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Abstract— The emergence of exceptional point (EP) and its
divergent form, so-called divergent EP (DEP), in parity-time
(PT)-symmetric trimer opens a new pathway for making radio
frequency (RF) telemetric sensor systems with unprecedented
sensitivity. Here, we put forward a rigorous and formally exact
analysis for P7-symmetric electronic multimers, shedding light
on the lower bound of the inductive coupling coefficient required
to achieve DEPs. One clear observation is that there exists a
subtle compromise among the degree of diverging bifurcation,
critical inductive coupling strength, and spectral noises aris-
ing from modal interferences. We conclude that an electronic
PT-symmetric trimer, although not sufficient to work at the
lowest inductive coupling strength, may be the simplest structure
that enables the emergence of DEPs. Our findings may provide
the theoretical underpinnings and open avenues for various RF
telemetry and wireless sensing systems.

Index Terms— Exceptional points (EPs), non-Hermitian
physics, parity-time (PT) symmetry, radio frequency (RF) teleme-
try, wireless sensors.

I. INTRODUCTION

N THE past decade, notions taken from non-Hermitian

systems and parity-time (PT)-symmetry have attracted con-
siderable attention in different fields, such as electromagnetics
and optics [1]-[15], acoustics [16]-[18], elastodynamics [19],
and electronics and electromganetics [20]-[30], of which sys-
tems based on coupled gain and loss components can be prac-
tically built and tested. These non-Hermitian systems share a
common feature [1]-[10], that is, there are branch points at
which Taylor series expansion fails to converge in the multi-
valued complex eigenspectrum. Such peculiar singularities are
known as exceptional points (EPs), where not only eigenvalues
but also their corresponding eigenvectors become the same
(i.e., degeneracy). While EPs had been previously studied in
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the context of complex-valued Hamiltonian, it was not until
discovery of PT-symmetric non-Hermitian Hamiltonian that
the exotic degeneracy accompanied by the phase transition
(i.e., exact-PT and broken-PT phases) aroused widespread
interest. In particular, the introduction of P7-symmetry in
optical and photonic systems has opened up many unforeseen
opportunities for designing devices and structures with new
functionalities (e.g., unidirectional reflectionless transmissions
[51, [6], nonreciprocity [3], [31], negative refraction [32], and
coherent perfect absorber laser [4], [33]-[38]) and for building
the next-generation sensors that can leverage the bifurcation
phenomena around EPs to accomplish an unprecedented sen-
sitivity [22]-[25], [39].

It has been experimentally demonstrated that when the
PT-symmetric optical microcavity system with the Nth-order
EP is subjected to a perturbation of strength &, the resulting
eigenvalue splitting can be proportional to £!/V. Such a result
means that a sensor consisting of large arrays of microcavity
resonators could have an unprecedentedly high sensitivity.
Nevertheless, in practice, due to the simultaneous presence of
multiple eigenvalues at the higher order EP [27], [40]-[43], the
sensor will unavoidably suffer from serious phase and flicker
noises [44], [45], which become more severe as the order
increases. In a different vein, our recent theoretical and exper-
imental works suggested that an exotic divergent EP (DEP),
describing the situation where an EP coincides with a divergent
singularity, can be found in the third-order PT-symmetric radio
frequency (RF) telemetry system composed of inductively
coupled —RLC, LC, and RLC oscillators [40], [46]. In this
electronic PT-symmetric trimer structure, there exists a critical
inductive coupling strength related to the DEP, which allows
real eigenfrequencies to diverge rapidly and asymptotically in
response to perturbations.

