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a b s t r a c t

The conventional power flow formulation is based on a single slack bus model, which may not
necessarily provide accurate values for minimum generation cost and minimum power losses. On the
other hand, distributed slack buses, which are used to distribute the slack power (power mismatch)
among different voltage-controlled buses, can overcome this problem. A cooperative game theory-
based approach is proposed in this paper to calculate active power participation factors to distribute
slack active power among different participating generators. In the first stage, the worth (or value) of
individual participating generators and their coalitions are computed. In the second stage, the Shapley
value, which is one of the solution concepts of cooperative game theory, is used to calculate the
participation factors of individual participating generators. The participation factors are then used to
distribute the mismatch power among different generators. The effectiveness of the proposed approach
is demonstrated through case studies on the IEEE 14-bus, IEEE 30-bus, and IEEE 57-bus systems.
The results show that the cost of generation and power losses are reduced in case of systems with
distributed slack buses compared to that with a single slack bus.

© 2022 Elsevier Ltd. All rights reserved.
1. Introduction

During the formulation of power flow problems in power
ystems, a slack bus, also referred to as a swing bus or reference
us, serves as a reference for the calculation of voltage angles
nd compensates the difference between the net power injected
nto the system at other buses and the total system load and
osses [1]. In conventional power flow calculations, the slack
us has merely been regarded as a mathematical entity without
inking it with the actual operation of the power system [2].
n real power system operation, the total power mismatch (or
ower loss) is compensated by several geographically dispersed
enerators instead of one generator that is regarded as a slack
us. Moreover, the integration of distributed energy resources
nd electric vehicles into power systems has led to the increased
ncertainty in power system operation and load demand [3].
he unexpectedly increased load demands of residential and fleet
f electric vehicles are also affecting the power system opera-
ions [4,5]. Therefore, a distributed slack bus has been proposed to
ppropriately represent the practical operation of the power sys-
em. Distributed slack buses, which are used to more accurately
istribute power mismatch among different voltage-controlled
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buses, can help distribute the slack power among different gen-
erators, which results in producing more accurate results and
reducing total generation cost and power losses. Also, distributed
slack buses can help in accurately quantifying economic impacts
of generators on power system operation [6–9].

In addition to the objective of treating the mismatch power
more realistically through dividing it among distributed slack
buses, distributed slack buses can also be regarded as an al-
ternative for optimal power flow (OPF) in transmission level
networks [10], which is explained as follows. OPF represents
the problem of determining the optimal set-points of generators
to meet the overall system demand including losses, with the
objective of minimizing the overall operating cost. From the
perspective of distributed slack buses, if participation factors are
computed based on the operating cost of each generator, sharing
of mismatch power can be allocated to each generator which
can result in minimum operating cost. Furthermore, the design
and development of operation and control schemes require the
foundation of distributed slack buses to achieve the objective of
accuracy in power flow results. These applications include active
power management in active distribution systems and proper
evaluation of locational marginal prices [11]. Therefore, the par-
ticipation factors, which denote the amount of active power that
needs to be contributed by each generator, should be calculated
to distribute the slack power among the participating generators.

Different approaches have been presented in the literature to
compute participation factors of distributed slack buses. Several
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Nomenclature

N Set of players of a cooperative game
V ,W Characteristic functions
S A coalition that is subset of N
2N Possible set of coalitions
α Payoff vector
{i} Singleton or unit set of player j
S\{i} Coalition set without player i
ψi Shapley value of player i
n Number of players or generators
N Number of buses
Pi Active power injection at bus i
Qi Reactive power injection at bus i
Ṽk Phasor voltage at bus k
Ṽ ∗k Complex conjugate of the phasor volt-

age at bus k
Vi Voltage magnitude at bus i
C Total generation cost function
Cj Generation cost function of generator j
Pgj Active power of generator j
αj, βj, γj Cost coefficients of generator j
Ploss Total active power loss of the system
θik Voltage angle difference between bus i

and k
Yik Element of the bus admittance matrix

corresponding to the ith row and the jth
column

Gik Real part of Yik

Bik Imaginary part of Yik

ψ
eqv
j Equivalent Shapley value of jth genera-

tor
πj Participation factor of jth generator

factors such as machine inertia, droop characteristics of generator
governors, and frequency control participation factors can influ-
ence the determination of the participation factors [2]. The com-
putation of participation factors of substations and distributed
generators (DGs) having sufficient adjustable power output based
on the concept of generator domain has been presented in [12].
Also, the work presented in [12] discusses the integration of
a participation factor model for distributing the slack bus onto
unbalanced distribution power flow solvers. In [13], two differ-
ent methods based on network sensitivities and the concept of
generator domains have been presented to calculate the partic-
ipation factors for a three-phase distribution power flow with a
distributed slack bus model. Moreover, the work in [13] has con-
cluded that participation factors computed based on the afore-
mentioned methods may vary significantly and that the three-
phase power flow model with distributed slack buses will impact
several analyses at the distribution system level such as capac-
itor and DG placement, network reconfiguration, and economic
analysis. In [14], a generation domain-based technique has been
proposed to determine the contribution of each generator to
the slack power and the losses in power systems. Additionally,
authors of [14] have proposed that the method can solve difficult
pricing and costing problems in the electricity supply industry in
addition to ensuring transparency in the operation of transmis-
sion systems. In [15], the participation factors of distributed slack
buses have been computed by performing perturbation analysis
in classical economic load dispatch problems. The work in [15]
2

also modifies the load-flow formulation to obtain a load-flow
participation factor, which can be used to solve economic load
dispatch problems. In [16], an approach that combines reliability
and cost criteria has been proposed to compute participation
factors of distributed slack buses.

