Commun. Math. Phys. 389, 1009-1046 (2022) Communications in
Digital Object Identifier (DOI) https://doi.org/10.1007/s00220-021-04260-2 M ath emat i c al

Physics
®

Check for
updates

Ising Model on Trees and Factors of 11D

Danny Nam, Allan Sly, Lingfu Zhang

Department of Mathematics, Princeton University, Princeton, NJ 08544, USA.
E-mail: dhnam @math.princeton.edu; asly @math.princeton.edu; lingfuz@math.princeton.edu

Received: 9 March 2021 / Accepted: 22 October 2021
Published online: 15 January 2022 — © The Author(s), under exclusive licence to Springer-Verlag GmbH
Germany, part of Springer Nature 2021

Abstract: We study the ferromagnetic Ising model on the infinite d-regular tree under
the free boundary condition. This model is known to be a factor of IID in the uniqueness
regime, when the inverse temperature 8 > 0 satisfies tanh 8 < (d — 1)_1. However, in
the reconstruction regime (tanh 8 > (d — 1)_%), it is not a factor of IID. We construct a
factor of IID for the Ising model beyond the uniqueness regime via a strong solution to an
infinite dimensional stochastic differential equation which partially answers a question
of Lyons (Comb Probab Comput 2(2):285-300, 2017). The solution { X, (v)} of the SDE
is distributed as

Xi(v) =17y + B (v),

where {7,} is an Ising sample and {B,(v)} are independent Brownian motions indexed

.. . _1
by the vertices in the tree. Our construction holds whenever tanh 8 < ¢(d — 1) 2, where
¢ > 0 is an absolute constant.

1. Introduction
Let 7 = (79, p) be the infinite d -regular tree rooted at a vertex p. For two measurable

spaces 20 and 21, a map ¢ : QOT — QIT is called a 7 -factor if it is measurable in
terms of the product o-algebra and satisfies

d((@) = (@) (e Au(T), weQl),

where Aut(7") denotes the automorphism group of 7, that is, the collection of graph
isomorphisms from 7 to itself. We are interested in the notion of factor of IID on T,
which is an ergodic property of measures defined as follows.
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Definition 1.1 (Factor of IID on T). For a measure v on a measurable space 7l vis
called a factor of IID if there exists a measurable space €2, a measure po on g, and

a T -factor ¢ : Qg — QIT such that v is the ¢-push-forward of the product measure
T
Mo -

Besides the classical works from ergodic theory [4,19-21], study of factor of IIDs
has drawn extensive interests in probability theory, see e.g. [1,2,9,10,14,23,25,26,28].
In particular, a factor of IID on 7 can be interpreted as an infinite analogue of local
algorithms on the random d-regular graph (whose limiting local structure is 7) [5,8,22].
For a detailed introduction to this concept and related works in probability theory, we
refer to [13] and the references therein.

We study the ferromagnetic Ising model defined on 7" under the free boundary condi-
tion, and determine if it is a factor of IID. This model is also called as binary symmetric
channel on trees, or broadcasting problem on trees, and has drawn substantial interest
not only from probability theory and statistical mechanics, but also from information
theory and theoretical computer science (see, e.g., [3,6,7,12,16—18]). When the inverse
temperature S satisfies tanh 8 < (d — 1)~ the Ising model on 7 has the unique Gibbs

measure and is known to be a factor of IID. On the other hand, when tanh 8 > (d — 1)_% ,
it is in the reconstruction regime (see Sect. 1.1 for its definition) and the second author
proved that it is not a factor of [ID ([13, Theorem 3.1]). However, it is not known whether

the Ising model on 7 is a factor of IID when (d — D! <tanh B < (d — 1)_%. Our
main result proves that it is a factor of IID beyond the uniqueness regime to a certain
extent, partially answering a question of Lyons [13].

Theorem 1. There exist absolute constants ¢, dy > 0 such that for alld > dy and 8 > 0

withtanh 8 < c(d — l)_%, the Ising model on T® under the free boundary condition at
inverse temperature f3 is a factor of IID.

A common approach to show that a measure is a factor of IID is the divide-and-
color method from the study of Random Cluster Model (RCM) (see [27] and references
therein for details). This is particularly useful to study the Ising/Potts model, which can
be viewed as RCM through their natural connections to FK percolation, and each cluster
is assigned an independent color. If 8 is small (i.e. in the high temperature regime),
the percolation clusters are a.s. finite, we can construct a factor of IID by choosing the
color of each cluster in an automorphism invariant way. Unfortunately, in our case, this
method only works for tanh 8 < (d — 1)_1, as otherwise there exist infinite clusters.
Thus proving Theorem 1 requires a different idea.

One question asked by Steif and Tykesson in [27] is whether there were examples
of RCM, such that there are infinite clusters but the coloring process is still a factor
of IID. In [24], the second and third author verified that the stationary measures of the
voter model on Z¢ are factors of 1ID, which is another case where there are infinite
clusters in the corresponding RCM, and a naive divide-and-color method does not work.
Their approach was to utilize the coalescing random walk, which is a dual model whose
t — oo limit gives the stationary measure of the voter model, and is a factor of IID at all
finite times by the divide-and-color method. They constructed a factor of I[ID at + — oo
limit by a clever coupling of the finite-time divide-and-color configurations, where all
vertices change their color only finitely many times a.s. as ¢ goes to infinity. However,
a similar approach fails in our case; see Sect. 1.2 for details.

Our approach is to construct a factor of IID from the independent one-dimensional
standard Brownian motions W = {(W; (v));>0}ye7. We construct an infinite-dimensional
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system of stochastic differential equations whose strong solution recovers the Ising
model in the # — oo limit. Constructing the desired strong solution is done using the
approximation by the corresponding finite-dimensional system of SDEs and requires
technically sophisticated computations. Although our method works for large d and up

to the point where tanh 8 < ¢(d — 1)~ > , we conjecture that the Ising model on 7 should
be a factor of IID for all d > 3 and tanh 8 < (d — 1)_%.

1.1. Ising model on trees. In this subsection, we briefly review the definition of the
Ising model and its basic properties. On a finite graph G with edge set E(G), the Ising
model on G under the free boundary condition at inverse temperature f is a probability
measure g on {:tl}g defined as follows. For 6 = (0y)yeg,

1
ng@)=——exp(p ) ouoy|. (1D
Zg (u,v)eE

where Z is the normalizing constant givenby Zg = Zae{il}g exp (ﬂ Z(u,v)eE auav).

We will be interested in the ferromagnetic case where § is non-negative.
For givend € N, let (7, p) = (Td, p) denote the inifnite d-regular tree rooted at p,
and let 7 be the depth-R subtree defined by

Tr = TF := {v e T : dist(p, v) < R}. (1.2)

It is well-known that 77, converges in product o -algebra. We denote the limit as 77,
which is called the infinite-volume Gibbs measure on T with free boundary condition,
and is the main object of interest in this paper. The measure w7 can also be constructed
by a recursive Markovian fashion as follows. Let 8 := tanh §, and consider the 2 x 2

transition matrix
146 1-6
P = <129 @) .
2 2

This defines a Markov chain on the single-spin space {—1, +1}: for instance, +1 becomes
—1 with probability %, and stays at +1 with probability %. Then, it is well-known
that r7 is equivalent to the law of o generated by the following recursive scheme:

e At the root p, set 0, = %1 each with probability %

e For each edge (u,v) in 7, suppose that dist(p, u) + 1 = dist(p, v) and o, is
determined. Then, o, is obtained by a single-step Markov chain from o, with respect
to the transition matrix P.

This construction explains why the model is also called the broadcasting problem on
trees: a vertex passes its spin correctly to a child with probability 6, and otherwise (i.e.,
with probability 1 — @) it delivers a randomized spin that is either +1 or —1 with equal
probability. This procedure happens independently at each edge.

We now introduce the two thresholds for 8 in the Ising model on 7. The first is the
uniqueness threshold B, := tanh_l((d — D™, When B < B, it is known that the
infinite-volume Gibbs measure is unique regardless of the boundary condition; when
B > P, the measure 7 is not the unique infinite-volume Gibbs measure on 7. For
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detailed introduction on this subject, we refer to [12] and [15, Chapter 17]. For its relation
to the FK percolation in the context of RCM, see [27, Section 1.3].
Besides the uniqueness threshold, the reconstruction threshold B, = tanh~'((d —

1~ %) gives the phase transition for whether the reconstruction problem is solvable. For
B < B, given by 0 ~ 77, it is impossible to guess o, better than probability % in the
R — oo limit from just looking at (0y),e7\7;- However, we can beat the random guess
if B > B, the reconstruction regime. For a detailed study on this concept, we refer to
[7] and references therein.

As mentioned above, we are interested in the intermediate regime of B, < < B,
and this is the only case where it is unknown whether 77 is a factor of IID.

1.2. A Glauber dynamics approach. The first approach that one may come up with to
prove Theorem 1 is using the Glauber dynamics, which is a Markov chain that converges
to some Gibbs measure. Since the Glauber dynamics can be encoded by IID information
assigned at each vertex, we may hope to construct a factor of IID from this Markov
chain starting with an IID process. This approach is indeed possible in the uniqueness
regime tanh 8 < (d — 1)~!. In this subsection, we briefly explain why it does not look
promising beyond the uniqueness regime.

To begin with, we give a short description of the Glauber dynamics. Each vertex
v € 7 is assigned with an IID rate-one Poisson process, which defines the update times
at v. When an update occurs at v € 7 at time ¢, o;(v) is updated with respect to the
Ising measure on {v} conditioned on its neighborhood profile {o;- (u#)},~,. Namely, it
becomes +1 with probability

% <1 + tanh (,BMZ;)UI (u))) ,

and transitions to —1 otherwise.

To construct the Glauber dynamics that converges to w7, one can start from the
initial condition given by o;—¢(v) = =1 with probability %, independently for each
vertex v. Assume that we have two instances of Glauber dynamics o; = (0;(v)),c7 and
0} = (0/(v))yeT, and further suppose that at some time ¢ we had o (v) = o/(v) at all
v € T except at a single vertex vo € 7. Even under an optimal coupling between o,
and o, the spin at vertex v ~ vg will be updated differently in the two instances with
probability

Ulanh (ﬁ Za,(u)) — tanh (ﬂ Za,’(u)> ,

2
u~v u~v

which is equal to tanh 8 in the worst case. Then, tanh 8 > (d — 1)~! implies that the
disagreement percolation is not necessarily subcritical. Thus, the function that maps the
IID update information of the Glauber dynamics to the Ising model is not measurable,
since it has long-range dependence between distant vertices. This infers that in contrast
to [24], we may have to look for a different approach rather than relying on a stochastic
process that converges to the Ising model.

2. Factor Construction by Independent Brownian Motions

In this section, we give the construction of the factor of IID for the Ising model, and
prove Theorem 1.
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2.1. Notations and setup. From now on we fix an arbitrary d, assuming it being large
enough.

We work on the rooted d-regular tree (7, p). For any p’ € 7 and R € N, we denote
Tr(p') as the subgraph induced by

{veT :dist(p,v) < R}. 2.1

We also write 7 := 7p(p) for ease of notations.
For a finite graph G with edge set E(G), given the external field x = (x(v))yeg, and

inverse temperature B = {By,v}w,v)cE(G), let ng’x be the measure on {:I:l}g, such that

1
ﬂg’x(a) = W exp Z Buvouoy + Zx(v)crv , (2.2)
g (u,v)€E(G) veg

for any 0 = (0y)yeg, Where Zé»x = Zae{:l:l}g exp (Z(u’v)eE(g) Buvouoy + Zveg
x(v)av> is the normalizing constant. For simplicity of notations, we shall usually write

X, Zé for rrg’x, Zé’x. We shall also omit x when x = 0, and omit G when it is clear
w%ich graph we are working on.

