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Global-Position Tracking Control
for Three-Dimensional Bipedal
Robots Via Virtual Constraint
Design and Multiple Lyapunov
Analysis
A safety-critical measure of legged locomotion performance is a robot’s ability to track
its desired time-varying position trajectory in an environment, which is herein termed as
“global-position tracking.” This paper introduces a nonlinear control approach that
achieves asymptotic global-position tracking for three-dimensional (3D) bipedal robots.
Designing a global-position tracking controller presents a challenging problem due to
the complex hybrid robot model and the time-varying desired global-position trajectory.
Toward tackling this problem, the first main contribution is the construction of impact
invariance to ensure all desired trajectories respect the foot-landing impact dynamics,
which is a necessary condition for realizing asymptotic tracking of hybrid walking sys-
tems. Thanks to their independence of the desired global position, these conditions can
be exploited to decouple the higher-level planning of the global position and the lower-
level planning of the remaining trajectories, thereby greatly alleviating the computa-
tional burden of motion planning. The second main contribution is the Lyapunov-based
stability analysis of the hybrid closed-loop system, which produces sufficient conditions
to guide the controller design for achieving asymptotic global-position tracking during
fully actuated walking. Simulations and experiments on a 3D bipedal robot with twenty
revolute joints confirm the validity of the proposed control approach in guaranteeing
accurate tracking. [DOI: 10.1115/1.4054732]

1 Introduction

A robot’s global position represents its absolute position in an
environment. Poor global-position tracking can potentially put the
safety of both humans and robots at risk, for example, by causing
robots’ failure to avoid pedestrians in human-populated environ-
ments. To achieve accurate global-position tracking, the zero-
moment-point control approach has been introduced based on the
zero-moment-point balance criterion and the continuous-time
dynamic model of bipedal walking [1–3]. Yet, bipedal walking is
inherently a hybrid process involving both continuous motions
(e.g., foot swinging) and discrete impact dynamics (e.g., sudden
joint-velocity jumps upon a foot landing) [4–7]. Achieving reli-
able global-position tracking by explicitly addressing the hybrid
robot dynamics presents substantial challenges.

This study focuses on addressing the challenges associated
with: (a) lower-level trajectory generation (i.e., level 2 in Fig. 1)
and (b) controller design (i.e., level 3 in Fig. 1). It is assumed that
the desired global path and the desired time-varying position tra-
jectory along the path have both been provided by a higher-level
planner (i.e., level 1 in Fig. 1) without impact dynamics
considered.

One challenge in the lower-level trajectory generation (i.e.,
level 2 in Fig. 1) for a hybrid robot model is to respect both con-
tinuous dynamics and the discrete impact dynamics, which is
computational heavier than just respecting the continuous dynam-
ics [8]. For the controller to achieve asymptotic tracking based on
a hybrid robot model, the desired trajectories need to agree with

the impact dynamics; i.e., their pre- and postimpact values should
satisfy the impact map. This is because the impact dynamics can-
not be directly controlled due to their infinitesimally short dura-
tion [9–12]. Yet, the additional computational load caused by
respecting the nonlinear impact map could be amplified when fre-
quent replanning is needed during real-world tasks such as
dynamic obstacle avoidance in cluttered environments.

Another challenge is the closed-loop stability analysis of the
hybrid dynamical system that produces sufficient conditions to
guide the controller derivation (i.e., level 3 in Fig. 1). Such a sta-
bility analysis is complex because a closed-loop system capable
of stabilizing a time-varying global-position trajectory is hybrid,
nonlinear, and time-varying with uncontrolled, state-triggered
impact dynamics.

1.1 Related Work on Orbitally Stabilizing Control. The
most widely studied control approach that explicitly addresses the
hybrid walking dynamics is the hybrid zero dynamics (HZD)
method [13–18]. The HZD method provably stabilizes dynamic
walking motions through orbital stabilization of the hybrid closed-
loop control system. It has realized remarkable performance for
various gait types such as periodic underactuated [19,20], fully
actuated [21], and multidomain walking [22].

The HZD framework introduces virtual constraints to represent
the evolution of a robot’s desired configuration with respect to a
phase variable that indicates how far a step has progressed. To
enforce the impact dynamics on the desired gait, the HZD
approach introduces a method termed “impact invariance con-
struction” to produce an equality constraint under which the
desired gait respects the impact dynamics and incorporates the
constraint in the optimization-based generation of virtual con-
straints. For systems with a single degree of underactuation [14],
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the HZD approach ensures the impact invariance of the zero
dynamics manifold by imposing the impact invariance of a single
point on it. Yet, because the encoding of the global-position tra-
jectory is inherently different from that of virtual constraints, the
previous impact invariance construction cannot be directly applied
or extended to ensure the agreement with impact dynamics for the
desired global-position trajectory. Specifically, the virtual con-
straints are encoded by a local phase variable that is reset at the
beginning of a walking step, while the desired global-position tra-
jectory is usually encoded by a global phase variable that evolves
continuously and monotonically across all walking steps.

To analyze the closed-loop stability for guiding controller
designs, the HZD approach exploits the Poincar�e section method
to examine the asymptotic convergence of a robot’s state to the
desired periodic orbit representing the desired gait in the state
space. Recently, the HZD framework has been extended to
achieve asymptotic tracking of the desired global path during 3D
underactuated bipedal walking [23]. Yet, an orbitally stabilizing
controller cannot stabilize a prespecified time-varying trajectory
[24] such as the desired global-position trajectory.

1.2 Related Work on Trajectory Tracking Control. Our
previous trajectory tracking controller designs either focus on
individual joint trajectory tracking [25,26] or only consider 2D
walking [27–29]. In particular, our previous work on 2D walking,
including the impact invariance construction and stability analy-
sis, is not valid for 3D robots. Specifically, the walking dynamics
of 3D robots are nonlinearly coupled in the heading and lateral
directions of the robot’s global path, but 2D walking does not
exhibit lateral motion, and accordingly, the coupling is trivial.
This nonlinear coupling significantly increases the complexity of
controller derivation in addressing 3D robots compared with 2D
robots. Furthermore, experimental validation of these previous
controllers has been missing.

Beyond the scope of global-position tracking control for
bipedal walking robots, trajectory tracking control of general
hybrid systems with state-triggered jumps is an active research
topic [30–35]. Lyapunov-based controller design methodologies
have been introduced to provably achieve asymptotic trajectory
tracking for linear hybrid systems [31,32]. In this study, to guide
the needed controller design, we will extend the previous
Lyapunov-based stability analysis to nonlinear hybrid systems
that include 3D bipedal robots during fully actuated walking.

1.3 Contributions. This study aims to derive and experimen-
tally validate a nonlinear walking control approach for 3D bipedal
robots that achieves asymptotic global-position tracking by
explicitly addressing the hybrid robot dynamics. The main contri-
butions of this study are summarized as follows:

(i) Constructing impact invariance conditions that are inde-
pendent of the desired global-position trajectory and yet
ensure all desired trajectories respect the impact dynamics.
They can be used to decouple the planning of virtual con-
straints and global position, thus improving trajectory gen-
eration efficiency.

(ii) Establishing sufficient conditions based on the multiple
Lyapunov stability analysis [36] of the hybrid system for
guiding the design of a continuous state-feedback control
law to achieve asymptotic global-position tracking.

(iii) Demonstrating the global-position tracking accuracy of
the proposed control approach both through simulations
and experimentally on a 3D bipedal walking robot.

(iv) Experimentally validating the inherent robustness of the
proposed control design in addressing irregular walking
surfaces such as moderately slippery floors.

Some of the results presented in this paper were initially
reported in Refs. [37] and [38]. This paper includes substantial,
new contributions in the following aspects: (a) the proof of the
main theorem (i.e., Theorem 1) is updated with a new choice of
Lyapunov function to properly analyze the convergence of the
robot’s lateral foot placement, and Proposition 4 is added along
with its full proof to support the proof of the main theorem; (b)
fully developed proofs of all theorems and propositions are pre-
sented, which were missing in Refs. [37] and [38]; (c) compara-
tive experiment results are added to show the reliable global-
position tracking performance of the proposed control approach;
and (d) robustness evaluation is newly included to illustrate the
capability of the proposed method in handling relatively slippery
grounds.

This paper is structured as follows. Section 2 describes the
problem formulation. Section 3 explains the proposed continuous-
phase tracking control law. Section 4 presents the proposed con-
struction of impact invariance conditions for designing virtual
constraints. Section 5 introduces the closed-loop stability analysis
based on multiple Lyapunov functions. Section 6 reports the simu-
lation and experiment results. Section 7 discusses the proposed
approach and potential directions of future work. Proofs of all the-
orems and propositions are given in the Appendix.

2 Problem Formulation

This section presents the problem formulation of global-
position tracking control. The formulation includes dynamics
modeling and tracking error design.

2.1 Full-Order Robot Model. This section describes a full-
order model that accurately captures the dynamic behaviors of all
degrees-of-freedom (DOFs) involved in bipedal walking. Thanks
to the model’s accuracy, a controller that is effective for the model
would also be valid for the physical robot. Hence, we use the full-
order model as a basis of the proposed control approach.

The full-order model is naturally hybrid and nonlinear, because
walking dynamics are inherently hybrid, involving both nonlinear
continuous behaviors (e.g., leg-swinging motions) and state-
triggered discrete behaviors (e.g., the joint-velocity jumps caused
by foot-landing impact).