Game theory-based approaches (both cooperative and non-
cooperative) have been successfully applied in various fields of
power systems. These applications include power system relia-
bility enhancement, loss allocation, and transmission expansion
planning [17]. In [18], a game theory-based comparative analysis
has been presented and the valuation of demand aggregators has
been examined in terms of aggregation of both flexibility and
information. Also, a potential game has been developed in [18] to
analyze the system under the scenarios of complete and incom-
plete information. The applications of cooperative game theory
in power system expansion planning have been reviewed in [19].
Also, the work presented in [19] analyzes several prospects and
challenges of cooperative game theory-based approach including
scalability and non-convexity of cooperative games. In [20], a
cooperative game theory-based approach has been proposed to
determine optimal sizes and locations of distributed energy re-
sources. A cooperative game theory-based approach for participa-
tion of active distribution systems in secondary frequency regula-
tion has been proposed in [21]. In [22], a game-theoretic approach
based on computing the locational marginal price at each bus
has been proposed for reliability enhancement and power loss
reduction in active distribution systems and microgrids, where
each player of the game receives economic incentives when sys-
tem reliability is improved and power loss is reduced. In [23], the
gaming problem of incentive-based demand response program
has been addressed using a probabilistic approach. A coopera-
tive game theory-based approach has been proposed in [24] for
under-frequency load shedding control. During the formulation
of distributed slack buses model, the cooperative game-theoretic
approaches based on the Shapley value ensure that the slack
(or mismatch) power is distributed among different generators
taking into account their marginal contributions. Therefore, this
paper investigates the cooperative game-theoretic approach to
compute participation factors of distributed slack buses.

This paper proposes a cooperative game-theoretic two-stage
approach to compute participation factors that are used to dis-
tribute the slack active power among different participating gen-
erators. In the first stage, the worth or value of each coalition of
participating generators is computed. For computing the worth
of individual participation generators and their coalitions, the
power flow analysis is performed, and the total generation cost
of participating generators and active power loss of each coali-
tion are calculated. In the second stage, participation factors of
individual participating generators are computed based on the
Shapley values and these factors are used to distribute the total
slack (or mismatch) power among participating generators. The
effectiveness of the proposed approach is demonstrated through
case studies on several standard IEEE test systems.

The rest of the paper is organized as follows. Section 2 explains
he concept of cooperative game theory along with the Shapley
alue. Section 3 presents the formulation of the cooperative game

model, which is essential for the computation of participation
factors of distributed slack buses. Section 4 describes the pro-
posed approach of calculating participation factors of distributed
slack buses. Section 5 provides the evaluation of the proposed
approach through case studies on the IEEE 14-bus, 30-bus, and

57-bus systems. Finally, the conclusion is provided in Section 6.
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. Shapley value in cooperative game theory

A game can be categorized into a cooperative or non-cooper-
tive game in game theory. There is no cooperation or coalition
etween players in non-cooperative games, whereas there is a
ooperation or coalition between players in cooperative games.
ach player in cooperative games can establish alliances with
ther players to maximize their rewards. Because players form
oalitions to increase their individual incentives, a coalition must
lways result in incentives that are equal to or larger than the
ndividual player’s incentives. We employ cooperative games in
his work with the purpose of increasing grid benefits; therefore,
e will only discuss and use cooperative games.
Each cooperative game has three components, which are as

ollows [17]:

1. A finite set of players, denoted by N .
2. A set of coalitions that a player can form.
3. Preference of each player over all possible coalitions.

Value or worth of each coalition in the cooperative game is
epresented using a characteristic function, where a characteristic
unction is the total utility of all members of the coalition. The
haracteristic function can be represented as V (S), where S is
coalition. The characteristic function is a real-valued function

i.e., V (S) : 2N
→ R) with an empty set having zero value

i.e., V (φ) = 0). The total payoff or incentive is distributed among
he players using solution concepts including the Shapley value,
he Nucleolus, and Nash-bargaining solution.

.1. The core of a cooperative game

In game theory, the core refers to the set of feasible allocations
hat cannot be further improved through any other coalitions.
enerally, outcomes of a cooperative game are specified as n-
uples of utility: α = {αi

: i ∈ N }, called payoff vectors that
re measured in a common unit of money [25]. The core of a
ame is defined as the set of payoff vectors that are feasible
nd coalitionally rational. In other words, the core is the set of
mputations under which no coalition has a value greater than
he sum of its members’ payoffs. In other words, the core is the
et of imputations under which all sets of coalition have values
ess than or equal to the sum of its members’ payoffs. Thus, α is
ore if and only if [25],

.eS ≥ V (S),∀S ⊂ N (1)

.eN = V (N ) (2)

here eS denotes the vector of size n with eSi = 1 if i ∈ S and
S
i = 0 if i ∈ N − S.

