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The Hartree-Fock (HF) approximation has been an important tool for quantum-chemical calculations
since its earliest appearance in the late 1920s, and remains the starting point of most single-reference
methods in use today. Intuition suggests that the HF kinetic energy should not exceed the exact kinetic
energy, but no proof of this conjecture exists, despite a near century of development. Beginning from
a generalized virial theorem derived from scaling considerations, we derive a general expression for the
kinetic energy difference that applies to all systems. For any atom or ion this trivially reduces to the
well-known result that the total energy is the negative of the kinetic energy and since correlation energies

are never positive, proves the conjecture in this case.

Similar considerations apply to molecules at

their equilibrium bond lengths. We use highly precise calculations on Hooke's atom (two electrons in a
parabolic well) to test the conjecture in a non-trivial case, and to parameterize the difference between
density-functional and HF quantities, but find no violations of the conjecture.

1. INTRODUCTION & MOTIVATION

This paper addresses the simple question: In a typical
electronic structure problem, can the Hartree-Fock [1-3] (HF)
kinetic energy ever exceed the exact kinetic energy? And if
not, can we prove that it cannot? This is an intriguingly simple
question of principle that is surprisingly unaddressed, despite the
use of HF as a starting point for many modern quantum-chemical
methods, such as MP2 [4] or CCSD(T) [5], or Green's function
calculations in materials, such as GW [6]. Perhaps even more
surprising is that, within density functional theory (DFT), where
the definition of correlation is subtly different, it has long been
known that the Kohn-Sham (KS) kinetic energy can never exceed
the exact kinetic energy. The simplicity of the proof in this case
relies on both quantities being defined as density functionals, so
the comparison is made on the same density [7, 8]. In HF theory,
the HF density differs from the exact density, which complicates
matters considerably.

Here, we limit consideration to spin-unpolarized non-
relativistic, non-magnetic electronic calculations. Moreover, we
consider only those cases where symmetries are not broken, and
the HF minimizer is a single Slater determinant. Nonetheless,
we are unable to show that the HF kinetic energy cannot exceed
the exact kinetic energy.

There are two key differences between HF quantities and KS
quantities. While their definition in terms of orbitals is identical,
the former is evaluated on those orbitals that minimize the HF
energy for a given potential, while the latter are those orbitals
that minimize only the kinetic energy on a given density. In
the special case of just two electrons, the one occupied orbital
is trivially determined by the density, so only the difference in
densities remains. Even in this simpler case, we are unable to
prove our conjecture. However, we do derive a virial relation for
the HF kinetic energy difference that applies to all cases. Our
result shows that the difference vanishes as the error in the HF
density vanishes, i.e., in the high-density (or weakly correlated)
limit.

In the absence of a proof, the next best thing is to look for
a counterexample. This is less trivial than it at first appears.
For atoms and ions, and for molecules at equilibrium, it is
trivial to show that, because correlation energies are negative,
the HF kinetic energy is never greater than the exact value.
Moreover the differences, especially those with DFT values,
where the conjecture is true, are extremely small, making them
very difficult to determine with sufficient accuracy using standard
atom-centered basis sets.

Instead we turned to the two-electron Hooke's atom. The
quadratic external potential ensures that the conjecture is not
trivially true, allowing the possibility of a counter example. Very
precise numerical calculations demonstrate that the conjecture
is correct for all values of the oscillator frequency for which the
restricted HF solution is valid.

Why might this question be of practical importance? Exact
conditions, such as the positivity of the kinetic correlation
energy, are used in density functional theory all the time [9].
Relationships between the total energy and kinetic energy (exact
and approximate) have aided in the development of correlated
basis sets for quantum-chemical calculations [10] . Exact
conditions are built in to approximations, or their violation is
checked in approximations that do not automatically satisfy such
conditions. Apart from intellectual curiosity, it may prove useful
in the future of wavefunction theory to prove analogs. Although
here we have failed, we hope our first steps might allow others
to succeed.

