diagram fits inside
the k x h rectangle in 72, (That is, A has at most k parts, and A1 < h.) The width-h,
height-k rim path of A is the lattice path P;"* in Z2 that begins at (2, 0), and follows
the edge of the Young diagram down and to the left until it reaches (0, —k). We
indexthestepsofP;”k byi=0,...,h+k—1.

The width-h, height-k monomial set of X is the set

Uk = (MR e Monyg— i €0, h+k — 1)

such that the ith step of P)f’ *is vertical}.
The definition is illustrated on the left in Fig. 2. Note that )Uf ’k‘ =k.

Remark 3.4. The operation of taking the width-4, height-k monomial set has a clear
inverse, hence gives a bijection between partitions with at most k parts and A; < h,
and k-element subsets of Mony,;—1 . Thus Proposition 2.15 implies:

Proposition 3.5. For any subset U € Monpx—1,

DW= [\ DWh.
UM oU

We show how to visualize Proposition 3.5 in an example.

Example 3.6. Let h = 7and k = 5. Let U = {x'!, x0y3, x2y%}. If A is such that
UCU Z ’5, then the Oth, 5th, and 9th steps of PZ > are vertical. Concretely, this says

precisely that the dashed red segments in Fig. 2 are not in PZ 3, (This also disallows
certain other segments from being in PZ 3; we have shown these as dotted lines.)
Then a partitions A satisfies U € U Z S ifand only if PZ 3 consists of solid segments.
For example, A = (7, 4, 4, 1) satisfies U C UZ’S; PZ‘s is drawn in bold in Fig. 2.
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3.4 4.3 5,2

6 L - = I

zy

y7

Fig. 2. Left: The width-5, height-3 rim path of . = (4, 1) is drawn in bold, and the monomial
setis U (54’31) = {x0y,x2y> y7}. Right: Allowed rim path segments from Example 3.6, with
the example A = (7,4, 4, 1) in bold

By Proposition 3.5, the matroid stratification of (P")] is “generated” (via
taking intersections and complements) by the loci D(U f ’k). Thus the stratification
is entirely determined by the following:

Theorem 3.7. The dependence subscheme D(Uf ’k) c (PH s the vanishing
locus of

eo(x1, .., 0" s (xn, L )
(via the isomorphism (P1)¥1 = Sym* P1),

Remark 3.8. A. Fink independently observed a connection between matroid strata
in (P1)*] and Schur polynomials.

Proof. For notational convenience, in this proof we will write e; for e; (x1, ..., Yr)
and s, for sy (x1, ¥1, ..., Xk, Yk).

Recall the tautological sequences (1). Let f be a nonvanishing local section of
the line bundle Z;. Then in terms of the roots [x1 : y1], ..., [xx : yx], we have

k
f= l_[()’ix —xiy) = eox* —erx* Ty + -+ (= Dy’
i=l

Step 0. Since eg_'\‘sk is homogeneous in yi, ..., Yk, we may instead work with
the negative roots, and write

k
f=T]oix +xiy) =eox* +ex* 'y + -+ eyt
i=1

The lack of signs will simplify Step 2.
Step 1.
By definition, D(U ){' ’k) is the vanishing locus of the section

k k k
oynk € /\ Oh+k—1 = Hom (/\ Span(Uf’k), /\ Qh+k—1>



The matroid stratification of the Hilbert scheme 183

defined as the kth wedge of the chain of maps

Span(U;"*) < Rysk—1 = Qpii—1-

By duality, there is a natural isomorphism

Hom (/\k Span(U"*), /\k Qh+k1>
k v k i\
— Hom <</\ Qh+k1> , (/\ Span(U,~ )> )

The two exact sequences
0= Zptk—1 = Ritk—1 = Qpyk—1 —> 0
and
0— Span(Uf’k) — Riygk—1 = Q-1 = 0

give identifications

Vv
(/\k Qh+k—l> = /\h Thtk—1
k TR hok
(/\ Span(U;" )) = /\ Rii—1/ Span(U;").