In this study, we assume that the swing and the stance legs
immediately switch roles upon a foot landing, with the new swing
leg beginning to move in the air and the new stance leg remaining
in a full, static contact with the ground until the next landing

Fig. 1 Overview of the proposed control approach. This study focuses on impact invariance construction in
level 2 and stability analysis and controller design in level 3.
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occurs [14]. The assumption is valid when the double-support
phase is sufficiently short and when the stance foot does not nota-
bly slip on the ground.

Under this assumption, if all of the robot’s (revolute or prismatic)
joints are directly actuated, then the robot is fully actuated; i.e., its
full DOFs can be directly commanded within continuous phases.

This study focuses on the relatively simple gait, fully actuated
gait, for two main reasons. First, asymptotic tracking of time-
varying global-position trajectories for the 3D hybrid robot model
is still an open control problem for this simple gait. Second, using
a simple gait allows us to focus on addressing the complexity of
the controller design problem induced by the hybrid, nonlinear
robot dynamics, and the time-varying global-position trajectory.

Continuous-phase dynamics. As illustrated in Fig. 2, a complete
walking cycle comprises: (a) a fully actuated continuous phase
during which one foot contacts the ground and the other swings in
the air and (b) a landing impact.

Walking dynamics during continuous phases can be described
by usual ordinary differential equations. Lagrange’s method is
used to obtain the following nonlinear full-order model during
continuous phases [13]

MðqÞ€q þ cðq; _qÞ ¼ Buu (1)

where q 2 Q is the joint-position vector, M : Q! Rn�n is the
symmetric, positive-definite inertia matrix, c : TQ! Rn is the
sum of Coriolis, centrifugal, and gravitational terms, Bu 2 Rn�m

is the joint-torque projection matrix with full column rank, and
u 2 U is the joint-torque vector. Here, Q � Rn is the configura-
tion space of the robot, TQ is the tangent bundle of Q, and U �
Rm is the admissible joint-torque set. Note that m¼ n when a
robot is fully actuated.

Impact dynamics. When the swing foot lands on the ground, the
swing and stance legs immediately switch their roles. Here, we
model the swing-foot landing impact as the contact between rigid
bodies [14]. This assumption is valid for dynamic walking on rela-
tively stiff surfaces (e.g., concrete and ceramic floors) during
which the swing foot strikes the surface at a relatively significant
downward velocity.

Due to the coordinate swap of the swing and stance legs as well
as the impulsive rigid-body impact, both joint position and veloc-
ity vectors experience a sudden jump at a landing event.
This state-triggered jump is described by the nonlinear reset map
Dq; _q : TQ! TQ [13] given by

qþ

_qþ

" #
¼ Dq; _q ðq�; _q�Þ :¼

Dqðq�Þ
D _qðq�Þ _q�

" #
(2)

where ?� and ?þ represent the values of ? just before and just
after the impact, respectively.

Switching surface. A swing-foot landing event is triggered
when the robot’s state reaches the switching surface Sq, which is
expressed as

Sq :¼ fðq; _qÞ 2 TQ : zswðqÞ ¼ 0; _zswðq; _qÞ < 0g (3)

where zsw : Q! R is the swing-foot height above the ground.
Combining the above equations yields the following hybrid

full-order model:

MðqÞ€q þ cðq; _qÞ ¼ Buu; if ðq�; _q�Þ 62 Sq

qþ

_qþ

" #
¼ Dq; _qðq�; _q�Þ; if ðq�; _q�Þ 2 Sq

8>><
>>: (4)

2.2 Global-Position Tracking Error. A fully actuated,
n-DOF bipedal robot can track n independent desired position tra-
jectories, including the reference global-position trajectories.

In this study, we choose to use the position of a biped’s base
(e.g., trunk), ðxb; yb; zbÞ, to represent its global position in an envi-
ronment. The horizontal components of the base position are
related to the stance-foot position as

xb ¼ xst þ �xbðqÞ and yb ¼ yst þ �ybðqÞ (5)

where ðxst; yst; 0Þ denotes the stance-foot position with
xst; yst 2 R. The scalar variables �xb : Q! R and �yb : Q! R rep-
resent the x- and y-coordinates of the base position relative to the
stance foot, respectively.

In real-world locomotion tasks, a higher-level planner typically
specifies the desired global motions as:

(a) The centerline Cd of the desired global path.
(b) The desired smooth position trajectory sdðtÞ along Cd.

As an arbitrary curved path can be approximated as a nonsmooth
curve pieced together by straight lines, this study focuses on the
tracking control of straight-line paths, which could be extended to
the tracking of a curved path as briefly explained in Sec. 8.

Without loss of generality, suppose that the centerline Cd coin-
cides with the Xw-axis of the world frame; that is

Cd ¼ fðxb; ybÞ 2 R2 :yb ¼ 0g

Then, the global-position tracking error h1ðt; qÞ along Cd is
defined as h1ðt;qÞ :¼ �xbðqÞ � ðsdðtÞ � xstÞ.

While sdðtÞ and Cd are often provided by a higher-level path
planner, the desired base motion in the direction lateral to Cd

remains to be designed, which is explained next.

2.3 Virtual-Constraint Tracking Error. Besides the desired
global-position trajectory sdðtÞ, a legged robot typically has multi-
ple directly actuated DOFs that can track additional desired
motions. We choose to use virtual constraints to define the desired
trajectories for the lateral base position yb and the remaining con-
trol variables /c : Q! Rn�2.

Analogous to the HZD framework, we use virtual constraints to
represent the desired configuration relative to a phase variable
h : Q! Qf � R. The phase variable represents how far a step
has progressed. Without loss of generality, the phase variable h is
chosen as the forward position of the base relative to the support
foot, �xbðqÞ; that is,

h ¼ �xbðqÞ (6)

The virtual constraints can be encoded by h as

�ybðqÞ
/cðqÞ

" #
�

ydðhðqÞÞ � yst

/dðhðqÞÞ

" #
¼ 0 (7)

where the scalar function yd : Qf ! R and the vector /d : Qf !
Rn�2 are the desired trajectories of yb and /c, respectively.

Fig. 2 Illustration of a fully actuated gait cycle comprising a
continuous phase and a discrete swing-foot landing
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Suppose that yd, /d; /c, and h are all continuously differentiable
in their respective arguments.

Thus, the tracking error h2ðqÞ corresponding to the virtual con-

straints is defined as h2ðqÞ :¼ �ybðqÞ
/cðqÞ

� �
� ydðhðqÞÞ � yst

/dðhðqÞÞ

� �
.

2.4 Control Objective. The tracking errors can be compactly
expressed as

hðt;qÞ ¼ ½ h1ðt; qÞ; hT
2 ðqÞ �

T ¼ hcðqÞ � hdðt; hðqÞÞ (8)

where the control variables hc and their desired trajectories
hd are, respectively, defined as hc :¼ ½ �xb; �yb;/

T
c �

T
and hd

:¼ ½ sd � xst; yd � yst;/
T
d �

T
.

The control objective is to asymptotically drive the tracking
error h to zero for achieving asymptotic tracking of the desired
motions, which are the desired global-position trajectory sdðtÞ and
the desired functions yd and /d that define the virtual constraints,
for 3D bipedal robots walking along the given straight line.

To achieve this objective, the proposed control approach
(Fig. 1) comprises three main components: (a) continuous-phase
controller design (for stabilizing the desired trajectories within
continuous phases); (b) impact invariance construction (for satis-
fying a necessary condition of asymptotic tracking for the hybrid
model); and (c) closed-loop stability analysis (for providing suffi-
cient stability conditions that guide the controller design).

3 Continuous-Phase Control

This section presents a continuous state-feedback control law
that asymptotically stabilizes the desired trajectories within con-
tinuous phases.

We choose to design a controller that directly regulates the
continuous-phase walking dynamics instead of the impact dynam-
ics because the impact dynamics cannot be directly commanded
due to its infinitesimally short duration. We will show in Sec. 5
how the proposed continuous control law could be tuned to indi-
rectly stabilize the desired trajectories for the overall hybrid
system.

The proposed control law (Fig. 3) is synthesized based on the
full-order model of bipedal walking dynamics. Analogous to the
HZD framework, we utilize the input–output linearization tech-
nique [24] to linearize the nonlinear continuous-phase dynamics
in Eq. (1) into a linear map, which allows us to exploit the well-
studied linear system theory to design the needed controller for
the continuous phase.

We define the output function as the tracking error h

y :¼ ½ y1; yT
2 �

T :¼ ½ h1; hT
2 �

T ¼ h (9)

Then a continuous-phase control law synthesized via input–output
linearization is given by

u ¼ JhM�1Bu

� ��1
vþ @h

@q
M�1c� @

2h

@t2
� @

@q

@h

@q
_q

� �
_q

 !

(10)

with JhðqÞ :¼ @h
@q
ðt;qÞ; which yields the linearized dynamics

€y ¼ v. Note that the variables /c, yd, and /d can be chosen such

that there exists an open subset ~Q of the configuration space Q on
which the Jacobian matrix JhðqÞ is invertible. Then, the matrix

JhM�1Bu is invertible on q 2 ~Q.
Choosing v as a proportional-derivative (PD) term

v ¼ �KPy�KD _y (11)

where the proportional gain matrix KP 2 Rn�n and the derivative
gain matrix KD 2 Rn�n are both positive-definite diagonal matri-
ces, the linear closed-loop dynamics of the output function
becomes €y þKD _y þKPy ¼ 0 during continuous phases.

