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Based on the preliminary work done in a previous paper [Phys. Rev. C 105, 054001 (2022)], we
investigate the effects of laser-induced fusion rate enhancements of different fusion fuels. In the
aforementioned work, which considered ?H-3H (D-T) and DHe? fusion, it was observed that a larger
product of charge numbers of the fusion reactants leads to an increased laser-induced enhancement
to the fusion cross section for static external electric fields. We investigate whether this trend persists
for DT, DHe?, and pB*! fusion for dynamical electric fields, using the semiclassical approaches of
the Wentzel-Kramers-Brillouin method and the imaginary-time method, as well as the Kramers-
Henneberger method, and the Volkoff-state approximation. We find that the fusion cross section of
pB'! indeed exhibits the largest relative enhancement for all laser parameters considered and may
even surpass the cross section of DT and DHe? fusion.

I. INTRODUCTION

With recent newly achieved milestones in fusion re-
search [1-3], the goal of using nuclear fusion as a clean
sustainable source of energy is inching ever closer towards
reality. These achievements notwithstanding, obtaining
nuclear fusion ignition in the laboratory remains a chal-
lenging feat, which stands to benefit greatly from new
ways that increase the fusion reaction rates. One such a
possible avenue is the fusion cross-section enhancement
from a high-power laser. The theoretical study of the ef-
fects of laser fields on fusion reactions is slowly beginning
to establish itself as a new field in its own right [4-12], and
the availability of high-power laser facilities [13-18] pro-
vides the possibility to design and perform experiments
towards observing laser-induced fusion enhancement.

In a previous work [4], we investigated the effect of
an electric field associated with an external laser on
the DT and DHe? fusion reactions. D and T refer to
the isotopes 2H and $H, respectively. In particular, we
analyzed the applicability of the frequently used semi-
classical (SC) methods of the Wentzel-Kramers-Brillouin
(WKB) approximation [19, 20] and the imaginary-time
method (ITM) [21] for a range of different laser param-
eters. When investigating the effects of a static electric
field, we found that the laser-induced enhancement to
the fusion cross section was larger for those reactions
where the product of the charge numbers of the reac-
tants was larger. This increased enhancement would be
exceedingly beneficial for the pB'! fusion reaction, con-
sidering the relatively high charge state of the boron nu-
cleus as compared with those of deuterium, tritium, or
helium nuclei. Despite the lower reaction yield of pB'!
fusion as compared with those of more conventional fu-
els such as DT and DHe3, the consideration of pB!! as
a fusion fuel has remained a relevant topic in the study
towards commercialized fusion power. This is because
the pB'! reaction provides several practical advantages
[22]: the reaction is aneutronic, it results directly in the
creation of charged « particles, and the relevant reac-

tants are readily obtainable on Earth. Thus, even though
the stronger Coulombic repulsion between the pB!! nu-
clei results in a reduced fusion yield, it may in turn lead
to an increased laser-induced enhancement, potentially
nearing or surpassing the fusion cross sections of conven-
tional fuels. For this reason, we investigate whether this
charge-number-increased laser-enhanced (CNILE) trend
persists for dynamic electric fields as well.

As we concluded in Ref. [4] that the SC methods are
only applicable for a limited range of laser parameters in
the dynamic case, we invoke the Kramers-Henneberger
(KH) method [23] to more reliably cover the phase space
of dynamic laser parameters. In addition, we employ a
fourth method, the Volkoff-state approximation (VSA)
[24] for comparison. This method stands out from the
other three because the interpretation behind the effect
of the external laser field on the fusion process differs.
Whereas the prior three methods interpret the laser-
induced enhancement of the fusion rate as caused by
a deformation to the interparticle Coulombic repulsion,
the VSA interprets the enhancement as a result from
the energy gain provided to the fusing system from the
laser. We emphasize that this deformation and energy
gain are not two distinct processes that occur, but are
rather two different ways of interpreting the additional
potential term that captures the behavior of the exter-
nal laser field. The changes the laser field induces to the
particle velocity distribution in an ensemble, as well as
plasma effects, are not considered in this work.

The paper is structured as follows: in Sec. II we pro-
vide an outline of the four methods used to calculate the
laser-induced fusion cross-section enhancements. Section
IIT provides the subsequent results and Sec. IV provides
conclusions and an outlook.

II. THEORY

The fusion reactions that will be considered in this pa-
per are deuterium-tritium fusion, deuterium-helium fu-



sion, and proton-boron fusion:

D+ T — 3He+ {n+17.6 MeV, (1)
D+ 3He — 3He+ 1p + 18.3 MeV, (2)
'p + B — 34He + 8.7 MeV. (3)

The fusion cross section is modeled by the conventional
form [22, 25, 26] as a function of the center-of-mass
(CoM) energy &:

o(€) =TT, (4)

which encapsulates the three processes that make up a
fusion reaction: the initial collision described by the geo-
metrical cross section 1/&, the quantum-mechanical tun-
neling described by the transparency 7T, and finally the
actual fusing of particles described by the astrophysical
S factor S(€). How these quantities are obtained is elab-
orated on in the following sections.

The two colliding nuclei are described by an effec-
tive one-dimensional time-dependent Schrodinger equa-
tion (TDSE) in terms of relative coordinates and given
in the dipole approximation, which is inherently assumed
by all methods used in this work. The dipole approxima-
tion is valid so long as the wavelength of the laser field is
much larger than the spatial extent of the fusing system.
For a further elaboration, we refer to Refs. [4, 6, 27].