In this context, higher order RF telemetry systems com-
prising inductively coupled oscillators have been commonly
used for wireless sensing and wireless power transfer [27],
[40], [42], [46]. In these systems, the battery-free (passive)
sensor that can be equivalent to a variable RLC tank is
inductively interrogated by the active reader and intermedi-
ator(s). Short-range wireless sensors have influenced many
aspects of our daily lives, as they enable the development
of real-time environmental monitoring (e.g., temperature and
humidity) [47], [48], health monitoring of civil structures
[49], [50], biosensing and routine vital signal monitoring
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in clinical practice [51]-[53], food quality monitoring [54],
and the automated quality control in industry [55], [56],
to name a few. In particular, in the era of the Internet of
Things (IoT) [57]-[59], the growing demand for wireless data
query requires the development of the low-cost, lightweight
passive sensors and new efficient telemetry method enhancing
wireless readout sensitivity. So far, there have been tremendous
efforts put into the former task, i.e., development of new
types of micromachined actuators and varactors [22], [23],
[60], [61], piezoelectric transducers [28], [42], and chemire-
sistive sensors [48], [62]. To bring us one step closer to
the desired pragmatic performance metrics, the later task
is also of paramount importance, which, however, received
limited attention in the last decades. In this regard, since
the eigenvalue bifurcation in PT electronic systems can be
boosted near the DEP, even a small impedance perturbation on
the RLC sensor can cause a significant resonance frequency
shift, thereby providing ultrahigh sensitivity and resolvability.
Notwithstanding the experimental evidence of the DEP, the
evolution of eigenspectrum and the lower bound on the critical
coupling strength for higher order electronic PT systems are
yet unknown. It is fundamentally important to develop the
generalized formulation to understand the characteristics and
physical limits of P7-symmetric electronic multimer of the
Nth order, as shown in Fig. 1. This will unveil the optimal
design and performance of telemetry systems for RF sensors
used in diverse fields.

II. GENERALIZED NTH-ORDER PT-SYMMETRIC
ELECTRONIC SYSTEMS WITH SERIES-TYPE OSCILLATORS

Fig. 1 presents the generalized Nth-order PT-symmetric
electronic systems composed of multiple gain, loss, and neutral
elements, respectively, represented by —RLC, RLC, and LC
oscillators [25], [40] with a mutual inductance M existing
between adjacent oscillators. The higher order electronic sys-
tems satisfying the P7T-symmetry can be built upon: 1) even-
numbered oscillators, i.e., N/2 pairs of —RLC and RLC
oscillators; 2) odd-numbered oscillators, i.e., (N — 1)/2 pairs
of —RLC and RLC oscillators and one neutral LC oscillator
in the middle of the system; and 3) a pair of —RLC and
RLC oscillators that are coupled via N — 2 neutral intermedi-
ators, as shown in Fig. 1(a). These telemetry systems can be
described by: HegV = id¥/dz [22], [23], [27], where H.s
is the effective non-Hermitian Hamiltonian of dimensionality
N x N,¥Y = (q1,92,...,9n8,G1, G2, ..., gn)" is a modal
column vector, g and ¢ are the charge and current flow on
the kth capacitor, respectively, 7 = wyf,, and the resonant
angular frequency of an LC oscillator is wy = 1/(LC)"2.
After the substitution of time-harmonic charge distributions in
each oscillator, g, = Aze’?, and 2N eigenfrequencies (i.e.,
the system’s resonance frequencies) can be obtained as roots
of the polynomial equation det(Heg — w,I) = 0.

Let us first consider the even-order PT-symmetric electronic
systems constituted by N/2 pairs of series —RLC and RLC
oscillators where N is an even integer [type I in Fig. 1(a)].
After some mathematical manipulation, we find that the sys-
tem’s nth eigenfrequencies w, in unit of wy are zeros of a
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Fig. 1. (a) Schematics of the generalized Nth-order PT-symmetric electronic
multimers; here, gain, loss, and neutral elements in an electronic circuitry may
be readily realized with magnetically coupled series/parallel —RLC, RLC,
and LC oscillators. (b) Illustration of the generalized P7-symmetric wireless
sensing and telemetering system, where the information of a passive sensor
or transducer (e.g., capacitive pressure sensor or piezoresistive transducer)
is commonly encoded in the reflection spectrum on the reader side. The
frequency synthesizer as an external radio energy source is equivalent to
a negative resistance, with its absolute value equal to that of the generator
impedance Z.