Define the state of the output function dynamics as
x :¼ ½ yT ; _yT �T 2 R2n. Then, the closed-loop error equation can
be compactly expressed as

_x ¼ Ax; if ðt�; x�Þ 62 S

xþ ¼ Dðt�; x�Þ; if ðt�; x�Þ 2 S

(
(12)

Here, A :¼ 0 I

�KP �KD

� �
with 0 a zero matrix and I an identity

matrix with appropriate dimensions. S and D are the switching sur-
face and impact map associated with the closed-loop dynamics,
respectively. Note that D is explicitly time-dependent because of
the explicit time dependence of h. The expressions of S and D can
be obtained from their counterparts in the open-loop dynamics
(Eqs. (3) and (2)) as well as the output function definition (Eq. (8)).

The origin (i.e., x ¼ 0) of the continuous-phase closed-loop
dynamics (i.e., _x ¼ Ax) will be asymptotically stable if the PD
gains are chosen such that A is Hurwitz [24]. Then, there exist
positive numbers c1, c2, and c3 and a Lyapunov function candidate
VðxÞ such that

c1jjxjj2 � VðxÞ � c2jjxjj2 and _VðxÞ � �c3jjxjj2 (13)

hold for all x within continuous phases. These inequalities indi-
cate that VðxÞ exponentially converges at the rate of c3

c2
within a

continuous phase.
While the proposed control law with properly chosen PD gains

guarantees the asymptotic tracking of the desired trajectories
within continuous phases, the impact dynamics (i.e.,
xþ ¼ Dðt; x�Þ) remain uncontrolled, and thus, the stability of the
hybrid closed-loop system is not yet ensured. To satisfy a neces-
sary condition of asymptotic trajectory stabilization in the pres-
ence of uncontrolled impact dynamics, we introduce impact
invariance construction next.

4 Impact Invariance Construction for Virtual

Constraint Design

This section derives impact invariance conditions that can be
incorporated in the trajectory generation of the desired functions
yd and /d, which define the virtual constraints, for ensuring all
desired trajectories (i.e., yd and /d as well as sd) respect the
impact dynamics.

For the proposed feedback controller to achieve asymptotic
tracking for hybrid dynamical systems, the output function state
variables y and _y need to satisfy the following condition across an
impact event at the steady-state: yþ ¼ 0 and _yþ ¼ 0 hold just
after the impact if y� ¼ 0 and _y� ¼ 0 hold just before the impact.
Suppose this condition is not met at the steady-state. Then,
because the robot’s impact dynamics cannot be directly regulated,
the output function state may become nonzero just after an impact

Fig. 3 Block diagram of the proposed continuous-phase
controller
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even if it is zero just before the impact, which means asymptotic
tracking cannot be achieved.

To mathematically describe this condition, we introduce the
manifold Z given by

Z :¼ fðt;q; _qÞ 2 R� TQ : hðt; qÞ ¼ 0; _hðt;q; _qÞ ¼ 0g (14)

Here, Z is a one-dimensional embedded submanifold of R� TQ.
The corresponding guard Sa is defined by rewriting Sq as:
Sa :¼ fðt; q; _qÞ 2 R� TQ : zswðqÞ ¼ 0; _zswðq; _qÞ < 0g:

DEFINITION 1. (Impact invariance) The manifold Z is called
impact invariant if ðtþ;Dq; _qðq�; _q�ÞÞ 2 Z holds for any
ðt�; q�; _q�Þ 2 Z \ Sa; that is, the manifold is invariant across the
impact event.

Remark 1. (Differentiation from the HZD approach) The con-
cept of impact invariance was first introduced within the HZD
framework, along with a systematic method of impact invariance
construction (see Theorem 4 in Ref. [14]). The concept was later
on termed as “impact invariance” [15].

The equations defining Z are time-dependent in this study
whereas in the original HZD framework [14,15], the hybrid zero
dynamics manifold is time-independent. The difference is essen-
tially due to their different control objectives. In the HZD frame-
work, the controller aims to track the desired walking pattern
encoded by a configuration-based phase variable, resulting in a
time-invariant definition of output functions and accordingly a
time-invariant hybrid zero dynamics manifold. In contrast, the
control objective here is to track time-varying global-position tra-
jectories, and thus, the output function (specifically, h1ðt; qÞ) is
time-varying, inducing the time dependence of the submanifold Z.

Another difference is that, in the HZD framework [14,15], the
system of interest is underactuated, and thus, the dimension of the
impact invariant manifold, when restricted to the guard, can be
higher than zero. Yet, in our case of fully actuated systems, the
dimension of Z \ Sa is zero because Z \ Sa is a single point.
Although ensuring that a single point respects the impact map is
typically easier for trajectory optimization, the proposed impact
invariance construction for Z has an attractive property for effi-
cient planning, as revealed by Remark 3 in Sec. 4.4.

We choose to construct the manifold Z to be impact invariant
by properly planning the desired function hd. As the desired
global position sd is often supplied by a higher-level path planner
without impact dynamics considered, the generation of the
remaining desired functions yd and /d, which define the virtual
constraints, needs to ensure the impact agreement for all trajecto-
ries (i.e., sd, yd, and /d). To this end, the proposed impact invari-
ance construction boils down to the derivation of conditions that
the virtual constraints should satisfy in order to ensure Z is impact
invariant. We call these conditions “impact invariance
conditions.”

The proposed impact invariance construction consists of two
steps corresponding to two sets of impact invariance conditions.
We first extend the existing HZD method (i.e., Theorem 4 in Ref.
[14]) to derive conditions that ensure the impact invariance of the
three-dimensional embedded submanifold of R� TQ associated
with the virtual constraint, that is

~Z :¼ fðt;q; _qÞ 2 R� TQ : h2ðqÞ ¼ 0; _h2ðq; _qÞ ¼ 0g

Then, we introduce a new, additional condition that, in combina-
tion with the first set of conditions, guarantees the impact invari-
ance of Z. Note that both conditions are placed on the virtual
constraints alone.

These two steps of impact invariance construction are intro-
duced in Secs. 4.3 and 4.4, respectively. Before presenting them,
we first explain the timing and the unique robot configuration
associated with a landing impact in Secs. 4.1 and 4.2, which are
needed for the derivation of the proposed impact invariance
conditions.

4.1 Impact Timings. Because the desired global-position tra-
jectory sd is explicitly time-varying, we need to consider the
impact timings in the proposed impact invariance construction. As
the actual and desired impact timings generally do not coincide
due to the state-triggered nature of a foot-landing event [10], they
are individually defined as follows.

DEFINITION 2. (Actual and desired impact timings) Let Tk be the
timing of the kth (k 2 Zþ) actual landing impact, which is defined
as the timing of the first intersection between the state x and the
switching surface S on t > Tþk�1. Without loss of generality, define
T0 ¼ 0. Let sk denotes the kth desired impact timing, which is
defined as the timing of the first intersection between x and S on
t > Tþk�1 assuming x ¼ 0 8t > Tþk�1.

The precise definition of Tk is given in Ref. [14]. Figure 4
shows an illustration of Tk. The variables ?ðT�k�1Þ and ?ðTþk�1Þ are,
respectively, denoted as ?j�k�1 and ?jþk�1 in the rest of the paper
where brevity is preferred.

4.2 Unique Configuration. The proposed impact invariance
construction utilizes the uniqueness of the robot’s joint position
q� just before an impact event when the virtual constraints in
Eq. (7) are exactly satisfied. Note that although the proposed con-
struction relies on the unique configuration, it does not require the
joint velocity should be unique just before an impact.

The joint position q� is mathematically defined as the solution
to the following equations:

FðqÞ :¼
�ybðqÞ � ðydðhðqÞÞ � ystÞ

/cðqÞ � /dðhðqÞÞ
zswðqÞ

2
664

3
775 ¼ 0 (15)

on S \ ~Q. Note that the last equation in Eq. (15) holds because the
swing-foot height zswðqÞ reaches zero at a touchdown.

Due to the nonlinearity of the function FðqÞ, Eq. (15) may have
multiple solutions on S \ ~Q. Suppose that the output function is
designed such that @F

@q
ðq�Þ is invertible on S \ ~Q. Then by the

implicit function theorem, there exits �Q � ~Q such that q� is a
unique solution to FðqÞ ¼ 0 on S \ �Q.

4.3 Impact Invariance Construction for Virtual Con-
straints. We are now ready to introduce the conditions that ensure
the impact invariance of ~Z . The impact invariance conditions are
built upon the uniqueness of the joint position q� on S \ �Q. From
Eq. (15), we know the value of q� depends on the lateral foot
placement yst. The following proposed impact invariance condi-
tions use the value of q� associated with the desired lateral foot
placement ystd.

PROPOSITION 1. (Impact invariance conditions for ~Z) Suppose
that the desired functions yd and /d are planned to meet the fol-
lowing conditions:

(A1) �ybðq0Þ ¼ ydðh0Þ � ystd and /cðq0Þ ¼ /dðh0Þ

(A2)

@�yb

@q
ðq0Þ

@/c

@q
ðq0Þ

2
6664

3
7775�

@yd

@h
ðh0Þ

@/d

@h
ðh0Þ

2
6664

3
7775 @�xb

@q
ðq0Þ

0
BBB@

1
CCCAv0 ¼ 0

Fig. 4 Illustration of the impact timings of actual walking
steps. The actual kth walking step begins at t 5 T 1

k21 and ends
at t 5 T 2

k . The actual kth swing-foot landing occurs at t 5 T 2
k .
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Here, q0 :¼ Dqðq�Þ, h0 :¼ �xbðq0Þ, h� :¼ hðq�Þ, Jhc
ðq�Þ

:¼ @hc

@q
ðq�Þ, and v0 :¼ D _qðq�ÞJ�1

hc
ðq�Þ

1
@yd

@h
ðh�Þ

@/d

@h
ðh�Þ

2
6664

3
7775. Then, under

the lateral foot-placement condition yst¼ ystd, the impact invari-
ance of ~Z holds.