A. Tunneling transparency

Semiclassical methods. For the SC methods, we use
the methodology as laid out in our previous work [4] and
provide only a concise overview of relevant formulas here.
In the semiclassical approximation, the transparency can
be calculated via

T = 672Im8/h7 (5)
where

= ftunnel d’/’p(’l"), for WKB,
ftunnel dt[L + g], fOl" I':[‘l\/[7

and is valid so long as ImS > h. In the WKB method,
the imaginary part is obtained through

p(r) = 20l =V (r)] = i/2u[V(r) = €], (7)

where p is the reduced mass and the choice in the sign of
Im § is taken to ensure an exponentially decaying behav-
ior in the transparency. For the ITM, L is the conven-
tional Lagrangian, L = ur(t)?/2 — V(r(t)), and the inte-
gration is taken over the time it takes to tunnel through
the barrier along the subbarrier trajectory that satisfies
the classical equations of motion. The imaginary part is

obtained after making the change of coordinate t = —ir.
For both of these methods, the potential is given by

V(r,t) = ; — eZeg|E|r cos 0 cos(wt + @), (8)

where Kk = 62Z1Z2/47760, with Z; and Z5 the charge
numbers of the reactants. The effective charge number
is given by Zeg = (Z142 — Z2A1)/(A1 + Az), with A,
and A, the number of nucleons. The electric-field am-
plitude is denoted by |E| and the angle between the rel-
ative particle motion and the polarization direction is
given by 0 € [0, 7]. Finally, w refers to the angular pho-
ton frequency and ¢ denotes the phase of the electric
field. For the inherently time-independent WKB method,
V(r) = V(r,t = 0). This potential only accounts for
r € [R, o), where R denotes the length scale below which
the strong nuclear force dominates over the Coulomb po-
tential and is taken to be R = 1.44(141/3 + Aé/3) fm [22].
Below this value, we assume a constant, flat nuclear po-
tential well. For both methods, the integration is taken
between the inner and outer classical turning points. The
inner turning point is given by Rj, = R (equal to 3.891
fm for DT and DHe® and 4.643 fm for pB!!) and the
outer one can be obtained from Eq. (8) using the rela-
tion V(Rous,0) = E.

In our previous work [4], we found that the use of the
SC methods is only applicable for a limited region of
phase space, comprised of the laser parameters and the
CoM energy, in the cases of DT and DHe? fusion. For
this reason, we employ the Kramers-Henneberger (KH)
method [23] in the dynamic-field case. The considera-
tion of the SC methods was kept for benchmarking and
studying pB!! fusion in the static case, which was not
considered in our previous work.

Kramers-Henneberger method.  For this part, we
closely follow the derivation presented in Ref. [6]. The
KH method consists of the following steps: a unitary
transformation is made to the reference frame of an os-
cillating charged particle in an external electric field. In
this new reference frame, the one-body wave function
obeys a conventional one-body TDSE with a potential
Vku(r,t) = k/|r —r.(t)], where r.(t) = r. cos(wt)ér and
re = eZeg|B|/(uw?). Note that the direction and time
dependence of r.(t) are the same as those of the electric
field E. In the original paper of Henneberger [23], this
potential is written out as an infinite sum over Bessel
functions in a Floquet-like manner by using the Jacobi-
Anger identity. Subsequently, the zeroth-order mode is
shown to be time independent and in fact corresponds
to an average over a single oscillation period. The re-
maining time-dependent terms may then be treated as a
perturbative series. In practice, it is common to restrict
oneself to the averaged (zeroth-order) form, which is a
valid approximation so long as the temporal scale of the
field is much faster than that of the process under consid-
eration. After expanding Vku(r,t) in terms of Legendre



polynomials, one arrives at

K

Vi t) =
kn(r,?) v — 7e sin(wt)ég|

=K Z Py(cos 9)
1=0

7,_1

Fm, for r < |r. sin(wt)]

r! sint(

th) for r > |re sin(wt)].
9)
For the averaging, we wish to calculate

1 2m

0
Vi) = o [ d¢ Vien(r, ), (10)
T Jo
with ¢ = wt. Care must be taken when performing the
integration to ensure the correct integrand from Eq. (9)
is used as & goes over the unit circle. By exploiting

some symmetries of the sine function, the expression for
VIE(I){) (r) can be brought in the following form:

2Kk
Vi (r) = — 3 Pilcost)
le2Ng
/2 dg
[ z+1/ dg sin' & + l+1 5 sin§|sinl§]’

(11)

where § = arcsin(r/r.) € [0,7/2). The analytical solu-
tion to these integrations is given by [6]

K (%)
Vi () = Pi(cos 0) 12
e | con (5 + 1)
—1-1 o\
x | A () + B () 1 ) (12)
Te Te
where

- s (E) ()

(13)
When r > r, for all values of £ the result becomes more
concise:
. T(5)
(L)
2

rHr(L+1)

Vi (r) = % 3" Pi(cost) (14)

le2Ng

To proceed, this potential is used in the WKB-
transparency expression

out
T =exp —7/

r 2ulVih (r) — ﬁ.<m

The outer turning point is obtained numerically from the
relation Vé%) (Rout) = €. The inner turning point comes
from the largest vector in the collection of vectors that

defines the interior, nuclear region: {r for |r — r.(¢)| <
R,Vt € [0,27/w)}. Tt is the solution Ry, of

\/an +7r2sin? £* — 2Ry,re cos O] siné*| = R (16)

where £* maximizes the norm |r — r.(£*)|. In doing so,
one arrives at

f =77
Rin{R—&—re, or=m (17)

R/sin 6, otherwise.

Practically, one considers the minimum of these two val-
ues.

As to the applicability of the KH method, it was men-
tioned that the averaging is valid so long as the temporal
scale of the laser is much faster than that of the fusion
process. We follow the reasoning of Lv et al. [6] that,
of the three processes that constitute a fusion reaction
(collision, tunneling, and fusing), the collision is by far
the slowest process, on a timescale of the order of fem-
toseconds. The corresponding restriction on the photon
energies for which the KH method is valid is iw > 1 keV.