sequence of orthogonal polynomials U;"“", with a recurrence
relation given by

Ueven — 1

Uleven = x — K2

ot = (x — 2K2) Ueer —tueer (1a)
or
even 2
U =[x — (2cAdp) (1b)
where
@ =1\ (1}
()G e
1) Y
T 2p+1
A = — 3
ab 1“(22a+1) S
o = N/2,p = 0,1,2,...,a — 1, the coupling strength
x = M/L, and the gain-loss parameter (non-Hermiticity)

y = R™Y(L/C)'/?. The system’s eigenfrequencies that make
U:*" = 0 can be expressed as

292~ 1 i\/l —4y2 4 16y 4242,

2y2(1 - 4x2Agﬂ)

Throughout this article (unless otherwise stated), all frequen-
cies are normalized with respect to wy. We note that positive
and negative eigenfrequencies are essentially identical, and the
redundancy must be removed by considering only the positive

even __
" = &

“)
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Fig. 2. (a) Critical coupling strength xp and (b) EPs ygp, and ygp_ for the type-I and type-1I PT-symmetric electronic systems in Fig. 1(a), which are

formed by the series-type oscillators and the magnetic coupling strength between each of them x = 1/2. From (a), we find that there exists a lower bound
(1/2) and an upper bound (1, which is physically infeasible) for critical coupling strength xp. (c) yep+ (solid lines) and yrp— (dashed lines) of the first
eigenvalue branch as a function of x for the types-I and -II structures with series-type oscillators.

signs. By inspecting (4), the expressions for N EPs and the
critical coupling strengths are given by

2
1+ /1—4x2A2,

even __ = 5
EPET 2y 24%, ©
and
1
even — X 6
Kp 240, (6)
At the DEPs, the EPs degenerate, ie., ygpt = ypp"

1/(2)'/2. We know from (4) that the bifurcation of eigen-
frequencies is proportional to a factor of 1/(1 — 4x2Aiﬂ)1/ 2.
Thus, if the system operates close enough to the divergent
singularities x7*" such that the denominator of (4) vanishes,
the eigenvalue splitting around EPs could be drastic, as has
been demonstrated experimentally with the electronic PT
trimer [46].

In the same vein, for odd-order PT-symmetric electronic
systems comprising (N — 1)/2 pairs of —RLC and RLC
oscillators and one neutral LC oscillator, where N is an odd
integer [type II in Fig. 1(a)], eigenfrequencies are found to
be roots of the transcendental equation (w® — 1)U = 0,
where @ = (N — 1)/2 and U%% is a sequence of orthogonal
polynomials that can have a recurrence relation

U =1
Uy = x — 2
Ul = (x — 27 UM — k*Ug (7a)
or
a—1
o 2
Uodd = Hx — (2kBup) (7b)
B=0
where
T f+1
Bys = sin| — 8
S—an(Z20) .
= 0,1,2,...,a 1, and the expression for x
p

can be found in (2). Subsequently, eigenfrequencies can

be derived as

292 -1 j:\/l — 492 4 16y *k2B%

0¥ =41, + ; 9)
2 2
2y (1 — 4k Baﬂ)
Equation (9) indicates that for odd-order PT multimers, there
are N — 1 EPs
/ 2
it L 1+ 1—4sza/3 10
VP = 50 282,
and DEPs can be obtained when
1
odd
=, 11
Kp 23(1/3 (11

Since 0 < Ayp,Bep < 1l and 0 < x <1 (if &« = 1, the
two coils are perfectly coupled), the lower and upper bounds
of coupling strengths for DEPs are: 1/2 < xeD“”‘(Kgdd) <1
The same conclusion is also valid for electronic PT multimers
formed by the parallel-type RLC/ — RLC oscillators, which
will be discussed in the following. The above results are
important for obtaining the DEP in the short-range, inductively
coupled RF telemetry systems.

