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ABSTRACT
We prove a divisibility property of the fixed field in a cyclotomic field
Qðe2ip=kÞ of the Frobenius automorphism GalðQðe2ip=kÞ=QÞ�s : n 7! np,
where p is a prime, k is a positive integer relatively prime to p, and n is
any kth-root of unity. This implies that, for a finite group G, recent Navarro-
Tiep’s conjecture on fields of values of p0-degree irreducible characters of
G follows from the celebrated Galois-McKay conjecture under a natural
condition on p and the order of G.
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1. Introduction

Let p be a prime, k a positive integer that is relatively prime to p, and Qk :¼ Qðe2ip=kÞ denote the
kth cyclotomic field. Let s :¼ sp, k 2 GalðQk=QÞ denote the Frobenius automorphism n 7! np,

where n is any kth-root of unity. We write F :¼ Fp, k for the fixed field in Qk of s
The field F arises naturally in the representation theory of finite groups, in particular in the

context of the celebrated Galois-McKay conjecture, see [7] and [8, Conjecture 7.6]. Loosely speak-
ing, for a finite group G and a prime p, the conjecture predicts that there is a bijection between
the set of the (complex) irreducible characters of degree not divisible by p of G and that of a p-
local subgroup of G such that the fields of values of corresponding characters are the same up to
Fp, jGjp0 , where jGjp0 is the p0-part of jGj: (See Section 2 for details.)

In the following, ordkðpÞ is the multiplicative order of p modulo k, u is Euler’s phi function,
and the conductor of an abelian extension E of Q, denoted by c(E), is the smallest positive inte-
ger n such that E � Qn:

Theorem 1.1. Let p be a prime and k a positive integer coprime to p. Let E be an abelian extension
of Q such that E � Qpak and pajcðEÞ for some a 2 Z�0. Suppose that p does not divide
uðkÞ=ordkðpÞ. Then p does not divide ½ðFE \QpaÞ : ðE \QpaÞ�:
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Inspired by the aforementioned Galois-McKay conjecture, there has been a growing interest in
the study of fields of values of irreducible characters of degree not divisible by a given prime. For
instance, following up the work of Isaacs, Liebeck, Navarro, and Tiep [2] on fields of values of
odd-degree irreducible characters, the latter two authors [9] recently attempted to classify all the
abelian extensions of rational numbers that could be the field of values of an irreducible character
of degree not divisible by p. They conjectured that, for an irreducible complex character v of

degree not divisible by p of a finite group G with cðQðvÞÞ ¼ pam, where ðp,mÞ ¼ 1 and a 2
Z�0, the degree ½Qpa : ðQðvÞ \QpaÞ� is not divisible by p. (See [9, Theorem B1 and Conjecture
B3]. Recall that QðvÞ is the field of values of v, which is defined to be the smallest field contain-
ing all the values of v.)

Theorem 1.1 implies the following.

Theorem 1.2. Let G be a finite group of order pbk, where p is a prime and k a positive integer
coprime to p. Suppose that p does not divide uðkÞ=ordkðpÞ. Then Navarro-Tiep’s conjecture follows
from the Galois-McKay conjecture for G and p.

We remark that the hypothesis on p cannot be removed, at least in Theorem 1.1 (see
Examples 3.6). It is not difficult to see that p does not divide uðkÞ=ordkðpÞ if k has no prime div-
isor q such that pjðq� 1Þ, and therefore the condition has higher chance to be satisfied when p
is larger. In Proposition 4.2, we will describe exactly when this condition is fulfilled.

2. The Galois-McKay conjecture and Navarro-Tiep’s conjecture

Let G be a finite group and p a prime. Let P be a Sylow p-subgroup of G. The well-known
McKay conjecture [6] asserts that the number of irreducible ordinary characters of p0-degree of G
is equal to that of the normalizer NGðPÞ of P in G. That is,

jIrrp0 ðGÞj ¼ jIrrp0 ðNGðPÞÞj,
where Irrp0 ðGÞ, as usual, denotes the set of irreducible characters of p0-degree of G. In spite of
the considerable effort of many researchers over the past two decades (see [3, 5] and subsequent
papers), the conjecture is still unsolved and a correct form of a canonical bijection between the
two sets Irrp0 ðGÞ and Irrp0 ðNGðPÞÞ for general G and p remains to be found.

In the landmark paper [7], Navarro proposed that there should be a bijection from Irrp0 ðGÞ to
Irrp0 ðNGðPÞÞ that commutes with the action of a certain subgroup of the Galois group G :¼
GalðQjGj=QÞ: This subgroup is

H :¼ fr 2 G j 9n 2 Z�0 s:t: for any p0th� root n of unity, rðnÞ ¼ np
ng:

Navarro’s remarkable refinement of the McKay conjecture, often referred to as the Galois-McKay
conjecture, offers that there is a similarity between the fields of values of characters in Irrp0 ðGÞ
and Irrp0 ðNGðPÞÞ: An equivalent form of the conjecture is the following, see [9, p. 23].