For any measure p defined on the probability space {£1}9, and two measurable
functions f, g : (£1}9 - R, we write

(Flu= Y. f@u@), (f:ghu={fu— (Flulu

oe{+1)9

For simplicity of notations we also write (-)% for ()7x and (-; -)}% for (-; )7y We
denote w7 as the free boundary Gibbs measure on 7 (i.e. the weak limit of w7, as
R — ).

2.2. Construction via finite systems of SDEs. In this subsection we take constant 3, i.e.
Bu.v = P for any edge (u, v), and we give the construction for the factor of IID of 7.
Take independent one-dimensional Brownian motions W = {(W;(v));>0}ye7, Which
is an i.i.d. process on 7. We shall construct 77 as a function of W, invariant under
automorphisms of 7.

We start from the finite tree (7, p), the depth-R subtree rooted at p, for R > 0.
Define the function FR : RZx — ]RTR, where for any v € 7 and X € RTR, we
let FUR(X) == {0y)%- We also let Xk = (X,R),zo = {(X,R(v)),zo}UETR be the strong
solution of the following finite dimensional stochastic differential equation system on
C ([0, 00); R) 7%

dXR = FR(XB)dr + dWE, X, =0, (2.3)

where WR denotes the restriction of W to Tg. We note that for any u,v € 7,
O, FvR (x) = (04 ; 0y)%, and its absolute value is always bounded by 1. This implies
that FR is 1-Lipschitz in each coordinate. Thus, the strong solution of this system of
SDEs exists and is unique.
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We claim that X% has the same law as the following process. Let T = (T)yeT
be sampled from 77, and let B = {(B;(v));>0}ye7 be another collection of inde-
pendent one-dimensional standard Brownian motions. Consider the stochastic process
X = (Xp)=0 = {(X1(v)r>0}ve7 defined as

X, ;=17 +B,. (2.4)

Let XR be the restriction of X on 7. We have that XR has the same law as X%, by the
following lemma.

Lemma 2.1. The process X" is a weak solution to (2.3).

Proof. For any t > 0, let F; be the o-algebra generated by (if)ofsft. Then XR is a
weak solution to the following system of SDEs (for details see e.g., [11, Section 7.4])

dXX (W) = B[, | F1dt +dW,(v), Yv € T, Xg =0.

It remains to compute E[7,|F;]. Denote 7R as the restriction of T on 7. For any F;
measurable set A, and 0 = (0y)pe7; € {:I:I}TR,

]P)(TR =0, (Xf)ofsft € A) =TT (G)P((Bs + SU)O§s§; € A)
P((Bs + So')Ogsg[ € A)
P((Bs)()gsgt € A)

= 173(0) P((Bs)o<s<t € A).

Thus by Girsanov theorem, we have

P(z® =o|F) = m7,(0) [ exp (Z(v)ov - %) FXozs=0)

UETR

where f is the Radon-Nikodym derivative of the law of (B;e Jo<s<: over the law of

(Xf)ogsf ;. Thus we have that conditional on F;, the law of T X is given by the Ising model
<R
with external field XIR; then for any v € 7p we have E[t,|F;] = (ov))lg’ = Ff (XIR),

and the conclusion follows. 0O

Given this lemma, our general strategy is to show almost sure convergence of X7
as R — oo; and the limit is the same if one starts from a different root p’. The limit
would have the same law as X, from which we could recover the Ising model by taking
lim;_, o sign(Xy).

To get the desired convergence, our key step bounds the difference between X% and
XR=1 as follows.

Proposition 2.2. There exist an absolute constant ¢ > 0, a constant C4 > 0 depending

onlyond, and o = a(d, B) € (0, 1), such that when f > 0 and tanh § < c(d — 1)*%,
we have

E |:<XtR(u) _ X[Rl(u))z] < CeCit o Rdist(p.)=3 (g _ 1ydist(p.u), (2.5)

forallt,R > 0andu € Tg_,.
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Now we study the equations starting from a different root. Take any p’ € 7. We define
the function FR-#" : R7z(?) s RT&() where for any ve Tr(p") and x € R7r(0) e

let FR p/(x) = (0p) % ot . We also let X&-*" = (X )z>0 = {(X /(U));>O}UETR be

the strong solution of the following finite dimensional stochastic differential equation
system on C ([0, c0); R)TR(" ).

X" = PRI X dr+ aW L Xy =0, 26)

where WR-#" denotes the restriction of W to 7x ().

Proposition 2.3. Let ¢, Cy, a, B be as in Proposition 2.2, and p' be a neighbor of the
root p. Foranyt, R > 0 and u € Tg(p) N Tr(p’), we have

E |:(X[R(u) _ X,R’p/ (u)>2} < € eCat g R=dist(p,=4 (g _ qydist(p.u).

We now deduce Theorem 1 from Propositions 2.2 and 2.3.

Proof of Theorem 1. Let ¢ be the same as in Propositions 2.2 and 2.3. By Proposition 2.2
we have that forany r > 0O andu € 7,
] < 0

o0
E [Z [ - XE

R=1
This means that as R — oo, X ,R () converges almost surely. For each t € Qx>0 we
define X;(u) as the limit. Then the process (X;);cq., = {(X:(V))reQ-o}veT 18 defined
for a.s. W, and its finite dimensional distribution is the same as that of (it),e(@w.

Forn € Nwedefine G, = {G,(u)},e7 as G, () := sign(Xpn (u)). Thenasn — oo,

G, converges in law to 7. We now show that G,, converges almost surely. Indeed, we
have

P (Gn(u) # Gue1(u)) = P (sign(Xon () # sign(Xpus1 (1))
<P (|an(u)| > 2”—‘) +P (|an+1 () — Bon ()| > 2"—‘) .

Thus, we can see that P(G,,(u) # G,4+1(«)) is summable in n, which by Borel-Cantelli
lemma implies that G, (1) converges a.s., as n — 0o0. We denote the limit by G € R7,
which is a measurable function of W, defined for a.s. W, and the law of G is 7.
Finally we show that this function W +— G is invariant under Aut(7"). From our
construction of G it suffices to prove the following: take any p’ € 7, then as R — oo,

X,R’p/(u) a.s. converges to X,(u), for any t € Qx>0 and u € 7. Indeed, X,R’p/(u) a.s.

converges, since the function W +— X ,R *? (u) is the push-forward of W > X tR (u) under

an action in Aut(7). Denote this limit as X ;O (u). Let po, p1, -+ , pr be the path from

po = p and pr = p’. Applying Proposition 2.3 to the consecutive pairs (p;, p;+1) and
’ 2 ’

sending R — oo, we have E [(X,(u) - X! (u)) :| = 0; then X;(u) = X/ (u) almost

surely, and our conclusion follows. O
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2.3. An interpolation approach. In this subsection, we develop a framework to analyze
the difference between XX ~! and X%, the unique strong solutions of (2.3). As a result,
we reduce Propositions 2.2 and 2.3 into more tractable forms. From now on, denote
Eg := E(7R), and let d Eg denote the boundary edges of 7g, i.e.

0ER := ER\ Eg—1 ={(u,v) € E(TR) : v € 3TR},

where 07 = {v € Ty : dist(p, v) = R}.

The Ising model on 7z_1 can be viewed as the Ising model on 7, by setting 8, , = 0
for (u, v) € d Eg. Thus, our approach to compare XX~ and X* is by interpolating the in-
verse temperature: we investigate the Ising model on 7 with inverse temperature 87 :=
{BY v} w.vyeEg> Where B, = p for (u,v) € Eg—y and B}, = y for (u, v) € dE, for
some y € [0, B]. Formally, for x = (x(v))ye7; € R7Zr , we define the probability mea-

Y
sure 7% = n% X Define the function F¥ : R7¢ — R7k where for any v € Tp and

x € R7k, we let ) (x) 1= (0y)rrx. We also let Y = (Y )50 = {(¥; (1))120}veTy be
the strong solution of the following finite dimensional stochastic differential equation
system on C ([0, 00); R)TR:

dY! =F"(Y))dt +dWF, Y} =0, (2.7)

where as before WX denotes the restriction of W to Tg, and are the driving Brownian
motions. In particular, we have Y? = XR~1on Tr—1,and Y? = XR. Asfor X%, the law
of YV = (Y;’)lzo is the same as that of (7 +By);>0, where T = (7y)ye7;, is sampled from

770 and B = {(B, (t))1>0}veTy 1 another collection of independent one-dimensional
standard Brownian motions.

Note that Y for all y € [0, 8] are generated by the same driving Brownian motions
WEthus if we define H = (H );>0 = {(H/ (v))1>0}veT, to be

H/ =3,Y!, (2.8)
then from (2.7), we can deduce that

dH’/
dt

=3, {F"(Y])} = VF" (Y] H] +3,F" (Y]), (2.9)

and Hg = 0. We have the following estimate on H” .

Proposition 2.4. Under the above setting, there exist absolute constants ¢ > 0, and
Cy > 0 depending only on d, and « = a(d, ) € (0,1), such that if d > ¢!,

1

tanh <c(d—1)"2,and 0 <y < B, we have
E [th (u)z] < CgeCil o R=dist(p.)=3 (g _ 1)dist(p.u0)

forallt >0, u € Tg.

It is straight-forward to deduce Proposition 2.2 from Proposition 2.4.
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Proof of Proposition 2.2. From the construction we have

B
X,R(u)—X,R—l(u)zfo H/ (u)dy, (2.10)

and thus, the Cauchy-Schwarz inequality gives

2
E |:(X[R(u) - X{H(u)) } < B2 sup E[th(u)z]
7 €l0,8]
< CdecdlaRfdiS[(p,u)f:i (d _ l)dist(,o,u)’
concluding the proof. 0O

Now we move on to the case of Proposition 2.3, where we use a similar argument. Let
o’ be aneighbor of p, and let TRﬁ = Tr(p)UTg(p"). Here, we use the inverse temperature
Brr = (BrF Y verrs defined as Buw = B for (u,v) € Eg, and B) =y for

v
nﬂ 1 X

TR

The f : v.o . Th T: . v0' -

e function F : R°r — R“r is defined to be Fy'" (X) := (0y)_,,/x- Then, as

before, we consider the strong solution YV = YY) s0 = {(Y)F W)iz0}, 7% of
R

(u,v) € E (TRﬁ) \ Eg. Moreover, define the probability measure P 2AL -

the following system of stochastic differential equations:
ay; " =¥ (Y ydr + dWE, YL =0,

where W* denotes the restriction of W to 7, Rﬁ . This setup gives yr* = xR for y =0,
and if we switch the roles of p and p’ from the beginning then it will correspond to

xR Then, as before, its y-derivative H,” = 8yYZ’p satisfies

dH’”
d

=0, {Fy,p’(Yg/’p/)} — VF-* (Y}”p/)Hg”p/ + 3yFV’pl(YV’P’),,

and Hg’p/ = 0. We can control H;/‘p/ as follows.
Corollary 2.5. Under the setting of Proposition 2.4 and the above notations, we have
E I:thaﬂ/(u)z] < CdeCdIaR—diSt(p,u)—3 (d _ l)dist(p,u)’

f
forallt > 0andu € Tp.

We address the proof of Proposition 2.3 which comes as a direct consequence.
/ 2
Proof of Proposition 2.3. To bound E (XtR (u) — XtR’p (u)) , we can just bound the
. R _ B.p 2 R.p B B.p' 2 .
expectations E | ( X;*(w) — Y"" (u) andE | (X, " () =Y/" (w) respectively.