Thuso,, i isidentified with the section of Hom (/\ Thik—1, /\ Rhti— 1/Span(U§' k))
deﬁned as the A-th (top) wedge of the chain of maps

A B
Thik—1 = Risk—1 = Ripk—1/ Span(U"F), 3)

i.e. det(B o A). Note that
Hom /\ Ih+k—1,/\ Rin+k—1/ Span(U, ™)
~ h h h.k
2 Hom /\ Rn-1 @ Ly), /\ Rhutk—1/ Span(U, ")

h h
= Hom ( N R "\ Rh+k_1/Span<Ui“">)
= @) = om),

Step 2. By principality,
there is a natural multiplication isomorphism

Ry 1 ®@ZLy — Tpyk—1.



184 R. Silversmith

The inclusion A from (3) has the following matrix X 4 with respect to the basis
{m ® f : monomials m € Rj,_1} for Z4+r—1 and the monomial basis for Rj4y_1
(ordered such that larger powers of x appear first):

egc 0 ---00
et e ---00
e €] ey O
. R
(. N0=jsh—1 o _
Xa= (eb—1)05b5h+k—l = . )
e ex—1 - e e
0 (97 e
o e
0 0 ---0 e

The (square) matrix X p,4 of B o A is obtained by deleting the rows corresponding
to elements of U f * LetX 504 De the matrix obtained by reversing the order of the
rows and the order of the columns in X pg,4. Define by, ..., by—; so that the i-th
row of X'y, is the b;-th row of X 4.

Note that rows of X',  , correspond to rightward steps in the reversed width-h,
height-k rim path of A—that is, to columns in the Young diagram of A. The i-th
row of X;foA (starting with i = 0) has entries ey, , es, 11, ..., e¢;+n—1, Where

G =k —i—#b<b:xPytIb e ylthy,
Since elements of {b < b; : xPy k1=t ¢ U){”k} correspond to upward steps in
the reversed rim path, we see that £; +i = k — #{b < b; : xbyh+k_1_b} is the
i-th entry of the conjugate partition A’. (Here A’ is taken to have exactly A entries,

some of which may be zero.) Thus X’BOA = (e/\§+,i—i)?,;i0' Note that £; +i =0

for .1 < i < h. Expanding the determinant along the last 7 — A1 rows gives
h—2 A
det(Xpoa) =€ det((ek§+j—i)i,lj=0)-

By the second Jacobi-Trudi formula, det(X po4) = £det(Xp_,) = :teg_kl Sh.
O

Remark 3.9. If A > 0, then expanding the Jacobi-Trudi formula gives
s) = el)(\ks(kl7)\;(,)»27)\;(,...,);;(_17)Lk)(x1a ey V).
In particular, Theorem 3.7 now implies that
D(Uf’k) = V(eg_klezksm—xk,xz—;\k ,,,,, Mot —r0) (s s V).
This is a manifestation of Proposition 2.16.

Remark 3.10. Theorem 3.7 reduces all questions about the matroid stratification to
questions about the intersection theory of Schur polynomials — however, it appears
that intersection theory of Schur polynomials has not been actively studied.



The matroid stratification of the Hilbert scheme 185

Remark 3.11. If k = C (or more generally if k is uncountable and algebraically
closed), it follows from Theorem 3.7 that for a very general point I € (P[],
Trop(1y) is the uniform matroid of the appropriate rank, for all 4. This is a special
case of a forthcoming result by Maclagan and the author, which states that under the
same assumptions on k, a very general point I € Hilb’g w.b) (A?) satisfies Trop(I;) =
Un(d),Mony(a,p) for all d, where (a, b) is any positive grading and # is any Hilbert
function. (Recall Example 2.6.)