From Sec. 4.2, we know that Eq. (15) has a unique solution on
S \ �Q when yst¼ ystd; that is, the robot has a unique configuration
q� just before an impact if y2ðs�k Þ ¼ 0 and yst¼ ystd. Given the
uniqueness of q�, the equations in condition (A1), which are imposed
on the virtual constraints, ensure that y2ðsþk Þ ¼ 0 if y2ðs�k Þ ¼ 0 and
yst¼ ystd. Similarly, the equation in condition (A2) guarantees that
_y2ðsþk Þ ¼ 0 if y2ðs�k Þ ¼ 0; _y2ðs�k Þ ¼ 0, and yst¼ ystd.

Remark 2. (Differentiation from the HZD approach) The pro-
posed construction of the impact invariant manifold ~Z is analo-
gous to the original HZD method [14,15]. The first difference lies
in that the output function in our case is explicitly a function of
the lateral foot placement yst and that the proposed construction is
for the case where the desired foot placement yst¼ ystd is realized.
The second difference is that we define the submanifold ~Z based
on R� TQ instead of just the tangent bundle TQ. This is because
the impact invariance construction for ~Z is used as a basis for ren-
dering the manifold Z impact invariant, and Z is associated with
the time-varying global-position tracking error h1ðt; qÞ.

4.4 Impact Invariance Construction for Global-Position
Tracking Error. As the desired global-position trajectory sd is
often supplied by a high-level planner without impact dynamics
considered, we construct an additional condition, which is placed
on the virtual constraints, to further ensure the impact invariance
associated with the global-position error state, i.e., �xb � ðsd � xstÞ
and its first derivative. Note that �xb � ðsd � xstÞ � xb � sd . This
additional condition, together with those introduced in Sec. 4.3,
guarantees that the submanifold Z is impact invariant.

The key to the proposed construction is to exploit the property
of sd that it is commonly planned as a smooth function for any
t > T0. Thanks to this property, xb � sd ¼ 0 automatically holds
just after an impact if it holds just before the impact. This is
because both the forward base position xb and its desired trajec-
tory sd are continuous across an impact.

To ensure _xb � _sd ¼ 0 holds just after an impact if it holds just
before the impact, we choose to enforce the continuity of the
global velocity _xb across the planned impact event. The rationale
of this design choice is threefold. First, given the continuity of _sd

for any t > T0, the continuity of _xb across the planned impact
event guarantees the continuity of _xb � _sd, which then ensures
that _xb � _sd ¼ 0 holds just after the planned impact if it holds just
before the impact. Second, the continuity of _xb is equivalent to
that of _�xb because the stance foot does not move (i.e., _xst ¼ 0).
Third, _�xb is a function of the joint position q and velocity _q only,
and thus its continuity across the planned impact event can be sat-
isfied through virtual constraint design alone without explicitly
relying on the profile of sd.

The proposed conditions for the impact invariance of Z is sum-
marized as follows.

PROPOSITION 2. (Impact invariance condition for Z) Suppose that
the desired functions yd and /d satisfy conditions (A1) and (A2)
and the following condition:

(A3) @�xb

@q
ðq0ÞD _qðq�ÞJ�1

h ðq�Þ

1
dyd

dh
ðh�Þ

d/d

dh
ðh�Þ

2
6664

3
7775 ¼ 1

Then, under the lateral foot-placement condition yst¼ ystd, the
impact invariance of Z holds.

Condition (A3) ensures that the base velocity does not
jump (i.e., _xbðsþk Þ ¼ _xbðs�k Þ) at the impact event if

y2ðs�k Þ ¼ 0; _y2ðs�k Þ ¼ 0, and yst¼ ystd and if conditions (A1) and
(A2) in Proposition 1 also hold. Furthermore, if the virtual con-
straints are generated to meet the conditions in Proposition 2,
which contains the conditions from Proposition 1, then under the
lateral foot-placement condition yst¼ ystd, the impact invariance
of Z holds; that is, if xðs�k Þ ¼ 0 then xðsþk Þ ¼ Dðs�k ; 0Þ ¼ 0.

Remark 3. (Independence from desired global-position trajec-
tory) Propositions 1 and 2 indicate that the satisfaction of the
impact invariance conditions only relies on the design of the vir-
tual constraints but not the arbitrary global-position trajectory sd

provided by a higher-level planner. For this reason, the design of
virtual constraints does not need to explicitly consider sd and thus
can be performed offline even when the higher-level planner
updates sd online. This could reduce the computational load for
online planning especially for mobility tasks that could frequently
demand the replanning of sd (e.g., dynamic obstacle avoidance).

Remark 4. (Ensuring the desired lateral foot placement through
controller design) Note that the foot-placement condition yst¼ ystd

underlying the proposed impact invariance construction is only
assumed in the virtual constraint planning but not the controller
design. Indeed, Sec. 5 introduces sufficient conditions under
which the proposed controller guarantees this foot-placement con-
dition holds at the actual steady-state.

Remark 5. (Planning virtual constraints offline for impact
invariance) There is a relatively simple two-step procedure to
plan virtual constraints offline that meet the impact invariance
conditions in Propositions 1 and 2. Recall the virtual constraints
are given by: �yb � ydðhÞ þ yst ¼ 0 and /c � /dðhÞ ¼ 0. The first
step is to plan desired time trajectories for the control variables �yb
and /c within a complete hybrid walking cycle (i.e., a continuous
phase and a landing impact), which respect the impact dynamics
with a constant forward velocity imposed across the impact. Let
~ydðtÞ � ystd and ~/dðtÞ denote these time trajectories, respectively.
Let ~hdðtÞ be the desired fictitious time trajectory for the phase
variable h (i.e., �xb). The function ~hdðtÞ is only used for the offline
planning and can be prespecified as any function that monotoni-
cally increases in time t within the planned walking cycle. Let ~h

�1

d
represent the inverse of ~hdðtÞ, which exists within the cycle. The
next step is to obtain the virtual constraints by defining the desired

functions ydðhÞ and /dðhÞ via ydðhÞ ¼ ~ydð~h
�1

d ðhÞÞ and

/dðhÞ ¼ ~/dð~h
�1

d ðhÞÞ. Considering Remark 3, we can prove that
the resulting virtual constraints automatically satisfy Propositions
1 and 2 even when the desired global-position trajectory sdðtÞ is

different from the fictitious desired trajectory ~hdðtÞ þ xst.

5 Stability Analysis

This section introduces Lyapunov-based stability analysis of
the hybrid, nonlinear, time-varying closed-loop error dynamics
(Eq. (12)) under the proposed continuous-phase control law
(Eqs. (10) and (11)). The outcome of this stability analysis is a set
of sufficient conditions under which the proposed control law
provably realizes asymptotic stabilization of the desired global-
position trajectory sd and the desired functions yd and /d for the
overall hybrid system.

5.1 Boundedness of Foot Placement and Impact Timing.
Before presenting the main theorem on closed-loop stability, we
first introduce the boundedness of the impact timing Tk and the
lateral stance-foot position yst. The boundedness of the impact
timing is needed in the stability analysis to derive how much a
Lyapunov function converges within a continuous phase. The
boundedness of yst also needs to be explicitly considered, because
yst¼ ystd underlies the proposed impact invariance conditions and
should hold at the actual steady-state for achieving asymptotic
tracking.

PROPOSITION 3. (Boundedness of impact timing error) Let
~xðt; t0; k0Þ be a solution of a fictitious continuous-time system _~x ¼
A~x with the initial condition ~xðt0Þ ¼ k0; 8t > t0. There exists a
positive number r1 and a Lipschitz constant LTx

such that the
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difference between the actual and the planned impact timings is
bounded above in norm as

jTk � skj � LTx
jj~xðsk; Tþk�1; xj

þ
k�1Þjj (16)

for any xjþ0 2 Br1
ð0Þ :¼ fx 2 R2n : jjxjj � r1g and any k 2 Zþ.

PROPOSITION 4. (Boundedness of lateral foot-placement error)
Suppose that the lateral swing-foot position ysw is chosen as an
element of /c and is thus directly controlled. Then, there exist
positive numbers bst and d1 such that the foot-placement error
just after the kth swing-foot landing is bounded above in norm as

jystjþk � ystdj � jjxj�k jj þ bstjj~xðsk; Tþk�1; xj
þ
k�1Þjj (17)

for any xjþ0 2 Bd1
ð0Þ :¼ fx 2 R2n : jjxjj � d1g and any k 2 Zþ.

Rationale of proofs. The full proofs of Propositions 3 and 4 are
given in the Appendix. The proof of Proposition 3 utilizes the
implicit dependence of the actual impact timing Tk on the error
state x. The proof of Proposition 4 mainly relies on the fact that
the stance-foot position within the current step is the end position
of the swing foot within the previous step. Thus, by including ysw

as a control variable, the lateral foot-placement error yst � ystd is
also contained in the state x. �

5.2 Main Theorem. If the virtual constraints are designed to
satisfy the impact invariance conditions in Propositions 1 and 2
and if the continuous-phase convergence rate of x is sufficiently
fast, then the origin of the hybrid closed-loop error system is
asymptotically stable, as summarized in the main theorem:

THEOREM 1. (Closed-loop stability conditions) Suppose that the
virtual constraints satisfy the impact invariance conditions
(A1)–(A3). Also, suppose that the PD gains in Eq. (11) are chosen
such that A is Hurwitz and that the continuous-phase convergence
rate of x is sufficiently fast. Then, there exists a positive number
d2 such that for any xjþ0 2 Bd2

ð0Þ :¼ fx 2 R2n : jjxjj � d2g, the
origin of the closed-loop error system in Eq. (12) is locally asymp-
totically stable; that is, xðtÞ ! 0 as t!1:

Furthermore, both the lateral foot placement and actual impact
timing asymptotically converge to their desired values; that is,
Tk � sk ! 0 and yst � ystd ! 0 as k!1:

Rationale of proof. The full proof of Theorem 1 is given in the
Appendix. The proof utilizes the stability theory of the multiple
Lyapunov functions [36], which prescribes how a Lyapunov func-
tion candidate should evolve in order for the origin of a hybrid
dynamical system to be stable.