Fig. 2(a) and (b) show the dependency of «&'"/*** and y zp
(here, x = 0.5) on the order of the PT-symmetric electronic
system discussed above (here, 2 < N < 21). It is worthwhile
mentioning that Fig. 2(a) explains why the DEP was never
found in the standard PT dimer (N = 2) [22], [24], as it
requires perfect magnetic coupling (i.e., k" [y—> = 1), which
is impractical from an experimental viewpoint. The critical
coupling coefficient required for observing DEPs decreases
with increasing the order of electronic PT system, as can
be been in Fig. 2(a). An experimental test of the effect of
divergent bifurcation nearby the DEP becomes plausible when
N > 3 because the critical inductive coupling strength is
reduced below unity (e.g., k%9 |y_3 = 1/(2)"/?). In this
sense, our recent experimental work [46] showed that an
electronic PT trimer consisting of gain-neutral-loss oscillators
can exhibit a huge eigenvalue bifurcation ever obtained before.
One can anticipate that this feature can be exploited to build
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Fig. 3.

(a) Real and (b) imaginary eigenspectra for the PT-symmetric systems with series-type oscillators of order N = 3, 4, and 9; here, « is fixed to 1/2.

The eigenfrequencies with the largest variation are highlighted as stars in (a). There are three distinct regions: 1) when y € [0, ygp—_], the eigenvalues are
imaginary and the system is in the overdamped broken-PT phase; 2) when y € [yep—, yEp+], the system is in the underdamped broken-P7T phase; and 3)
when y € [ygp+, +00], the eigenvalues are purely real and the system is in the exact-PT phase.

ultraresponsive telemetric sensors beyond the current state
of the art. As can be observed from Fig. 2(b), when «
1/2 and a large number of oscillators are used such that
K& 172, yppy and ypp_ appearing in pairs would meet
at one point, resulting in remarkable eigenfrequency splitting.
Fig. 2(c) reports EPs as a function of x for the first eigenvalue
branch of the PT systems with series-type oscillators, which
correspond to the largest eigenfrequency bifurcation. It can be
seen from Fig. 2(c) that the critical magnetic coupling strength
for observing DEP shifts to a lower value when the number of
oscillators increases. Fig. 3(a) and (b), respectively, presents
the real and imaginary parts of eigenfrequencies calculated
based on (4) and (9) for PT-symmetric electronic systems
with a different number of constituent elements (left to right:
N = 3,4, and 9) and a fixed coupling strength x 1/2.
It is evident that the degree of bifurcation of a specific
branch increases as N increases because «p found in Fig. 2(a)
continues to decrease toward the lower bound [labeled by the
green bar in Fig. 2(a)]. The corresponding reflection spectra
for the electronic PT multimers with N = 3 and N = 9 are
plotted in Fig. 4(a) and (b), respectively; here, a steady-state
time-harmonic excitation source is connected to the active
oscillator on the left [see Fig. 1(b)] and Ay = y — yél),+
is varied to observe changes in eigenfrequencies. Although
there are N positive eigenfrequencies (resonance frequencies)
signaled by resonant dips in the reflection spectrum [22], [27],
only the one with the largest variation is considered for sensing
applications, while others emerge as modal interferences and
background noises. By comparing Fig. 4(a) and (b), we find
that the shift in the specific resonance frequency [highlighted
in Fig. 3(a)] can be enhanced by increasing the number of
intermediate oscillators, which effectively reduces the critical
coupling strength required to meet the DEP condition. Yet,
it is intuitive that an electronic circuitry of very high order