The physical justification for the CNILE trend was ad-
dressed in Sec. IIT A of Ref. [4], which we repeat here
for completeness. (This line of reasoning is based on
the deformation interpretation of the laser-induced fu-
sion enhancement.) The origin lies with the long tail of
the field-free Coulomb potential between the reactants.
Considering the same & for two pairs of fusion fuels, A
and B, where one has a larger product of charge num-
bers than the other, say [[ Za4 > [[ Z5, then the outer
classical turning point of pair A lies further than that of
pair B. Hence, the higher Coulombic repulsion for pair
A results in a smaller transparency, as is intuitively clear.
However, the deformation to this potential from the elec-
tric field is most prevalent for higher values of r, in the
tail of the potential. Hence, the reduction of the outer
turning point is more pronounced for pair A than for
pair B, leading to an increased laser-induced enhance-
ment for those fuel reactants with a larger Coulombic
repulsion. This trend is also expected to be present in
the transformed KH potential for the same reason.

In the VSA, the method relies on an energy averaging
being taken, as will be shown below. However, since
the prefactor S(£)/€ in Eq. (4) is also dependent on the
energy, it is less sensible to treat the transparency in the
VSA separately. For this reason, we elaborate on this
method in its own section below, complete with its own
justification for expecting to observe the CNILE trend
using the energy-gain interpretation. First, however, we
quickly discuss the astrophysical .S factor.



B. Astrophysical S factor

The astrophysical S factor is obtained by semi-
empirical means. As was done in Ref. [4], the astrophys-
ical S factor for DT and DHe? fusion used throughout
this work was obtained from the work of Bosch and Hale
[28] and provides a parametrized form for S(&), which is
valid for CoM energies in the ranges of [0.5, 550] keV and
[0.3, 900] keV for DT and DHe?, respectively. For pB!!
fusion we employed the parametrization from Nevins and
Swain [29]. In our previous work [4], we argued that the
S factor employed must be corrected to account for the
fact that we model the tunneling to a nonzero value of the
nuclear well, whereas the parametrization of the S factor
is obtained from an expression that inherently assumes
R = 0. The correction was found to be

SR(E) = So(E)eVEeP/E-VE/E, (18)

where Sg(€) is the value to be used in Eq. (4), Sp(€) is
the semi-empirical value obtained from Refs. [28, 29] and

Eo(B) = 2 [eos™ (vp) ~ VoL —p)] » (19

with £¢ = 2uk?n?/h? denoting the Gamow energy and
p = ER/k. This correction also makes sense within
the KH framework for the following reason: Although
the consideration of a static field is not possible within
the KH approximation because of the inherent high-
frequency assumption, one may still revert to a field-
free scenario by considering the limit |E| — 0. In that
case, the KH method essentially boils down to the WKB
method, but with tunneling to a nonzero R, as evinced
by the transparency in Eq. (15) and the presence of R
in Eq. (16), which warranted the use of the corrected Sg
factor. In addition, for all methods considered, we as-
sume that there is no discernible effect of the laser on
the astrophysical S factor. (The validity of this assump-
tion was addressed in Ref. [12].) Therefore, the use of
the corrected Sk factor remains consistent within the KH
framework as we return to finite values of (|E|,w).

C. Volkoff-state approximation

The full theoretical framework behind the VSA is out-
lined in the works of Wang [7] and Liu et al. [9], so we
provide only a small recap of the relevant formulas.

In the absence of an external field, the wave function
in CoM coordinates takes on the asymptotic form of a
plane wave 9 (r, t) ~ exp{i(p-r—E&t)/h}, with p = \/2u€.
When considering an external laser field, the asymptotic
wave function gets an extra phase factor and is called a
Volkoff state [24]:

Dy (r,1) ~ exp{; {p-r—&f— /Otdt’HI(t’)] } (20)

where the interaction Hamiltonian is given in the velocity
gauge (the use of the Coulomb gauge is implied):

2% 1o
p-A(t)+ TA (t). (21)

SZCff

Hi(t) =

The time dependence of the vector potential is subse-
quently assumed to be harmonic, which allows for a
Fourier expansion of the Volkoff wave function and an
analytical expression for the Volkoff phase. The har-
monic time dependence also allows for us to make use
of the simple relation |E| = Agw, with Ay being the am-
plitude of the vector potential. The result of the Fourier
expansion is

-FWJV(I', t)] _ eip.r/ﬁeiu Z Fn(u, U)efi(5+Up+nhw)t/h’
nez
(22)

1 [27 o .
Fn(u,v) — %/0 df e—zucosf—&-wst&—an’ (23)

where u and v are dimensionless quantities given by
u = eZg|Elpcos0/(uhw?) and v = (eZog|E|)?/(8uhw?).
The ponderomotive energy U, = (eZog|E|)?/(4puw?) is
the average quiver energy added to the effective parti-
cle of charge eZ.¢ and is a strong-field effect that orig-
inates from the A? term. Note that Eqgs. (22) and (23)
reveal that there is a probability P, = |F,(u,v)* (nor-
malized to ), P, = 1) of finding the particle in a state
with an associated energy &, = £ + U, + nhw. Positive
and negative values of n denote the possible absorption
and emission of n photons, respectively. Subsequently, a
laser-enhanced cross section can be obtained by averag-
ing the field-free cross section over all possible values of
&, using P, as a probability function:

o(&,|E[,0,w) = Pu(u, )0 (€ + Uy + nhw),  (24)
neZ

where the field-free cross section is given by o(€) =

[So(€)/E]le~VES/E. We note that the use of the corrected
astrophysical S factor Sr(€) was not necessary, because
it is constructed explicitly to ensure that the expressions

o(e) = 2 - vEere  BE) VBT (35)

with £g(R) given in Eq. (19), result in the same field-free
cross section.