Conjecture 2.1 (Galois-McKay). Let G be a finite group and p a prime. Let P be a Sylow p-sub-
group of G. There exists a bijection

� : Irrp0 ðGÞ ! Irrp0 ðNGðPÞÞ
such that

FðvÞ ¼ Fðv�Þ
for every v 2 Irrp0 ðGÞ:
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We recall that FðvÞ is the smallest field containing F and all the values of v. The conjecture
basically claims that the p0-degree irreducible characters of G and NGðPÞ have similar fields of
values up to F, where F is the fixed field of H in QjGj: If jGjp0 ¼ k, F is the same as the fixed

field in Qk of the Frobenius automorphism mentioned in the introduction.
Although the Galois-McKay conjecture proposes a way to determine possible abelian exten-

sions FðvÞ for v 2 Irrp0 ðGÞ via the normalizer NGðPÞ, it does not directly tell us what the fields
of values QðvÞ are for v 2 Irrp0 ðGÞ:

Partly motivated by the Galois-McKay conjecture, there has been growing interest in the study
of fields of character values, especially of those characters of p0-degree. For instance, in [2],
Isaacs, Liebeck, Navarro, and Tiep proved that, if v 2 Irr20 ðGÞ, then either

ffiffiffiffiffiffiffi�1
p 2 QðvÞ or QðvÞ

is contained in Qn for some odd integer n. Extending this result, Navarro and Tiep studied the
problem of determining all the possible fields of values of p0-degree irreducible characters of finite
groups. It is conjectured in [9] that, for a field E with cðEÞ ¼ pam where ðp,mÞ ¼ 1 and a 2
Z�0, E is the field of values of a p0-degree irreducible character of a finite group if and only if
½Qpa : ðE \QpaÞ� is not divisible by p. In fact, they managed to confirm the “if” implication for
all p and both implications for p¼ 2. The “only if” part, which is stated below, turns out to be
the deeper one of the conjecture.

Conjecture 2.2 (Navarro-Tiep). Let p be a prime. Let G be a finite group and v 2 Irrp0 ðGÞ such that

cðQðvÞÞ ¼ pam where ðp,mÞ ¼ 1 and a 2 Z�0. Then ½Qpa : ðQðvÞ \QpaÞ� is not divisible by p.
One of the purposes of the present note is to find conditions on p and jGj in which Navarro-

Tiep’s conjecture follows from the Galois-McKay conjecture.

3. The fixed field F

Let n be a positive integer and suppose n ¼ pbk where p is a prime, b 2 Z�0, k 2 Z>0, and p - k:
Recall from the previous section that G :¼ GalðQn=QÞ ffi Z�

n and H is the subgroup of G consist-
ing of those automorphisms that send p0th-root of unity to some arbitrary but fixed p-power.
Also, the fixed field of H in Qn is F ¼ FixðHÞ: Recall also that ordkðpÞ is the multiplicative order
of p modulo k and u is Euler’s phi function.

Lemma 3.1. Suppose the above notation. We have jF : Qj ¼ uðkÞ
ordkðpÞ and jQk : Fj ¼ ordkðpÞ:

Proof. We have ½F : Q� ¼ ½FixðHÞ : Q� ¼ jGalðFixðHÞ=QÞj where
GalðFixðHÞ=QÞ ffi G=GalðQn=FixðHÞÞ ¼ G=H:

Therefore jFixðHÞ : Qj ¼ jG : Hj: The fact that jG : Hj ¼ uðkÞ
ordkðpÞ follows from the description of

H: The second conclusion of the lemma immediately follows from the first. w

One can determine exactly when F ¼ Q: By the fundamental theorem of Galois theory,
FixðHÞ ¼ Q if and only if H ¼ G, which happens if and only if p is a generator for Z=kZ: It is
known that Z�

k is cyclic if and only if k ¼ 1, 2, 4, ql, or 2ql where q is an odd prime and l 2 N:

Furthermore, given generators of Z�
q , one can construct all generators of Z�

ql for any l 2 N, see

[4, Lemma 4 and Theorem 1].
We now prove a critical result that is needed in the proofs of Theorems 1.1 and 1.2.