.2. The shapley value

Shapley value, which is one solution concept of cooperative
ame theory, assigns a unique payoff vector that is efficient, sta-
le, symmetric, and satisfies monotonicity [26]. The Shapley value
llocates the payoffs in such a way that is fair for cooperative
olutions. The Shapley value of a cooperative game is given as
ollows [27].

i(V ) =
∑

S∈2N ,i∈S

(|S| − 1)!(n− |S|)!
n!

[V (S)− V (S\{i})] (3)

where n = |N | is the total number of players.
The Shapley value satisfies the following axioms [27]:
3

Fig. 1. Layout of the proposed cooperative game theoretic approach.

1. Efficiency: The efficiency axiom states that the sum of the
Shapley values of all players is equal to the worth of grand
coalition, so that the total gain is allocated among the
players, i.e.,

∑
i∈N ψi(V ) = V (N ).

2. Individual Rationality: This axiom states that the Shapley
value of each player should be greater than or equal to its
individual worth, i.e., ψi(V ) ≥ V ({i}),∀i ∈ N .

3. Symmetry: This axiom states that the players contributing
the same amount in every coalition should have the same
Shapley values. If j and k are such that V (S∪{j}) = V (S∪{k})
for every coalition S not containing j and k, then ψj(V ) =
ψk(V ).

4. Dummy Axiom: If j is such that V (S) = V (S ∪ {j}) for every
coalition S not containing j, then ψj(V ) = 0.

5. Additivity: If V and W are characteristic functions, then
ψ(V +W ) = ψ(V )+ ψ(W ).

3. Cooperative game model

A cooperative game model is formulated to compute the par-
ticipation factors of distributed slack buses. Fig. 1 shows the
layout of the proposed cooperative game-theoretic approach. In
this paper, the task of computing participation factors of gener-
ators at distributed slack buses is regarded as a game. Since all
generators should work in a coordinated manner for the determi-
nation of efficient participation factors, the game is a cooperative
game. As explained in Section 2, a cooperative game is defined
with a finite set of players and characteristic functions, which are
essential to determine Shapley values of players. In this paper,
two types of characteristic functions are implemented for the
cooperative model. The first characteristic function is the total
generation cost of participating generators, and the second char-
acteristic function is the total active power loss. Using each of
these characteristic functions, two Shapley values are computed
for each participating generator using (3) and the equivalent
Shapley values are determined by taking their average.

While determining the equivalent Shapley values, weighted
average of the two Shapley values could be used. However, in the
paper, equal weights are given to both Shapley values by taking
the average to maximize benefit by lowering both generation cost
and system power losses.
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Fig. 2. Different modules of the proposed approach.
V

The cooperative model formulation for the proposed approach
an be enumerated as follows.

1. Collect system data including generation data, transmis-
sion line data, load data, etc., which serve as input to the
cooperative game model.

2. Generate the list of all possible coalitions of generators. For
example, if three generators (G1, G2, and G3) are participat-
ing in the process of computation of participation factors
of distributed slack buses, the set of all possible coalitions,
denoted by 2N , is as follows. 2N

= {φ, {G1}, {G2}, {G3},
{G1,G2}, {G1,G3}, {G2,G3}, {G1,G2,G3}}, where φ denotes
an empty set.

3. For each participating generator and its possible coalitions,
compute total cost of generation and total active power
loss. These values serve as the worth of each generator and
their coalitions.

4. Compute two Shapley values, ψ1,i and ψ2,i, of each gen-
erator, Gi, using the characteristic functions determined in
step 3 using (3).

5. Determine the equivalent Shapley value, ψ eqv
i , of each par-

ticipating generator, Gi, taking the average of two Shapley
values computed in step 4.

he generator cooperative model, which is formulated using the
rocedures outlined above, is critical for establishing the partici-
ation factors of distributed slack buses.

. The proposed approach

The proposed cooperative game theoretic approach is ex-
cuted in the central controller shown in Fig. 1. The details
f the modules in the central controller are shown in Fig. 2.

The proposed approach to compute the participation factors of
distributed slack buses is implemented in the following two
steps [28]:

1. Computation of characteristic functions of the game which
maps every coalition of players to a payoff.

2. Determination of participation factors on the basis of the
Shapley values of each participating generator.

The inputs to the proposed cooperative game model are active
power set-points of generators and the system data including line
data, load data, etc. In the first stage (i.e., the computation of
characteristic functions of the game), the power flow analysis is
performed. The general form of the power flow equation can be
expressed as follows:

Pi − jQi = Ṽ ∗i

N∑
YikṼk. (4)
k=1

4

The power flow equation given in (4) can be solved using an
iterative method such as Gauss–Seidel or Newton–Raphson. After
performing power flow analysis, the total cost of generation and
active power loss are computed for each set of coalitions using
(5) and (6), respectively.

V1 : C =
n∑

j=1

Cj(Pgj) =
n∑

j=1

αjP2
gj + βjPgj + γj, (5)

2 : Ploss =
N∑
i=1

Pi =
N∑
i=1

N∑
k=1

ViVk(Gikcosθik + Biksinθik), (6)

where V1 is the first characteristic function and V2 is the second
characteristic function.

Although generators’ quadratic cost functions given in (5) are
used to compute the first characteristic function (i.e., the total
cost of generation), it is to be noted that the proposed cooperative
game model is not affected by the order of the cost function or
the method to compute the generation cost.