The sum over integers n is practically handled by cut-
off values, for which analytical forms are given in Ref. [7]:

N —|u| + 2v,
) —u?/(16v) — 2v,

if 8v) > 1
if |u|/(8v) <1,
and nmax = |u| + 2v. However, it was stated that
these expressions are valid only when n is large, con-
sistent with the consideration of very low values of w



in Ref. [7] (higher values of Ny, and npm.y are associ-
ated with higher values of v and v, which are in turn
larger for smaller values of w). This large-n assumption
is, however, not a guarantee for the parameters that will
be considered in this work. So instead, we increased the
values of nyi, and npyax independently until the result-

ing value of o (&, |E[, 0,w) converged. The values of npyin <

and npyax obtained in this way were found to be in close
proximity to the values obtained with the analytical ex-
pressions mentioned above, although the latter ones typi-
cally missed the contributions from a few values of n. For

this reason, the analytical expressions for nmin and nmax &

were not used for the calculation of results in this work.
These expressions are still mentioned however, because
they reveal how the limits on n depend on the external
laser parameters. These dependencies remain unchanged
for the limits obtained with our convergence approach,
since they were found never to deviate far from the lim-
its obtained analytically. In this way, we may also justify
why we can expect to observe the CNILE trend with
the VSA method. The reason lies with the dependence
of Up, u, and v on Zeg. A larger Z.g leads to a larger
ponderomotive energy U, leading to a larger overall en-
hancement, whereas larger values of v and v lead to a
further contribution from absorbed photons.

As to the applicability of the VSA, the use of the sep-
aration coordinates again implies the use of the dipole
approximation, which is attested to by the fact that the
vector potential (and the consequent electric field) is as-
sumed to be spatially uniform. The work of Wang [7] uses
the amplitude of the quiver motion, r, = eZeg|E|/(uw?),
to characterize the spatial extent of the fusing system.
This must be much smaller than the spatial extent of the
laser field. The largest quiver motion for all systems and
parameters considered in this work was for pB!! fusion
at |E| = 10'7 V/m and Aw = 1 keV, with a value of
~ 5,000 fm. The shortest laser wavelength considered,
associated with hw = 10 keV, is of the order of 125000
fm, thus validating the use of the VSA for all considered
systems and parameters.

III. RESULTS

In this section we show the results for the laser-
enhanced fusion cross sections using the aforementioned
methods. As an important first step, we illustrate that
the SC methods continue to show that the CNILE trend
persists for pB'! in the static-field case. This is shown in
Fig. 1, where we plot the static-field cross section (o|g|)
relative to the field-free one (og) of DT (red; see figure
captions for grayscale version), DHe?® (blue), and pB!!
(green) fusion as a function of the CoM energy £ at 6§ = 0.
This particular polarization angle was chosen in favor of
an angle-averaged result to circumvent the issue that may
arise when cos@ < 0 in the employed dipole approxima-
tion resulting in a nonexistent classical turning point at
the considered value of £ (see Sec. I1.B of Ref. [4]). Each

subplot in Fig. 1 denotes a different electric-field strength
ranging from [E| = 10'* V/m to |E| = 107 V/m. We

Static cross section enhancement at 6 = 0

FIG. 1. The static-field cross section (og|) divided by the
field-free one (o¢) of DT (red), DHe® (blue), and pB'* (green)
fusion at # = 0. For the grayscale version: blue, red, and green
correspond respectively to hues of gray going from darker to
lighter. The circle and dashed lines correspond to the WKB
and I'TM result, respectively. It can be seen that the trend ob-
served in Ref. [4] persists for pB!!, which showcases the largest
relative enhancement to the cross section for all electric-field
strengths (a)-(d) |E| = 10** — 10'7 V/m considered, followed
by DHe® and DT. In terms of absolute values however, the
static DT cross section is still larger than the static DHe®
cross section, which in turn is larger than the pB*! one for all
parameters considered.

note that, although the enhancement to the fusion cross
section of pB!! may be seen to be quite exceptional, es-
pecially for lower values of £, we emphasize that Fig. 1
shows a relative enhancement only. For all parameters
considered in Fig. 1, the DT cross section still surpasses
that of DHe? followed by the one of pB'! for all CoM en-
ergies shown. Interestingly however, the laser-enhanced
pB!! fusion cross section does surpass the field-free one
of DHe? for |E| = 10'® V/m (if £ < 1.5 keV) and for
|E| = 1017 V/m (if £ < 4 keV). As to the validity of
the SC methods in the static case, we mention that the
lowest value of Im S used for the results in Fig. 1 is 4h,
8h, and 14h, for DT, DHe?, and pB'!, respectively.

A. Semiclassical compared with
Kramers-Hennberger

We proceed by considering a dynamic electric field. We
first show a comparison of the dynamic-field cross section
for DT fusion at 8 = 0 and ¢ = 0 between the ITM and
the KH approximation, so as to highlight the differences
between the predictions of both methods. This is illus-
trated in Fig. 2. Note that the KH result cannot dis-
tinguish between different values of the phase parameter
¢ due to the averaging over an oscillation period that
is inherent to the method. There are several interesting
observations to be made from Fig. 2.
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FIG. 2. The dynamic-field cross section of DT at 6 = 0 and
¢ = 0. The different subplots denote different electric-field
strengths ranging over (a)-(d) |E| = 10**—10'" V/m, whereas
the different photon energies are denoted in red (fiw = 1 keV),
orange (hw = 5 keV), and yellow (hw = 10 keV). For the
grayscale version: red, orange, and yellow correspond respec-
tively to hues of gray going from darker to lighter. Finally,
the dashed and circle lines refer to the ITM and KH result
respectively.

First and foremost, we draw attention to the ITM re-
sults. The increased cross section for decreasing CoM
energies, which was discussed in detail in Ref. [4] illus-
trates the breakdown of the SC method. Values that
corresponded to ImS < A have been omitted, but the
sharply increased cross section is associated with trans-
parency calculations where ImS ~ h and the semiclassi-
cal approximation begins to break down.