The stability analysis begins with the construction of the Lya-
punov function candidate. Since the lateral foot-placement error
yst � ystd directly affects the satisfaction of the impact invariance
conditions and thus the system stability, we choose to construct
the Lyapunov function Va by augmenting V with a positive-
definite function of the foot-placement error

Vaðx; yst � ystdÞ :¼ VðxÞ þ rðyst � ystdÞ2 (18)

where r is a positive number to be specified in the proof.
Next, we analyze the evolution of Va during a continuous phase

as well as through a hybrid transition. The last step is to derive the
sufficient closed-loop stability conditions that the continuous-
phase convergence rate should meet such that the divergence of
Va caused by the uncontrolled impact is compensated by the
continuous-phase convergence.

The convergence of the foot placement yst and impact timing Tk

is proved based on Propositions 3 and 4 and the asymptotic con-
vergence of the error state x. By Propositions 3 and 4, the devia-
tions of the lateral foot placement and impact timing are bounded
above by the norms of the actual state x and the fictitious state ~x.
Note that by definition, ~x overlaps with x within the given actual
continuous phase. Thus, driving x to zero will indirectly make ~x
diminish, which then eliminates the deviations yst � ystd and Tk �
sk at the actual steady-state. �

Remark 6. (Tuning continuous-phase convergence rate) By
Theorem 1, the continuous-phase convergence rate of x (or equiv-
alently, Va) needs to be sufficiently fast for guaranteeing asymp-
totic trajectory tracking of the hybrid closed-loop system. The
continuous-phase convergence rate of Va solely depends on that
of V, because the stance foot is static during a continuous phase
and jyst � ystdj remains constant. We can construct V as

V ¼ xTPx, where P is the solution to the Lyapunov equation [24]

PAþ ATP ¼ �Q

Here, Q is any symmetric, positive-definite matrix satisfying
0 < kQI � Q with a positive number kQ. For simplicity, we can
choose Q as an identity matrix, and then kQ can be any number
satisfying 0 < kQ � 1. Then, the bounds of V and _V in Eq. (13)
become c1 ¼ kminðPÞ; c2 ¼ kmaxðPÞ, and c3 ¼ kQ, where kminðPÞ
and kmaxðPÞ are the smallest and the largest eigenvalues of P,
respectively. Thus, the exponential convergence rate of V
becomes c3

c2
¼ kQ

kmaxðPÞ. Note that the value of the matrix P depends
on the PD gains, and thus kmaxðPÞ can be adjusted by tuning
those gains. The full proof (Sec. 9.5) provides greater details
about PD gain tuning. It also explains how to compute the lower
bound of the convergence rate c3

c2
for guaranteeing asymptotic

error convergence of the hybrid closed-loop system.
Remark 7. (Satisfying lateral foot-placement condition) Theo-

rem 1 indicates that the lateral foot-placement condition underly-
ing the proposed impact invariance conditions in Propositions 1
and 2 is exactly met at the steady-state. Thus, the impact invari-
ance of Z, which is the necessary condition for asymptotic trajec-
tory tracking, is indeed satisfied at the steady-state; that is, if
xðs�k Þ ! 0 then xðsþk Þ ¼ Dðsk; 0Þ ! 0 as k!1.

6 Simulations and Experiments

This section reports simulation and experiment results that
demonstrate the global-position tracking performance of the pro-
posed control approach.

The hardware platform used for controller validation is the OP3
bipedal humanoid robot developed by ROBOTIS Co., Ltd. (Seoul,
South Korea) (Fig. 1). OP3 weighs 3.5 kg with a height of 0.51 m.
It has twenty revolute joints comprising eight upper-body and 12
leg joints. As these joints (including ankles) are all independently
actuated, the robot is fully actuated during a continuous phase of
flat-foot walking without slippage.

6.1 Virtual Constraint Generation. This section explains
the lower-level, optimization-based trajectory generation of vir-
tual constraints based on the proposed impact invariance
conditions.

With full actuation, OP3’s 12 leg joints can be directly com-
manded to track 12 independent desired trajectories, which are:
(1) the desired global-position trajectory sd and (2) the desired
functions yd and /d . As a higher-level planner supplies the desired
global path on the walking surface and the desired position trajec-
tory along the path, the objective of the trajectory generation is to
plan the desired lateral base position yd and desired functions /d
that both define the virtual constraints.

Trajectory parameterization. The desired lateral base position
yd is chosen as the following simple sinusoidal function to enable
an oscillatory global motion about the centerline Cd during
walking

ydð�xbÞ :¼ a1 sinða2�xb þ a3Þ (19)

with a :¼ ½ a1 a2 a3 �T 2 R3 an unknown vector to be optimized.
The desired functions /d are chosen as the desired trajectories

for the following ten control variables /c:

(a) Height (zb) and roll, pitch, and yaw angles
(wroll

b ; wpitch
b ; wyaw

b ) of the base.
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(b) Position (xsw, ysw, zsw) and roll, pitch, and yaw angles
(wroll

sw ; wpitch
sw ; wyaw

sw ) of the swing foot.

This choice of control variables allows direct regulation of the
poses (i.e., positions and orientations) of the trunk and swing foot
to avoid overstretched leg joints, enforce a relatively steady trunk
posture, and maintain a sufficient clearance between the swing
foot and the walking surface.

The desired functions /dðhÞ are parameterized using B�ezier
curves [39]

/d hð Þ :¼
XM

k¼0

ak
M!

k! M � kð Þ!
s hð Þk 1� s hð Þð ÞM�k

(20)

where M 2 Zþ is the order of the B�ezier curves, sðhÞ :¼ h�hþ

h��hþ
,

ak 2 R10 is the unknown vector to be optimized, and hþ and h�

are the planned values of h at the beginning and the end of a step,
respectively. Recall that h is chosen as the relative forward posi-
tion of the base (Eq. (6)) and represents how far a step has pro-
gressed within a step.

Optimization formulation. The optimization variables are cho-
sen as parameters a in Eq. (19) and ak in Eq. (20). The constraints
are set as:

(B1) The proposed impact invariance conditions (A1)–(A3) in
Propositions 1 and 2.

(B2) Feasibility constraints (e.g., joint-position limits, joint-
torque limits, and ground-contact constraints).

(B3) Gait parameters (e.g., step length and duration).

This list of constraints is not intended to be exhaustive as this
study focuses on impact invariance construction and controller
design instead of trajectory generation. MATLAB command fmincon
is used to solve the optimization.

Desired trajectories. In the simulations and experiments, the
planned virtual constraints are illustrated in Fig. 5. The centerline
Cd of the desired path is the Xw-axis of the world reference frame.
To test the capability of the proposed control approach in tracking
desired position trajectories with constant or time-varying veloc-
ities, the following two desired position trajectories sdðtÞ along Cd

are considered:

(a) sdðtÞ ¼ 4:4t� 3 cm.
(b) sdðtÞ ¼ 3:1t� 1:5þ 1:5 sinð0:3tÞ � sinð0:8tÞ cm.

In theory, the proposed control approach can locally stabilize
any profiles of sdðtÞ that are differentiable in time. In practice,
sdðtÞ also needs to respect the robot’s hardware constraints (e.g.,
actuation and kinematic limits).

6.2 Controller Implementation Procedure. This subsection
explains the experiment procedure that we adopt to implement the
proposed controller on the physical OP3 robot using the ROS pack-
age (op3 manager) developed by OP3’s manufacturer.

Since the ROS package does not support direct access to the out-
put torques of joint motors, the proposed control law in Eq. (10),
which is a torque command, cannot be directly implemented on
OP3 and needs to be adapted for its implementation on the robot.

Considering that OP3’s ROS package allows users to send
desired joint-position trajectories to individual joints and specify
the PD gains of OP3’s default joint controller, we adopt the fol-
lowing controller implementation procedure [21]: (a) to generate
the desired position trajectories of individual joints, qdðtÞ and (b)
to send the desired trajectories to the default joint-position con-
troller. The main steps of this procedure are shown in Fig. 6.

Although the adapted controller directly tracks the individual
joint trajectories qd instead of the original Cartesian-space trajec-
tories hd, the controller implementation procedure still allows sat-
isfactory tracking of hd. This is because qd preserve the dynamic
feasibility and desired features of hd as specified in B1–B3.

6.3 Simulation and Experiment Setup. This subsection
reports the setup of MATLAB and WEBOTS simulations and hardware
experiments for controller validation.

MATLAB. To validate the theoretical controller design, we uti-
lize MATLAB to implement the control law based on the full-order
model of OP3 (Eq. (4)). The control gains are set as KP ¼ 225 	 I
and KD ¼ 30 	 I to ensure the matrix A is Hurwitz. The simulation
results are shown in Figs. 7 and 8.