In the second stage, Shapley values are computed for each
candidate location using (3), and the equivalent Shapley value
ψ

eqv
j of the jth generator is computed by taking the average of

two types of Shapley values.
To account for load uncertainties, a scenario-based formu-

lation is used to compute characteristic functions and Shapley
values. In the scenario-based formulation, a certain number of
loading scenarios are generated. To make the solution approach
computationally tractable, the generated scenarios are reduced
using the k-means method. Algorithm 1 describes the k-means
method for scenario reduction [20].

The characteristic functions (5) and (6) are computed for all
reduced scenarios. The expected value of the ith characteristic
function is then calculated as follows.

E[Vi] =

K∑
j=1

Pr(j)× Vi(j), (7)

where Pr(j) is the probability of the jth reduced scenario; and Vi(j)
is the ith characteristic function of the jth reduced scenario.

The expected Shapley value corresponding to the ith charac-
teristic function is calculated as follows [29].

ψ exp(Vi) =
∑

S∈2N ,m∈S

(|S| − 1)!(n− |S|)!
n!

[E[Vi(S)] − E[Vi(S\{m}])]

(8)

For the case of including load uncertainties, the equivalent
Shapley value ψ eqv of the jth generator is calculated by taking the
j
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Algorithm 1: k-means method for scenario reduction
Input : Input r data points x(i) ∈ R
nitialize a set of K means µ1, ...., µK ∈ R
o
for i← 1 to r do

C(i) = argmin
j
∥x(i)− µj∥

2

for j← 1 to K do
sum = 0
count(j) = 0
for i← 1 to r do

if C(i) == j then
sum = sum+ x(i)
count(j) = count(j)+ 1

µj = sum/count(j)
while means do not change;
for j← 1 to K do

Pr(j) = count(j)/r
Output: µj, Pr(j),∀j = 1, ..., K

average of two expected Shapley values corresponding to each
characteristic function.

The participation factor, πj, of the jth generator is determined
using (9).

πj = ψ
eqv
j

/ n∑
j=1

ψ
eqv
j , (9)

here ψ eqv
j is the equivalent Shapley value of the jth generator.

ow, for the total mismatch power of ∆P , the change in active
ower of the jth generator can be calculated as follows.

Pgj = πj ×∆P . (10)

The proposed approach (solution algorithm) to determine the
enerator participation factors of distributed slack buses can be
ummarized as follows.

1. Provide system data related to lines, loads, transformers,
and generators.

2. Enumerate all possible coalitions of participating genera-
tors and compute their characteristic functions.

3. Compute the equivalent Shapley value of each generator
and the respective participation factor using (9).

The flowchart of the proposed solution algorithm is shown in
ig. 3.

.1. Application in the case of a liberalized energy market

In a liberalized energy market, the participation generators
ubmit their offers to the Transmission System Operator
TSO)/Independent System Operator (ISO), the TSO/ISO analyzes
ffers from the generating companies along with the bids from
he distribution companies, and the electricity price is deter-
ined after market clearance [30]. The market clearing prices
nd capacities are highly volatile in nature. Due to this reason,
day-ahead or hour-ahead forecast of market clearing prices

nd capacities can be used to calculate the first characteristic
unction based on generation cost. The second characteristic
unction of active power loss, calculated based on (6), is still
pplicable in case of the liberalized energy market. After comput-
ng characteristic functions, the equivalent Shapley values can be
omputed. Finally, the participation factors of distributed slack
us generators can be computed using (9).
5

Fig. 3. Flowchart of the proposed approach.

5. Case studies and discussions

This section presents the evaluation of the proposed approach
through case studies on the IEEE 14-bus, 30-bus, and 57-bus
systems. Two test cases are conducted for each system.

5.1. IEEE 14-bus system

The IEEE 14-bus system consists of 14 buses, 5 generators, and
11 loads with a total generation capacity of 772.4 MW and total
peak load of 259 MW [31]. The cost function and other generator
parameters for this system are given in Table 1. The table also
provides active power set-points of generators for two cases of
the system.

The proposed approach starts by collecting system data in-
cluding generation data, transmission line data, load data, etc.,
which serve as input to the cooperative game model. All possible
sets of coalitions are then enumerated. Since all five generators
of the IEEE 14-bus system are allowed to participate in the game
(i.e., the task of computation of participation factors), 31 sets of
coalitions, except an empty set, are formed, which are shown in
the first column of Table 2. For each set of the coalitions, two
types of characteristic functions, i.e., the generation cost due to
participating generators and active power loss, are computed. The
characteristic functions indicate the value or worth of each set
of coalitions. The characteristic functions serve as motivations
for calculating participation factors. Since slack (additional or
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Table 1
Cost function and other parameters of generators for IEEE 14-bus System.
Generator Location α β γ Generator Active power set-points Active power set-points
number (bus) [$/MW2h] [$/MWh] [$/h] capacity [MW] [MW] for Case-I [MW] for Case-II

1 1 0.043 20 0 332.4 232.4 192.4
2 2 0.250 20 0 140 40 50
3 3 0.010 40 0 100 0 10
4 6 0.010 40 0 100 0 10
5 8 0.010 40 0 100 0 10
extra) power is being distributed among different generators,
worthiness or value of each generator is indicated by the amount
of available capacity of the generator. The slack power cannot be
allocated to the generator that does not have excess available
capacity. Therefore, the difference between generator capacity
(sixth column of Table 1) and active power set-point (seventh
column of Table 1 for Case-I) is utilized to compute Pgj (calculated
based on (11)) and the generation cost, C .