Second, we compare the ITM results to the KH ones.
Figure 2 illustrates that, not only do the ITM and KH
results differ in a quantitative way, but more disconcert-
ingly, they also differ qualitatively. Starting with the
behavior the cross section exhibits as a function of the
CoM energy £ using the ITM, we can see that the en-
hancement is largest for smaller values of £ and that for
larger £ values the cross section approaches the field-free
one. Of course, this is ignoring the unphysical increas-
ing cross section at lower £ values, but this trend is also
observed in the static case (Fig. 1), where no such un-
physical behavior is seen. As was mentioned in Ref. [4],
this trend was also predicted in the works of Wang [7]
and Liu et al. [9]. Conversely, the KH results appear to
predict a nearly constant enhancement to the cross sec-
tion for all values of £ considered. This is made most
apparent by the results at iw = 1 keV shown by the
red circle lines. Only at |[E| = 10'7 V/m and hw = 1
keV may it be argued that the low-£ KH enhancement is
larger than the high-£ one. However, this appears to be
more of a consequence from the fact that the dynamically
enhanced cross section plateaus for these laser parame-
ters. The KH result still predicts large enhancements for
high & values, where the ITM predicts no enhancement
whatsoever. For lower values of the electric-field strength
(|E| = 10 V/m), we may observe ranges of € where the

6 7 8 9 10

two methods do agree with one another insofar as they
show barely any enhancement at these laser parameters.

Next, we may focus our attention to the behavior of the
cross section as the photon energy is increased. To put
it concisely, both methods predict completely opposite
trends. Whereas the ITM attributes larger enhancements
to higher photon energies, in agreement with the work of
Queisser and Schiitzhold [5], the KH method favors lower
photon energies to this end, similar to the conclusions in
works of Wang [7], Liu et al. [9], and Lv et al. [6, 10, 11].

Lastly, we note that the SC method and the KH
method have already been previously compared with one
another in the work by Liu et al. [9]. There, the be-
havior of the cross section with respect to an increased
electric-field strength was focused on [see their Figs. 5(c)
and 5(d)]. Their conclusion was the same as the one we
are able to draw from Fig. 2, namely, that a larger value
of |E| (in their work the intensity, I = ceo|E|?/2, was
considered) results in a larger enhancement. The large
discrepancies between the SC and KH method were not
identified in Ref. [9], because only one value of £ was
considered, and only two values of iw, one of which was
hw =1 eV, being far below the value for applicability of
the KH method. The discussion surrounding Fig. 2 was
presented for the reason that the large quantitative and
qualitative differences between the SC and KH predic-
tions had not been discussed in preceding literature in
the context of fusion processes.

Despite the large differences in predictions between the
SC and KH results, they do both agree with regards to
their prediction of the CNILE trend. The emergence of
CNILE within the KH framework is shown in Fig. 3. Fig-
ure 3 shows the polarization-averaged fusion cross sec-
tion, given by

1 s
aave(€,|E|,w):§/O 00 (&, |E|,0,0)sind,  (27)

of DT (red), DHe?® (blue), and pB'! (green) fusion. The
different subplots again denote the range of electric-field
strengths |E| = 1014 —10'7 V/m and the photon energies
of hw = 1,5,10 keV are given by the solid, dashed and
dotted lines respectively. The field-free cross sections for
the three fusion fuels are also denoted with solid black
lines.

We can conclude that the KH method predicts no
enhancement to the fusion cross section before a criti-
cal value of the electric-field strength is reached, similar
to the conclusion of the SC method in the static case
[4, 5, 9]. In addition, it can be observed that lower val-
ues of the photon energy are favored in combination with
high |E|-values, in agreement with the work of Lv et al.
[6], which provides merit for their use of the dimensionless
parameter ng = eZeg|E|/(uw?R) = r./R. The enhance-
ment they predict with increasing values of ng are con-
sistent both with increasing values of |E| and decreasing
values of w. We point out that an increased value of ng,
and subsequent enhancement, can also be associated with
an increased value of Zog = (Z1 A2 — Z2A41) /(A1 + As2)
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FIG. 3. The polarization-averaged dynamic-field cross sec-
tion of DT (red), DHe?® (blue), and pB'' (green) fusion. For
the grayscale version: blue, red, and green correspond respec-
tively to hues of gray going from darker to lighter. The dif-
ferent subplots denote different electric-field strengths ranging
over (a)-(d) |E| = 10** —10'" V/m, whereas the different pho-
ton energies are denoted by the solid (hw = 1 keV), dashed
(hw = 5 keV), and dotted (fiw = 10 keV) lines. The field-free
cross sections are depicted by the solid black lines. One can
see that for the extremely intense field at |E| = 107 V/m,
but with relatively low photon energy of iw = 1 keV, the
pB!! fusion cross section may surpass those of the enhanced
cross sections of DT and DHe? fusion.

and a reduction of y. Therefore, increasing the number
of charge neutral nucleons is expected to cause a trans-
parency suppression, but increasing either Z; or Z,, or
both, results in a larger ngy, and therefore a larger en-
hancement. Thus, the CNILE trend is justifiably ob-
served in Fig. 3, as expected. We may even conclude
that for the extremely intense field at |E| = 107 V/m,
with the relatively low photon energy of fiw = 1 keV,
the pB!! fusion cross section may surpass those of the
enhanced cross sections of DT and DHe? fusion.