Example 3.12. We continue Example 2.14. Fix k > 1 and d > k. By Proposition
3.5 and Theorem 3.7, there is a certain set of Schur polynomials in k variables
whose common vanishing locus is a collection of rational curves indexed by the set
Ny i of binary necklaces with k black and d — k white beads. One may also show
this directly, as follows.

By the analysis in Example 3.6, the Schur polynomials in question are precisely
those s, such that A has at most k — 1 parts, and A; = d — k + 1. The vanishing
of these polynomials is highly non-transverse; however, calculations using the first
Jacobi-Trudi formula show that the ideal they generate is in fact equal to the ideal
J = (hg—k+1, ha—k+2, - - -, hg—1), where h; is the i-th (bihomogeneous) complete
symmetric polynomial, i.e.

k
=30 Iy
.il,..‘,ik'ZO' j=l1
i1+-tig=i
By [2], these polynomials form a regular sequence, so V(J) < (PH is 1-
dimensional, as desired.

One may show directly thatifz1, ..., zx € CP! are distinct vertices of a regular
d-gon centered at 0, then the polynomials gk 41, ..., hg—1 vanishat (z1, ..., k).
This shows that D(U) contains the collection of rational curves in Example 2.14.
One may then show by a degree calculation that the D(U) does not contain any
other points.

3.2. An open problem interlude: the tropical ideal associated to a necklace

Following Examples 2.14 and 3.12, we now pose a natural combinatorial question,
to which we do not know the answer. Let y € Ny i be anecklace with k black beads
and d — k white beads. There is a corresponding curve C,, = C* in D({x?, y4}) C
(PH In fact, as C y 18 a torus orbit (see Sect.4), it has the property that any
I € C, has the same tropicalization Trop(y) := Trop(/). (In other words, Cy, is in
a single matroid stratum; we will see that it may not be an entire matroid stratum.)
For example, see Figs.3 and4.

Question 3.13. Is there a combinatorial algorithm to compute the function y —
Trop(y)?

We do not have a full answer to this question, but we now discuss it further.
Let y € Ngx. We know that {x?, y¢} is dependent in Trop(y). Note that for any
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23yt — x1mayoys +23y5 =0 23y + x1moyorn +23y3 =0 zoyr +21y2 =0

() A L)

Fig. 3. The three elements of Ng > and their tropicalizations. Each equation defines (the
closure of) the corresponding stratum in PHi2l = Sym2 P!

==l ==l BN EN s=l ==
= s N A%Y‘ ENE
S S
AN
] N N | ]
] NN N 7 |
I} i ¥ 5] 1] 1T [}

Fig. 4. The ten elements of Ng 4 and their tropicalizations

d >k, {xd/, yd/} is dependent in Trop(y) if and only if the black beads of y are a
subset of the vertices of a regular d’-gon. Rephrasing this:

Proposition 3.14. Let y € Ny i, and let o be the gcd of the k distances between
consecutive beads in y. (Since the sum of these distances is d, d is divisible by «.)
Then {x? , y*'} is dependent in Trop(y) if and only if d’ is a multiple of d /a.

Note that this explains all circuits in Fig. 3. We also note the following condition,
which implies certain necklaces have the same tropicalization.

Proposition 3.15. Let y € Ny, and let a € (Z/dZ)*. We define ay to be the
necklace obtained by traversing y by jumps of length a. (For example, if y = i:}
then 3y = ﬁ%' = Q). Then Trop(y) = Trop(ay).

Proof. The independence of any k-element set U f *in Trop(y) is determined by the
nonvanishing of an element of C obtained by field operations applied to a primitive
dth root of unity ¢ (namely, the determinant of the associated Schur matrix). This
nonvanishing is preserved by the field automorphism that sends ¢ — ¢¢, which

determines the independence of U f *in Trop(y). O
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Question 3.16. Does the converse of Proposition 3.15 hold? That is, can there exist
Y1, Y2 € Ng such that Trop(y;) = Trop(y2), but y» # ay fora € (Z/dZ)*?
Observe that no counterexamples appear in Figs. 3 or 4.

