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CRITICAL VALUE ASYMPTOTICS FOR THE CONTACT
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ABSTRACT. Recent progress in the study of the contact process (see Shankar
Bhamidi, Danny Nam, Oanh Nguyen, and Allan Sly [Ann. Probab. 49 (2021),
pp. 244-286]) has verified that the extinction-survival threshold A1 on a
Galton-Watson tree is strictly positive if and only if the offspring distribution &
has an exponential tail. In this paper, we derive the first-order asymptotics of
A1 for the contact process on Galton-Watson trees and its corresponding analog
for random graphs. In particular, if £ is appropriately concentrated around its
mean, we demonstrate that A1 () ~ 1/E¢ as E§ — oo, which matches with
the known asymptotics on d-regular trees. The same results for the short-long
survival threshold on the Erdés-Rényi and other random graphs are shown as

well.
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1. INTRODUCTION

The contact process is a model of the spread of disease. For a graph G = (V, E),
the contact process on GG with infection rate A and recovery rate 1 is a continuous-
time Markov chain, in which a vertex v is either infected (X;(v) = 1) or healthy
(Xt(v) =0). The process evolves according to the following rules.

e Each infected vertex infects each of its neighbors independently at rate A
and is healed at rate 1.
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e Infection and recovery events in the process happen independently.

The contact process was first introduced by a work of Harris [7] in which he
studied the process on the lattice Z¢. Among other things, he studied the phase
diagrams of the contact process which since then has attracted intensive research.
For an infinite rooted graph G, there are three phases that are of particular interest:

e (Extinction) the infection becomes extinct in finite time almost surely;
o (Weak survival) the infection survives forever with positive probability, but
the root is infected only finitely many times almost surely;
o (Strong survival) the infection survives forever and the root gets infected
infinitely many times with positive probability.
Denote the extinction-survival threshold by
A1(G) = inf{\ : (X;) survives with positive probability}
and the weak-strong survival threshold by
A2(G) = inf{\ : (X;) survives strongly}.

For the lattice, when the origin is initially infected, it is well known that there is
no weak survival phase, that is, 0 < A\ (Z%) = X\3(Z?) < 0o (see [7], Bezuidenhout-
Grimmett [2], and also the books of Liggett [13], [14] and the references therein).
On the other hand, for the infinite d-regular tree Ty with d > 3, we have that the
contact process with the root initially infected has two distinct phase transitions
with 0 < A1(Tq) < A2(T4) < oo, by a series of beautiful work by Pemantle [18] (for
d > 4), Liggett [12] (for d = 3), and Stacey [20] (for a shorter proof that works for
all d > 3). Moreover, we have from [18] that

1 1 1
(1.1) m < Al(Td) < m m <A
In particular, the first-order asymptotics of A1(Ty) is 1/d as d becomes large.

Much less is known about the contact process on random trees. First of all,
for a Galton-Watson tree 7 with offspring distribution &, it is not difficult to see
that A\ (7) and Ay(7) are constants which are the same for a.e. T ~ GW(&)
conditioned on |7| = oo, and hence the constants A{™(£) and A$V(€) are well-
defined. Huang and Durrett [8] proved that on T ~ GwW(&) with the root initially
infected, A§V(¢) = 0 if the offspring distribution ¢ is subexponential, i.e., Ee® = oo
for all ¢ > 0. So in this case, there is only the strong survival phase.

By contrast, if the offspring distribution & has an exponential tail, i.e., Ee®® < oo
for some ¢ > 0, Bhamidi and the authors [3] showed that there is an extinction
phase: AfV(§) > Ao(&) for some constant Ag(§) > 0. Our first main result derives
the first-order asymptotics on AV (&) for £ concentrated around its mean, which
turns out to have the same form as (1.1).

and Q(Td).

Theorem 1. Let {{x} be a sequence of nonnegative integer-valued random variables
with B, =: di, — 00 as k — oo. Assume that there exists a collection of positive

constants ¢ = {cs}se(0,1] for which
T P(& > (1 +0)dk) < exp(—csdy) for all 6 € (0,1);
(12) P& > (1 + a)dy) < exp(—ciady) for alla > 1,

for all large enough k. Consider the contact process on the Galton-Watson tree
T ~ GW(&) with the root initially infected. Then, the extinction-survival threshold
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ASV(&k) satisfies

(1.3) lim X§Y(€0)dx = 1.