For the first one, we can write the difference X X (u) — Ytﬂ’p/ () = Yto’p, () — Ytﬁ’p, )
in an integral form as (2.10), and hence Corollary 2.5 implies

E I:(XIR(M) _ Y,ﬁ’p/(u)>2] < CyeCat g R=dist(p.)=3 (g _ q)distip.u),
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By the same arguments and switching the roles of p and p’, we can get the same bound
!/ / 2
for E |:(X RP )y — YPr (u)) ] We conclude the proof by combining the two bounds

together, and noting that |dist(p, u) — dist(p’, u)| < 1. O

2.4. Reduction to a chain of covariances. Recall the definitions of Y” = {Y,y (u)} given
by (2.7) and H” = {th (u)} given by (2.8). From now on, let y € [0, 8] be a fixed
number and write Y = Y?, H = H”, i.e., drop the superscript y from their expressions.
We shall also just write 7* for 7¥-* for any x € R77 . In this subsection, we give an
explicit formula of H written by a chain of covariances, and state an estimate that controls
its second moment, then prove Proposition 2.4. For the simplicity of exposition, we work
with H, and it will be clear from the discussion that the methods we describe below can
be used to investigate H”>* in the same way.
By straightforward computations, we can write (2.9) as

dH,
dt

where M, (resp. N;) is a T x Tg matrix (resp. 7g-vector) given by
M@, v) = (oys 00)ve, Ni@) = Y (0u0ws o) v

(u,u’)eIER

= MH; + N,

Since each entry of M, and JV is bounded by 1 and |0 Eg|, respectively, we can write

o0

=S s

k=] YO<ti<--<ip<t

where dt denotes dt; . ..dt.
We use the Cauchy-Schwarz inequality to obtain that

E[H, (u)?] < <Z Z—k) '22"E[< /O . t[M,k---M,le](mdt) }
k—1 <t <<ty <

k=1
Moreover, applying the Cauchy-Schwarz inequality given by ([, 1d)(f, f(t)*dt) =
( f A f (1)d1)? to the integral in the RHS, we have for any u € 7g that

2

0 k k
2 Kkl
E[H, (u) ]53212 E/O<t.<m<zk<zE <v1 E Ml(vl)i|=2| Mn(”h”i—l)) dt.

S =

2.11)

To study this formula and establish Proposition 2.4, the following bound is crucial, and
its proof is presented in the next section. For a sequence of vertices vy, . . ., vk, we write
for simplicity that

k
dist(vox) := Y _ dist(vi, vi—1).

i=1

Also recall that we denote 6 = tanh f.
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t\.

A

AN A

® U
4 // 0
O ®dUu- O O Urd O u®d O ,7 O O O
O0ER ‘
0Ir OO OO 0O OO OO0 OO 00O 0O O OO 0O OO
u' uf, ul
Fig. 1. An illustration of a path visiting u—_, uq, ..., ug, u4+ in a d-regular tree

Proposition 2.6. There exists an absolute constant C > 0 such that the following holds
when d is large enough. For any k > 0, ug, - -+ ,ux € Tg, and (u—,u’ ), (us, ul,) €
OER, u_,u', € 9Tg, and 0 < t_ 1., t1, -, fx <1, we have

i=1
< Ck (Ce)dist(uf,u+)+dist(u7,u0)+dist(u+,uk)+dist(u0:k)72625t+d’

k
E [(auou/; Oug) Yo AOu, O, 3 Oug) ¥, HW; 0“i1>ﬂY"'] (2.12)

For the exponent of dist(u—_, uy) + dist(u_, ug) + dist(us, ug) + dist(uo.x), it can be
understood as the length of the shortest path, which starts from u_ and visits ug, . .., ug
sequentially, then goes to u, and back to u_ (see Fig. 1). We also note that without the
first term dist(x_, u4), such bound would be easy to prove (e.g. it directly follows from
Lemma 3.1 below). However, the term dist(u_, u+) is crucial to get Proposition 2.4.

For C from Proposition2.12,letn = (CO)'/2(d—1)""/*.ThenCH < n < 1/s/d — 1.
Alsolet S = (1 — (d — 1)COn)~ (1 — CH/n)~ !, and assume that CO < 1//d — 1.
Then we have

2

k
E < Z ./\/,l(vl)l_[/\/lt,-(vi,vil)>

S U=l i=2

k
=E| D Ny@oN ) [ Mg @i, vie) M, (wi, wi—r)

VY, U=l i=2
Wi, Wp=U
< 6251+d C2k Z Z (Ce)disl(u,.m)w\dist(u,,vl)+dist(u+,w1Mdist(vl:k)w\dist(wl:k)—Z
(u—,u’_)€dEg, V1> Vk=l

; W, We=U
(uy,uly)EIER

< 625t+d C2k972 Z S2k+2 ndist(u,,u+)+disl(u,,u)+disl(u+,u)

(u—,u’_)edER,
(M+7”;)€8ER
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< (251 02k =2 g2, 2(R—1disi(p.u) Z st es)
(u—,u’ )€IER,
(u4,u}y)EIER
R—1

< 625[+dczk672Szk+2nZ(RflfdiSl(p,u))dZ(d _ 1)R71 Z n2i (d _ l)l
i=0
< 251+ 022 QU2 2(R=1=dist(p.10) g2 (g _ 1)R=1(1 — p2(d — 1))~ (2.13)
Here the firstinequality is by Proposition 2.6, the third equality is by dist(u—, u), dist,, ,
> R — 1 —dist(p, u), and the fourth and fifth inequalities are by direct computations.
The second inequality is by the following lemma.

Lemma 2.7. For any k > 2 and vy, vy € T, we have
Z (Ce)dist(vl;k) < Skndist(m,vk)'
v, 01 €7

Proof. First, by symmetry the LHS depends only on k and N := dist(vy, vr). Denote
the LHS by Ay, and we prove Ay y < S¥n% by induction in k. For k = 2, we have
AN = (coHN < nN. Now suppose that A; vy < San for some k > 2 and any N. For
v, -+, kel € 7, let v’ be the (only) vertex with the smallest dist(vy, v') +dist(va, v') +
dist(vis1, v'). Let m = dist(vy, v') and m’ = dist(v’, vp), then dist(vy, v2) = m +m’
and dist(vy, vie1) = dist(vy, vgs1) —m +m’. Thus by the induction hypothesis we have

N o0
Aty < 3 d = 1D)"(CO™™ A N—mem'

m=0m'=0

N o0
< Z Z (d _ 1)m’(Ce)m+m’Sanﬂn+n1"

m=0m’'=0
Since CO < n < 1/+/d — 1, by first summing over m’ then over m, we can bound this
by
SV (1 — @ = eI~ co/mt = N
where the equality holds by the definition of S. O
Proof of Proposition 2.4. By (2.11)and (2.13), we conclude that when d is large enough,

E[th (u)Z] E 625t+d7]49_2S2d2(d _ l)dist(p,u)+2(n2(d _ 1))R—dist(p,u)—3
2

o k
2 -1 k(! 2%k G2k
1=n"d-1) kEIZ <E)C S
<6251+dn4672Szd2(d_l)dist(p,u)+2(n2(d _ 1))R7dist(,0,u)f3(l _ n2(d _ 1))716416‘5‘

Now we take ¢ small enough to ensure that d is large and ¢ < C~2. Recall that 0 =
tanh 8 < ¢(d — 1)~% and n = (CO)"/2(d — 1)~/4, s0 we have C20 < (d — 1)~ "/2 and
S < (1—=CcH7 11 =c~12)~! thus S has a universal upper bound; and we also have
(A=n?d—-1)"' < (d=c™H L andn?0~! = C(d—1)""/2. By takinga = n*(d—1),
and

Cq > (4CS+25) Vv e'n*0728%d>d — 1)*(1 — n?d — 1)),

depending only on d, the conclusion of Proposition 2.4 follows. O
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3. Inductive Coupling for a Chain of Covariances

This section is devoted to the proof of Proposition 2.6. We begin by introducing the notion
of induced external field and setting up the necessary notations in Sect. 3.1. Then, in
Sect. 3.2, we reformulate the chain of covariances in Proposition 2.6 into a more tractable
form, consisting of products of partition functions. Furthermore, in Sect. 3.3 we discuss
the method of inductive coupling to investigate these partition functions, and derive
necessary estimates needed for the coupling argument in Sect. 3.4, the final subsection.

3.1. Preliminaries. In this section we work under the setting of Proposition 2.6. Specif-
ically, we work on 7% for fixed R, and let 8 € RE% such that B, , = B if (u, v) & dER,
and B, =y if (u,v) € 9ER.

We first introduce the notion of induced external field. Take any x € R7 and an edge
(u, v) € ER. Let the subgraph 7\, C 7y be defined by removing the edge (u, v) from
T and taking the connected component containing u, and consider the subgraph 7, ,
obtained by adding the vertex v back to 7\, via the edge (u, v). We define the Belief

Propagation message m},_,, from u to v as the probability measure on {£1} given by

X
My (0) = — >
TV oeq s, DT,
with oy=0
exp Z Bu' v Ow oy + Z x|,
(u,av/)EE(’z—u%v) v/E'Z«\u
where Zy_,, is the normalizing constant that makes m;_, , a probability measure, i.e.
my_,,(+1)+m}_ (—1) = 1. Note that we regard the external field at v as 0, to measure

the effect of 7\, on v via the edge (u, v). See [15, Chapter 14] for a detailed background
on the notion of Belief Propagation.
Then, the induced external field on v from u, denoted by ¢}, ,, is defined as

X _l u—>v(+1)
gu—)v T 2 10g< MA)U( 1)>

In particular, it satisfies m}_,  (+1) = %{1 +tanh (¢}, )} Itis straightforward to compute
that tanh(g)_, ) = tanh(B,,,) tanh(x («) + wa,w#v Cou)s SO

180 y] < Buw < B. (3.1)
We also have that

+D)eX® —mX_ (—1)e™*®)
(=1)e—x@)

u—)v

(o) x = tanh(¢), , +x(v)).

T —
Tuv M—>U(+1)eX(v) +mu—>v

We can understand £Y_, , alternatively as follows. Let 7,, be defined as before (but
take the connected component of v). If we let X’ = (x'(v'))ye7, w € RZo\ be the vector
where x'(v/) = x (V') + 1[v' = v]¢), . then ¢ is the number such that the measure
né‘—;\u on {£1}7vw gives the marginal distribution of 7* on To\u-
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For any connected subgraph G of 7x and for any v € G, we let

= > o, (3.2)
u~v,ugg

Then, if we letx’ = (x'(v))yeg € RY be the vector where x'(v) = x (v)+ g‘é (v), then the

measure 7[5 on G gives the marginal distribution of 7* on G. Let Zg (x) be the partition
function of 7™ restricted to G; i.e. we let

Zg) = Y exp| Y Buwouov+ Y x@)+FWoy | . (33)

(ov)ef£1}9 (u,v)€E(G) veg

We shall also need the following notation of the partition function with some fixed spins.
Takeany H C Gand h € {£1}*. We denote

Zix) = > exp| Y Buwouoy+ Y (x@) +E@)oy | . (34)
(o)e{£1)9 (u,v)€E(G) veg
oy=h(v),YveH

Here, H C G is a set of vertices in G whose spins are fixed by the assignment A.
For each u, v € Tg, denote [u, v] as the subgraph given by the shortest path from u
to v. For simplicity of notations, we also write Z,, ,(X) := Z[,,,)(X), and we denote the

Zy,v(X)
700 > 1. We also let

normalized version as Zw(x) =
A= []  tanhBew). (3.5)
(u' ,v)eE([u,v])

Then by straightforward computation we have that A, , equals the covariance without
external field (o, ; 0y)r. We can use these quantities to write the covariances with
external field x.