WEBOTS. To gain preliminary insights into the effectiveness of
the proposed controller implementation procedure as explained in
Sec. 6.2, we use WEBOTS to simulate a 3D realistic biped model
that closely emulates OP3’s graphical, physical, and dynamical
properties (including its limited actuator accessibility). The con-
trol gains that the emulated robot system allows users to tune are
the effective PD gains, whose physical meaning is different from
KP and KD in Eq. (11). These effective gains are tuned to be “10”
and “0” such that the resulting tracking performance is compara-
ble with the MATLAB results. WEBOTS simulation results of the
adapted controller are displayed in Figs. 8 and 9.

Experiments. The experiment setup is shown in Fig. 10. With
this setup, the robot’s joint angles can be directly measured by
joint encoders, and its global pose can be determined by: (a) using
the 4 K PRO WEBCAM and APRILTAG [40] to obtain the stance-foot
pose in the world reference frame and (b) using the obtained
stance-foot pose to solve for the robot’s global pose via forward
kinematics. By providing relatively accurate measurement, the
use of the overhead camera and APRILTAG allows us to focus on
controller validation. The experiment is guided by the controller
adaptation procedure from Sec. 6.2. The initial tracking error of

Fig. 5 Illustration of the desired gait in the sagittal plane corre-
sponding to the planned virtual constraints

Fig. 6 Flowchart of the controller implementation procedure
for hardware experiments
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the desired position trajectory sd is 3 cm, which is approximately
1/3 of a nominal step length. The initial path tracking error is
5 cm. Similar to the gain tuning in WEBOTS, the effective PD gains
are, respectively, tuned to be “800” and “0” to ensure a relatively
fast error convergence without violating the actuator’s torque
limit. Experiment results of OP3 walking on a concrete and a rela-
tively slippery ceramic floor are shown in Fig. 11. Videos of the
experiments can be accessed at following link.2

6.4 Discussions on Validation Results. This subsection pro-
vides discussions on the controller evaluation results.

Tracking accuracy in simulations. The virtual-constraint track-
ing results in Figs. 7 (MATLAB) and 9 (WEBOTS) show that the pro-
posed control law is capable of accurately enforcing the virtual
constraints for 3D bipeds during fully actuated walking. Note that

the tracking errors observed in the WEBOTS simulations are larger
than the MATLAB results in the swing foot’s lateral position ysw,
base height zb, base yaw angles wyaw

b , and the swing foot’s orienta-
tion (wroll

sw ; wpitch
sw ; wyaw

sw ). This is partly caused by the foot slippage
of the robot during WEBOTS simulations, which is not captured by
the robot model used in MATLAB simulations. The global-position
tracking results in Fig. 8 validate that the proposed control law
drives the robot to asymptotically converge to the desired global-
position trajectory sd while moving along the centerline Cd of the
global path. In particular, the accurate tracking results obtained in
WEBOTS indicate the effectiveness of the proposed controller
implementation procedure in guaranteeing reliable trajectory
tracking in the presence of hardware limitations.

Tracking accuracy in experiments. As illustrated in Fig. 11(a)
(top), under the proposed global-position tracking (GPT) control-
ler, the robot’s actual global position xb (labeled as “xb (GPT)”)
converges to a relatively small neighborhood about its desired

Fig. 8 Global-position tracking results in MATLAB and WEBOTS simulations with: (a) sd (t) 5 0:044t20:03 m and (b)
xd (t) 5 0:031t20:01510:015 sin(0:3t)20:01 sin(0:8t) m

Fig. 7 Asymptotic virtual constraint tracking in MATLAB. The functions /i (i ‰ f1; 2; . . . 10g) are elements of the
desired function /d .

2https://youtu.be/VJbLMkOG_xo
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trajectory sd within 3 s when the robot walks on a concrete floor.
Also, Fig. 11(a) (bottom) illustrates that despite an initial path
tracking error of 5 cm, the robot remains close to the centerline Cd

of the desired global path, as indicated by the footstep trajectories
labeled as “foot placement (GPT).” Due to uncertainties such as
hardware limitations, modeling errors, and floor surface irregular-
ity, achieving an exactly zero steady-state tracking error on a
physical robot may not be feasible. Thanks to the inherent robust-
ness of feedback control, the proposed control approach achieves
a small steady-state tracking error, although uncertainties are not
explicitly considered in the controller design.

Robustness. To further test the limit of the inherent robustness
of the proposed control approach, experiments of OP3 walking on
a ceramic tile floor were conducted (Fig. 11(b)). As the surface of
the ceramic tiles is relatively more slippery than the concrete
floor, the robot’s stance foot slips more frequently on the tile floor,
causing a stronger violation of the modeling assumption of static

stance foot. Yet, a relatively small global-position tracking error
is still realized when the initial foot placement error is small, as
shown in Fig. 11(b).

Necessity of global-position tracking control. To illustrate the
need to explicitly address global-position tracking in controller
design, a global-velocity tracking (GVT) controller, which is anal-
ogous to the orbitally stabilizing controller for fully actuated
walking [21], is implemented. Its global-position tracking per-
formance is displayed in Figs. 11. The figure shows that the GVT
controller achieves accurate tracking of the desired global velocity
_sd . Yet, the global-position tracking performance is not satisfacto-
rily guaranteed, as indicated by the relatively large deviations of
the global position (labeled as “xb (GVT)”) and the footstep tra-
jectories (labeled as “foot placement (GVT)”). Thus, this experi-
ment result indicates the necessity to explicitly handle global-
position tracking through controller design.

7 Discussion

This study has extended the previous method of impact invari-
ance construction from orbital stabilization [14] to the stabiliza-
tion of time-varying global-position trajectory for 3D fully
actuated robots. The proposed method produces impact invariance
conditions that can be imposed in the trajectory generation of vir-
tual constraints for ensuring their agreement with impact dynam-
ics. Moreover, although the impact maps of the virtual constraints
and global trajectory are generally nonlinearly coupled through
the robot’s kinematic chains, these conditions can automatically
ensure any arbitrary smooth desired global-position trajectory
respects the impact dynamics. Indeed, as shown in Fig. 8, the pro-
posed controller achieves asymptotic tracking of two different
global-position trajectories under the same virtual constraints,
indicating that the virtual constraints ensure the impact agreement
for different desired global-position trajectories. Thus, the pro-
posed impact invariance conditions can allow the decoupling
between the lower-level trajectory generation of virtual con-
straints and the higher-level planning of global-position trajectory.
The decoupling could permit offline planning of virtual con-
straints, thus reducing the computational load for online planning.

This study has also introduced the Lyapunov-based stability
conditions for the hybrid closed-loop error system associated with
3D bipedal robots during fully actuated walking. Controller
designs satisfying these conditions can accurately track the time-
varying desired global-position trajectory, as demonstrated in

Fig. 10 Experiment setup. ‹: Logitech 4 K PRO WEBCAM. ›:
world coordinate frame. fi: reference points for perspective
transformation. fl: APRILTAG attached to OP3’s feet, which is
used to determine the robot’s global pose. �: OP3 robot. –:
the centerline Cd of the desired global path.

Fig. 9 Asymptotic virtual constraint tracking in WEBOTS. The functions /i (i ‰ f1; 2; . . . 10g) are elements of the
desired function /d .
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Figs. 8 and 11. The proposed control approach can also indirectly
drive the lateral foot placement yst to the desired location ystd,
which is predicted by the asymptotic convergence of the Lyapu-
nov function Va that explicitly contains the lateral foot-placement
error. Note that our previous controller for 2D walking cannot
address the convergence of yst � ystd as it does not consider the
robot’s lateral movement. The capability of accurate foot place-
ment could potentially be exploited to handle locomotion on dis-
crete terrains (e.g., stepping stones [41]).

In theory, for the proposed control law to achieve zero tracking
error, the desired trajectory needs to respect the proposed impact
invariance conditions. Yet, in practice, achieving exactly zero
final tracking error may not be necessary. Rather, achieving a final
error within a reasonably small bound could be sufficiently satis-
factory for practical applications. To this end, the proposed impact
invariance conditions can be theoretically relaxed to allow
bounded violation of the condition for stabilizing the origin of the
tracking error system in the sense of Lyapunov stability rather
than asymptotic stability. Specifically, we can incorporate the
impact invariance conditions as an inequality constraint in trajec-
tory generation instead of an equality constraint.

The proposed control approach, including continuous
input–output linearizing control design and the impact invariance
construction, builds upon a hybrid robot model that holds under
several modeling simplifying assumptions. These assumptions are
reasonable for robot walking in relatively structured environ-
ments. Yet, they may not hold if the environments are more com-
plex, which will in turn affect the controller performance. Indeed,
as the experiment results in Fig. 11 illustrate, when the floor is rel-
atively slippery, the assumption that the foot and surface have a
secured contact no longer holds, which is not explicitly addressed
by the proposed control law. For this reason, these experiment
results show a slower convergence rate and larger tracking error
compared with the simulation results in Fig. 8. To this end, adapt-
ing the proposed controller to more complex environments is nec-
essary. For instance, we could cast the proposed control approach
into a quadratic program [42] for ensuring the feasibility of
ground contact forces in the presence of foot slippage induced by
surface irregularity. Another potential approach is to integrate the
proposed control law with adaptive and robust control action
[26,43,44] for enabling online model estimation and better dis-
turbance rejection.