Remark 1.1. The concentration condition (1.2) we impose resembles the form
of large deviation estimates. Notice that the family of Poisson distributions
{Pois(d) }a>0 satisfies (1.2). This fact allows us to deduce an analogous result
for Erd6s-Rényi random graphs in Corollary 3.

Remark 1.2. The conclusion (1.3) is not always true without assuming (1.2). In
fact, for any given d > 0, we can construct £ with E£ = d and arbitrarily small
AFV(€) > 0 (compared to 1/d), by truncating a heavy-tailed distribution at a large
enough degree. Understanding the size of A\{¥ (&) in full generality seems to be a
challenging problem.

Remark 1.3. In [23], Xue showed (1.3) for £ = Bin(k,p) with a fixed constant
p > 0. Their result works for the case where the recovery and infection rates are
given by i.i.d. random variables for the contact process on a regular tree. See, e.g.,
[19, 22, 24] for more works from this perspective.

In [3], the proof of A{¥(£) > 0 introduced a new method recursive analysis
on Galton-Watson trees that controlled the expected survival times, but the
quantitative lower bounds on A\ they deduced were far from being sharp. Our main
contribution is to introduce an alternative tree recursion, and develop techniques
to control the tail probabilities of the survival time over the level of Galton-Watson
trees in addition to its expectation. A detailed outline is given in Section 3.1.

A naturally related object is the contact process on a random graph with a given
degree distribution. Let u be a degree distribution and G,, ~ G(n, 1) be a random
graph with degree distribution u, assuming the giant component condition (2.2)
(for details, see Section 2.2). Consider the contact process on G, ~ G(n, 1) where
all vertices are initially infected. In [3], it was shown that if Ep.,e“” < oo for
some constant ¢ > 0, then there exist constants 0 < A\(u) < A(u) < oo such that
the survival time T} , of the process satisfies the following:

(1) For all A < \, Ty, < n'*to() whp;
(2) For all A > X, T, > ®(™ whp.

On the other hand if p has a subexponential tail, they proved that whp there
is no short survival phase. Based on this result, we formally define the short- and
long-survival thresholds A\; (i), AT (1) as follows.

A, (p) == sup {)\ : nl;ngo P(Ty., <nW) =1 for some C(\) < oo};

AL () :

(1.4)

inf {)\ : lim P(T,, > e“M") =1 for some ¢()\) > O} .
n—roo

The second result of the paper verifies the first-order asymptotics for A (u) and

AF (@) which have the same form as Theorem 1.

Theorem 2. Let (ug) be a sequence of degree distributions with the size-biased
distribution iy, (see (2.1) for its precise definition). Suppose that the mean dy, of iy
tends to infinity as k — co. Moreover, assume that (fig) salisfies the concentration
condition (1.2) for fized positive constants ¢ = {cs}se(0,1]- Then, the short- and
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long-survival thresholds A (ur), NI (ur) of the contact process on Gy, ~ G(n, uy)
satisfy

lim /\g(uk)dk = lim /\j(ﬂk)dk =1.
k—o0 k—o00

A proof of A, () > 0 for p with an exponential tail was given in [3], which relied
on estimating the probability of having an infection deep inside Galton-Watson
trees which are local weak limits of the random graphs—see Section 2.2 for details.
However, we will see in Section 3.2 that controlling such an event is insufficient for
Theorem 2 since A is not small enough. To overcome this issue, we first take the
expectation of the event over the level of the contact process, and then study its
tail probability over the level of Galton-Watson trees. This new approach turns out
to provide a substantial improvement from [3]. On the other hand, we will soon see
the generalized result on A\ in Theorem 5, and it requires a different approach in
spreading infections and an improved structural analysis of random graphs than in
[3], which we overview in Section 3.3.

We can deduce an analog of Theorem 2 for the Erdés-Rényi random graph,
arguably one of the most well-known models of random graphs, based on the
contiguity between Gur(n,d/n) and G(n,Pois(d)) (see Section 2.2 for details).