Lemma 3.1. For any u, v € Tg, we have

(O Thr = (3.6)
us Ol = =/ - .
Zu,v(x)2
For any (u,u’) € 0Eg withu' € 07g, if v # u’ we have
sinh(2x (u")) Ay,
(Ouoy 5 Oy)px = — 5 ;tv s 3.7
27,1, (x)* cosh(y)
and if v = u’ we have
sinh(2x (u) +2¢% ,,(u))
(0uoy ; Op)px = L] . (3.8)

2Z..4 (%)% cosh?(y)

We leave the proof of this lemma to Appendix A.
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3.2. Evaluating the chain of covariances. Takeuq, - -+ ,ux € Trand (u—, u’ ), (uy, u'y)
€ dER, as in Proposition 2.6. Also recall the definition of Y given by (2.7), and that in
law we have

d
Y = (Yi)i=0 = (tTt + B;)s>0, (3.9

where T = (7y)ye7;, is sampled from 7 = 770 the free Ising model on 7 with
inverse temperature y on dEg, and inverse temperature  on other edges; and B =
{(By()):>0}veTy 18 another collection of independent one-dimensional standard Brow-
nian motions. We couple Y with t, B, so that this equality holds almost surely.

Nlow we evaluate the LHS of (2.12) using Lemma 3.1. If ug # u’ and uy # ul, it
equals

E |: sinh (2Y, W' )) sinh (2Yt+ (u+)) :| K
47

A Ay u:
U—,ug g, uy uj,uj_q-
oY Zy 0 (V)P Ty Zuga -y (Ye)? cosh () 1:[] o

(3.10)

If up = u’_ and uy # u, it equals

sinh (20, () +26)" | (@-)) sinh (2, (}))

E
Z . V2 Zyr 0y V)2 TTEC ) Zu sy (Yi)? cosh* ()

k
uku || Ui Ui—1

(3.11)
If ug # u’_ and ux = u/,, it equals
. . Y
sinh (2Y, (u')) sinh <2Yt+ (o) +260 ](u+)) K
I3 =T 5 4 Au,,uo 1_[ Au,-,u,-,l .
u/ LU0 (Yt ) Zu+ u+(Yt+) 1_[[:1 Zu,',u,'_1 (Yt,') cosh (V) i=1
(3.12)
If up = u’_ and uy = u/,, it equals
sinh (ZYt_ )+ 2; (e )) 20, () + 260", (u+)> k
E — 5 2 Ay uiy -
u’ U (Yt ) Zu+ Uy (Yl+) l_[izl Zui,u,;] (Yt,') cosh (V) i=1
(3.13)
If u_ = u,, we would get Proposition 2.6 immediately from these equations. Indeed,

for each u, v € Tg we have A, , < (tanh g)distV) = gdist.v) by (3.5) (recall that
0 = tanh B). For the expectation factor in each case, note that the denominator is at
least 4. Thus using (3.1) and (3.9), the expectation is bounded by E[e*+2B (W )+2B, (“D],
B[ +2B: () +2dp+2B1(4,) | [ o4+2Bi WL )¥2B1 ) +2dB ] op [R[H+2Bi () +2B, (w)+4dB i

each case respectively; and each can be further bounded by ¢%*¢

thus g is small enough.

Below we assume that u_ # uy, thus u’_ # u/,. When ug # u’_ weletu_; = u’,
and otherwise we let u_; = u_; similarly, when uy # u/ we let ugr; = ul, and
otherwise we let u;y1 = u,. We also denote 19 :=t_, tx+1 := t.. A motivation for such

, since d is large enough
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V1 = U1 = U vy v3 V4 Un—4 Vn—3 Un—2 Un—1 = Ut
O
vo = up = u'_ Tt = Un,
=upyr = ulp
w1 Ug
V2 = U— v3 vy U5 Un—3 Un—2 Un—1 Un = Uk41 = U4
o O
v = V1 v, — —
1=Uup = U
=u_1 =u"_ 1 l nt +
Uk—1
uQ Uy
u3

Fig. 2. Illustrations of the path [u_1, ug+1] = [v1, vy ], indicated by the blue edges. The top one is the case
where ug = u’_ and uy4 # u'y, while the bottom one is the case where ug # u’_ and ujy] = u/y

definitions is that, for the denominator inside the expectation in each of (3.10), (3.11),
(3.12), (3.13), it can now be written as 4 ]_[k+l Zyuiy (Y,,.)2 cosh4(y).

Consider [u_1, ug+1], the shortest path from u_; to uj.1, and we enumerate the
vertices on the path as u_| = vy, va, ..., vy, = ugy) for some n € Z,. Denote vy = u’_
and vy41 = u/,. Then the path [v1, v,] is contained in the path [vo, vy41]; vo = vy if
uo # u’_, and v, = vpe if ugs1 # u'y. See Fig. 2 for an illustration.

Our next goal is to expand the factors

. Y . Yo
sinh <2Yt_ W) +20," ](u,)) . sinh (21@+ (4) 260" ](u+)> . (3.14)

which appeared in (3.11), (3.12), (3.13). For this we set up some notations for induced
external fields along this path [vg, v,+1]. For any x € R7Zk and 1 <{ <n,let

¥ = x(ve) + > 5y = X0 + & 01 (Vs

VU, VFVE— 1, V4]
X o #X X X
Q—l—% T §v4,1—>v[’ and §€+1—>(Z i ;‘Ug+1—>U['

Here we assume that £,

v = ¢y, = 0.Inwords, ¢ is the total external and
- + +

induced external field on vy, except for those from v, and vg4;, which are ¢ |, and
¢} 1 ¢ respectively. From these definitions we have that

Y. Y Yi_
2Y, (u-) + 2§[u,,uL](u_) =207 +28,_, (3.15)

when ug = u’_ (then vi = u_; = u_, see top-left of Fig. 2); and

Y,

+20)" (3.16)

—1-n’

2Y;, (uy) + 2§[u (14+) = 2y

when uy = u/, (then v, = ugs1 = u, see bottom-right of Fig. 2).
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We now study (3.14). For each 1 < £ < n, by direct computation we can write

2 tanh(Buy, vy,1) €0Sh? (Buyvps) SINKQ2EX | + 2855 p0p)
cosh(2Bu;v,y) +cosh(287, + 2875 p,y)

sinh(2¢%,1_ ) =

’

which implies that
Sinh(ZCZ‘ + 2§;+1—>Z)
= sinh(2¢)) cosh(2¢, ) + cosh(2¢)) sinh(2¢)%, ()
= sinh(2¢)) cosh(2¢),_, )
+ 2 tanh(By,, v, ) COSh(Z{;) cosh? (Bug,ves1) Sinh(zé_ﬁﬁl + 24—2""2_’[”)
cosh(2By,,vp,1) +€c0sh (285 + 280 p11) .

(3.17)

Now for 1 < £ < n, we denote
2cosh(2¢) cosh? (Buy, vy,

cosh(2Buy, vy ) +COSh(2E | + 2805, p4y)

Ue(x) := (3.18)

Thus we can write (3.17) as

sinh(2¢) + 281 ¢)
= sinh(2¢}) cosh(2¢},;_, ;) + U (x) tanh(Buy, vy, ) SINK(2E ) + 28050 p41)-

(3.19)
When ug = u’_, we have
. Y,
sinh (2Y,7 o) +20," ](u_)>
=sinh (26, +2¢,)
n—1 v v
=3 sinh (26, ) cosh (26,1 ) Awe [ Us(Y0)
(=1 1<j<t
. Yo Y.
+sinh (2;,, “ 4 2Cn+1en) Au, [T UYL (3.20)

1<j<n
where the first equality is by (3.16), and the second equality is by repeated applying
(3.19). Similarly, when uy = u/,, by (3.16) and repeated expansion, we have

. Y.,
sinh (21@+ () +200 (u+)>

= sinh (26, +26,7,)

n
. Y, Yy,
= Z sinh (2511 ) cosh (2{13_1_%) Ay, 1_[ Vi(Yy,)
(=2

l<j<n

. Y, Y,
+smh(2§1 +2§O_)1)AU1’UH [T viov.

I<j<n

(3.21)
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where

2 cosh(2¢)) cosh? By, v, 1)

V =
¢x) C0Sh(2Buy uy_y) +COSK2CE | +288 5 ., 1)

(3.22)

for each 1 < £ < n and x € R7%. Now to prove Proposition 2.6 it now suffices to prove
the following technical estimate. Recall that & = tanh .

Proposition 3.2. For 1 < [ < r < n, let C; : RT® — R satisfy either C; = 1 or
Ci(x) = cosh(2¢X, ) for any x € R7¥; and C, : RTk — R satisfy either C, = 1 or
C,(x) = cosh(2¢X ) for any x € RZR, Then we have

—1—r

E

sinh (2;,“*) sinh (2§,Y '+) C (Y, )C(Yy,) m N
— Uj(Y:) Vi(Yye,)
k+1 J J +
Hilo Zui,ui—l(Yli)z 1<j<l r<j<n

< 1Tt gr—I otk Y dist(ujuj1)

where C is an absolute constant.

Assuming this, we now prove Proposition 2.6, by bounding each of (3.10), (3.11),
(3.12), and (3.13), using the expansions (3.20) and (3.21) and Proposition 3.2.

Y
Proof of Proposition 2.6. In the case where ug # u’_ and uy # u/,, we have ;= =

Y, (u) and {,?{ " =Y, (u}) by their definitions. We apply Proposition 3.2 with / = 1
and r = n, and bound (3.10) by

Cn+k (Ce)dist(u’_ Jul)+dist(u— ,u0)+dist(uk,u+)+2f:1 dist(u,-,u,-,l)el7t+d ]

For the case where ug # u’_ and uy = u/,, using (3.21), we apply Proposition 3.2 for

[ = 1andeach 1 <r < n (note that ;3{:1 = 0 in this case), and bound (3.11) by

nCn+k (Ce)dist(uL,u+)+dist(u,,u0)+2ff=l dist(u;,ui_|)el7t+d

Similarly, for the case where ug = u’_ and uyx # u/,, using (3.20) and Proposition 3.2
we can bound (3.12) by

ncn+k (Ce)dist(u_,uir)+dist(u+,uk)+2f:1 dist(u,-,u,-,l)el7t+d.

Finally, for the case where ug = u’ and uy = u/, by (3.20) and (3.21), and using
Proposition 3.2 for each 1 </ < r < n, we can bound (3.13) by

}’l(l’lz— 1)Cn+k(Ce)dist(u,,mrﬁ—zg‘:l dist(u,-,u,-,l)el7t+d+ Z Gn—r+l—l+2§:1 dist(u;,ui—1)
1<r<i<n
(3.23)
Yo,

Y Yi_ Y,
X B | 26 Tl 2 2 TT vpov) [T vicYe)

1<j<l r<j<n
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We next bound the expectation in the second line. For any x € R7%, we have

cosh(2§ )
W < 2COSh(2{/+1—>/) < 2cosh(2p) foreach 1 < j < [, by (3.1).
So by (3.18) and (3.22) we have
2cosh2(ﬁ)cosh(2;¥) 5 .
[] vim< ]_[ <cosh(2¢X)(4 cosh?(B) cosh(28))/ !,
1<j<l C08h(2§j+1 +2€/+2—>/+1)
(3.24)
and similarly
2 cosh?(B) cosh(2¢7)
[] viw< ]_[ — > <cosh(2¢X) (4 cosh?(B) cosh(28))" .
r<j<n j<n coshy( C -1t é‘] —2—j— l)

Thus the second line of (3.23) can be bounded by

Y Yr Yr_ Y,
(4cosh?(B) cosh(28))"E [629’ 216, 216 1218 21y 21 ]

< C"E I:e4ﬂ+81+2\3r,(vl)\+2\Bt,(vl)|+2\Bt+(vn)|+2\Bt+(vr)|+8(d—l)/3] < O 250

Now we conclude that (3.13) can be bounded by
nzcn+k(Ce)dist(u,,u+)+zjf:1 dist(uiui—1) ,250+d

Then our conclusion follows in each case. O

3.3. Inductive construction of coupling. In this and the next subsection we prove Propo-
sition 3.2, by developing an inductive coupling scheme to study the partition functions
in the main inequality.