Theorem 3.2. Let p be a prime and k a positive integer coprime to p. Let F be the fixed field in
Qk of the Frobenius automorphism s and a 2 Z�0. Assume that p does not divide ½F : Q�. Then
½ðFE \QpaÞ : ðE \QpaÞ� is not divisible by p for every field E � Qpak such that pajcðEÞ:
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Proof. We have

jFE : ðFE \QpaÞjjðFE \QpaÞ : ðE \QpaÞj
¼ jFE : ðE \QpaÞj
¼ jFE : EjjE : ðE \QpaÞj
¼ jF : ðF \ EÞjjE : ðE \QpaÞj:

Note that jFE : ðFE \QpaÞj ¼ jFEQpa : Qpa j and jE : ðE \QpaÞj ¼ jEQpa : Qpa j: Thus we have

jFEQpa : Qpa jjðFE \QpaÞ : ðE \QpaÞj ¼ jF : ðF \ EÞjjEQpa : Qpa j:
It follows that

jFEQpa : Qpa j
jEQpa : Qpa j

jðFE \QpaÞ : ðE \QpaÞj ¼ jF : ðF \ EÞj,

and therefore

jFEQpa : EQpa jjðFE \QpaÞ : ðE \QpaÞj ¼ jF : ðF \ EÞj:
Since jF : F \ Ej divides jF : Qj, which is not divisible by p, the result follows. w

Theorem 1.1 now follows from Theorem 3.2 and Lemma 3.1.

It is worth noting that there are cases where p does divide jðFE \QpaÞ : ðE \QpaÞj: To pro-
vide an example, we describe the field F as an extension of Q by certain elements associated to a
primitive kth of unity.

Now, let o :¼ ordkðpÞ, m :¼ uðkÞ
o , and f a primitive kth root of unity. By basic properties of

Galois extension,

min
F

ðfÞ ¼ ðx� fÞðx� fpÞðx� fp
2Þ 	 	 	 ðx� fp

o�1Þ,

where ff, fp, :::, fpo�1g form the orbit of f under GalðQk=FÞ, and minFðfÞ is the minimal polyno-
mial of f over F: Let ei denote the coefficient of xi in minFðfÞ for i ¼ 0, :::, o� 1:

Theorem 3.3. Suppose that k is square-free. Then F ¼ Qðfþ fp þ 	 	 	 þ fp
o�1Þ where o :¼ ordkðpÞ

and f a primitive kth root of unity.

Proof. Let a :¼ fþ fp þ 	 	 	 þ fp
o�1
: We show that a is a primitive element for the extension F

over Q: For j coprime to k, let sj 2 GalðQk=QÞ be the automorphism f 7! fj, and let

GalðQk=QÞ=hspi ¼ fsj1hspi, sj2hspi, :::, sjmhspig
where j1 ¼ 1, and therefore sj1 is the identity function.

It is known that, when k is square-free, the set of all primitive kth-roots of unity form a nor-
mal basis for Qk over Q [1, Example 3.2]. Consider

sj1ðaÞ ¼ fþ fp þ 	 	 	 þ fp
n�1
,

sj2ðaÞ ¼ fj2 þ fj2p þ 	 	 	 þ fj2p
n�1
,

:::

sjmðaÞ ¼ fjm þ fjmp þ 	 	 	 þ fjmp
o�1
,

in which the summands are exactly the primitive kth-roots of unity. Thus the sums must all be
distinct. Otherwise, it would contradict the linear independence of primitive kth-roots of 1.
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Therefore jOðaÞj ¼ m where OðaÞ denotes the orbit of a under the action of GalðQk=QÞ: Hence
degminQðaÞ ¼ m and we conclude F ¼ QðaÞ as jF : Qj ¼ m by Lemma 3.1. w

Remark 3.4. When k is not square-free, a sometimes fails to be a primitive element. For instance,
let p ¼ 5, k ¼ 8, then we have a ¼ fþ f5 ¼ 0 but o ¼ 2 ¼ m: However, in this case, the free
coefficient e0 ¼ f 	 f5 ¼ �i is indeed a primitive element.

The element a in the above proof is precisely �eo�1, where eo�1 is the coefficient of xo�1 in
the polynomial minFðfÞ: Therefore, Theorem 3.3 simply states that F ¼ Qðeo�1Þ when k is
square-free. For arbitrary k, we have:

Theorem 3.5. Let ei be the coefficient of xi in minFðfÞ, for i ¼ 0, :::, o� 1. Then
F ¼ Qðeo�1, :::, e0Þ:

Proof. We prove a more general statement that, if F � K � FðaÞ are fields where a is algebraic
over F, and minKðaÞ ¼ xn þ cn�1xn�1 þ 	 	 	 þ c0 where n 2 N and ci 2 K for i ¼ 0, :::, n� 1,
then K ¼ Fðcn�1, :::, c0Þ:

Let L :¼ Fðcn�1, :::, c0Þ: Notice that L � K: Let f :¼ minKðaÞ and g :¼ minLðaÞ: We have f jg in
K½x� since g 2 K½x� and gðaÞ ¼ 0: Also, we have gjf in L½x� since f 2 L½x� and f ðaÞ ¼ 0, which
implies gjf in K½x� as L½x� � K½x�: Therefore g¼ f.