In order to fully characterize Trop(y), we need to know not only which sets

{xd/, yd/} are dependent, but which sets U f * are dependent.

Let y € Ngyi. Given A a partition with at most k parts, let ng (1) =
{§$i+k_l_l i =1,...,k}. Let {5', e, ;;" be a set of points representing y,
and note that

516t gy =den (T ) /v
where V is a Vandermonde determinant (which is guaranteed to be nonzero
at ¢3', ..., ¢/, If A is such that two elements of 74x(A) coincide, then
S (Cj‘, e §5k) = 0 since two rows of the defining matrix are equal.

On the other hand, if n,4 x (1) contains k distinct elements, then 14 (1) naturally
corresponds to a necklace with k black beads and d — k white beads. In particular,
reordering and scaling 14 x (1) corresponds to reordering and scaling the rows of
the matrix in the definition of 5,(¢;", ..., £;*), which does not affect its rank —

hence, the question of whether y € D(U f ’k) for some y € Ny depends only on
the necklace ny x (1), not A itself. This dependence is, interestingly, commutative
in the following sense.

Proposition 3.17. Let y € Ny such that y = y(A). Then y € D(Uf,’k) if and
only if y(\') € DUEY).

Proof. This follows immediately from det(A) = det(AT). O
Answering Question 3.13 now boils down to:

Question 3.18. Let y; and y; be necklaces. We choose identifications of y; and y»
with k-element subsets {y1 ; } and {y2, ;} of Z/dZ.1s there a combinatorial algorithm

to determine whether the determinant D(yy, y») := det ((; 5 1i¥2.j )f." j=1> vanishes?
Remark 3.19. Experimentally, one may find sufficient conditions for the vanishing
of the above determinant. In particular, one may prove a statement of the follow-
ing form: if a divides d, and the k black beads of y; are distributed “sufficiently
unequally” among the p,-orbits of the dth roots of unity, and the k black beads of
2 are distributed “sufficiently unequally” among the p4,,-orbits of the dth roots of
unity, then D(y1, y2) = 0. However, we do not know of any necessary conditions;
an additional idea would be needed to prove that any determinants are nonzero.

4. Equivariant structure of Hilbg (A") and the T'-graph problem

In this section, we rephrase some of the preceding material in terms of torus actions.
Let k be algebraically closed in this section. The condition of a-homogeneity for
an ideal / is equivalent to the invariance of I under the action of a certain subtorus
of T := (k*)"—specifically, the image of the homomorphism (k*)? — (k*)"
defined by the matrix of exponents a.
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Example 4.1. Theideal (x?y+z°) C k[x, y, z] is homogeneous with respect to the
grading ((3, 0), (0, 6), (1, 1)). This ideal is invariant under elements of T = (k*)3
of the form (13, Ag, X142), which act on the polynomial x?y + z® by multiplication
by A81S.

The torus T acts on Hilbg (A") with stabilizers isomorphic to 7'/ (k*), so the
dimension of any 7-orbit T - [ is at most r — b (by nondegeneracy). There is a
stratification of Hilbz (A") by T-orbit dimension; it is easy to check that the (finite
set of) monomial ideals with graded Hilbert function /4 are the T-fixed points.

If b = r — 1, then for every h and a, every T-orbit in Hilbg (A") is either
a monomial ideal or is isomorphic to 7/ (k*)? = k*. Each 1-dimensional orbit
T - I has two “endpoints;” these are initial monomial ideals of / with respect to
appropriate term orders. (When r = 2, the two term orders are x > y and y > x.
See [6].)

Observation 4.2. Since Trop(I) is defined in terms of supports of polynomials,
and T acts by multiplying coefficients by nonzero scalars, we always have Trop(T -
I) = Trop(I). In particular, every dependence locus and stratum of the matroid
stratification is T-invariant. As initial ideals inL(I) are defined via supports of
polynomials, they are recoverable from Trop(1), as in the following definition.