We consider the space J = {:i:l}TR x C([0, 00), R)TR with coordinates (z, B),
and regard Y as a function of 7, B defined via (3.9) on 7. We let u be the probability
measure on the space J such that for (z,B) ~ u, t is sampled from 7 = 770 and
B are independent Brownian motions. Let | < < r < n be given, and set 4 be the

Y.
measures on J with dut = 1[+¢, — > 0ldu.
We let u* be another measure on 7, defined as

|sinh<zclY‘*>|cz(Yt €)1 g ) TV di
ALY b

d“’* = k+1 —
cosh(2¢, t+) ]_[ =0 Zu, ui— 1(Yl,) 1<j<l r<j=n

Y
We let n% be the measure on J with duf = 1[£¢
tion 3.2, it now suffices to bound

> 0]du*. To prove Proposi-

/ sinh(2¢,"*) cosh(2¢, *)d — f sinh(2¢Y*) cosh(2¢, *)dp* . (3.25)

We leave out the factor of sinh(2§rY ™) cosh(2§,){ ™) for technical reasons. To bound
(3.25), we construct a coupling I'* of u} and pu* . In words, denote the coordinates of
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Vi+2 Vi+3 U

Fig. 3. An illustration of the path from v; to vy, and the subgraphs G® . The vertex u has p(u) = I and the
vertex v has p(v) = [ + 1. The distance dJ 5 (u, v) = 2 since p(u) =l and p(v) =1 +1

J? as (t—,B_), (t4, B,), we will construct a measure I'* on it, such that for any mea-
surable function f on J we have [ f(v—,B_)dI™* = [ fdu* and [ f(7,, By)dl™* =
f fduy. Denote Y, Y* as the two copies of Y, regarded as functions of (7_, B_) and
(t+, B4). With such a coupling we would like to bound

/ {sinh(2§,Y ) cosh(22) — sinh(2¢,) cosh (22, “)} ar*.  (3.26)

We construct such coupling I'* inductively. For each [ < £ < r, we denote G as
the subgraph obtained by breaking the edge (v¢, vg4+1) in 7g, and taking the connected
component containing vy. We also let G = Tx. See Fig. 3 for an illustration.

Our general strategy is (1) to define a version of . that only depends on the infor—
matlon on G, denoted as ,u (2) then we shall construct a coupling r® of u and

= 1nduct1ve1y in £, and ') would be the desired I'*.
The notation W;. We introduce the notation W; for » < j < n, which is a slightly
different version of V;. For any x € R7r we denote

2cosh?(By,,1.v,)
cosh(2By,,,v,) +cosh(2¢X +2¢*

r—1—>r)

Wi (x) ==

’

and foreachr + 1 < j < n we denote
2cosh(2¢¥ ) cosh?(By; v )
cosh(2By; v; ;) + cosh(2§ 207

W;(x) =
j—2—j— l)

We note that this is slightly different from V;(x); in fact, we have W,;1(x) =
(cosh(2¢X, )~ 'V41(x) and W;(x) = (cosh(ZCX)) lcosh(2§ - DVix) forr +1 <
Jj =< n.Such W; is easier to use (than V;) in the inductive arguments since it can be
bounded by a constant Vr < j <n,we have

2 cosh?(B) cosh(2¢¥ )

Wi < osh(2§j | +2¢0%

< 4cosh®(B) cosh(2¢F 5, ;)
Jj—2—j— 1)
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<4 cosh? (B) cosh(28), (3.27)

since |¢* | < B (by (3.1)). Now we can write

j—2—j—1

Y
|sinh(2¢; )IC1 (Y )Cr(Yy,)
— Uj(Y) [ witYdp.
k+1 1—[ JATL J +
Hilo Z“i»uifl(Yti)z I<j<l r<jsn

*_

Definition of ugf). Foreach! < ¢ <rand any x € RTR, let x© € RZr be the vector
given by x(© (v) = x(v') for v’ € G©, and x© (v') = 0 for v & G©. Then we define

(¢ .
z ;L as the function such that

e if at least one of u, v € G, then Zu v(x) u,v(x“)),

o ifu,v¢ GO, then Z Zu,v(x) = 1.

so, we define X) ;.= C(x'"),and U;” (x) := U;(x'¥), forany 1 < j < [; an
Al define C{” (x) := C;(x®), and U (x) 1= U;(x®), forany 1 < j < I; and

C,(e)(x) = C,(x9), and W](() x) == W; (x©), for any r < j < n. We write ;L(’Z) as the
measure on ./, with

. Yi |~ ()
0 _ |Slnh(2{l )|Cl (Y; )C (Y[+) ) )
dp™ = R AL H U (Ye) H Wi (Ye)dp,
I

i=0 Ll, ui—1 1<j<l r<j<n

and we let /,Li) be the measure on j W1th d ,u [:I:( 0]du®. From these
definitions we have " = p* and ,ui = ui.

Construction of I and '), We start by constructing I, a probability measure on 72,

and a coupling of 244 (recall thatdu4 = 1 [i{lY > 0]d n; we multiplied the measures
w+ by the scalar 2 for convenience, since 244 are probability measures).

We define I' via defining random variables T+, Bi, as follows. We first take
(ty, (B (v))120)yegn as sampled from 21,; and we take 7,7 = —7,, B, (v) = — B/ (v)
foreachv € GV and r > 0.

Next we regard 7 as a tree rooted at v; and inductively define 7 for each v ¢ G O
Foranyv ¢ G @ denote v’ as its parent in this v;-rooted tree. Given rj,t, we need to take

ﬂl/

/
tFtobe Tt = rjf with probability —¢——5— according to the law of the Ising model.
el e Mo

To couple 7 and 7,7, if 7, = 7, we set r,;” = 7, with probability 1; and if 7; # 77,
we have 7, =1, # = r;“, with probability tanh(8, ,/), and otherwise tvi = —or
‘Cvi = +, each with probability %(1 —tanh(B,.,)). We let (B, (v)):>0 = (B/ (v));>0 be
the same Brownian motion (but independent for each v ¢ G1).

From this we have that the marginal distributions of (z—, B™) and (7", BY) are given
by 2u_ and 2, respectively.

v-
To get rd, we reweight I'. Note under I', almost surely we have sinh(2¢, t’) =
. Y/ 1) o— 1 1) — 1 D)

—sinh2¢g, 0), ¢V vy = ¢ vy, ¢Pvp) = VY ) and U (YD) =

U}”(Y;’_) foreach 1 < j < I, W;“(Y;) = W;l)(Y:'_) foreachr < j < n. So
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we can define I'® as

1. Y, - - _ _
dr® = 2| sinh(2g, ey [1 v oo [ wlorar

1<j<l r<j<n

=—|smh(2§‘l ”)lC(l)(YJr ooy [1 vloy T wiorar.

1<j<l r<j<n

From I'© to TD Forl < ¢ < r, we assume that we have a measure I'© on
the space of 72, such that it is a coupling of ,u(f). In fact, we can make the fol-
lowing stronger assumption of I'©). Let .7-"; be the sigma algebra of 7, generated
by (Tf)vegw), (Bzi(v))zzo,ueg“); and F; be the sigma algebra of 72, generated by
{Se xJ : 8¢ € FU{T x S_ : S_ € F,}. Then I'® satisfies the following
conditions:

e Forany S, € F} wehave TO(S, x 7) = " (S,); and forany S_ € F;” we have

rO x s-) = p0s0).
e Letting .= |£E€;\ which is a probability measure, the conditional distribution
=

7 (- | Fe) is the same as I'(- | Fy).

Now we construct T“*D_ Denote

() +1
ot ._ﬁzu i (VD2 G ) e v u Ui ond)
¢ =
im0 Zonh v 00y o) oL U
W;ZH)(Y?i)
Il Sogs (3.28)
r<j<nmn W/' (Yt_)

Then we have du i.e., RZE is the ‘reweight’ from Mgf) to M(ZH) We

also have that R@ is .7-'13 -1 measurable, and also F¢.; measurable.

Let P, = R, AR}, and define @D a5 the measure with dT D = P dTr©+d2©,
where E(®) is a measure on 72, given by the following conditions. For any S, € Fia
and S_ € F,, |, we have

(€+1) — Rid,u,(e)

2O (s, x ) = / (RY — POTIS, x T,
507 x5 )= / (R — POILT x S_1dr®.

We also require that the conditional distribution E( )(- | Fes1)isthesameas I'(- | Fos1),
= 2O . .. .
where B 1= \;T)I is a probability measure on 72. Such £ exists (although not

unique) since R, — Pg, R, — Py > 0, and

/(R;— P)dr® = fR%m“) /Pgdl"“) =/R;d;&’ —/Pgdr‘(e)

- /(R; — Ppdr®.
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We now check I'“*D satisfies the desired conditions. From the definitions, for any
Sy € F/,, we have

res, x 7) = / PL[S, x J1dT® + 295, x 7) = f R[Sy x J1dT®
/ RIS, 1) = / [S1dn™) = n0(s,).

Similarly, for any S_ € F,,, we have TV (7 x §_) = wYs,).
Also, since Py is F;, measurable, and i(()(' | Fes1) and F(e)(- | Fo+1) are the same

as I'(- | Fe+1), we have that F( +l)( | Fes1) is the same as I'(- | Fpq1) as well. By
principle of induction, we have defined I'® forany [ < ¢ < r.
Finally, we just let I'* = I'"),

3.4. Key estimates on coupling and inductive expansion. It now remains to bound (3.26)
for the I'* we constructed. For this we need the following key estimate, to state which
we set up some further notations.

Take E;, = |RJr R, | forl < ¢ < r, where R are the reweights (3.28). For
any vertex u € 7g, let ,o(u) € {l,...,r}, such that u € GPW) put y =4 Ggle=1
(assuming that GU=D = ¢). In other words, p(u) = argmin; ., dist(ve, u); i.e. p(u)
is the ‘projection’ of u onto [v;, v,]. For any u,v € Tg,and [ < a < b < r, we let
dg(u, v) be the distance between the intervals [a, b] and [p (1), p(v)] (f p(1) < p(v))
or [p(v), p(w)] Gf p(v) < p(u)). We also denote d, (u, v) := di(u, v). See Fig. 3 for
an illustration of these notations. Recall that Pp = R, A R’r forl <t <r.
Pr0p051t10n33 Letl — 1 < a < b < r, and f be a non-negative function of

(B (V))1>0,vgG @+ and let A be any probability measure on J>, such that A(- |
Fas1) = L (- | Far1). Then we have

/ FEy [] PedA < MEEC[F1, (3.29)
a<tl<b
/ fulr,, #oh 1 [ PdA < MJEC[f. (3.30)
a<t<b
where
k+1 .
Mg = C(Z@)bia 1_[(] + C(ZQ)dail(ui»ui—l))(l + C(29)0+271)l(1 + C(ze)rfbfl)nfrﬂ
i=0

and C is an absolute constant. In particular, this implies that we have

/fEh [ Pas®

a<l<b

[ e, 0 T Pz

a<tl<b

< MYEr[f1E (%)

< Mé’Er[f]/EadF(“) = Mj/fEaer),
(3.31)
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when a > 1; and similarly

/fEb ]—[ Pydr @)
a<l<b

<MJEr[fI0D (T =M f fdre,
/f]l[‘C';bJrl 7&‘[;}”1] 1_[ Pedr‘(‘“'l)

a<t<b

(3.32)

Here we used that E(a)(- | Fa+1) (Whena >1), E(a+l)(~ | Fas1) and F(a)(- | Fa+1) are
the same as U (- | F4+1), and that E, is F .1 measurable.