Corollary 3. Consider the contact process on the random graph G, ~ Ggr(n,d/n)
with all vertices initially infected. Then, the short- and long- survival thresholds of
the process, defined analogously as (1.4), satisfy

lim A (d)d = lim A (d)d = 1.
d—o0 d—oo

As mentioned in [3], we actually expect the transition from polynomial- to
exponential-time survival is sharp and happens at the extinction-survival threshold
of the corresponding Galton-Watson tree. Namely,

Conjecture 4. Let p be a degree distribution satisfying the giant component
condition (2.2), and let i be its size-biased distribution (definition given in (2.1)).
Recalling (1.4), we have

Ae (1) = AL (1) = A7 (7).

The special case of random regular graphs (u = d) was established by Mourrat-
Valesin [17] and Lalley-Su [11] who showed that the short-long survival threshold
for random d-regular graph occurs exactly at A1(Ty).

The next result establishes one inequality of the conjecture, by showing that
the intensity which gives a supercritical contact process on a Galton-Watson tree
implies an exponential time survival on the corresponding random graph.

Theorem 5. Let p be a degree distribution satisfying the giant component condition
(2.2), and let [t be its size-biased distribution with d := Ep.zD. Recalling (1.4),
we have

. 1

(1.5) AL (1) < ATV ()

< —.
—d-1

In the case of A > A{V (i), one may ask if the survival time of the contact process
on G,, ~ G(n, p) is still exponentially long, even with a single initial infection. The
following theorem gives an affirmative answer to this question.
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Theorem 6. For all A > X{V (1), whp in G, ~ G(n, 1), the contact process on G,
starting from a single infection at a site chosen uniformly at random survives until
time e©™) with positive probability. Moreover, the same holds for the Erdés-Rényi
random graph G, ~ Ger(n,d/n), when A > X§V(Pois(d)).

2. PRELIMINARIES

In this section, we set up the notations and review preliminary concepts on the
contact process and random graphs.

2.1. The contact process and its graphical representation. Let G = (V, E)
be a graph (finite or infinite) and A C V. The configuration space of infections
is {0,1}V, and 14 € {0,1}" is the configuration of which the vertices in A are
infected and the others are healthy. We denote the contact process with initial
infections at A by

(X;) ~ CPMNG;1,),

where A is the intensity of infection and 14 € {0,1}V describes the initial
condition. We sometimes write CP*(G) when the initial condition is irrelevant in
the context. Also, 0,1 denote all-healthy, all-infected configurations, respectively,
and we write 1, for 1,,. The transition rule of the continuous-time Markov chain
(X;) ~ CPM(G;1,4) can be defined as follows:

e X, becomes X; — 1, with rate 1 for each v such that X;(v) = 1.

e X; becomes X; + 1, with rate AN;(u) for each u with X;(u) = 0, where
Ni(u) := >, ., Xt(v) denotes the number of infected neighbors of  at time
t.

The dynamics of the contact process can be interpreted by the graphical
representation which provides a convenient coupling of the process. We briefly
discuss this notion following Chapter 3, Section 6 of [14]. Let {N,(t)}vev (resp.,
{Niw(t)} s ) be the family of independent Poisson processes with rate 1 (resp.,

rate \), where E = 2F := {ub, vl : (uv) € E} is the set of directed edges. We set
{Ny(t) }vev to be independent of { Ny (t)},;,c 5 as well. Note that all event times
of the Poisson processes are distinct almost surely. We generate the graphical
representation of CP*(G;14) as follows:

1. Initially, we have the empty space-time domain V' x R,.

2. For each v € V| place symbol x at (v,t), for each event time ¢ of N,. The
symbol x describes the time when v gets recovered.

3. For each ub € E, place an arrow from (u,t) to (v,t), for each event time
t of N;. The arrow indicates that the infection is passed from u to v at
time ¢ if Xy (u) = 1.

Therefore, as described in Figure 1, we can read off the diagram starting
from the bottom horizontal line and obtain (X;). Construction of the graphical
representation will play an important role in Sections A.2 and 6.3 when we introduce
a decomposition of the contact process.
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t=20

1 2 3 4 5

FIGURE 1. An instance of the graphical representation of the
contact process on V = {1,...,5} with initial configuration 1y .
Note that X = 15 33.

2.2. Random graphs and their limiting structure. Let p be a probability
distribution on N. The random graph G,, ~ G(n,u) with degree distribution  is
defined as follows:

e Let d; ~ iid. pfori=1,...,n, conditioned on Y. ; d; = 0 mod 2. The
numbers d; refer to the number of half-edges attached to vertex i.
e Generate the graph G,, by pairing all half-edges uniformly at random.