A practical problem of recent interest where this is very
relevant is in the use of HF densities as inputs to hybrid density
functionals, which depend on the KS orbitals [11, 12]. In
principle, one should perform a KS inversion to extract the
KS orbitals for the HF density, but in practice it is infinitely
easier to use the HF orbitals themselves. This introduces small
differences in the kinetic energy and the vital question is: Are
these small relative to the differences produced by the density?
The answer appears to be yes they are, but accuracy is limited
by the limitations of KS inversions in atom-centered basis sets
[13, 14].
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Recently it has been shown that there are certain regions of
the Hubbard dimer where the HF kinetic energy becomes greater
than the exact value [15]. The authors report that the Hubbard
dimer HF kinetic energy exceeds the exact value approximately
when the on-site interaction strength is comparable to the
external potential difference between the sites. Our conjecture
only pertains to real space Hamiltonians, unlike the case of the
dimer [16, 17]. Discrete lattice systems, such as the Hubbard
model and its variants, require separate considerations as many
basic theorems do not hold as they would in real space [18].

2. THEORY

Consider a Hamiltonian of the form
H=T+ Ve +V, (1)

where T is the kinetic energy, Vee is the electron-electron
interaction, V' is a one-body multiplicative external potential
V= Z;.V:l v(r;), with atomic units used throughout. Consider
a scaled wavefunction U, = v3N/2U(~yry, ..., yry), whose v = 1
value corresponds to the exact groundstate wavefunction of H.

From the variational principle, the scaled wavefunction ¥, must
obey the following minimization condition

d .
—— (V[ H V)

i =0. (2)

y=1

Using scaling properties of the energy operators [19, 20], the
minimization condition can be expressed as

e+ [dr vomm)

y=1

where n.(r) = 7*n,(yr) is the scaled groundstate one-body
density. Computing the derivative and rearranging yields the
virial theorem for the groundstate energy:

E=—T+ I[v,n), (4)

where
Iv,n] = /d3r (1 +r- V)v(r) n(r), (5)

is the virial of the potential v(r) with the groundstate density
n(r). The virial theorem holds for all potentials v(r) whose
groundstate density n(r) vanishes sufficiently rapidly at infinity.
An analogous virial relation to Eq. (4) holds for the Hartree-
Fock quantities because the HF solution is a variational minimum
and the energy scales identically to the exact solution. Thus

EHF — 7THF + I[U,TLHFL (6)

where nfF(r) is the HF groundstate density, i.e., the density
produced by the single Slater determinant ®FF that minimizes
the expectation value of the Hamiltonian H. Now E&P™ =
E — EMF s the conventional quantum-chemical definition of
the correlation energy, originally credited to Léwdin [? ]. To
distinguish Lowdin’s definition from the DFT correlation energy,
we refer to ES”™Y simply as the conventional correlation energy.
We define the kinetic contribution to the conventional correlation
energy via

T(C:OI’IV,

=T-T", (7)

and our conjecture is that this quantity is non-negative. Taking
the difference of Eq. (4) and Eq. (6) yields

Téonv. + E(cjonv. — I[’U,TL o nHF} (8)

Equation (8) can be considered from several different
perspectives. Since E&™" is non-positive (by the variational
theorem), then only if I becomes more negative than EZ™
will our conjecture be violated. However, we do not know if
I in Eq. (8) always has a definite sign. We can expect it to
involve tremendous cancellations inside the real-space integral,
as correlation energies are small, and kinetic correlation energies
are of the same order, while the inputs to the virial integral are
not.

Next we list several special cases where I[v,n—n vanishes.
First, in the limit of weak correlation (such as the large-Z limit
of non-degenerate ions of fixed N [21-23]), then n"¥ (r) — n(r)
sufficiently fast to make I on the right vanish, while EZ™"
remains finite. Thus, in such a limit, 7™ — |E&™,
guaranteeing its non-negativity. Second, for any potential
v(r) = —Z/r, such as an atom or ion, the virial itself identically
vanishes, no matter what density it is evaluated on, and the same
conclusion can be drawn. Finally, for any molecule at equilibrium
(but not otherwise), treating the nuclei as classical [24], the virial
for the electronic energy matches the atomic result, yielding the
same conclusion.