Pgj = ρ × (Generation capacity− Active power set-point), (11)

where ρ is a factor that should be chosen in a way as to avoid
non-convergence of power flow solutions. In this paper, ρ = 0.5
has been chosen.

For Case-I of the IEEE 14-bus system, if only the generator con-
nected to bus 1 is allowed to participate in the game, generation
cost of the system would be 1108 $/h and the active power loss
would be 15.92 MW. The sample generator cost calculation for
the case wherein only the generator connected to bus 1 is allowed
to participate is presented below.

Pg1 = 0.5× (332.4− 232.4) = 50 MW

C1 = α1P2
g1 + β1Pg1 + γ1 = 1108 $/h

If only the generator connected to bus 2 is allowed to par-
ticipate in the game, generation cost of the system would be
1625 $/h and the active power loss would be 12.9 MW. If the
generators connected to buses 1 and 2 are allowed to participate
in the game, its generation cost would be 2733 $/h and the active
power loss would be 12.89 MW. For the coalition of generators
connected to buses 1 and 2, the generation cost is the sum of
individual generation costs. However, the active power loss of the
coalition is less than the sum of individual active power losses.
Similarly, if the generators connected to buses 1 and 3 are allowed
to participate in the game, its generation cost would be 3133
$/h and the active power loss would be 9.76 MW. Similar to the
coalition of generators connected to buses 1 and 2, the generation
cost of the coalition of generators connected to buses 1 and 3 is
the sum of individual generation costs. However, the active power
loss of the coalition of generators connected to buses 1 and 3 is
less than the individual active power losses.

Comparison of these two coalitions shows that the active
power loss of the coalition 1 and 3 is less than that of the coalition
1 and 2. This indicates that the generator connected to bus 3 has
more significant contribution to power loss reduction than the
generator connected to bus 2 whenever they form coalitions with
the generator connected to bus 1. In this way, the worthiness
of each player (i.e., generator) of the game are utilized while
computing Shapley values and participation factors of distributed
slack bus generators. The characteristic functions of all sets of
coalitions computed for Case-I are shown in Table 2. Similarly,
the characteristic functions of all sets of coalitions for Case-II can
be computed.

Based on the characteristic functions, Shapley values of each
generator location can be computed using (3) and the equiva-
lent Shapley values can be computed by taking their average.
For Case-I of IEEE 14-bus system, the equivalent Shapley values
obtained using the proposed approach for distributed slack bus
6

Table 2
Characteristic functions of possible coalitions for Case-I of IEEE 14-bus system.
Coalitions of generator Generation cost Active power loss
locations (buses) [$/h] [MW]

1 1108 15.92
2 1625 12.90
3 2025 9.79
6 2025 11.73
8 2025 10.71
1,2 2733 12.89
1,3 3133 9.76
1,6 3133 11.71
1,8 3133 10.69
2,3 3650 7.56
2,6 3650 9.31
2,8 3650 8.36
3,6 4050 6.50
3,8 4050 5.68
6,8 4050 7.43
1,2,3 4758 7.55
1,2,6 4758 9.30
1,2,8 4758 8.34
1,3,6 5158 6.49
1,3,8 5158 5.67
1,6,8 5158 7.41
2,3,6 5675 4.88
2,3,8 5675 4.12
2,6,8 5675 5.67
3,6,8 6075 3.29
1,2,3,6 6783 4.88
1,2,3,8 6783 4.11
1,2,6,8 6783 5.66
1,3,6,8 7183 3.28
2,3,6,8 7700 2.31
1,2,3,6,8 8808 2.30

locations 1, 2, 3, 6, and 8 are 555.4, 813.1, 1011.7, 1012.6, and
1012.2, respectively, which are shown in the third column of
Table 3. For Case-II of IEEE 14-bus system, the equivalent Shapley
values obtained using the proposed approach for distributed slack
bus locations 1, 2, 3, 6, and 8 are 807.0, 703.7, 909.5, 910.3,
and 909.9, respectively, which are shown in the fifth column of
Table 3.

The participation factors of the generators can then be calcu-
lated using (9). For Case-I of IEEE 14-bus system, participation
factors obtained for distributed slack bus locations 1, 2, 3, 6, and
8 using the proposed approach are 0.1261, 0.1846, 0.2297, 0.2299,
and 0.2298, respectively, which are shown in the fourth column
of Table 3. For Case-II of IEEE 14-bus system, participation factors
obtained for distributed slack bus locations 1, 2, 3, 6, and 8 using
the proposed approach are 0.1903, 0.1660, 0.2145, 0.2147, and
0.2146, respectively, which are shown in the sixth column of
Table 3.