The resulting graph G,, is also called the configuration model. One may also be
interested in the wuniform model G% ~ G"(n, ), which picks a uniformly random
simple graph among all simple graphs with degree sequence {d;}ic[n) ~ ii.d. p.
It is well-known that if p has a finite second moment, then the two laws G(n, u)
and GY(n,u) are contiguous, in the sense that for any subset A,, of graphs with n
vertices,

]P)G"Ng(n’“) (Gn (S An) —0 implies PGZNQU(%M) (G,L,IL S An) — 0.

For details, we refer the reader to Chapter 7 of [21] or to [9]. We remark that when
u = Pois(d), the random graph G,, ~ G(n,u) is contiguous to the Erdés-Rényi
random graph GI* ~ Gy (n,d/n) as shown in [10, Theorem 1.1].

Furthermore, it is also well-known that the random graph G,, ~ G(n, u) is locally
tree-like, and the local neighborhoods converge locally weakly to Galton-Watson
trees. To explain this precisely, let us denote the law of Galton-Watson tree with
offspring distribution by GwW(u), and let GW(u)! be the law of GW(u) truncated at
depth [, that is, the vertices with distance > [ from the root are removed. Further,
let & denote the size-biased distribution of u, defined by

. kp(k)

2.1 m k—1) = =g,
(2.1) (k—1) S W)
Note that if 4 =Pois(d), then fi = u. Lastly, define GW(u, 1)! to be the Galton-
Watson process truncated at depth [, such that the root has offspring distribution
1 while all other vertices have offspring distribution . Then the following lemma
shows the convergence of local neighborhoods of G,,.

k=1,2,....
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Lemma 2.1 ([4, Section 2.1]). Suppose that p has a finite mean. Let 1 > 0 and
let v denote the vertex in G, ~ G(n,u) chosen uniformly at random. Then for any
rooted tree (T, x) of depth I, we have

nh—{rgo ]P((N(Uv l)v 1)) = (Tv .’[)) = P(T,p)NGW(u,ﬁ)l ((Ta P) = (T’ 1'));

where N(v,l) is the l-neighborhood of v in G, and = denotes the isomorphism of
rooted graphs. We say that G,, converges locally weakly to GW(u, [t).

We remark that the same holds for a fixed vertex v € G,,. Moreover, we also stress
that the condition for GW(u, fi) to be supercritical is equivalent to the condition for
G(n, p) to have the unique giant component whp (see e.g., [16], or [5, Section 3] for
details), which can be addressed as

(2.2) Ep.,D(D —2) > 0.

2.3. Notations. For a tree T and a depth [, we denote by T} the set of vertices of
T at depth I. We use T? and T<; to denote the set of vertices of depth at most I.
In particular, 7' ~ GW(¢)! denotes the Galton-Watson tree generated up to depth
[, while the infinite Galton-Watson tree is denoted by 7 ~ GW(§).

Throughout the paper, we often work with the contact process defined on a
(fixed) graph generated at random. To distinguish between the two randomness of
different nature, we introduce the following notations:

e P, and E.» denote the probability and the expectation, respectively, with
respect to the randomness from contact processes.

o Puy and Py denote the probability with respect to the randomness from
the underlying graph, when the graph is a Galton-Watson tree and a
random graph G(n, u), respectively. We write Egy and Eye similarly for
expectations.

e P and E denote the probability and expectation, respectively, with respect
to the combined randomness over both the process and the graph. That is,
for instance, E[-] = Eqw[Ece[]], if the underlying graph is a Galton-Watson
tree.

3. MAIN CONCEPTS AND IDEAS

Let us start by emphasizing that even though we borrow some ideas and
notations from [3], this manuscript is self-contained and so the reader does not
have to be familiar with [3] to read this manuscript. In this section, we briefly
introduce the primary notions and discuss the main ideas in the paper. We also
address the organization of the rest of the article in Section 3.4.

3.1. The root-added process and the lower bound of Theorem 1. In [3],
Bhamidi and the authors studied the root-added contact process to prove Ay > 0 on
GW(&) with & having an exponential tail. This notion continues to play a huge role
in the current work as well, and hence we begin with explaining its definition and
the concept of excursion time.