For completeness, we mention that Fig. 3 does not
show values for the DT fusion cross section at |E| = 1017
V/m and fuw = 1 keV for £ > 8.5 keV. This is because at
these values, the CoM energy surpasses the peak of the
KH potential, for which a treatment using quantum tun-
neling is no longer consistent. Lastly, we mention that,
for specific laser parameters, the KH potential may ex-
hibit some unorthodox behavior that has previously not
been commented on in the literature in the context of fu-
sion reactions. The KH potential for pB*! at |E| = 1017
V/m, fiw = 1 keV, and 6 = /45 is plotted as function
of r in Fig. 4. The feature we wish to highlight is the
emergence of a local maximum at r ~ 600 fm for DT and
DHe? and at r ~ 2100 fm for pB!!. We found this emer-
gence to be generally rare, requiring a combination of a
large |E|, a relatively low fiw and a small § > 0. Never-
theless, a transparency calculation at a value of £ ~ 7.5
keV, ~ 15 keV, and =~ 11 keV for DT, DHe?, and pB'!,
respectively, will effectively involve an initial tunneling
through the first bump, followed by a conventional prop-

8 KH potential at |E| = 107 V/m, hw = 1 keV, § = 7/45
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FIG. 4. The KH potential Vétg in keV as a function of r
in fm at |B| = 10*” V/m, hw = 1 keV, and 6 = 7/45 of DT
(red), DHe? (blue), and pB'* (green) fusion. For the grayscale
version: blue, red, and green correspond respectively to hues
of gray going from darker to lighter. The inner turning point
lies at Rin = 55.78 fm for DT and DHe® and at Rin = 66.55
fm for pB''. The bumps at r = 600 fm and r = 2100 fm are
found to only be present for a combination of very large |E|,
relatively low Aw and small 8 > 0. Transparency calculations
at a £ value that involves the bump are calculated as the
product of the transparencies through the first and second
bump.

agation with a nontrivial potential and ending with a
final tunneling through a second bump and into the nu-
clear well. Because of the rarity of this phenomenon, we
have approximated the transparency in such cases as the
product of the transparencies through each of the bumps.
This effectively boils down to the assumption that after
the first tunneling, all of the wave packet of the fusing
particles manages to propagate towards the second bump
and initiate the second tunneling. We expect this to be
a valid assumption seeing as a similar one has been em-
ployed for all prior calculations in both the SC and KH
frameworks, in which cases the effect of the potential on
the initial approach of the colliding particles was ignored.

Considering the breakdown of the SC methods for most
of the relevant dynamic-laser parameters, we proceed by
comparing the KH results with the VSA predictions and
discuss their respective differences.

B. Kramers-Henneberger compared with
Volkoff-state approximation

In Fig. 5, we compare the KH and VSA predictions of
the dynamically enhanced fusion cross section of DT at
6 = 0 and ¢ = 0, similar to what was done in Fig. 2 for
the comparison between the ITM and the KH method.
Despite the clear quantitative differences, especially at
hw = 1 keV, one may observe that, contrary to the I'TM,
the VSA appears to illustrate some qualitative similari-
ties with the KH results. As before, larger electric-field
strengths result in larger enhancements, so long as a min-
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FIG. 5. The dynamic-field cross section of DT at at # = 0 and
¢ = 0. The different subplots denote different electric-field
strengths ranging over (a)-(d) |E| = 10**—10'" V/m, whereas
the different photon energies are denoted in red (fiw = 1 keV),
orange (hw = 5 keV), and yellow (hw = 10 keV). For the
grayscale version: red, orange, and yellow correspond respec-
tively to hues of gray going from darker to lighter. Finally,
the circle and dash-dotted lines refer to the KH and VSA re-
sult, respectively.

imal critical value is reached (|E| ~ 10* — 106 V/m),
as is agreed on by all methods. The VSA results for DT
agree with the trend observed with the KH method that
a larger enhancement stems from smaller photon ener-
gies rather than large ones, for most values of the CoM
energy £. Conversely, the enhancement behavior of the
VSA with respect to the CoM energy appears to match
that of the SC methods, as we can see large enhance-
ments for small £ values, which begin to wane as £ is
increased. This is most notable for |E| = 1017 V/m, al-
though a small rise at |E| = 10 V/m can already be
observed for low £ and high fw.

The behavior of the dynamically enhanced cross sec-
tion may be understood from the definition of &, =
€ + U, + nhw and the differences between o(€) and the
relevant o(&,) in Eq. (24). For DT, and not consider-
ing |E| = 107 V/m, the largest value for the pondero-
motive energy occurs at |E| = 10'® V/m and hw = 1
keV, with a value of U, = 34.6 eV. For all CoM energies
shown, the difference between o (&) and o(€ + 34.6 eV)
is not discernible on a log-scale. Thus, in Figs. 5(a)-5(c),
the enhancement arises purely from the contribution of
absorbed photons. The number of relevant photons is
seen to rise for larger values of u and v from Eq. (26),
and below, in the limit for large n. As u and v scale
as w2 and w3, respectively, this appears to indicate
enhancement is favored for low photon energies. How-
ever, this is not true for all values of £ as can be seen
in Fig. 5 for [E| = 10'® V/m and low £. Thus, the
number n alone is not a general indicator for enhance-
ment, because a single contribution n = 1 at Aw = 10
keV may outweigh the contributions of several values of
n at a lower photon energy. The enhancement behavior
may rather be explained through the interplay between

TABLE I. Values of o(&,) o(€ + Up + nfw) and
Py.(u,v)o(Ey,) for DT fusion at £ = 1 keV, |E| = 10'° V/m,
and 0 = 0 at fuww = 1 keV (left) and fiw = 10 (right). Cross
sections are given in barns.

energy of fiw = 1 keV, there are indeed contributions
from more values of n than at iw = 10 keV. However,
the resulting values of P, (u,v)c(E,) are dominated by
the contributions from n =1 and n = 2 at iw = 1 keV.
However, these are still below the dominant contribution
of P, (u,v)o(&,) at n =1 for fw = 10 keV, which results
in the larger enhancement for the higher photon energy
at these parameters. We note that the analytical expres-
sions for npin and nmax [Eq. (26) and below] state that
only n = 0 would provide a contribution in both of these
cases, which does not capture the small bumps observed
at the low values of £. Then again, it was already stated
that these expressions were only valid in the limit for
large n. If we consider higher values of £, we may observe
that the VSA predictions follow the £ trend of the SC
methods, insofar as larger enhancements are predicted
for lower values of £, which stems from the fact that the
field-free cross section plateaus. Hence, at higher values
of €, the differences between (&) and the relevant o (&,,)
diminish, which results in the observed convergence of the
enhanced cross section results for fiw = 1,5,10 keV and
|E| <106 V/m in Fig. 5.