The situation is eerily similar, but importantly different, for
Kohn-Sham DFT. In this case, all energies are defined as density
functionals and are therefore evaluated on the exact density for
a given system. For any given density, the KS kinetic energy is
defined to be the minimum over all possible wavefunctions:

HF}

Ts[n] = min (V| T |W). 9)

Typically, the minimizer is a single Slater determinant, i.e., the
KS wavefunction of KS orbitals. Since T is the exact interacting
kinetic energy, by construction

Te=T-Ts >0, (10)

for any density, including the exact density of our system. The
scaling behavior of the correlation energy results in an analogous
virial theorem [25]

Ec+TC = —J['Uc,’l’l,}, (11)

where vc(r) is the exact correlation potential and

Jv,n] = /d3r r- Vo(r) n(r), (12)

is just the virial of the potential. As we argue (and show)
below, we expect this expression to be quantitatively close to
its HF analog, Eq. (8), but its smallness arises in a very different
way. Here, the potential is already small, but there is no
density difference. Finally, we note that, in the few cases with
sufficiently precise evaluations, J has never been found negative,
i.e., Tc < |Ec|, but this has also never been proven to be
generally true.

Like the HF case, in the weakly interacting limit, the virial
term vanishes, and Ec — —T¢. Unlike the HF case, for atoms
and ions and molecules at equilibrium, the virial does not require
J to vanish, and in general it does not. Thus E¢ is -42.1 mH
for the He atom, but Tt is 36.6 mH [26].
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Lastly, we discuss differences between HF and KS-DFT
quantities. First, we note that

AEc = Ec — EX™ <0, (13)

because the HF energy minimizes the expectation value of the
Hamiltonian over all orbitals, while the KS scheme restricts
orbitals to those from a single multiplicative KS potential [27].
But typically AFE¢ is far smaller in magnitude than E¢. In the
weakly interacting limit, EZ°™ — E¢, so that AFE¢ vanishes.
For the He atom, AEc is only -63 microHartree [27]. The
equivalent kinetic quantity is

AT =Te — TS =T — Ty, (14)
which also vanishes in the weakly interacting limit. Finally, we
might expect in general AEc + AT to be even smaller in
magnitude than any object discussed so far. However, this is
not true when the virial makes T = —EE™ ", such as for
the He atom. In that case, ATc is -5.5 mH, the difference being
entirely due to the difference between the exact and approximate
densities.

In the next section, we give exact results for a two-electron
system for which the virial of the potential does not vanish.

3. HOOKE’S ATOM

Hooke's atom consists of two electrons with Coulomb
repulsion in a parabolic potential well v(r) = w?r?/2. The
presence of a parabolic potential does not permit a simplification
of the virial result into the familiar atomic expression and it
remains to be seen whether TS is positive. Closed form
solutions exist for certain values of w [287 |, but for arbitrary
values the solutions must be found numerically. The groundstate
can be expressed formally as an infinite series which truncates
whenever a closed form solution exists [29]. No closed form
expression exists for the Hartree-Fock density, and it must be
found numerically as well, but the result converges rapidly when
using Gaussian basis functions. We produce the relevant Hartree-
Fock quantities using the basis functions of O’Neill and Gill [30].
When plotted, the exact and HF densities coincide closely for
large w (as seen in Fig. 1), but their difference is vital to our
question.

The following is an analysis of the kinetic energies and the
terms which appear in the virial expression for the conventional
correlation energy Eq. (8). In the high-density (w — oo) limit,
the asymptotic behavior of the exact and HF kinetic energies are
derivable from second order perturbation theory [31, 32].

E(w)z?;w—!—\/?—c—k(’)(%), (15)

where all energies are taken to be in Hartree units and the exact
value of the constant is given by

2
c:f[l—&-an} — 1~ 77.9 mH. (16)
0
For the Hartree-Fock problem the constant is exactly

o 4 [1+m(s-4v3)] - % ~282mH. (17)

™

The Hellmann-Feynman theorem [31, 33, 34] yields

_ 3w dE(w)

1) = Bw) +T(w) = 52,

(18)

- //_—
Lor w=1/2 / 1.095f
—~ 08 1.090 F
[« / \
N
< L
~ 06 1.08
o
E \
<t 04} \

0.0 . . .
0

0.200f
0175} w=1/50
0.150}
o125}
[g\} L
\_ 0.100
e
<t 0.075f
0.050}

0.025

0.000 - ;

FIG. 1. Radial groundstate densities for moderate and small
oscillator frequencies of Hooke’s atom.

and applies exactly and within HF [35]. Taking the difference
between the exact and HF quantities, to O(w™1/?),

AT(w) ~ _%, (19)

where AT = I[v,n —n""]. The constant d has a closed form
expression and is determined from the perturbation theory of
the exact and HF energies. The numerical value can be found to
many digits and is approximately d ~ 7.03 mH [36]. In the high-
density limit we get the expected result that E&™"Y ~ —T5",
and by extension T > THY .