Definition 3.1 (Root-added contact process, [3]). Let T' be a (finite or infinite)
tree rooted at p. Let T be the tree that has a parent vertex p* of p which is
connected only with p. The root-added contact process on T is the continuous-time
Markov chain on the state space {0, 1}7, defined as the contact process on T* with
pT set to be infected permanently (hence we exclude p* from the state space). That
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is, p* is infected initially, and it does not have a recovery clock attached to itself.
Let CP;‘+ (T'; z9) denote the root-added contact process on T with initial condition
zo € {0,1}7. Note that the root-added contact process no longer has an absorbing
state.

Definition 3.2 (Survival and excursion times). Let T be a (finite or infinite) tree
rooted at p. The survival time and excursion time on T, denoted by R(T') and
S(T), respectively, are defined as follows:

e R(T) is the first time when the contact process CP*(T;1,) is all-healthy
(i.e., when the process terminates). We also denote the expected survival
time by R(T) = E:R(T).
e S(T) is the first time when the root-added contact process CP;)\+ (T;1,)
becomes all-healthy on 7. We also denote the expected excursion time by
S(T) =ES(T).
Note that the quantities R(T) and S(T') are fixed numbers for each tree (T, p) and
satisfy R(T) < S(T), which can be seen through the coupling via the graphical
representation.

The previous work [3] established A\; > 0 by a recursive inequality on the depth
of the tree that showed ES(7) < oo for 7 ~ GW(¢) with £ having an exponential
tail decay. However, the argument had limitations since it could only deal with
a small enough A. In order to push its applicability to near-criticality, in Section
4 we introduce another recursive inequality based on fundamental properties of
the contact process. Using the two different recursions, we can bound the tail
probabilities of the ezpected excursion time, namely, Pqw (S(T) > t), and then the
bound easily implies EqwS(7) < oo. This is a substantial improvement from [3]
where we could only control its expectation Eqw.S(T) for small enough A.

3.2. Deep infections, unicyclic neighbors and the lower bound of Theorem
2. To establish Theorem 2, we attempt to generalize Theorem 1 based on the fact
that the local neighborhoods of G(n, ) look like Galton-Watson trees. There are
two major obstacles on carrying out this idea.

1. For a vertex v in G ~ G(n, ), its local neighborhood N (v,1) contains a lot
of cycles if [ > ¢, logn for some constant c,,.
2. Even for small [, there are o(n) vertices that contain a cycle in N(v,1).

3.2.1. Deep infections. To overcome the first issue, we show that the probability
of having a deep infection of depth > ¢, logn inside CPM(T, 1,) is very small for
a Galton-Watson tree 7. This leads to the consideration of the total infections at
leaves of (finite) trees defined as follows.

Definition 3.3 (Total infections at leaves). Let T be a finite tree rooted at p, set
[ := max{dist(p,v) : v € T} be the depth of the tree and

L:={veT:dist(p,v) =1}

be the collection of depth-I leaves of T. Suppose that [ > 1 and consider the root-
added contact process (X;) ~ CP;)\+ (T;1,). For v € L, define the total infections
at v, by

M (T) := the number of infections at v in (X;) during time ¢ € [0,S(T)],
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where S(T') is the excursion time of (X;). In other words, we count the number of
times t such that X;(v) = 1 and X;_(v) = 0 for ¢ < S(T'). Then, we define the
total infections at depth-l leaves (during a single excursion) by

MI(T) =) ML(T).

veL

For I' > 1, we set M (T) = 0.

We also denote the expected total infections at depth-l leaves by MY (T) =
EcM!(T). Also, as above, we write MY (T) = 0 for I’ > I. Moreover, if the
tree depth is 0 (that is, T' is a single vertex), we set M°(T) = 1.

The previous work [3] derived an exponential decay of M!(T?) in [ for T! ~
GW(11)! to deal with the same issue, but as before it had to require A to be small
enough. However, unfortunately, the decay of M!(7") is insufficient for our purpose
if A is close to A1, due to the reason we explain below.