For comparison purposes and to demonstrate the effectiveness
of the proposed approach, the participation factors for distributed
slack buses are computed based on generation capacity (a con-
ventional approach) in addition to that based on the proposed
approach. A power mismatch (i.e., increment in load) of 100 MW
is simulated, and the cost of generation and active power loss are
computed for single slack bus, distributed slack buses (based on
the conventional approach), and distributed slack buses (based
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Table 3
Shapley values and participation factors of generators for IEEE 14-bus system.
Generator
locations
(buses)

Participation
factors
(conventional)

Case-I Case-II

Equivalent
shapley values

Participation
factors (proposed)

Equivalent
shapley values

Participation
factors (proposed)

1 0.4303 555.4 0.1261 807.0 0.1903
2 0.1813 813.1 0.1846 703.7 0.1660
3 0.1295 1011.7 0.2297 909.5 0.2145
6 0.1295 1012.6 0.2299 910.3 0.2147
8 0.1295 1012.2 0.2298 909.9 0.2146
Table 4
Cost of generation and active power loss in case of IEEE 14-bus system for power mismatch of +100 MW.
Approaches Case-I Case-II

Cost of
generation

Active
power loss

Cost of
generation

Active
power loss

Single slack bus 13,299 $/h 27.55 MW 12,739 $/h 21.84 MW
Distributed slack buses (conventional) 12,628 $/h 19.98 MW 12,466 $/h 15.39 MW
Distributed slack buses (proposed) 12,382 $/h 15.88 MW 12,363 $/h 12.51 MW
Fig. 4. Voltage profile for Case-I of IEEE-14 bus system.
n the proposed approach) for both cases of the IEEE 14-bus
ystem. In the single slack bus model, the power mismatch is
aken by a single generator at bus 1, whereas in distributed slack
uses model (both conventional and proposed), the power mis-
atch is shared among all generators according to the respective
articipation factors.
For Case-I, the total generation cost obtained using a single

lack bus, distributed slack buses (conventional), and distributed
lack buses (proposed) are, respectively, 13299 $/h, 12628 $/h,
nd 12382 $/h. The total active power loss obtained using a single
lack bus, distributed slack buses (conventional), and distributed
lack buses (proposed) are, respectively, 27.55 MW, 19.98 MW,
nd 15.88 MW. For Case-II, the total generation cost obtained us-
ng a single slack bus, distributed slack buses (conventional), and
istributed slack buses (proposed) are, respectively, 12739 $/h,
2466 $/h, and 12363 $/h. The total active power loss obtained
sing a single slack bus, distributed slack buses (conventional),
nd distributed slack buses (proposed) are, respectively, 21.84
W, 15.39 MW, and 12.51 MW. These values for both cases are
hown in Table 4. Bar plots showing comparison of total gener-
tion cost and total power loss for both cases are, respectively,
hown in Figs. 6 and 7. Similarly, voltage profiles for the three
pproaches in both the cases are shown in Figs. 4 and 5.
The comparison of the results shows that the generation cost
and the active power loss are reduced, and the voltage profile is

7

improved in the distributed slack buses model where participa-
tion factors are computed using the proposed approach. It is to
be noted that there are no changes in voltages of generator buses
since they are modeled as voltage-controlled buses.

5.1.1. Computing participation factors of distributed slack bus gen-
erators considering load uncertainty

A scenario-based formulation is used to model the load uncer-
tainty for Case-I of the IEEE 14-bus system. During scenario gen-
eration, 1000 normally distributed load scenarios (for 11 loads)
are generated with 15% standard deviation from the base load.
The k-means method is used to generate 20 reduced load sce-
narios. The two types of characteristic functions are computed
for each reduced scenario using (5) and (6). The expected values
of both characteristic functions and the expected Shapley values
are then computed, respectively, using 7. Finally, the participation
factors are computed using (9). After incorporating load uncer-
tainty, the participation factors of distributed slack bus generators
1, 2, 3, 6, and 8 are 0.1261, 0.1846, 0.2297, 0.2299, and 0.2298,
respectively. These results are identical to those obtained without
considering load uncertainty. The results suggest that partici-
pation factors computed using the proposed approach are not
affected by load uncertainty. This is because the calculation of
participation factors employs the Shapley value, which accounts

for the average marginal contributions of each generator.
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Fig. 5. Voltage profile for Case-II of IEEE-14 bus system.
Fig. 6. Comparison of generation cost for both cases of IEEE 14-bus system.

Fig. 7. Comparison of power loss for both cases of IEEE 14-bus system.

.1.2. Computing participation factors of distributed slack bus gener-
tors considering hydroelectric power plant operated power system
The variable production cost of a hydroelectric power plant

s negligible. When considering a power system operated with
ydroelectric power plants, the proposed approach can be applied
y replacing the first characteristic function of generation cost by
he available capacity of hydroelectric power plants. The second
haracteristic function of active power losses is still applicable in
ase of the hydroelectric power plants dominated power system.
For Case-I of the IEEE 14-bus system, if only the generator

onnected to bus 1 is allowed to participate in the game, the
vailable capacity would be 100 MW and the active power loss
8

would be 15.91 MW. If only the generator connected to bus 2 is
allowed to participate, the available capacity is 100 MW and the
active power loss is 10.73 MW. However, if the generators con-
nected to buses 1 and 2 are allowed to participate in the game, the
available capacity would be 200 MW and the active power loss
would be 10.70 MW. This result shows that the available capacity
of the coalition is the sum of individual available capacities of
generators. Also, the active power loss the system is reduced as a
result of the coalition. In this way, we can compute characteristic
functions for all possible sets of coalitions of generators.