We leave the proof of this proposition to Appendix B. Now we use it to prove Propo-
sition 3.2, by expansion on the inductive coupling.

Proof of Proposition 3.2. From the construction of I'* = I'") we need to bound (3.26).
Denote

L= ze4t++4(d—1)/S+2|B;:r (v,)\+2|B;:r (V)] .

Y, Y Y Y
Under '™, when 7, = T, we must have that 2¢, * = 2¢,  and 2¢, " = 2¢, . Thus
we have the bound

Y7 Y - -
/ sinh(22, ) cosh(2¢, ™) — sinh(2¢,) cosh (22, )dT'™)
< [ L1[r, #171dT". (3.33)
Now we inductively expand the RHS using the relation T+ = P,dT'® + dE® for

I < € < r, and Proposition 3.3. Recall that E; = |R, — Rj| and P, = R, A R}, and

RzjE are the reweights (3.28), for any I < £ < r. We first assume that » > [, and in this
case we claim that foreach 1 <m <r — 1,

/ L1[z, # 731dT")

< fml[rvj #tp] || Pedrm

r—m<_t<r
+/£E,_1 ]_[ Pydr =™
r—m<f<r—1
s—1
+> > [ [ ma / 2LEy [] Pedr ™.
s>2 r—m<aj<--<ag=r—1i=1 r—m=<fl<ay

(3.34)

We prove this by induction in m. For m = 1, we have
/cll[r,; # 17 1dr" = /cll[r,; # 1) 1P dD D +f£]1[z,; # 17 1dg" "

< /ml[r,; # t,j:]Pr_ldF(r’l)+/£Er_1d1"(”1),
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where the inequality is due to the following reason. Note that £ depends only on B,t (vr)
and B (v,), and that dpl” = R;”_lduff_l), so we have [ £dT'") = [ LR dT" =D,

and [ LdBT™D = [LdT") — [ LP,_1dT"~D = [L(R} | — P,_)dT"~D. Thus
we have

/C]l[rl; #171dBC D < /EdE("l) = /c(R:_1 — Po_)dr=>n
< /ﬁE,_ldl“(”l).

Now we assume that (3.34) holds for some 1 < m < r — [. We study each term in the
RHS.By dI'"™™ = P,_,,_1dTC—m=D 4 g2=m=1 and (3.31), we have

/ﬁ]l[r,; #tp] || Pedr™

r—m<{<r
:fﬁﬂ[‘[l; ;ﬁt;;] l_[ Pldr(r—m—l)_i_/ Lﬂ[.’:l; £ .[l-)l-r] 1_[ Png(’_’"_l)
r—m—1<t<r r—m<f<r

§/£]1[TU_, # 7, 1_[ Pedl“(’_m_”+M,’:,i,_1/,CEr_m_ldrU—m—l),

r—m—1<l<r

and by (3.31),

/ LE, l_[ Pgdl“(’_’")

r—m<t<r—1

=/£EH ]_[ Pgdr“—m—lu/,cE,,] ]_[ Pydz =D

r—-m—1<tl<r—1 r—-m<tl<r—1
< /EE,_l I1 Pgdr“*m*”+Mr’:,}1_l/cE,_m_ldr“*m*”,
r—m—1<f<r—1

andforeachs > 2andr —m <aj; <--- <as =r — 1, by (3.31),

s—1
[T Mmg / 2LEy [[ Pedr® ™
i=1

r—m<{<ai

s—1
=[] M= f 2LE, ||  Part TV
i=1

r—m—I1<t<a

s—1
+ [ [ Mg /ZLEal [[ Pact"
i=1

r—m=<fl<aj

s—1
< ]_[Mg;'ﬂ / 2LE,, ]_[ Ppdr"—m=D
i=1 r—m—I1<tl<a

s—1

+ MY

r—m—1

M / 2LE, y_1dD""7D.
i=1
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Summing up these inequalities we get (3.34) for m + 1. Thus (3.34) holds for all 1 <
m <r —I[.Takem =r —[in (3.34), we get

/L]l[rl; # 75 1dr") < /L]l[rl; #1711 ]_[ Pedr<l>+fLEr,1 ]_[ Pydr®

I<t<r I<tl<r—1
s—1
iyl O]
e Y [Imge [ece, [T par®.
s>21<aj<--<ag=r—1i=1 I<l<ay

Apply (3.32) to the terms in the RHS, we get
s—1
/ Li[r, #731drD <> > [T Mg / 2£dr?®. (3.35)
s>2 —l=a;<--<ag=r—1i=1

We consider the summation: there are 2" /=1 terms; and for each s > 2 and/ — | =
ay <---<ag =r — 1, we have

s—1 s—1 k+1
ajy1+1 ) .
[T = cteoy " [TTTa+caeo )
i=1 i=1j=0
(l + C(29)a1+271)1(1 + C(29)r7ai+171)n77’+1
k+1
< (zce)rfl l_[ C/l+diSI(Mj,M_,‘_1)C/l+l‘lfr+1
j=0

for some absolute constant C’. By plugging this into (3.35) we get

k+1
\/;C]l[fv_ #T;—]dr(r) S2}”—1(2C€)r—l1_[C/l+dist(uj,uj,l)C/l+n—r+l/Edr(l)-
=0
(3.36)
In the case where [ = r, we have fﬁ]l[rl; £ rlj'r]d[’(’) = fﬁdl"(l), so (3.36) also

holds. Now it remains to bound f LdT D For any x € R7®, we have C,(l) x), C,(l) x) <
cosh(28), by (3.1). Then with (3.24) and (3.27) we have

1 . Y
/ L£dT D= / §|smh(2;,’ e aHch ) I U;.’)(Y,t) I W;.”(Y;+ )dT®
1<j<l r<j<n
. Y;r_ Yt+_ 2 2 n—r+l—1
< | Isinh(2; )| cosh(2¢; ) cosh”(28)(4 cosh”(B) cosh(28))
o M= B2 B, (01 +21BF, (v g
<

/ A= DB2ABE (DIIBE DML D H2IBL Wl coch (2 8))2"dT

< C//2n817t+d
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for some absolute constant C”. Using this and (3.33), (3.36), we conclude that

sinh(2¢,") sinh(22,* ) C/ (Y, )C (Y,,) T o0 [T v
AN S J\E I

Hi{;%) Z“iv“i—l (Yli)2 1<j<l r<j<n
k+1
< C//Znel7t+d2r—l (ZCQ)r_l 1_[ C/1+dist(u_/,uj_1)C/l+n—r+1
Jj=0

which gives the desired bound. O
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Appendix A: Computations of the Covariances

We prove Lemma 3.1 in this appendix.

Proof of Lemma 3.1. We first compute (o, ; 0y)xx. For any o, 0’ € {£1}, we denote
Slur>o,v—>0'}

Lyo = Z[M’v] . Then (o, ; 0y)xx equals

(0u0oy) px — (Ou)wx{(0p) X
_Lig+Ly 1 — L1 — Ly,

Zuuv(X)
L L a+Lia Ll — Lo —Lii+ Lo
Zu,v(x) 2u,v(x)
ALy L_y, -1 —4Ly, 1Ly,
B Zun(%)? '

We claim that 4Ly 1L _1,—1 — 4L,—1L_1,; is independent of x. Then we can get the
conclusion by recalling that (o, ; 0y)7 = Ay . We can expand it as

Z(Jv’)v’e[u,v]’(Ev’)v’e[u.v]

oy=oy=1,0,=0,=—1

exp Z(u’,v’)eER, Bu' v (0w Oy + 0T y) + Zv/e[u,v](x(v/) + ;‘5(1)/))(01,/ +ov)
u' v'elu,v]
- Z(Uv’)v/e[u,vléav/)v/du,v]

oy=0y=1,0,=0y=—1

exXp Z(u/,v/)eER, ﬂu/,v/ (Owoy +0 T y) + Zv’e[u,v](x(v/) + Cé (U/))(Gv/ +0y)
u' v €lu,v]

Take any (0y)vefuv]> (@v)veu,v] sSuch that o, = oy = 1,0, = 0, = —1, let
w € [u, v] be the vertex with the smallest dist(w, u), such that o, = o, (if such
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vertex exists). We then exchange o,y and &,/ for all v/ € [w, v]. Then we obtain some
() vefuw]> (Ov)veu,v such thato, =0, = 1,0, = 0, = —1; and this construction
is a bijection for those (0y) v eu,v]> (O v )v'e[u,v] Where w exists. Thus in the above sums
we only need to consider (6y/)y/efu,v]> (Tv)vefu,v] Where oy # & foreach v’ € [u, vl;
and these terms are independent of x.

For (0,0, ; 0y)xx With v # u’, we begin with an observation on the conditional expec-
tation of o,/ given o,. The following identity can be verified from a straight-forward
computation and we omit the detail:

sinh(2x(u’)) + sinh(2y)oy,
cosh(2x(u)) + cosh(2y)

En’x [GLt’ |au] =

This implies that

(0uow 5 oy)ax = Enx[0,0pExx[oy]0y]] — Enx [0y Erx[oy]|0,]]1 Exx[oy]
_ sinh(2x (1))
"~ cosh(2x(u’)) + cosh(2y)

(Ous Oy)gx.

Moreover, note that Z, ,,(0) = 2 cosh(y)Z, ,(0). Thus, to get (3.7), from (3.6) it suffices
to show that

Zuw ()% = 2Z,,(x)%(cosh(2x (u)) + cosh(2y)). (A.1)

To this end, we write ;“;‘,ﬁu as

O = ;1 (—COSh(x(“/) ) ) (A2)

- cosh(x(u') — y)
since u’ is a leaf of 7g. Furthermore, recall the definition of L, above, and set
Ly:=Lyg+Ly, 1, Ly:=L_ 11+L_11.

Then, we can decompose Z,/,v(x) into two cases of either o, = 1 or 0, = —1, and
express it as follows.

2,4/’”()() = Lle_g:/ﬁu (ex(u/)+7 +e—x(u/)—)/) + L_leg:/‘”l (ex(u/)—y +e—x(u/)+y)
= 2(Ly +L_y) (cosh(x(u') +y) cosh(x (') — 1)) "/* .

(A.3)

In the first identity, we reweighted L (resp. L_1) by e S (resp. ezif’w) since L1 and
L_ are the partition functions including the effect of the induced field ¢, _  already.
The second equality uses (A.2). We then obtain the conclusion by noticing that (A.1) is
equivalent to (A.3).