Definition 4.3. Let M = (E, r) be a matroid, and let < be a total ordering on E.
The initial matroid of M with respect to < is the matroid in<(M) = (E, r’) whose
circuits are {min<(c) : ¢ a circuit of M}. (It is a straightforward exercise to check
that these circuits define a matroid. In fact, in< (M) is a discrete matroid, i.e. every
element of E is either a loop or a coloop of in<(M).)

If # is a tropical ideal, and < is a monomial order, then the initial tropical
ideal of M is defined by in<(.#); = (in<(#y)).

Notation 4.4. When r = 2, there is a natural term order x < y. When drawing a
tropical ideal .#, we color-code each monomial m as follows:

o Blue and horizontally striped if m is not a circuit of in<(.#), and
e Red and vertically striped if m is not a circuit of iny (Z).

More simply, a box is blue if it does not contain the bottom-right-most dot of any
line segment, and red if it does not contain the top-left-most dot of any line segment.

The T-graph problem (see [1]) asks which pairs of T'-fixed points in Hilbg (A")
are endpoints of a 1-dimensional 7 -orbit. The problem has been studied extensively
[1,3,4,6,8]. An algebraic algorithm via Grobner theory for generating the 7' -graph
was given in [1] and later implemented as the TEdges Macaulay2 package [9];
given two monomial ideals M and M>, the algorithm produces equations that cut
out the “edge scheme” E(M;, My) C Hilbﬁ (A") consisting of ideals I such that
M and M> are the endpoints of T - I. By the observation above, E(M1, M>) is a
union of matroid strata.

Recall (Example 2.2) that if & has finitely many nonzero entries, there is an
(equivariant) embedding Hilb? (A") < (A")[Xd @] 1n particular, (A")") con-
tains every multigraded Hilbert scheme Hilbg (A"), where ), h(d) = n and a is
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(1,2,2,1,1,0,...
bay

Fig. 5. The T-graphs of Hil ) and (A2)[7]

arbitrary, as a closed subscheme. If » = 2, then any non-monomial ideal is homo-
geneous with respect to at most one positive grading. Thus the T -graph problem for
(A?)l"] is equivalent to the T-graph problem for every multigraded Hilbert scheme
Hilb! (A?), where Y, h(d) = n.

Example 4.5. In Fig. 1, the colored boxes signify that the two endpoints of T - [

are (x°,x3y2,y3) and (x3, xy*, y°). Thus I is a point of the edge scheme
1 (1,2,3,3,3,1,0,...

E(E. BF) < Hib| ] (A% € aH1

1,2,2,1,1,0,0.... .
21,1) )(A2) is
equivariantly isomorphic to P! x P! with the diagonal action of k*. On the left in

Fig.5 is its T-graph, drawn in thick black lines, and on the right is the 7'-graph
of (A%)!7!, with the corresponding edges thickened. The gray curves on the left
are intended to depict the 1-dimensional family of T -orbits that correspond to the
single diagonal edge in the T-graph. (The edges of the outer rectangle correspond
to single 1-dimensional 7 -orbits.) There are ten matroid strata:

Example 4.6. One may compute using TEdges that Hilb

o The four monomial ideals,

e The four black edges of the outer rectangle,

e The red curve, representing ideals of the form (x%2 —c%y?, xy? +¢y3, y%), and

e The open stratum, representing ideals of the form (x2 + c1xy + (c1c2 —
)y xy* + c2y°, y%) with ¢1 # 0.

By viewing T -orbit-closures as rational curves in Hilbg (A"), and using machin-
ery of unbroken stable maps [12], one may associated to each multigraded Hilbert
scheme (or edge scheme, or intersection of dependence loci) a moduli space

M: (A7), which roughly parametrizes T -orbit-closures and their degenerations.
(More specifically, the moduli space parametrizes T-invariant maps f : C —
Hilbﬁ (A"), possibly ramified, from nodal rational curves to Hilbﬁ (A"), such that f
is locally T-equivariantly smoothable at every node of C.)