The low-density (w — 0) behavior of the total energy can
be found by expanding the external potential about its classical
equilibrium position and then computing the perturbation theory.
At order O(w?/3) the energy is approximately [31]

HF]

s ~s(2) +200v(5) 1 1(5)"

with analogous expressions for T and 1.

Determining the small w dependence of TP and I[v, n™'¥] has
several complications. Throughout all calculations we assumed
that the Hartree-Fock wavefunction remains a single Slater
determinant, but in the strongly correlated limit, the minimizing
Hartree-Fock wavefunction might be spin unrestricted or multi-
determinantal in nature. For small values of w the HF eigenvalue
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problem becomes numerically unstable, but we can show that
E&™ closely agrees with the form of Eq. (20).

5
Eéonv.(w) ~ —w2/32ajwj/3 (UJ — 0)7 (21)
7=0

and a similar form for —TE°"Y", where all coefficients have been
determined numerically. According to the perturbation theory in
the high-density limit, ES°™"" can be closely approximated by a
series in powers of w™ /2

4
Egon\h(w) ~— Z(_l)jb]_w—j/Q

=0

(w — 00), (22)

again, with a similar form for —TE°™" and where the coefficients
are determined numerically. The coefficients for T¢°" and AT
were determined from the fit of EZ°™"" in both the low and high-
density limits via the Hellmann-Feynman theorem.

What follows are plots of the virial quantities for various values
of the frequency. The curves change dramatically from small
to large w; in Fig. 2 we plot against log,,(w) to demonstrate
overall effectiveness and trends. The fitting functions plotted are
piecewise defined, taking the low-density form for w < 1/2 and
the high-density form for w > 1/2. Figure 3 contains rescaled low
and high-density fits to show their effectiveness in each respective
limit. We choose w = 1/2 as the switching point between fits
since the energy is known analytically here. We also produce the
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FIG. 2. Calculated correlation energies (points) and their
approximate fits (solid) in Hartrees.

corresponding DFT counterparts and their approximate forms in
the high and low-density limits for comparison in Fig. 4. For
two electrons in spin singlet the non-interacting kinetic energy is
given by the Von-Weizsacker kinetic energy density functional
[37] and the exchange energy is simply negative of half the
Hartree energy. For w = 1/2 the exact expression for the kinetic
energy can be produced in closed form. Below we detail the
errors of the fits in the low and high-density limits in Tables
(1-111).

In the low and high-density limits the behavior of the
correlation and the kinetic correlation energies are analogous to
the conventional values. The fitting functions are taken to be the

same as for ES”™Y and —TE°™, with the only exception being
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FIG. 3. Energies and fits in low (top) and high (bottom)
density limits, in Hartrees: E&™ (green), —T&™: (red), Al
(blue) and dashed orange line denotes w = 1/2.

that the coefficients of —T were fit separately from Ec and
cannot be determined from the Hellmann-Feynman theorem.

From Fig. 5 we find that AE: < 0, as we would expect, and
this quantity is accurately reproduced by our fits. Differences
between the high-density fits of Ec and EZ™™Y: first begin at
O(w™"). For all values of w we find that T > THF from the
positivity of the conventional kinetic correlation energy. Since we
find TS°™ > T, the stronger condition Ts > THF is satisfied
for Hooke's atom.

4. MOLECULES

If Na classical nuclei are assumed within the Born-
Oppenheimer approximation, the molecular virial integral
difference simplifies considerably due to the Hellmann-Feynman
theorem,

AI({Ra}) = = D> Ra- VaEE™ ({Ra}), (23)

where EZ™ ({Ra}) is the conventional correlation energy for
an arrangement of nuclei {R.}. For this case, the kinetic energy
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ao ai a2 as aq as
EE™ 10.618(2.190 | 3.900 | 3.956 | 2.197 | 0.518
Ec 0.663|2.501|4.774|5.227(3.112|0.780

—TE™ 10 1.095|3.900|5.934 | 4.394 | 1.295
—Tc |0.030|1.055|3.411|4.943|3.539|1.020

TABLE I. Coefficients of low density fit Eq. (21), in Hartrees

bo b1 b2 ba bs

ES™- 149.70 [93.68 [ 1.051 | 0.044 | 1.098 x 1073

Ec 49.70 (93.68 [1.114 | 0.069 | 5.819 x 1073

—TEP™- 149.70 [ 16.40 | 2.628 [ 0.141 | 4.395 x 1073

—Te [49.70[19.34 [ 3.944 | 0.038 | 4.306 x 1072

TABLE II. Coefficients of high density fit Eq. (22), in
milliHartrees

1+

w—5 |w— %_ Deriv.