Finally, the DT cross section for |E| = 107 V/m at
hw = 1 keV dominates over those at other photon en-
ergies because the contribution from the ponderomotive
energy at fiw = 1 keV, being U, = 3.46 keV at these pa-
rameters, causes a large enhancement to the cross section
for all CoM energies, explaining the behavior observed in
Fig. 5(d).

The work of Wang [7] used the VSA method to show
that large enhancements to the DT fusion cross section
are favored by the lower photon energies. This may
be true for the low values of hw that they considered
(1.55 — 12.4 €V), but we already found that this is not
true for all values of £ and hAw, as was illustrated in
Fig. 5. Moreover, we may show that this assessment is
also not generally true for all fusion fuels, as is illustrated
in Fig. 6. Figure 6 shows the exact same information as
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FIG. 6. The dynamic-field cross section of pB! at # = 0 and
¢ = 0. The different subplots denote different electric-field
strengths ranging over (a)-(d) |E| = 10**—10'" V/m, whereas
the different photon energies are denoted in red (fiw = 1 keV),
orange (hw = 5 keV), and yellow (hw = 10 keV). For the
grayscale version: red, orange, and yellow correspond respec-
tively to hues of gray going from darker to lighter. Finally,
the circle and dash-dotted lines refer to the KH and VSA re-
sult, respectively.

in Fig. 5, but for pB'! fusion rather than DT. The most
striking feature that may be observed from Fig. 6 occurs
for |[E| < 1017 V/m and illustrates a reversal in the trend
of the enhancement as a function of the photon energy.
For |E| = 10'* — 10'® V/m and low values of &, we can
see that the higher enhancements are actually favored by
the higher photon energies, in striking contrast with the
predictions for DT in Fig. 5. If one considers |E| = 1016
V/m, the pB!! cross section of iw = 1 keV overtakes
those of the higher photon energies again for £ £ 7 keV,
and for |E| = 10'7 V/m the trend has flipped back, again
exhibiting the largest enhancement for the lowest photon
energy.

The reason for this may again be explained by con-
sidering P, (u,v)o(&,) and stems from the fact that the
field-free cross sections for pB!! cross section may be in-
credibly small. Let us consider £ = 1 keV, |[E| = 1014
V/m, and 0 = 0, for fuww = 1 keV and 7w = 10 keV.
This low value for |E| is chosen because, at these values
U, < 1 eV, so the enhancement is again solely due to
the photon absorption. We show the relevant values for
o(&y) and P, (u,v)o(&,) at these parameters in Table II.
From Table II, we can see that the highest probability,
P,,, comes from the contribution of n = 0. However, the
cross section o(&y) may be so minute that, despite the
low value of P, (u,v) at other values of n, their resulting
contribution of P,(u,v)o(&,) may still be the dominant
factor. Consider, for example, the n = 1 contribution
at hw = 10 keV. Despite P;(u,v) ~ 1078, it still pro-
vides the dominant contribution because the difference
between (&) and (&) is so large. This difference is
reduced for lower values of the photon energy, which re-
sults in a smaller enhancement. The trend flips back
(enhancement favored by low fw) for |E| = 107 V/m,
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because the contribution from the ponderomotive energy
dominates at fiw = 1 keV (U, = 28.3 keV). These large
differences, of many orders of magnitude, between o (&)
and o(&;) are not present in DT fusion for the photon
energies that are being considered. Hence, this behavior
did not appear for DT fusion.

Finally, we use the VSA method to compare the dy-
namically enhanced fusion cross section between the
three fuels of DT, DHe?, and pB'! fusion in Fig. 7. The
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e
k =

—21
-5
- T DHe hw =5 keV
o fiw = 10 keV
0=
0
1004 ===
—21
-2
& _( :
56 |E| =10 V/m |E| = 107 V/m
—70

1 2345678 91 1 234567 8 910

E [keV] E [keV]

FIG. 7. The polarization-averaged dynamic-field cross sec-
tion of DT (red), DHe?® (blue), and pB'' (green) fusion. For
the grayscale version: blue, red, and green correspond respec-
tively to hues of gray going from darker to lighter. The dif-
ferent subplots denote different electric-field strengths ranging
over (a)-(d) |E| = 10** —10'" V/m, whereas the different pho-
ton energies are denoted by the solid (Aiw = 1 keV), dashed
(hw = 5 keV), and dotted (hw = 10 keV) lines. The field-free
cross sections are depicted by the solid black lines. One can
see that, for the extremely intense field at |[E| = 10*" V/m,
but with relatively low photon energy of hw = 1 keV, the
pB!! fusion cross section may surpass that of the enhanced
cross section DHe® fusion. However, the VSA predicts the
enhanced pB!! fusion cross section remains just shy of the
DT one for these parameters.

CNILE trend is clearly seen to persist in the VSA frame-
work. This makes sense, as a larger Z.g leads to a larger
ponderomotive energy U, potentially leading to a larger



overall enhancement. In addition, a larger Z.g leads to
larger values of v and v, which in return result in more
contributions from absorbed photons. One can see that
the enhanced pB!! fusion cross section falls short of sur-
passing the enhanced cross section of DT at the extreme
parameters |[E| = 10} V/m and hw = 1 keV. However,
it does coalesce with the enhanced DHe? cross section at
these parameters. We also note that both the KH and
the VSA results at |E| = 1017 V/m and fiw = 1 keV
predict that the enhanced pB!! fusion cross section sur-
passes the field-free DT one, albeit for different regions
of the CoM energy (€ £ 5 keV for KH and £ 5 2.5 keV
for VSA).