Example 4.7. In Example 4.6, NE}jf;z’l’l’O““)(AZ) = P!, with two points corre-

sponding to the two degenerations of orbits into nodal rational curves (unions of
. . —(1,2,1,0,... ~ . L.
orbits). Another example is MEI,I) )(Az) = P(2, 1), a weighted projective

stack. The orbifold point corresponds to a family of 1-dimensional orbits whose
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limit is a doubled line. (In fact, Hile}’%l’O’”') is equivariantly isomorphic to P?

with the k*-action A - [x : y : z] = [Ax : A_ly : z]. The orbits are conics xy = cz?,

and the doubled line above is the limit ¢ — 00.)

Example 4.8. Consider again Example (2). and let y € Ny . Suppose y has order

d' rotational symmetry, where d’|d.. Then the element {j/ d € C* = T acts trivially
on the T-orbit in D({xd, yd}) c (PH¥] agsociated to y,and T acts with weight
d’ on this orbit. It follows that the moduli space M associated to D({x?, y¢})
contains a single orbifold point with isotropy group Z/d'Z corresponding to y.
Altogether, M is isomorphic (as a stack) to the moduli space of necklaces Ny =

Example 4.9. Using TEdges, we compute that the moduli space associated to the
E ( b % ) is a single point.

However, this moduli space has “empty interior,” in the sense that E ( %ID , % )
is actually empty, and the point in question corresponds to the nodal union of two
T -orbits, with the node mapping to %ﬂ

Question 4.10. The moduli spaces defined above have essentially not been studied.

We ask, for example: Is /\_/!Z (A?%) smooth (as a stack) for all a and /? Rational?
What about the moduli spaces associated to edge schemes? (From Example 2.14,
these may be disconnected.)

Note that in light of Mnév’s universality theory, the moduli spaces associated
to arbitrary matroid strata-closures are expected to be arbitrarily badly-behaved.

5. Applications to finite-length Hilbert schemes
Finally, we give a way to apply Theorem 3.7 to the T -graph problem for Hilbg’ (A?).
First we need the following, which is quite useful for working with initial ideals.

Lemma 5.1. Let M = (E, ry) be a matroid, and let < be a total order on E.
Let B<(M) be the set of coloops of the (discrete) initial matroid in<(M) (in other
words, B<(M) is the unique basis forin<(M)), and let B» (M) be the set of coloops
of in- (M).
Let m € E, and suppose
|{m" € B<(M) :m' < m}| — |{m" € B-(M) : m" < m}|
< |{m" € B<(M) : m’ = m}]|
—|[{m" € B(M) : m" = m}|. ®)

Then m is either a loop or a coloop of M.

Proof. The following are easy to check using matroid contraction and deletion
operations:

[{m' € B<(M) :m’ <m}| =r({m" € E:m’ <m})
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Fig. 6. Tropicalizations of I = (x2 — y2) (left) and I + (x3) (right)

|{m' € B(M) :m' <m}| =r(E)—r({m’ € E:m' > m})
|{m' € B<(M):m' = m}| =r(E) —r({m" € E :m' < m})

|{m' € Bo(M):m' =m}| =r({m' € E:m' = m}).

Note that r({m’ € E : m' <m})+r({m’ € E : m’ = m}) > r(E), with equality if
and only if M is the direct sum of matroids on the groundsets {m’ € E : m’ < m}
and {m’ € E : m' = m}. Similarly, r({m’ € E :m' <m}) +r({m' € E : m' >
m}) > r(E), with equality if and only if M is the direct sum of matroids on the
groundsets {m’ € E : m’" < m} and {m’ € E : m’ > m}. Thus the left side of
(5) is nonnegative, the right side is nonpositive, and both are zero if and only if
M is a direct sum of matroids on the groundsets {m’ € E : m’ < m}, {m}, and
{m’ € E : m" = m}. Thus m is either a loop (if the summand on {m} has rank zero),
or a coloop (if that summand has rank 1). O

We apply Theorem 3.7 via the observation that one can obtain a finite-colength
ideal from a principal ideal by adding an appropriate monomial ideal: if [ is a-
homogeneous, and N is a monomial ideal, then 7 4+ N is also a-homogeneous. (Of
course, not all finite-colength ideals can be obtained this way, e.g. (x> — xy, xy —
yz, x3) cannot.)