Finally, for (0,0, ; 0y)zx with v # u’, we remark that (3.8) can be obtained from an
analogous calculation, where the only difference is that we need to include the induced
external field g'[’;’u,](u) rather than ¥ O

u'—u’
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Appendix B: Computations for the Key Estimate

This appendix is devoted to proving Proposition 3.3. Recall the setup from Sect. 3.1: we
work on 7 for fixed R, and let B € RE® be the inverse temperature, such that 8, , = 8
if (u, v) ¢ dEg, and B, , = y if (u,v) € dER. Also recall the Belief Propagation
message m_, . and induced external field ¢¥ . for (4, v) € E(7g), and 6 = tanh .

u—v u—v
Much of our computation is based on the following result on the induced external field,

which will be repeatedly used.
Lemma B.1. Lerx_, x, € RTR, and (u,v) € E(TR). Then we have

tanh(155, — 6%, ) < 20 tanh [ xo(u) —xe@) + Y Gateu — 5]

w~U,WHAY

Proof. Note that tanh(g“,,_w = tanh(fy, ) tanh(x4 (u) + wa’w#v Qf)i_m). Then we
have

tanh(16s5 0 — 6% 1)
|tanh(§u—>v) tanh(gu—wﬂ
1 tanh(gu—w) tanh(é‘u—w
anh(B,o) | anh (x— (1) + Xy s Comoe) — ARRCE W) + Y i S|
1 —tanh(x— () + 3y ot Com>u) tanh (xg (u) + 2w wtv Cotsu) tanh? (By.)
- 20| tanh(x_(u) + wau,w#v gw_,u) tanh (x4 (u) + wau wv o)l
1 —tanh(x— () + 3_ 0 ot Cuw—>u) tanh (x, (u) + 2w, wikv Cw'su)

=20tanh [ [x_ () —xe () + Y Lo — Ll

w~U, WHAY

Here we used the basic fact that tanh(ja — b|) = % for any a, b € R, and

tanh(B,,,) < 0, and the basic fact that ﬁ < % foranya € (—1,1)and b € [0, 1).
O

B.1. Bounds for Cy, C,, Uj, W; terms. In this subsection, we provide main estimates
for the quantities Cy, Cl(a), C,, Cr(a), Uj, U;a), W; and W}a) introduced in Sects. 3.2
and 3.3.

Lemma B.2. Take any | < a < r and vector X_, X} € Rz, If x_(v) = x4(v) for any
v € G9 we must have

Ci(x2) Uj(x.)

, < 1+CQo¥,
Ci(xy) Ujxy)

1 —CcEo ! <
forany 1 < j < 1. If x_(v) = x4(v) for any v & GV, we must have

Cr(x0) Wixo)

1 —Co ! < ,
Cr(x4)  Wjixy)

< 1+CQo) 1,

foranyr < j <n.
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Proof. By symmetry, it suffices to prove the upper bounds. From the definition of C; in
Proposition 3.2, we have

% < e|2{;_:_)172{;:_*i_>[“ (Bl)
Ci(xy)
If x_(v) = x4(v) for any v € G@ foreach 1 < Jj < [ we have {;_ = {;‘* and
;;‘;1 =¢; *7,; then from the definition of U; in (3.18) we have
M < e|2§;‘+72»j+1_2§;:.2~>j+1" Vi<j<l. (B.2)

Uj (X4)

By Lemma B.1, for!/ < ¢ < a we have tanh(l{é‘;la[ £+1»e|) <26 tanh(|§‘e+2%€+l
;Z_'z_)“] ), and tanh(|§a+1_)a - a+1_)a|) < 26. By multiplying these together we get

tanh(1¢\7,, — &) < 20)

This with (B.1) and (B.2) gives the desired upper bounds for g’l ((f(:)) , LL// ((i ) . Similarly,

when x_(v) = x,(v) forany v & GV, we have

—Cr(X7) < e|2§rx:1~>r_2§rle~>r| —WI (X_) <
Cr(x4) 7 W;(x4)

Using Lemma B.1 we can similarly get tanh(|¢ -

X_ X+
12¢: 7, =20, ] .
e it -l =1 Yy < < n.

) < (26)"~%*1: thus the

r—l—r r 1—>r

desired upper bounds for g’ (();)) , ‘3{, ((i )) alsohold. O

Lemma B.3. Foranyl — 1 <a < b < r, vectorx € RTR, we have
b+1

Cl(b+l)(x) U]( + )(X)
1 ’ 1

Cl(a+ )(X) U;a+ )(X)

1—Cco)y? < < 1+C@20)+* 1, (B.3)

forany 1 < j <I;and

b+1
C}Eb+1)(x) WJ( + )(X)
C£a+1)(x)’ W;(H-I)(X)

1—Cc@o)y "1 < <1+CQo) b1, (B.4)

foranyr < j <n. Here C is an absolute constant.

Proof. For x*D and x®*D we have that x“*D(v) = x®*D(v) for v € G, or
v & G®*+D)  Thus by Lemma B.2, we get (B.3), and (B.4) whenb <r — 1.

Now we prove (B.4) under the case where b = r — 1. By taking C > 1 it suffices to

0 g W

(a+1)( ) W;a+l)(X)

Note that C\” (x) = "V (x), so we have C(;ﬂ)]g") - Cﬁ;:f(") <1+CQ20) <1+C.
G 6T

By (3.27), we have that W;r) (x) is upper bounded by a constant. Note thatasa+ 1 < r

X(a+1)

prove the upper bound in (B.4), i.e. to upper bound by a constant.

=1, so we have W}“H)(x) > 27— which is lower

and j > r,
J é‘ " cosh(2B)+cosh(2¢

j—2—j—1
(r)

bounded by a constant. Thus W(Tl)() is upper bounded by a constant. O
X
J
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B.2. Bounds for normalized partition functions. We move on to the study of the normal-
. . = (/ . =t = .

ized partition functions Z LL (x) defined in Sect. 3.3. Recall that Z :(4)11 (X) = Zy o (x9) if
at least one of u, v € G, and Z(f)v (x) = 1 otherwise. Also recall that p(u) is the ‘pro-
jection’ of u onto [v;, v,] for each u € Tg; and for any u, v € Tg,and!/ <a <b <r,

dZ(u, v) is the distance between the intervals [a, b] and [p(u), p(v)] (f p(u) < p(v))
or [p(v), p(w)] Gf p(v) < p(u)).

Lemma B.4. Foranyl — 1 <a < b < r, vector X € RTR, andu,v € Tg, we have

(a+1)
(x)2
—(b+1)

(x)?

1 — Co)tbn) < < 1+C@p)tbwn) (B.5)

where C is an absolute constant.

To prove this lemma, we need the following notion that extends (3.4). Take any H C G,
G C G',and h € {£1}, and define

2’5/”1 (x) := Z exp Z Puvouoy + Z(x(v) g )oy

(v)veg (u,v)€E(G) ve§g
oy=h(v),YveH

(B.6)

The only difference compared to (3.4) is that we use {é,(v) in the RHS instead of 3.
Recalling the definition (3.2), this means that we purposefully avoid considering the
induced external fields coming from some branches outside of G by setting G’ 2 G if
necessary.

Proof of Lemma B.4. We first consider the case where u, v ¢ G“*). We have that
(a+1)(x) = 1 and Z(h )(x) > 1, and the second inequality of (B.5) holds. If u, v ¢

G+D then Z (b+1)(x) = 1 and the first inequality of (B.5) holds; if at least one of u, v is

in g“’“), we must have that dsj:é(u, v) = 0, and the first inequality of (B.5) also holds
by taking C > 1.

We next consider the case where at least one of u, v is in G“*D; and by symmetry
we assume that u € GV If v ¢ GE@*D | we have that dgié(u, v) = 0, and the first
inequality of (B.5) holds (by taking C > 1). Also we must have v,+1, vg+2 € [u, v]. Let
1 be the subgraph generated by vertices in [u, v] N GV and H, be the subgraph

generated by vertices in [u, v] \ G“*D. We have that

—(a+1) ~
7 a (X) [u,v](x(a+l))

u,v

_(b+l)( ) [”,UJ(X([’H))

Za o] Z[“ v] {Ua+l'_>0}(X(a+1))2gf?v]l{va+2'—>0/}(X(a+1))eﬂva+l,va+2oo"
— 2

Z[u v] {v““'_)a}(X(b"'l))i%’zv];{v‘”z'_)a/}(X(b"']))eﬂ"uH‘”ﬂ+2m7, '

(B.7)

Zoa 'e{£1}
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Here the second equality is by expanding Zp, ,j(x@*D) and Zp, ,j(x®*D) in terms of
the spin at v,41 and v,42. We first consider the numerator. Since x(a+) (v) = 0 for any
v & G we have

225’:‘{;}]?{%&'—)‘7 }(X((l+l)) — Z}%;U] (0)
for any o’ € {£1}. Thus the numerator (of the last line in (B.7)) equals

2’%’20](0)005h(ﬂva+1,va+2) Z 2’;_1;1U]l{va+lHU}(X(a+l))' (BS)
oe{xl}

For the denominator (of the last line in (B.7)), by Cauchy-Schwartz we have

Zlu,v];{va 1 Zlu,v];{va -1 ~lu,
42%21)] {vas2—> }(X(}H—D)Z%zv] {va+2—> }(X(b+1)) 2 Z%ZU](O)Z

Thus the denominator (of the last line in (B.7)) is at least

2‘[u,v](0) 2[u,v];{va+1»—>0}(x(b+l)). (B.9)
'Hz Hl

oe{xl}
Since x @D () = x®* D) for v € G, we have 2[”’U];{U“+'HU}(X(“+1)) =

Z [u.v]; {U"“Ha}(x(b”)) for each o € {£1}. Then by taking the ratio of (B.8) over (B.9),
and using (B.7), we conclude that

—(a+1)

Zz X
—Iz%l)) = COSh(ﬂvaHaUaJrZ) = COSh(ﬂ),
Zyy (X)

and this is bounded by constant. So the second inequality of (B.5) holds.
Finally, we study the case where bothu, v € G+ Letv, = arg minwe[u’v] dist(w, vg42).
Using the definitions we have

(a+1) 1
I =gl el < x) Z[ o (x* ))<e|c‘,f”:”< =g @l
—(b+1
sz: 'x)  Zuw)(xD)

(B.10)
By using Lemma B.1 on each edge in the path [v,, v,4+2], and the fact that x@D ) =
x®*D (w) for each w € GV we have

x+D)

tanh(|§[uv "(vy) — ) WD

x@+l)

dist(vy. (b+1)
< (20)8stWvas2) gy | | Z ;5)_}1)[”2 + X (Vas2) = S|

W™Vg42, WHVg+]

< (20)dist(v*,va+2) < (29)‘121%(”’1))

(a+]) 2 b+1( v)
. (x) 2020)%+2 .
Thus with (B.10) we have W — 1| < ==*—1—, and our conclusion follows.
u (x )2 1— (29)da+2(“ V)

O
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Forx_,x, € RTR, and/ <a <b <r,welet
KD, x) = {La <€ <b,x () =x,(v),Yv e TR\G VY. (B.11)

We also write k? (x_, x3) 1= I(lb (x_, x;). Wenote that /cfl’ (x_, x4 ) is the distance from b—
1totheset{p(v) : v € TR, x—_(v) # x4 (v)} (recall that p (v) = arg min, ., dist(ve, v)).

Lemma B.5. For any | < b < r, vector X_,X; € RTR, and u,v € Tg, assuming

kP (x_, x4) > 1 we have

(b+1) (b)

(X)?Z,,, (%4)°
“”( 7,0

<1+CQO" X, (B.12)

where C is an absolute constant.