Based on the obtained values of characteristic functions, Shap-
ley values of each generator can be computed using (3) and
the equivalent Shapley values can be obtained by taking the
average of two different Shapley values of individual generators.
The participation factors of the generators can then be calculated
using (9). The participation factors obtained for distributed slack
bus generators 1, 2, 3, 6, and 8 are respectively, 0.2045, 0.2019,
0.1957, 0.2007, and 0.1972. In this way, the participation factors
can be obtained using the proposed approach in case of power
system consisting of only hydroelectric power plants similar to
Sitka grid in Alaska, USA.

5.2. IEEE 30-bus system

The IEEE 30-bus system consists of 30 buses, 6 generators,
and 21 loads with a total generation capacity of 900.2 MW and
total peak load of 283.4 MW [31]. The cost function and other
parameters of generators for this system are shown in Table 5.
The table also shows active power set-points of generators for
two cases of the system.

All possible coalitions are listed. Since all six generators of
the IEEE 30-bus system are allowed to participate in the game
(i.e., the task of computation of participation factors), 63 sets
of coalitions, except an empty set, are formed. For each set
of the coalitions, two types of characteristic functions, i.e., the
generation cost due to participating generators and active power
loss are computed. The characteristic functions indicate the value
or worth of each set of coalitions. The characteristic functions
of all sets of coalitions for both cases of the IEEE 30-bus can
be computed in the manner similar to that of the IEEE 14-bus
system.

Based on the characteristic functions, Shapley values of each
generator location can be computed using (3) and the equivalent
Shapley values can be computed by taking their average. For
each of the test cases of the IEEE 30-bus system, participation
factors obtained using the conventional capacity-based approach,
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Table 5
Cost function and other parameters of generators for IEEE 30-bus system.
Generator Location α β γ Generator Active power set-points Active power set-points
number (bus) [$/MW2h] [$/MWh] [$/h] capacity [MW] [MW] for Case-I [MW] for Case-II

1 1 0.0200 2.00 0 360.2 260.2 160.2
2 2 0.0175 1.75 0 140 40 40
3 5 0.0625 1.00 0 100 0 30
4 8 0.0083 3.25 0 100 0 20
5 11 0.0250 3.00 0 100 0 20
6 13 0.0250 3.00 0 100 0 20
Table 6
Shapley values and participation factors of generators for IEEE 30-bus system.
Generator
locations
(buses)

Participation
factors
(conventional)

Case-I Case-II

Equivalent
shapley values

Participation
factors (proposed)

Equivalent
shapley values

Participation
factors (proposed)

1 0.4001 76.7 0.1396 201.7 0.3633
2 0.1555 66.3 0.1207 66.1 0.1191
5 0.1111 102.3 0.1862 55.4 0.0999
8 0.1111 91.5 0.1666 71.6 0.1290
11 0.1111 106.1 0.1931 80.0 0.1441
13 0.1111 106.5 0.1938 80.3 0.1446
Table 7
Cost of generation and active power loss in case of IEEE 30-bus system for power mismatch of +100 MW.
Approaches Case-I Case-II

Cost of
generation

Active
power loss

Cost of
generation

Active
power loss

Single slack bus 2764.8 $/h 25.16 MW 1760.3 $/h 12.84 MW
Distributed slack buses (conventional) 2372.3 $/h 21.12 MW 1554.9 $/h 10.30 MW
Distributed slack buses (proposed) 2214.5 $/h 19.13 MW 1544.2 $/h 10.07 MW
and equivalent Shapley values and participation factors obtained
using the proposed approach are given in Table 6.

The participation factors for distributed slack buses are com-
uted based on generation capacity (a conventional approach) in
ddition to that based on the proposed approach for comparison
urposes and to illustrate the effectiveness of the proposed ap-
roach. A power mismatch (here, increment in load) of 100 MW
s simulated, and the cost of generation and active power loss are
omputed for single slack bus, distributed slack buses (based on
he conventional approach), and distributed slack buses (based on
he proposed approach) for both cases of the IEEE 30-bus system.
n case of single slack bus model, bus 1 is considered as slack bus.

The total generation cost and total active power loss obtained
sing single slack bus and distributed slack buses for both cases
re shown in Table 7. Bar plots showing comparison of total gen-
ration cost and total power loss for both cases are, respectively,
hown in Figs. 8 and 9. Similarly, voltage profile for the three
approaches in Case-I are shown in Fig. 10.

Similar to that for the IEEE 14-bus system, the comparison of
the results for the IEEE 30-bus system shows that the generation
cost and the active power loss are reduced, and the voltage
profile is improved in the distributed slack buses model where
participation factors are computed using the proposed approach.

5.3. IEEE 57-bus system

The IEEE 57-bus system consists of 57 buses, 7 generators,
and 42 loads with a total generation capacity of 1975.9 MW and
total peak load of 1250.8 MW [31]. The cost function and other
parameters of generators for this system are shown in Table 8.
The table also shows active power set-points of generators for
two cases of the system.
9

Fig. 8. Comparison of generation cost for both cases of IEEE 30-bus system.