could pose some practical problems, such as modal interfer-
ences that worsen spectral resolvability for sensor applications
[see Fig. 4(b)], increased cost, measurement unreliability,
and instability. It is also noteworthy that higher order PT
electronic systems are rather robust to thermal and flicker
noises [42]. Consequently, based on the above discussion, the
optimum design for a specific application may be made by
reaching a compromise among various aspects of the sensing
system, including sensitivity, stability, physical dimension, and
requisite coupling strength or wireless interrogation range.
To illustrate how the proposed concept can be applied
to practical applications, we also performed a numerical
study of a wireless temperature sensor interrogated using the
DEP-enhanced telemetry technique, as sketched in Fig. 5
(insets). Here, we assume that the temperature sensor is
formed by a negative temperature coefficient thermistors (NTC
thermistors; NCP15XM221J03RC, Murata Electronics) [28]
connected to an LC tank (L =4 H and C = 113pF), which
is interrogated by the higher order PT-symmetric telemetry
system. The resistance of the NTC thermistor R = 220 Ohm
is 220 Q at 25 °C (which corresponds to y = 0.855) and
drops to tens of ohms at 75 °C. For simplicity, we assume
that the values of |—R| and R on the reader and intermedi-
ators are the same as the resistance of the NTC thermistor.
Fig. 5(a) and (b) shows the simulated reflection coefficients
of the third- and ninth-order P7 multimers with different
ambient temperatures, respectively. The magnetic coupling
strength is x = 0.95x%%¢, where xp is 1/(2)/?(~ 0.707) and
((5—=(5)"%)/10)"/2(~ 0.526) for N = 3 and 9, respectively;
the eigenfrequency (resonance frequency) that corresponds to
the greatest shift is highlighted with star and another eigenfre-
quency in the same eigenbranch is labeled with circle. It can
be seen from Fig. 5 that near the DEPs, specific eigenfrequen-
cies (resonance frequencies) drastically shift with increasing

Authorized licensed use limited to: University of lllinois at Chicago Library. Downloaded on February 04,2023 at 14:23:41 UTC from IEEE Xplore. Restrictions apply.



9400

(a)

N=3 Reflection [dB]
-40 -30 -20 -10 0 10

0.0 0.5 1.0 1.5 2.0 25 3.0 35
Ay

N=9 Reflection [dB]
-40 -30 -20 -10 0 10

(b)

00 05 10 15 20 25 3.0 35
Ay

Fig. 4. Contours of reflection coefficients in logarithmic scale as functions
of Ay (Ay =y —y S}, ) and frequency w for (a) third- and (b) ninth-
order PT-symmetric electronic systems formed by series oscillators [type II
in Fig. 1(a)]; here, y S}, . represents the first EPs found with the lowest value
of y (which also leads to the largest magnitude of bifurcation), the ratio of
R or | — R| to the generator impedance 7 = R/Zy = 2, and the coupling
strength « = 1/2.

the temperature, following the prediction in Figs. 3 and 4.
We should note that the highlighted resonance frequencies
in the third- and ninth-order PT systems exhibit the same
frequency shift under temperature-dependent y perturbations,
implying that a PT trimer operating near the DEP is suffi-
cient to achieve the optimum sensitivity. Although the critical
coupling strength of the ninth-order PT multimer is reduced,
it experiences more severe modal interferences, which may
affect resolvability and data interpretation. The DEP-enhanced
PT-symmetric telemetry can also be used to interrogate a
reactive sensor and achieve similar performance because both
R information and C information are simply encoded in the
dimensionless y [22]-[24], [63].

III. GENERALIZED NTH-ORDER PT-SYMMETRIC
ELECTRONIC SYSTEMS WITH PARALLEL-TYPE
OSCILLATORS

Here, we also examine the lower bound of DEP for elec-
tronic PT multimers constituted by parallel-type —RLC and
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Fig. 5. Reflection spectra for the wireless temperature sensor interrogated
by (a) third- and (b) ninth-order P7-symmetric telemetry methods. In both
cases, one of the eigenbranches of the system is operated near the DEP.
The eigenfrequency (resonance frequency) corresponding to the greatest shift
is highlighted with star and another eigenfrequency on the same branch is
highlighted with circle.