B 2.076 | —0.063 | 14.73
Ec 2.246 —3.333 | 222.1
=Tsem 4.845 | —4.066 | 279.7
—Tc 1.099 —0.143 | 261.2
AFE¢ 0.170 —3.270 | 207.4

TABLE III. Errors of the fitting functions, in microHartrees.
The first two columns give the difference between the fit and
its respective w = 1/2 value. The last column gives the
difference of the derivatives between the high and low density
fits at w = 1/2.

difference can also be cast into a simpler expression,

T (R = D g (— RoEE™ (RoD)- (2
p=1

We can see that for the case of molecules a sufficient condition to
guarantee T > T is the requirement that —RgES™ ({Ro})
be monotonically increasing as a function of its radial coordinates
Rg.

For homonuclear diatomic molecules, the atomic form of
the virial theorem holds in both the united atom limit (zero
nuclear separation), and at the dissociation limit (infinite nuclear
separation) [38]. However, HF will usually break symmetry at
sufficiently large separations. For classical nuclei in a diatomic
molecule, the virial yields

dEéonv.
dR ’

where R is the internuclear separation. Below equilibrium the
conventional Hy correlation energy is relatively insensitive to
bond-length (at equilibrium, it is -42 mH, the same as the
united atom limit), we expect T&°"" = —E&™" and so remains
positive. In Fig. 6 we plot values of the conventional correlation
energy and the kinetic energy difference near the united atom
limit of the hydrogen molecule. In the united atom limit,
the conventional correlation energy can be seen to approach a

Eéonv. 4 Téonv. — _R

(25)

-0.01 \/—’.’
o Allw)
Ec(w) + Tc(w)
—-0.02 . E{!:-IF(w)
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-0.03f ° Tew)
~Te(w)
—-0.04 )
—0.05 . . .

-20 -15 -1.0 =05 0.0 0.5 1.0 15 2.0

logi0(w)

FIG. 4.  Difference between HF (dark) and DFT (light)
components as a function of w; same scheme as Fig. (3).
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FIG. 5. Difference between conventional and DFT correlation
energies in the low (top) and high (bottom) density limits and
their fits, in Hartrees. Dashed orange line denotes w = 1/2.

negative constant, where eventually E&°™ ~ —T&°"V'. The
correlation energies were determined using PySCF [39], where
the exact values were computed from CCSD; all calculations were
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done using cc-pVTZ basis functions.
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FIG. 6. Hz conventional correlation energy (green), negative
of the conventional kinetic correlation energy (red), and their
difference (blue), in milliHartrees, as a function of nuclear
separation. The equilibrium bond-length is given by orange
line at R~ 0.74 A.

5. CONCLUSION

We have conjectured that, for cases where a single Slater
determinant is the minimizer in a Hartree-Fock calculation, that

the HF kinetic energy is always less than the true kinetic energy,
i.e., that of the exact solution of the Schrddinger equation.
We have explored this topic in depth, making use of the virial
theorem, but have been unable to find a proof of this conjecture.
We have shown why the Kohn-Sham kinetic energy is always less
than the true kinetic energy, by construction, in density function
theory.

We numerically calculate several non-trivial examples (the
Hooke's atom of two electrons in an oscillator potential and the
Hz molecule away from equilibrium). In each case, we find no
violations of our conjecture.

Our conjecture, if true, might prove to be a useful constraint
on wavefunction approximations. Our conjecture is limited
to Hamiltonians that are in the real-space continuum, and
where the inter-electron repulsion is Coulombic. The case of
greatest practical interest is when the external potential is a
sum of Coulombic attractions, i.e., the non-relativistic, Born-
Oppenheimer limit of molecules and solids in the absence of
external fields. We hope the publication of this work will lead to
either a proof or a counter-example.
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