Example 5.2. Consider I = (x2 — y2) € PHIH. If N = (x3), then I + N =
(x2—y?2, x3) is anideal of colength 6, with tropicalization shown in Fig. 6. Note that
adding N does not commute with taking initial ideals; for example, iny ., (1) +N =
() + (&%) = (x?), while in, ., (1 + N) = (x?, xy%, ).

Definition 5.3. A homogeneous ideal / € R is PPM (short for principal plus
monomial) if I = (f) + N for some f € R homogeneous, and some monomial
ideal N.

The analogous operation of matroids is the “looped contraction.” (We do not know
of a standard term for this operation.)

Definition 5.4. Let M = (E,r) be a matroid, and let § € E. The contraction
M /S of M at S is the matroid with groundset E \ S whose circuits are the minimal
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elements of {S' N (E \ S) : S acircuit of M}. In other words, for T C E \ S,
rmys(T) =rmu(SUT) —ry(S).

The looped contraction M = S is the matroid M - S = M /S @ Uy s, where
Up,s is the uniform matroid from Example 2.6. Note M = S has groundset E and
rank (M) — r(S), and elements of S are loops in M —+ S. The rank function is
given, for T C E, ry-s(T) =ry(SUT) —ry(S).

Let.# be atropical ideal, and let N be amonomial ideal. The looped contraction
M — N of A at N is the tropical ideal defined by (# ~ N)y = My = S4, where
Sy is the set of monomials in Ny. It is straightforward to check that .#Z + N is a
tropical ideal.

A tropical ideal .# is tropically principal if it has the Hilbert function of a
principal ideal, i.e. if there exists ¢ € ZZO such that

tk(.A#y) = [Mong(a)| — [Mong_.(a)|

foralld e ZI;O. (We say . is generated in degree c.) A tropical ideal .# is PPM
if there exists a tropically principal tropical ideal .#’ and a monomial ideal N such

that # = 4"+ N.
A straightforward calculation using the rank function in Definition 5.4 yields:

Proposition 5.5. For any homogeneous ideal I and any monomial ideal N,
Trop(I + N) = Trop(I) ~ N.

Corollary 5.6. Let .# be a tropically principal tropical ideal, and let N be a
monomial ideal. Then I — I + N defines a morphism S(#) — S(# = N).
(Note that S(# - N) lies in a single multigraded Hilbert scheme.)

Corollary 5.7. Let J C R be an ideal. If J is PPM, then Trop(J) is PPM.

The converse of Corollary 5.7 does not hold:

Example 5.8. Let k = C. The tropical ideal .# in Fig.7 is PPM, since .# =
Trop((f) + N), where f = x> +x%2y +2xy> +y> and N = (x*, x3y2, x2y3, yH).
(It is straightforward to check that the roots of f do not differ by 4th roots of unity,
hence f ¢ D({x4, y4}). This implies that Trop(( /) + N )4 has rank 1, as shown.) On
the other hand, we also have .# = Trop(((x—y)(x—iy)(x+Y), x3y+2x2y?)+N),
as follows. Since ((x —y) (x —iy)(x+y)) € D({x*, y*}), Trop(((x —y)(x—iy)(x+
¥)) + N)4 has rank 2, and adding x3y + 2x2y? reduces the rank to 1. (It is again
easy to check that neither ideal contains any extra monomials in degree 4.)