Fig. 9. Comparison of power loss for both cases of IEEE 30-bus system.
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Fig. 10. Voltage profile for Case-I of IEEE-30 bus system.
Table 8
Cost function and other parameters of generators for IEEE 57-bus system.
Generator Location α β γ Generator Active power set-points Active power set-points
number (bus) [$/MW2h] [$/MWh] [$/h] capacity [MW] [MW] for Case-I [MW] for Case-II

1 1 0.077 20 0 575.88 428.9 528.9
2 2 0.010 40 0 100 0 0
3 3 0.250 20 0 140 40 40
4 6 0.010 40 0 100 0 0
5 8 0.022 20 0 550 150 150
6 9 0.010 40 0 100 0 0
7 12 0.032 20 0 410 310 210
Table 9
Shapley values and participation factors of generators for IEEE 57-bus system.
Generator
locations
(buses)

Participation
factors
(conventional)

Case-I Case-II

Equivalent
shapley values

Participation
factors (proposed)

Equivalent
shapley values

Participation
factors (proposed)

1 0.2915 963.1 0.1231 275.0 0.0355
2 0.0506 1030.4 0.1317 1030.4 0.1329
3 0.0709 826.1 0.1055 826.2 0.1066
6 0.0506 1020.5 0.1304 1020.9 0.1317
8 0.2784 2417.8 0.3089 2419.3 0.3121
9 0.0506 1019.9 0.1303 1020.3 0.1316
12 0.2075 548.9 0.0701 1160.7 0.1497
All possible sets of coalitions are enumerated. Since all seven
enerators of the IEEE 57-bus system are allowed to participate
n the game (i.e., the task of computation of participation factors),
27 sets of coalitions, except an empty set, are formed. For each
et of the coalitions, two types of characteristic functions, i.e., the
eneration cost due to participating generators and active power
oss are computed. The characteristic functions indicate the value
r worth of each set of coalitions. The characteristic functions
f all sets of coalitions for both cases of the IEEE 57-bus can
e computed in the manner similar to that of the IEEE 14-bus
ystem, which is not shown here.
Based on the characteristic functions, Shapley values of each

enerator location can be computed using (3) and the equivalent
hapley values can be computed by taking their average. For
ase-I of the IEEE 57-bus system, the equivalent Shapley values
btained using the proposed approach are shown in the third
olumn of Table 9. For Case-II of the IEEE 57-bus system, the
quivalent Shapley values obtained using the proposed approach
re shown in the fifth column of Table 9. The participation factors
f the generators can then be calculated using (9). For Case-I of
he IEEE 57-bus system, participation factors obtained using the
10
proposed approach are shown in the fourth column of Table 9. For
Case-II of the IEEE 57-bus system, participation factors obtained
using the proposed approach are shown in the sixth column of
Table 9.

Similar to the IEEE 14-bus and 30-bus systems, the partic-
ipation factors for distributed slack buses in case of the IEEE
57-bus system are computed based on generation capacity (a
conventional approach) in addition to that based on the proposed
approach for comparison purposes and to illustrate the effective-
ness of the proposed approach. A power mismatch (i.e., increment
in load) of 100 MW is simulated, and the cost of generation and
active power loss are computed for a single slack bus, distributed
slack buses (based on the conventional approach), and distributed
slack buses (based on the proposed approach) for both cases of
the IEEE 57-bus system. In case of the single slack bus model, bus
1 is considered as a slack bus.

The total generation cost and total active power loss obtained
using the single slack bus and distributed slack buses for both
cases are shown in Table 10. Bar plots showing comparison of
total generation cost and total power loss for both cases are,
respectively, shown in Figs. 11 and 12.
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Table 10
Cost of generation and active power loss in case of IEEE 57-bus system for power mismatch of +100 MW.
Approaches Case-I Case-II

Cost of
generation

Active
power loss

Cost of
generation

Active
power loss

Single slack bus 103,870 $/h 104.3 MW 122,990 $/h 132.3 MW
Distributed slack buses (conventional) 92,062 $/h 86.4 MW 108,710 $/h 111.0 MW
Distributed slack buses (proposed) 89,665 $/h 83.3 MW 104,400 $/h 105.5 MW
t
F

Fig. 11. Comparison of generation cost for both cases of IEEE 57-bus system.

Fig. 12. Comparison of power loss for both cases of IEEE 57-bus system.

Similar to the IEEE 14-bus and 30-bus systems, the compar-
ison of the results for the IEEE 57-bus system shows that the
generation cost and the active power loss are reduced.

5.4. Limitation of the proposed approach

The computation of two distinct types of characteristic func-
tions (generation cost and active power losses) serves as the
foundation for the proposed cooperative game theoretic approach
for the computation of participation factors. The characteristic
function of generation cost is calculated based on the avail-
able capacities of distributed slack bus generators. Due to this
reason, the proposed approach is not directly applicable to
non-dispatchable generators (e.g., photovoltaic systems, wind
generators, etc.) which produce real power with ‘‘must-take’’
paradigm.

6. Conclusion

In this paper, a cooperative game-theoretic two-stage ap-
proach has been proposed to calculate the participation factors
11
of distributed slack buses. In the first stage, the generation cost
and active power loss were calculated, which served as the char-
acteristic functions of the cooperative game. In the second stage,
the participation factors of distributed slack buses were calcu-
lated using the equivalent Shapley values. The proposed approach
can calculate the participation factors of distributed slack buses
taking into account the marginal contribution of each generator
to distribute slack (or mismatch) power among different gen-
erators. The proposed approach was implemented in the IEEE
14-bus, 30-bus, and 57-bus systems. The case studies exhibit the
effectiveness of the proposed approach to compute participation
factors that help reduce generation cost and power loss.
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