Proof. Denote x :=b+1— kP (x_, x,), then x_(w) = x,(w) for any w € T \ G,
We first study the case where u, v € G ®) 1f in addition u, v & GC+D “then the LHS of
(B.12) equals 1 and the statement holds. If at least one of u, v is in G0+ e have

b+1) 27 (b) 2 7 (b+1)\2 L(+D XD
( _) (X+) — ](X ) < e‘g[" v] (vs)— C[u v] (vs)]
( _)22(“”( NE ~[u a2

where v, = argmin,, ¢, ;) dist(w, vy). As x@“)(u}) = xfrb“)(w) forany w ¢ gL, by
using Lemma B.1 for each edge in the path [vy, v, ] we have

L+ )
tanh(|¢g, .} (0) = g[u v] (”*)|) < (20)dstvev) < gy (x|

and this implies (B.12) (in the case where u, v & G)).

We next study the case where at least one of u, v is in G ®) Let wy, -, w, denote all
the vertices in [u, v]. Consider the graph of 7z removing the edges in [u, v], and let the
graphs Hy, - - -, Hs be its connected components that contain wy, - - - , wg, respectively.

We also recall the notation (B.6). For 1 < j < s and any x € R7Zr , note that

~Tr w1}
ZHRJ w; (X)

NQ—R,{WjI—)—l}
Zy.

x)

— log

Sy (W) +x(wj) = 5

Thus, by plugging this into (3.3) with G = [u, v], we can write

Zun(x)? 2@ (B.13)
w(X)” = — . .
Héj IZTR {w,.—>1}( )ZTR Awjrs>— ”(x)
Plugging this formula into the LHS of (B.12), we then need to bound
277_;13’{wj'—>0}(X(b))Zﬂ,{ijU}(X(IHI))
? (B.14)

277; {w,'—w}( (b+1)) TR {wjr>o}

«®y



1042 D. Nam, A. Sly, L. Zhang

foreach j =1,--- ,sand o € {—1, 1}; and
Zx""Zx{)
EPCNCTRCIN (B.15)
ZxINZ(xy )
We note that x” (w) = x{”(w) and x“’+”(w) 2D (w) for any w ¢ GW; and
xPw) = xV(w) and xP w) = xP(w) for any w € G® or w ¢ G+ This

means that for any H; and o € {£1}, (B.14) equals 1, unless 7{; intersects both G 00
and G&*D \ G However, this means that vy, vpy; € H j» which happens to at most
one of Hy, - -+ , Hy (since they are disjoint).

We hold on estimating (B.14) for a particular j, and bound (B.15) first. Similar to (B.13),
we have

~ 5 Z(x)?
Loy vy (X)7 = STRAvp=> 1} N FTRAvp—>—1}  \ FTR Avps1— 1}, \ STR (vpe1—>—1}
Zg(b) (x )Zg(b) (x )ZT \G® (x )ZT \G® (x)

(B.16)
We note that for G and Tr\G () neither of them intersects both G0 and G+ \G O,

So for f € {Zgm! """, zgf,,){”b“’ U, Zg b, ZZ = ), we have

ey
£y )y
Thus by (B.16) we have

=5, (b+tD\5,. (b 4 b+1 b

Z"NZED)  Zoy e 87N Z, 0,0 )

ZacZa")  Z )
The RHS can be expanded as

(b)
vy vpe (X2 )th Vpl

X_ X_ X.
cosh {é‘vb_”)lw-l + X_(Ub+]) + Zw~vb+1,w#vb gw—’”hﬂ } COSh(é‘U[;_)UbH)

(B.17)
COSh((U},—>U¢,+1 ) cosh {va—n)[ﬂ.] + X+(Ub+]) + waubH wH#vp Cw—”’bn }

By our assumption of /cb+1(x_,x+) > 1, we have x_(vp+1) = x4+(vp+1) and

). Cosvpy = ). Cw'suy,, - Thus by the expression (B.17) we
have

=, (b)) 5, (b) . .

—z(x(b) BZEZ(L)) < Bl (B.18)

ZXINZ(xET)
By using Lemma B.1 for each edge in [vp41, vy ], we get

b+1
anh(1E0y ey — EX,, D) < (20)<7 X,
This with (B.18) implies that
Z( (b+1))Z(X(b))

14+C'(20)<" x=x0) (B.19)
Zax"Z)
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for some constant C’.
Now we go back to bound (B.14), for some j such that H; intersects both G and

G+ \ G®  Such bound can be directly obtained from (B.19), by exchanging x_ and
X4, and taking the following special case of x: first set x_(v) = x4 (v) = Oforv & H;,
then send x_(w;) = x4 (w;) to 0o (if 0 = 1) or —o0 (if 0 = —1). So we conclude that

(B.14) for such particular j is also bounded by 1 + C’(26) ""!(x-X) Then the LHS of
(B.12) is bounded by (1 + C’(26)<""' ®=x)y4 and our conclusion follows. O

B.3. Proof of the key estimate. We conclude this section by establishing Proposition 3.3.

Proof of Proposition 3.3. Recall the definition of/ci’,/ (B.11) and KV forl <a <b <r.
We first prove (3.29). We note that for each/ < a’ < b’ < r, and t > 0, we have
Kl};,/(‘t_, ™) = "5: (Y, , Y)). Thus in this proof, we write Kf,, = K:,,(T_, ) and k¥ =
(T, .

: : b+1 +
First consider the case where k[, = 0. We have E, < Rf V R, and [[,_,_, Pr <
na<£<b RZ v na<£<h R[ » SO
gy T pe< [ &0V IT &
a<tl<b a<l<b a<t<b
]ﬁ Zii‘:ttll) 1(Y+)2 of b+l)(Y+ )C b+l)(Y 1_[ U(b+1)(Y+ ) l_[ W,('h+1)(Y?l
Z;}LH;I) 1(Y+)2 C(u+1)(Y+ ) C(“H)(Y ) 1<)l U(a+l)(Y+ ) rjsn W(a+l)(Y+
1 _
ezt 2 e o) Yy o v o owiPag)
v 1_[ S(b+1) ) ~(a+D) (a+1) [ (a+1) — [1 (a+1)
0 Zuju;_ V)2 G YD) G Y ) a<ja U (YD) rcjan Wy (Y )
(B.20)
By Lemma B.3 and B.4, we have
T & I1 % <
a<l<b a<l<b
k+1 "
+ . . — —bh— —
1_[(1+C(20)da+2(“"“'—'))(1+C(29)“+2 Hha +cEoyr—-hHyr=—r+1. B.21)
i=0

We next consider the case where /cbizl > 1. Without loss of generality, we assume that

R} > R, . We have

EbHPg<EbnR_<——>HR (B.22)

a<l<b a<l<b a<tl<b

For factor [ [,_,-;, R, , itis again bounded using (B.21). It remains to bound <& R . Recall
- b

the definition of Rb from (3.28). We consider the factors one by one. Foreach 0 <i <
k + 1, by Lemma B.5 we have
(h) (b+1)
L YD?Z,) (Y)?

Mull

(b)

Uj,Uj—1

e <1+Co)" <1+CQo).  (B23)
Zoiui (Y+)22 (Y;)?
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Recall that for any [ < a’ < r, we denote d,y = dZ: If dp+1(ui, ui—1) > 1, by
Lemma B.4, we also have

(b) b+1) _
u i 1(Y"')2 1(4+u,-,1(Yti )2 _ 1+C(29)db+l(ui,ui—1)

(b+1) (Y+)22(b) (Y;)2 1 — C(20)%+1 (isui-1)

u i1 Ui, Uj—1
< 1+C'@o) %10 (B.24)
for some constant C’ > C. Thus by combining (B.23) and (B.24), we have
(b) 27 (b+1) )
Y+ Y,
?bfl) O Zuais Tl gttt (3s)
M JUj— 1(Y+)ZZM uz—l(Yti )2

fuj,ui—1 & G0+ the LHS equals 1; otherwise, we have

(dps1 (i, ui—1) — k2 VO > (dps1 (i, ui—1) — (b —a)) VO = A2 (uz, ui—y).

By plugging this into (B.25) we have

Z®) 274D y—y2
Y; Y;
;‘b:‘l)l( 7 i - ) < 1+ C/ @)% -y (B.26)
Zuptrs Y0 Z iy (V)P
(17+1)( +) Cl(b)(Y;)

< 1+C(20)b+1- < (1=Co)b+1-H)~1.

+

By LemmaB.3, we have —g——
G YD)

> T+ o— +
c V)

v yr ) v
L < 1+C(20)P+1, U({’T(Y:) < (1=C20)>*'=1)~1 foreach1 < j <.
J —

Thus we have
Cl(b“)(Y;f_) Cl(b)(Yt__) Uj(.b”)(Y;“_) Uj(.b)(Y;— )

b+1
’ < 1+C/(2@)a+1_l+l{1”2
ooy ooy v o) ulthoy)

(B.27)

(b+1)(Y+ ) C(b>(Y7) W;bﬂ)(Y:;) W;b)(Y[i)

T P WP, wlg)
bounded by 1 + C(20)"~b=1*2 . So we have

— b+1 b —

"oty Py wrtar) wiPoy)

b b+1 -’ b b+1 _

o) oy wiP o) wit o)

By Lemma B.2, each of , ¥ < j <mn,is

< 14C'Qo) b1+

(B.28)
By putting together (B.26), (B.27), (B.28), we have

+ k+1
_h < 1_[(1 + C/(ze)dzii(u,',u,'_l)+l<£’:21)(1 + C/(20)Q+1—1+K2:21)l
R,

i=0

1+ C/(ze)r—b—lﬂ(f:é)n—rﬂ

b+1 ktl b+1
< 1+ @0)%en [ [+ @0y i @iti-Dy (1 + €' 20y
i=0
(1 + C/(Ze)r—b—l)n—r+l‘
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Thus with (B.22) and the bound of [ [, _,;, R, by (B.21), we conclude that

k+1
Ey [ Pe< @0 [+ @o)%iwui-y(1 + " (20)"1
a<tl<b i=0

(1 + C//(ze)r—b—l)n—r+l ,

where C” is another constant. Note that this also holds when /(2’121 = 0(by (B.20)). Thus
we always have

/fEb [] Pedn

a<l<b
k+1 bl
< []a+c"@o)ten@mi=ya+ "oy =H (1 + C"@p)y Py
i=0
/ (20)%e2 fdA. (B.29)

From the construction of I we have Pr(b —a — Kﬁ:zl >j) < 07 for any j € Z,. Since

T(- | Fas1) = AC | Fasr) we would also have Pp (b — a — k24) > j) < 6/ for any
Jj € Z4. Also note that f is a function of (Bti(v))tzo’v ¢Glarn), which is independent of

(T;t)ugg(zﬁl)- Thus we have

/ FQOYGAA < 2(20)P~ Er[f] (B.30)

By plugging (B.30) into (B.29) we get (3.29).
For (3.30), using (B.21) we have

/f]l[tlf;+l 7&‘[{):7”] l_[ PEdA

a<t<b

gffn[rv—bH £t 1 [ Rida

a<{l<b
k+1 il
S l_[(l + C(29)da+2(ui,ui,1))(1 + C(29)a+2—1)l(1 + C(29))‘—b—1)ﬂ—7‘+1
i=0

[ it # 5, .

Again, using that I'(- | Fu41) = A(- | Fa+1), and ]P’r(r,jb+l #* r,j;m | Far1) < pb—a,
and the independence of (T;t)v¢g(a+l) and (Bt:t(v))tzo,v¢g(“+') under I'(- | Fae1), we
can bound this by
k+1 el
ebfa l_[(l + C(29)da+2(u,-,u,-_1))(l + C(29)a+271)l(1 + C(29)r7b71)n7r+lEr[f]’
i=0

and (3.30) follows. O
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