It remains to be discussed which of the two methods,
the KH approximation or the VSA, provides the more re-
alistic results for the dynamically enhanced fusion cross
section. Both methods employ the dipole approximation
and it was verified that this approximation is valid for
all parameters considered in this work. We suspect the
issue arises in the KH approximation, from the inher-
ent approximation that the timescale of the laser field is
much faster than the timescale of the fusion process. It
was reasoned in the work of Lv et al. [6] that the fusion
process is dominated by the timescale of the initial colli-
sion, occurring on the order of femtoseconds. The corre-
sponding energy scale is h/(1 fs) &~ 4 eV. Subsequently,
considering an energy scale for the laser field three or-
ders of magnitude higher is a safe estimate, which is why
Lv et al. postulated the KH approximation is valid for
hw > 1 keV (used throughout this work as well). How-
ever, the KH formalism specifically calculates the tunnel-
ing transparency and the initial collision plays no role in
the calculation. Thus, the relevant timescale for the KH
calculation is the tunneling time, which is of the order of
attoseconds, or below, corresponding to an energy scale
of 4 keV or higher. Thus, the energy scale of the laser
field should be around 100 keV or higher for the KH ap-
proximation to be valid. For this reason, it seems likely
the KH approximation is being applied in a regime where
it should not. For validation, one could compare the KH
and VSA results at very high values of Aw (> 100 keV)
to determine whether they agree. However, at these high
photon energies, the dipole approximation breaks down,
so this verification could not be performed. Another note
is the fact that the KH method uses the WKB expression
for the transparency [Eq. (15)] and is therefore implicitly
subjected to, at least in part, the assumptions made in
the SC methods. For these reasons, we postulate the
VSA method to be the most accurate one of all methods
considered with regards to the qualitative predictions of
laser-induced fusion enhancements.

IV. CONCLUSIONS AND OUTLOOK

In this paper, we sought to investigate the remark
made in Ref. [4], which stated that the static-laser-
induced enhancement to the fusion cross section is larger
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for fusion fuels that exhibit a higher Coulombic repulsion.
To give it a name, we have dubbed this charge-number-
increased laser-enhancement as CNILE.

After confirming the CNILE trend to persist in the
static case for the considered fusion fuels of DT, DHe3,
and pB'' using the SC methods of the WKB approxi-
mation and the ITM, we considered whether this trend
also emerged in the case of a dynamic external electric
field. To compare with the ITM in the dynamic case, we
have first employed the KH method. When comparing
both methods, we found their predictions differed dras-
tically, disagreeing both quantitatively and qualitatively.
Whereas the ITM predicts larger cross-section enhance-
ments for lower CoM energies and higher photon ener-
gies, the KH method is almost insensitive to the effect of
changing the CoM energy and in addition favors smaller
photon energies for larger enhancements. The origin for
these discrepancies is rooted in the fact that the ITM
is far outside of its realm of applicability for most laser
parameters considered, as concluded by Ref. [4].

Subsequently, we used the KH method to calculate the
dynamic fusion cross section enhancement for DT, DHe3,
and pB!''. We found the enhancement to be largest for
pB!! for all parameters considered, thus confirming the
existence of the CNILE trend in the dynamic case as
well. The CNILE trend can be explained by consider-
ing the long potential tail of the Coulombic repulsion in
the absence of an external field. A field-induced defor-
mation to this potential is most drastic for larger sep-
arations. Thus, the largest increase in transparency is
associated with the lowest field-free transparency, which
is intuitively understandable to correspond to the largest
Coulombic repulsion. In the case of an extremely intense
field (JE| = 1017 V/m), but with a relatively low photon
energy (hw = 1 keV), we could conclude that the pB!!
fusion cross section could surpass those of the enhanced
cross sections of DT and DHe? fusion. Therefore, we pre-
dict the consideration of pB'! to be of vital importance
in future laser-enhanced fusion experiments.

Finally, we compared the results of the KH method to
those predicted using the VSA. Again, we found rather
substantial differences between both methods. They
both predict larger enhancements for high electric-field
strengths, but the VSA matches the trend observed with
the SC methods insofar as that larger enhancements are
calculated for lower values of the CoM energy. More
strikingly, the VSA results predicted no general trend
for the enhancement behavior in terms of the photon en-
ergies. For DT, the larger enhancements were favored by
lower photon energies for most CoM energies, whereas
for pB!! fusion no general trend could be discerned. The
discrepancy between both methods was argued to have
arisen from the KH method being used outside of the
realm where it can be considered valid. Nevertheless, the
CNILE trend was again seen to persist within the VSA
framework and could be attributed to the increased en-
ergy gain from the laser field to the fusing system as their
respective charge numbers increased. Both the KH and



the VSA method predicted the enhanced pB!! cross sec-
tion could surpass the nonenhanced DT one at |E| = 1017
V/m and fiw = 1 keV.

As a final comment, it appears there is a peculiar trend
shared by both the SC methods and the KH method,
namely, that the larger cross-section enhancement is pre-
dicted if one moves towards the region of laser-parameter
phase space where each of the respective methods start
to break down. This makes it inherently difficult to make
accurate predictions for optimal laser parameters to be
used in an experiment. This, in combination with the
large discrepancies between all methods considered war-
rants for transparency calculations using more sophisti-
cated methods for benchmarking, such as the use of nu-
merical solutions to the radial Schrodinger equation or
time-dependent wave-packet propagation. Although this
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development is currently already underway, the lack of
accurate models of the nuclear potential and the effects
of the laser field on it, means this would simply result
in yet another prediction framework, with no real data
to compare it to. Therefore, we once more advocate for
the absolute necessity of experiments in the field of laser-
induced fusion enhancement.
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