The proposed controller is built upon a fully actuated robot
model, and is thus effective when the robot is fully actuated. For a

bipedal robot to be fully actuated, its motion needs to satisfy cer-
tain necessary constraints. For instance, a bipedal robot with finite
size feet (e.g., OP3) is fully actuated when its support foot is in a
static, full contact with the ground during walking; that is, its
motion satisfies the ground contact constraints (e.g., friction cone,
unilateral, and center of pressure constraints). Thus, the planned
motion (defined by the virtual constraints and the desired global
trajectory) should meet these constraints with a reasonable mar-
gin. Here the margin ensures that the actual walking motion also
satisfy those constraints when it is near the planned motion, so
that the controller will be effective in driving the actual motion to
the desired one. Note that the proposed controller is not intended
for robots with limited-size feet (e.g., point feet) or passive ankles,
which commonly adopt underactuated gait due to the lack of con-
trol authority compared with the robot’s degrees-of-freedom. Still,
the proposed control method could be extended to multidomain
walking gait, which comprises subphases of full actuation, under-
actuation, and over actuation, as our preliminary theoretical and
simulation studies indicate [29]. The key to this extension is the
adaptation of the proposed stability conditions from single-mode
to multimode hybrid robot dynamics.

8 Conclusion and Future Work

This paper has introduced a control approach that explicitly
addresses the hybrid dynamics of 3D bipedal robots for achieving
asymptotic global-position tracking during fully actuated walking.
With the output function designed as the tracking error of the
desired global-position trajectory and virtual constraints, a contin-
uous input–output linearizing control law was synthesized to
asymptotically drive the output function to zero within continuous
phases. Impact invariance conditions were derived to guide the
generation of virtual constraints such that the robot’s desired
motions defined by the virtual constraints and the desired global-
position trajectory all respect the discrete landing impact dynam-
ics. Sufficient conditions were derived based on Lyapunov theory
under which the proposed continuous control law provably guar-
antees the asymptotic tracking performance of the hybrid closed-
loop system. Simulation and experiment results demonstrated the
effectiveness of the proposed control approach in realizing satis-
factory global-position tracking.

Our future work will apply and extend the proposed approach
from straight-line to curved-path locomotion as real-world appli-
cations of legged robots commonly require walking in varying

Fig. 11 Experiment results of global-position tracking with sd (t) 5 0:044t20:03 m on: (a) a concrete floor and (b) a ceramic
tile floor
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directions. To enable efficient planning, we will construct a
library [20] of virtual constraints offline that corresponds to a
common range of direction-varying gait parameters and interpo-
late the virtual constraints online to fit the varying walking direc-
tions along a curved path.
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Appendix: Proofs of All Propositions and Theorems

A.1 Proof of Proposition 1

Proof 1. With the pre-impact joint position q�, the postimpact
joint position and phase variable are qðsþk Þ ¼ Dqðq�Þ ¼ q0 and
hðsþk Þ ¼ �xbðqðsþk ÞÞ ¼ �xbðq0Þ ¼ h0, respectively.

Under the foot-placement condition yst¼ ystd and condition
(A1), the postimpact value of the output function �yb � ðyd � ystÞ
is �ybðq0Þ � ydðh0Þ þ ystðsþk Þ ¼ �ybðq0Þ � ydðh0Þ þ ystd ¼ 0: Simi-
larly, given condition (A1), the postimpact value of /c � /d is
/cðq0Þ � /dðh0Þ ¼ 0.

Since _yðs�k Þ ¼ 0, we have

_y s�kð Þ ¼ _hc q�; _q s�kð Þ
� �

� _hd t; h�; _h s�kð Þ
� 	

¼ Jhc
q�ð Þ _q s�kð Þ �

_sd s�kð Þ
@yd

@h
h�ð Þ _h s�kð Þ

@/d

@h
h�ð Þ _h s�kð Þ

2
6666664

3
7777775
¼ 0

(A1)

and _hðs�k Þ ¼ @�xb

@q
ðq�Þ _qðs�k Þ ¼ _sdðs�k Þ � _xstðs�k Þ ¼ _sdðs�k Þ; where

Jhc
ðq�Þ ¼ @hc

@q
ðq�Þ. Thus, the pre-impact joint velocity is

_q s�kð Þ ¼ J�1
hc

q�ð Þ

1
@yd

@h
h�ð Þ

@/d

@h
h�ð Þ

2
66664

3
77775 _h s�kð Þ (A2)

Note that _qðsþk Þ ¼ D _qðq�Þ _qðs�k Þ and _hðsþk Þ ¼ @�xb

@q
ðq0Þ _qðsþk Þ.

Then, by condition (A2), the postimpact value of ½ _�yb � ð _yd �
_ystÞ _/c � _/d� becomes

@�yb

@q
ðq0Þ

@/c

@q
ðq0Þ

2
6664

3
7775 _qðsþk Þ �

@yd

@h
ðh0Þ

@/d

@h
ðh0Þ

2
664

3
775 _hðsþk Þ ¼ 0

Thus, the impact invariance of ~Z is met under conditions (A1) and
(A2) from Proposition 1. �

A.2 Proof of Proposition 2

Proof 2. Because xb and sdðtÞ are both continuous in t, we
obtain

�xbðq0Þ � sdðsþk Þ þ xst ¼ xbðsþk Þ � sdðsþk Þ ¼ xbðs�k Þ � sdðs�k Þ

Thus, if xbðs�k Þ � sdðs�k Þ ¼ 0, then �xbðq0Þ � sdðsþk Þ þ xst ¼ 0
automatically holds.

Because the stance foot remains static just before and after the
impact, _xstðsþk Þ ¼ _xstðs�k Þ ¼ 0 holds. Also, as the desired global
velocity _sd is continuous in t, we have _sdðsþk Þ ¼ _sdðs�k Þ.

From the proof of Proposition 1, we have

_h sþk
� �

¼ @�xb

@q
q0ð ÞD _q q�ð ÞJ�1

h q�ð Þ

1

@yd

@h
h�ð Þ

@/d

@h
h�ð Þ

2
66666664

3
77777775

_h s�kð Þ (A3)

which yields _hðsþk Þ ¼ _hðs�k Þ under condition (A3). Then, the post-
impact value of the first time derivative of the output function
xb � sd becomes _�xbðq0; _qðsþk ÞÞ � ð _sd ðsþk Þ � _xþst Þ ¼ _hðsþk Þ
� _sdðsþk Þ þ _xþst ¼ _hðs�k Þ � _sdðs�k Þ þ _x�st , which is zero if
_hðs�k Þ � _sdðs�k Þ þ _x�st ¼ 0.

Thus, under conditions (A1)–(A3) from Propositions 1 and 2,
the impact invariance of Z holds. �

A.3 Proof of Proposition 3

Proof 3. Because the output function state y and _y and the
swing-foot height zsw defining the switching surface S are both
continuously differentiable in their respective arguments, the
function defining the switching surface Sx is continuously differ-
entiable in its argument [28]. Also, note that the continuous-phase
vector field (i.e., Ax) of the error state x is continuously differen-
tiable in x.

Then, by Lemma 2.1 and Corollary 2.4 in Ref. [28], the impact
timing Tk is an implicit function of the state x, and is Lipschitz
continuous with respect to x. Thus, there exists a positive number
r1 and a Lipschitz constant LTx

such that jTk � skj �
LTx
jj~xðsk; Tþk�1; xj

þ
k�1Þjj for any xjþ0 2 Br1

ð0Þ and any k 2 Zþ.

A.4 Proof of Proposition 4

Proof 4. Let /sw;yðhÞ denote the desired trajectory of the control
variable ysw. Because the stance-foot position during the ðk þ 1Þth
step is the swing-foot position at the end of the kth step, one has
ystjþk ¼ yswj�k and /sw;yðh�Þ ¼ ystd .

Let ~hðt; Tþk�1; xj
þ
k�1Þ be the phase variable associated with the

fictitious state ~xðt; Tþk�1; xj
þ
k�1Þ that overlaps with the actual state x

on t 2 ½Tþk�1;T
�
k �. Then, by the triangular inequality, we can

approximate the upper bound of the absolute lateral foot-
placement error as

jystjþk � ystdj ¼ jyswj�k � /sw;yðh�Þj

� jyswj�k � /sw;yðhðT�k ÞÞj

þj/sw;yðhðT�k ÞÞ � /sw;yð~hðsk; Tþk�1; xj
þ
k�1ÞÞj

þj/sw;yð~hðsk; Tþk�1; xj
þ
k�1ÞÞ � /sw;yðh�Þj

(A4)

The upper bounds of the three terms on the right-hand side of this
inequality are derived next.

As ysw � /sw;y is an element of the full error state x, its norm
satisfies

jyswj�k � /sw;yðhðT�k ÞÞj � jjxj
�
k jj (A5)
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Because hðT�k Þ ¼ ~hðT�k ; Tþk�1; xj
þ
k�1Þ and because /sw;yðhÞ and

~hðt; Tþk�1; xj
þ
k�1Þ are continuously differentiable in h and t, respec-

tively, there exists a positive number r2 and Lipschitz constants
L/sw;y

and Lht
such that

jj/sw;yðhðT�k ÞÞ � /sw;yð~hðsk; Tþk�1; xj
þ
k�1ÞÞjj

� L/sw;y
jjhðT�k Þ � ~hðsk; Tþk�1; xj

þ
k�1Þjj

¼ L/sw;y
jj~hðT�k ; Tþk�1; xj

þ
k�1Þ � ~hðsk; Tþk�1; xj

þ
k�1Þjj

� L/sw;y
Lht
jTk � skj (A6)

for any xjþ0 2 Br2
ð0Þ :¼ fx 2 R2n : jjxjj � r2g.