As LðaÞ ¼ FðaÞ ¼ KðaÞ, we have

jFðaÞ : Lj ¼ jLðaÞ : Lj ¼ deg g ¼ deg f ¼ jKðaÞ : Kj ¼ jFðaÞ : Kj:
Hence jK : Lj ¼ 1 and K¼ L, as wanted. w

Example 3.6. Take p ¼ 2, k ¼ 7, a ¼ 2, f7 ¼ e
2p
7 i, so uðkÞ ¼ 6, o ¼ 3,m ¼ 2: By Theorem 3.3, F ¼

Qðf7 þ f27 þ f47Þ ¼ Q i
ffiffiffi
7

p� �
� Q7: Let E :¼ Q

ffiffiffi
7

p� �
� Q28, and indeed c(E) ¼ 28. We have

Q4 � FE but Q4 6� E: Hence jðFE \Q4Þ : ðE \Q4Þj ¼ jQ4 : Qj ¼ 2 ¼ p:

4. Proof of Theorem 1.2

We now deduce Theorem 1.2 from Theorem 1.1.

Theorem 4.1. Let G be a finite group of order pbk, where p is a prime and k a positive integer
coprime to p. Suppose that p does not divide uðkÞ=ordkðpÞ. Then Navarro-Tiep’s conjecture follows
from the Galois-McKay conjecture for G and p.

Proof. Let v 2 Irrp0 ðGÞ and assume that cðQðvÞÞ ¼ pam, where ðp,mÞ ¼ 1: Since QðvÞ � QjGj,
we have mjk and a 
 b: Suppose that the Galois-McKay conjecture holds for G and p. We would
like to show that ½Qpa : ðQðvÞ \QpaÞ� is not divisible by p.

We have FðvÞ ¼ Fðv�Þ for some v� in Irrp0 ðNGðPÞÞ, where P is a Sylow p-subgroup of G and
F is the fixed field in Qk of the Frobenius automorphism n 7! np: Note that the conductor of
Qðv�Þ is pam1 for some m1 relatively to p. It follows by [9, Lemmas 7.1 and 7.3] that ½Qpa :

ðQðv�Þ \QpaÞ� is not divisible by p. Therefore,

p - Qpa : ðFðv�Þ \QpaÞ
� �

,

and so

p - Qpa : ðFðvÞ \QpaÞ
� �

:

Now using Theorem 3.2 with QðvÞ in place of E and note from Lemma 3.1 that ½F : Q� ¼
uðkÞ=ordkðpÞ, we have
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p - ðFðvÞ \QpaÞ : ðQðvÞ \QpaÞ
� �

:

The last two displayed statements imply that ½Qpa : ðQðvÞ \QpaÞ� is not divisible by p, as
desired. w

We now describe the situations where the hypothesis of Theorems 1.1 and 1.2 are satisfied.

Proposition 4.2. Let p be a prime and k a positive integer coprime to p. Then p does not divide
uðkÞ=ordkðpÞ if and only if one of the following holds:

i. k has no prime divisor q such that pjðq� 1Þ,
ii. k has a unique prime divisor q such that pjðq� 1Þ. Additionally, q does not div-

ide pðq�1Þ=p � 1:

Proof. We use np to denote the p-part of n and �ðnÞ :¼ �pðnÞ ¼ log pðnpÞ the p-adic valuation of

n. Let k ¼ Pqaii be the prime factorization of k, where qis are distinct. Recall that uðkÞ ¼
kPi 1� 1

qi

� �
: Therefore,

�ðuðkÞÞ ¼
X
i

�ðqi � 1Þ:

On the other hand, since ordkðpÞ ¼ lcmfordqiðpÞ : i ¼ 1, 2, :::g and ordqiðpÞjqai�1
i ðqi � 1Þ, we

have

�ðordkðpÞÞ 
 max
i
f�ðqi � 1Þg:

The last two displayed formulas immediately imply that if p divides no qi � 1 then
p -uðkÞ=ordkðpÞ and if p divides more than one qi � 1 then pjuðkÞ=ordkðpÞ: Thus we may now
assume that there is a unique prime divisor q of k such that pjðq� 1Þ:

Let a :¼ log qðkqÞ � 1: Then, as analyzed above, p does not divide uðkÞ=ordkðpÞ if and only if
�ðq� 1Þ ¼ �ðordqaðpÞÞ: But �ðordqaðpÞÞ ¼ �ðordqðpÞÞ (this is because ordqðpÞjordqaðpÞ and

ordqxþ1ðpÞjq 	 ordqxðpÞ for every x 2 Zþ), and so p does not divide uðkÞ=ordkðpÞ if and only if

�ðq� 1Þ ¼ �ðordqðpÞÞ: This happens if and only if q does not divide pðq�1Þ=p � 1, as stated. w
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