RLC oscillators. Eigenfrequencies of the even-order systems
can be likewise derived from the zeros of recurring polyno-
mials listed in the following:

Ugven — 1
Uleven — x/ _ K/Z
;UJreln — ()C/ _ 2K/2)U Zuen _ K/4 oelzieln (12a)
or
a—1
veer =[x~ (2x'Aup)? (12b)
=0
where
| 2
)C/ = 602 e + w 2 13
[—an2aZ, (yw) (13)
K= (14)
1—4K2A2,
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(a) Real and (b) imaginary eigenspectra for the P7T-symmetric systems with parallel-type oscillators of order N = 4, 6, and 10; here, « is fixed to

1/2. The eigenfrequencies with the largest variation are highlighted as stars in (a). The exact-P7 phase is obtained when y € [0, ygp_], whereas the system

is in the broken-PT phase when y > ypp_.

a=N/2,§=0,1,2,...,a — 1, and the expression of A,
can be found in (3). By solving U;*" = 0, the eigenfrequen-
cies of the even-order system are given by

2— (1 - 4x2a2,)

16x2A42, — 4;;2(1 - 4x2A§ﬂ)
2

+74(1 - 4x242)

\ 2 (1 - 4K2A§ﬂ)

From (15), N EPs of the system are obtained as

+

a)even — :l:

5)

2(1 + /1- 4x2A§ﬂ)

even — 16
B 1 —4k2A2, (16)
This clearly points out the DEP condition given by
1
even — . 17
Kp 2Aa/)’ (17)

Such a result is similar to what obtained in the even-numbered
system with series-type oscillators (6), implying that the
DEP condition for the even-order electronic PT multimers is
determined only by the number and arrangement of gain and
loss and is independent of whether each lumped oscillator is
in series or parallel connection. Here, we should note that the
DEP does not exist in an electronic PT trimer composed of
parallel-type oscillators. When N > 5, the necessary DEP
conditions and xp for the odd-order electronic PT multimers
formed by parallel oscillators are the same as those formed
by series oscillators of order (N — 1)/2. This makes odd-
order PT systems with parallel oscillators less interesting for
sensing applications because they demand more oscillators
to achieve similar DEP-enabling divergent bifurcation effect.

Fig. 6(a) and (b) shows real and imaginary eigenspectra,
respectively, for even-order PT-symmetric systems formed by
multiple parallel —RLC and RLC oscillators with x = 1/2.
Similar to what was observed for the PT multimers with
series oscillators, when the number of oscillatory elements
increases, ygpy and ygp" will degenerate at the DEP, and
k7 ¢" will ultimately reach the lower bound, leading to a drastic
eigenfrequency splitting [see Fig. 6(a)]. Again, as shown in
Fig. 7, increasing the order of electronic circuitry also leads
to a complex, multiresonance system with several cluttered
resonant dips in the reflection spectrum. Given the modal
interferences, it is sometimes problematic to resolve and track
drifts in resonance frequencies.

IV. GENERALIZED NTH-ORDER PT-SYMMETRIC
ELECTRONIC SYSTEMS WITH GAIN-NEUTRAL
ARRAY-LOSS STRUCTURES

The above results can be extended to type III of electronic
PT multimer systems in Fig. 1(a), where an active —RLC
oscillator and an RLC oscillator are coupled via N — 2
(N > 3) neutral intermediators. Such a telemetry method is
commonly adopted in real-world wireless sensing and power
transfer systems. Through mathematical investigations, we
figure out that by setting the coupling strength between each
neutral intermediator to be x and that between the first/last
oscillator and its neighboring intermediator to be (2)!/%x, the
system’s eigenfrequencies can still be roots of the following
transcendental equations that have recursive relations:

(x2 —4K2)V(f”e" =0and a = (N — 2)/2

for N =4,6,8, ... (18a)
(@ —1)(x* =4V =0 and a = (N —3)/2
for N =5,7,9,... (18b)
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Fig. 7. Similar to Fig. 4, but for (a) fourth- and (b) tenth-order P7-symmetric
electronic systems formed by parallel oscillators [type I in Fig. 1(a)]; here,
Ay =y—y év 142_ , where y Ig};/_z ) is the EP found with the maximum bifurcation
effect, the ratio of R or | — R| to the generator impedance n = R/Zy = 1/2,
and the coupling strength x = 1/2.

where
a—1
veer =TT —1/a?)’ — (2kAqg) (19a)
=0
o—1
Vel = TT (1 = 1/e?)’ — (2xBup)’ (19b)
=0
p = 0,1,2,...,a — 1, and the expressions for x, Agg,

and B,p can be found in (2), (3), and (8), respectively. The
eigenfrequencies of these systems with series-type oscillators
can be derived as

ofren = j:\/2),2_ 1+/1—4y2 + 16y %2

2y2(1 — 4x?) '
1
+— (20a)
V1 E2xAu
292 —14£ /1 —4y2 42
Wl = 41, + Y v Y +16J”€’
2y2(1 — 4K2)
1
+— (20b)
V1 E£2xByp
As can be observed from (20), the systems exhibit

y -dependent eigenfrequencies that are identical to those of
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an electronic PT trimer in [46] [i.e., applying N = 3 to
(9)]. In addition, there are N — 2 positive y-independent
and nonbifurcated eigenfrequencies bounded in the range:
o, € [1/(142K)"2,1/(1 — 2x)'/?]. These modes are of little
interest for sensor applications. Thus, if one gets rid of these
stationary roots, a bifurcation effect similar to that of the
electronic PT trimer can be obtained. In this scenario, although
adding more intermediate elements can increase the total
wireless interrogation distance, it has no effect on tailoring the
DEP and the slope of splitting for the bifurcating eigenfrequen-
cies, while the stationary and cluttered eigenfrequencies could
represent a drawback for data acquisition. Here, we should
note that DEP does not exist in the type-III PT multimer
systems with parallel —RLC and RLC oscillators, analogous
to what observed in the PT trimer composed of parallel
oscillators. Finally, we should emphasize that the proposed
PT-symmetric electronic multimers are stable in the exact-
PT phase due to their purely real eigenfrequencies. Stability
is of great significance for RF telemetry systems, especially
when active components are involved [64]-[66]. The sta-
bility dynamics in the exact-PT phase have been discussed
in [66]-[68]. In the broken-PT phase, the imaginary part of
eigenfrequency may lead to unbounded and unstable behavior
of the system [27], [66]-[69]. Nevertheless, this does not
influence the robustness of the proposed PT-multimer sensing
systems operating in the exact-PT phase.

V. CONCLUSION

In summary, we have presented the theoretical basis for the
generalized PT-symmetric electronic multimers and showed
that the complex eigenfrequencies can exhibit a divergent
singularity near the DEP. The DEP allows an ever-boosted
branching effect in the eigenfrequencies or resonance fre-
quencies of the system, which can be more drastic than any
bifurcation process around a regular EP. The potential of
DEP in sensor telemetry applications has been experimentally
demonstrated with the PT trimer structure [1]. In this work,
we have comprehensively studied different categories of struc-
tural topologies for PT-symmetric electronic multimers beyond
the common dimer and trimer structures and have derived the
lower bound on the DEP in terms of the inductive coupling
strength. Even though adopting a very high-order multimer can
help reduce the inductive coupling strength (inductive coupling
coefficient) necessary for discovering the DEP, the minimally
required value cannot be lower than 1/2. On the other hand,
the appearance of higher order resonant modes could be a
potential cause of modal interferences in data interpretation,
thus affecting the assessing resolvability and accuracy for
applications in wireless sensing and telemetering. Our results
will provide universally applicable guidelines for the design of
short-/mid-range wireless sensor and actuator systems, which
are keys to the future ubiquitous sensing, the IoT, and industry
4.0 systems.
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