With h� ¼ hðq�Þ ¼ ~hðs�k ; Tþk�1; 0Þ ¼ sdðs�k Þ � xstðs�k Þ; we have

j~hðsk; Tþk�1; xj
þ
k�1Þ � h�j

¼ jj~hðsk; Tþk�1; xj
þ
k�1Þ � ðsdðs�k Þ � xstðs�k ÞÞjj

� jj~xðsk; Tþk�1; xj
þ
k�1Þjj (A7)

Then

j/sw;yð~hðsk; Tþk�1; xj
þ
k�1ÞÞ � /sw;yðh�Þj

� L/sw;y
jj~hðsk; Tþk�1; xj

þ
k�1Þ � h�jj � L/sw;y

jj~xðsk; Tþk�1; xj
þ
k�1Þjj

(A8)

Let bst :¼ L/sw;y
ðLht

LTx
þ 1Þ and d1 :¼ minðr1; r2Þ. From Proposi-

tion 3 and Eqs. (A4)–(A8), we obtain jystjþk � ystdj � jjxj�k jj þ
bstjj~xðsk; Tþk�1; xj

þ
k�1Þjj for any xjþ0 2 Bd1

ð0Þ and k 2 Zþ. �

A.5 Proof of Theorem 1

Proof 5. As explained in Sec. 5.2, the Lyapunov function candi-
date is defined as Vaðx; yst � ystdÞ :¼ VðxÞ þ rðyst � ystdÞ2; where
r is a positive number to be specified in this proof.

By the stability theory based on the construction of multiple
Lyapunov functions [36], the origin of the hybrid time-varying
system in Eq. (12) is locally asymptotically stable if there exists a
positive number d2 such that for any xjþ0 2 Bd2

ð0Þ, Va is monot-
onically decreasing within each continuous phase, and
fVajþ1 ;Vajþ2 ;Vajþ3 …g is a strictly decreasing sequence with
Vajþk ! 0 as k!1. �

Evolution of Va during continuous phases. With the PD gains

chosen such that A is Hurwitz, Eq. (13) gives Vj�k �
e
�c3

c2
ðTkþ1�TkÞVjþk�1 within the kth (k 2 Zþ) continuous phase. Since

yst � ystd remains constant within the step due to the static stance
foot, Va monotonically decreases within the kth phase.

Evolution of Va across nonlinear impact maps. Consider the
foot-landing event at the end of the kth walking step (i.e., t ¼ T�k ).
The tracking error expansion across the landing event is analyzed
as follows.

Because the desired functions yd and /dðhÞ satisfy the condi-
tions (B1)–(B3), the impact invariance associated with the error
state x holds, which leads to Dðs�k ; 0; ystdÞ ¼ 0. Then, the value of
x just after the landing can be approximated by applying the trian-
gular inequality as

jjxjþk jj ¼ jjDðT�k ; xj
�
k ; ystj�k Þjj

¼ jjDðT�k ; xj
�
k ; ystj�k Þ � Dðs�k ; 0; ystdÞjj

� jjDðT�k ; xj
�
k ; ystj�k Þ � Dðs�k ; xj

�
k ; ystj�k Þjj

þ jjDðs�k ; xj
�
k ; ystj�k Þ � Dðs�k ; 0; ystj�k Þjj

þ jjDðs�k ; 0; ystj�k Þ � Dðs�k ; 0; ystdÞjj þ jjDðs�k ; 0; ystdÞjj
(A9)

As the reset map Dðt; x; ystÞ is continuously differentiable in t, x,
and yst, there exists a positive number r3 and Lipschitz constants
LDt
; LDx

, and LDst
such that the following inequalities hold for any

xjþ0 2 Br3
ð0Þ:

jjDðT�k ; xj
�
k ; ystj�k Þ � Dðs�k ; xj

�
k ; ystj�k Þjj � LDt

jTk � skj
jjDðs�k ; xj

�
k ; ystj�k Þ � Dðs�k ; 0; ystj�k Þjj � LDx

jjxj�k jj
jjDðs�k ; 0; ystj�k Þ � Dðs�k ; 0; ystdÞjj � LDst

jystj�k � ystdj
(A10)

From Eqs. (16) and (A10), we obtain

jjDðT�k ; xj
�
k ; ystj�k Þ � Dðs�k ; xj

�
k ; ystj�k Þjj

� LDt
LTx
jj~xðsk; Tþk�1; xj

þ
k�1Þjj (A11)

for any xjþ0 2 Bd2
ð0Þ, where d2 ¼ minfd1; r3g. From Eqs.

(A9)–(A11), we have for any xjþ0 2 Bd2
ð0Þ

jjxjþk jj ¼ jjDðT�k ; xj
�
k ; ystj�k Þjj

� LDx
jjxj�k jj þ LDt

LTx
jj~xðsk; Tþk�1; xj

þ
k�1Þjj þ LDst

jjystj�k � ystdjj
(A12)

The upper bounds of jjxj�k jj and jj~xðsk; Tþk�1; xj
þ
k�1Þjj with respect

to the tracking error norm jjxj�k�1jj can be derived based on
Eq. (13) as

jjxj�k jj �
ffiffiffiffiffi
c2

c1

r
e
� c3

2c2
Tk�Tk�1ð Þjjxjþk�1jj and

jj~x sk; Tþk�1; xj
þ
k�1

� �
jj �

ffiffiffiffiffi
c2

c1

r
e
� c3

2c2
sk�Tk�1ð Þjjxjþk�1jj

(A13)

Then, from Eqs. (A12) and (A13), the postimpact error norm can
be approximated as

jjxjþk jj �
ffiffiffiffiffi
c2

c1

r
LDt

LTx
þ LDx

e
� c3

2c2
Tk�skð Þ

� 	
e
� c3

2c2
sk�Tk�1ð Þjjxjþk�1jj

þLDst
jystj�k � ystdj

(A14)

For any e > 0 there exist PD gains corresponding to a sufficiently

high convergence rate c3

2c2
such that e

� c3
2c2
ðTk�skÞ � 1þ e. Then, the

approximation of the postimpact error norm can be simplified into

jjxjþk jj � axjjxjþk�1jj þ astjystj�k � ystdj (A15)

where ax :¼
ffiffiffi
c2

c1

q
ðLDt

LTx
þ LDx

ð1þ eÞÞe�
c3
2c2

Dsk ; Dsk :¼ sk � Tk�1,
and ast :¼ LDst

.
Now, we derive the upper bound of jystj�k � ystdj with respect to

the tracking error norm jjxj�k�1jj. Because the stance foot remains
static within a step, we have ystj�k ¼ ystjþk�1: Then, from Eq. (17)

jystjþk � ystdj � jjxj�k jj þ bstjj~xðsk; Tþk�1; xj
þ
k�1Þjj � cxjjxjþk�1jj

(A16)

holds, where cx :¼
ffiffiffi
c2

c1

q
ðbst þ ð1þ �ÞÞe

� c3
2c2

Dsk .

Finally, combining Eqs. (13), (A15), and (A16) provides the
following approximation of the postimpact value of the Lyapunov
function Va:

Vajþk ¼ Vjþk þ rðystjþk � ystdÞ2 � c2jjxjþk jj
2 þ rðystjþk � ystdÞ2

� Bðc1jjxjþk�1jj
2 þ rðystjþk�1 � ystdÞ2Þ

� BðVjþk�1 þ rðystjþk�1 � ystdÞ2Þ � BVajþk�1

where B :¼ maxð2c2a2
xþrc2

x

c1
; 2c2ast

r Þ.
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Evolution of Va for the hybrid model. If the PD gains and r are
chosen such that

2c2a2
x þ rc2

x

c1

< 1 and
2c2ast

r
< 1 (A17)

hold (i.e., B< 1), then for any xjþ0 2 Bd2
ð0Þ, the sequence

fVajþ1 ; Vajþ2 ; Vajþ3 …g is strictly decreasing with Vajþk ! 0 as
k !1. Thus, the closed-loop hybrid system is locally asymptoti-
cally stable if the PD gains ensure that the matrix A is Hurwitz
and that Eq. (A17) holds for any xjþ0 2 Bd2

ð0Þ.
To meet the two inequality conditions in Eq. (A17), we can

choose the function VðxÞ to be VðxÞ ¼ xTPx as explained in
Remark 6. This choice results in the continuous-phase conver-

gence rate of VðxÞ as c3

c2
¼ kQ

kmaxðPÞ, which can be tuned with the PD

gains. Specifically, to satisfy the second inequality in Eq. (A17),
we can specify r as any positive number such that
r > 2c2ast ¼ 2kmaxðPÞast, where ast can be estimated from system
dynamics. For instance, we can choose r to be 2krkmaxðPÞast with
any constant kr > 1. Then, we can tune the PD gains to meet the
first inequality in Eq. (A17), by allowing a sufficiently high
continuous-phase convergence rate that leads to sufficiently small

values of ax and cx for satisfying a2
x þ c2

x � c1

2kmaxðPÞmaxð1;krastÞ.

Convergence of impact timings. When the state x reaches zero
at the steady-state, from Eq. (A13), the fictitious state satisfies

jj~xðsk; Tþk�1; xj
þ
k�1Þjj �

ffiffiffi
c2

c1

q
e
� c3

2c2
ðsk�Tk�1Þjjxjþk�1jj ! 0 as k !1.

Then, by Eq. (16), jTk � skj � LTx
jj~xðsk; Tþk�1; xj

þ
k�1Þjj ! 0 as

k !1.
Convergence of lateral foot placement. By the definition of Va

in Eq. (18), Vaðx; yst � ystdÞ ¼ VðxÞ þ rðyst � ystdÞ2, where r is
positive and VðxÞ and ðyst � ystdÞ2 are all bounded and non-
negative. Thus, if Va ! 0 as t!1, then ðyst � ystdÞ2 ! 0 as
t!1; that is, yst ! ystd as t!1.
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