Lastly, we observe that ((x — y)(x —iy)(x +y), x3y + 2x2y2) + N is not PPM.
If it were, it would necessarily be generated in degree 4 by {x(x — y)(x —iy)(x +
V), y(x — y)(x —iy)(x + y), x*, y*}; these span too small a subspace.

The following is the key observation for applying Sect. 3 to Hilbert schemes of
finite-length subschemes.

Lemma 5.9. Let I = (f)+ N be a PPM ideal. Let U C N, be a set of monomials
such that |U| > rrwop(f)) Mong(at, a2)) — rwopyMong(a, az)). Then (f) €
D).
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Fig. 7. A tropical ideal that is the tropicalization of both a PPM ideal and a non-PPM ideal

Proof. By Proposition 5.5,

Trop(r) Mong (a1, a2)) = rrvop((f)) Mong(ay, a2)) — rrrop((f)) (Na)-

By assumption,

U > rrvop((fy)Mong(ai, a2)) — rrop(ry(Mong (ay, az))
= Trop((£)) (Nd) = T'Trop((£) (U),

so U is dependent. O

Remark 5.10. One can apply Lemma 5.9 as follows. Often, it can be argued that
a given matroid stratum (or edge scheme) & must consist only of PPM ideals.
In this case, recording the nonmonomial generator (where monomials in N are
given coefficient zero) defines a natural embedding from S to a Hilbert scheme
Hilb! (P 1) = PV of principal ideals. Lemma 5.9 then says that the embedding
factors through (), D(U) < Hilbg (P"~1), where U runs over sets satisfying the
condition in the hypothesis.

We conclude by illustrating this method in our running example, Example 2.14.

Theorem 5.11. Let k > 1 and dy > k. Let M (resp. M>) be the partition whose
Young diagram is an dy x k (resp. k x do) rectangle. Then the edge scheme
E(M,, M>) C (A2)ldok] j¢ isomorphic to D({x%, ydo}) c (PHM ie. it consists
of a collection of rational curves, indexed by necklaces with k black and dy — k
white beads, all of which meet at two points.

Proof. First, we argue that any ideal 7 in the edge scheme E (M1, M>) is PPM,
with nonmonomial generator in degree k. Note that the Hilbert function of M and
M> with respect to the grading (1, 1) is

1,2,....k,k,....,k,k—1,...,1,0,0,...)
N ——’
do—k+1
d+1 0<d=<k-1
k k<d<dy—1
do+k—1—-ddy<d<dy+k—-1
0 d>dy+k—1.
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Ford <k—1,diml; =0.Fork <d <dy—1,diml; =d + 1— k, which
implies I is spanned by the d + 1 — k linearly independent monomial multiples
of the generator of I.

Fordy < d < dy + k — 1, I; contains the d + 1 — k monomial mul-
tiples of the generator of Ii, as well as the d — dyp + 1 consecutive monomi-
als x4, x4y, ... x%yd=d by Lemma 5.1. Since d — dy < k, by an upper-
triangularity argument, these (d + 1 — k) + (d — do + 1) vectors are all linearly
independent. On the other hand,

dml; =2d —k—do+2=d+1—-k)+(d—dp+1).

In particular, if f is a generator of I, we have shown that I = (f) + (x%), hence
is PPM. (This is from the case d = dj.)

Next, we apply Lemma 5.9. Again by Lemma 5.1, y% € I, so we may as well
write [ = (f) + (x%, y%). Let U = {x%, y%}, and note that

2 = |U| > rrop((f)) Mong,) — rrop(ry(Mong,) =k — (k — 1) = 1.

ByLemma5.9, f € D(U). This shows that M (M, M2) C Ny, k,and the opposite
inclusion follows immediately from counting ranks in each grade. O

Theorem 5.11 immediately generalizes, with the same proof, to the case where
M and M, are both “cut off” in some degree d; > dj. For example, M(M1, M) =
Ne 4, where

M, = My= [
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