If A = (1—¢)d! with d = Ep.zD, then for an infected vertex v in 7' ~ ew(z)!,
the expected number of offsprings of v that get infected before v becomes healthy
is

M (1-e)d
A+1" d+1

l
1—¢)d
h el (7] > ((L=2
, hence [E| (T)]_( P ,
and intuitively, the latter quantity essentially corresponds to P(M!(7T?) > 1). To
apply a union bound over all vertices in G, ~ G(n, 1), we need this probability to
be of order o(n™!). That is, we roughly require

logn
> gl + o)1+ d N}

l

This is much larger than our budget ¢, log n which is approximately clog;n. Thus,
investigating the tail probability of M!(7") is not enough for our purpose. However,
in [3], this approach was sufficient since we could set A as small as we wanted.

In Section 5, we instead focus on studying Pey (M'(T') > t), which turns out to
have a much better bound than the tail of M!(T"). Similarly as explained in Section
3.1, we derive two different recursive inequalities on M!(T) for a deterministic tree
T, and prove its tail bound for the case of Galton-Watson trees.

3.2.2. Unicyclic neighbors. Another major issue is to deal with the neighborhoods
N(v,l) in G,, ~ G(n, 1) containing a cycle. We rely on idea as [3], by observing
that if p satisfies (1.2), then there exists y(¢) > 0 such that whp, N(v,~ylog;n)
contains at most one cycle for all v with d as in the previous subsection (see
Lemma 6.11). Therefore, we study S(7”) and M!(T") as above (precise definitions
are given in Section 6.1), for certain unicyclic graphs T” which are closely related to
Galton-Watson trees. To this end, we appropriately cover T’ by trees and deduce
information on S(T”) and M'(T") from the results we obtained on trees. However,
formalizing this idea requires a heavy technical work and it is presented in Appendix
A. Similar ideas are applied to studying the contact process on G,. Roughly
speaking, we decompose G,, by its local neighborhoods {N(v,)},eq, , and derive
results on CP*(G,,) by using what we know on N (v,1).

n?
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3.3. The proof of Theorems 5 and 6. The previous work [3] settled that
A () < oo, which was based on a challenging structural analysis on the
configuration model. Roughly speaking, they showed the existence of an embedded
erpander, a subset of large degree vertices in the random graph, on which it is
easy to send infections from one vertex to another. Upon establishing its existence,
spreading infections on the embedded expander could then be done by a relatively
straight-forward way, which was to infect a site at distance [ with probability
(c(1 —e*))!, since we could choose A to be large. One of the main difficulties in
establishing the much improved bound A} (1) < A§¥ (1) is that we need to develop
a more efficient way of sending infections from a vertex to another.

The key observation for such improvement is that if A > A{"(xx), the expected
number of infections on 7 ~ GW(z) grows exponentially in time (Lemmas 7.5
and 7.6). We use this property as our driving force of passing infections on the
random graph, which is possible since the local neighborhoods look like Galton-
Watson trees. This new method turns out to be substantially better than the
aforementioned approach.

However, since we now need to reveal the neighborhoods to check if the infections
spread well, the structural analysis on the random graph becomes even more
involved than the previous proof in [3]. We carry out by introducing an appropriate
notion of good wertices, which roughly refer to the sites that are capable of
propagating enough infections around them, and showing that any set of én infected
good vertices causes > 20n good vertices to be infected at a later time with high
probability except for an exponentially small error.

3.4. Organization of the article. Sections 4-6 are devoted to the derivation of
the lower bounds of Theorems 1 and 2. In Section 4, we introduce the basic form
of the recursion argument on Galton-Watson trees and establish the lower bound
of Theorem 1. In Section 5, we extend the recursion criterion to the study of
deep infections. Section 6 then concludes the proof of the lower bound of Theorem
2, while the technical works needed to study the unicyclic graphs are deferred to
Appendix A. Finally, we finish the proof of Theorems 1 and 2 by settling their
upper bounds in Section 7.

4. SURVIVAL AND EXCURSION TIMES ON TREES

In this section, we introduce primary recursive argument on the expected
excursion time which are used throughout the paper. In Section 4.1, we review
some ideas developed in [3], and derive another recursive inequality on excursion
times. In Sections 4.2 and 4.3, we prove a tail probability estimate and establish
Theorem 1 as its application.

4.1. Deterministic recursions on trees. Let T be a finite tree rooted at p and
recall the definition of the root-added contact process CP/’}+ (T*;20) (Definition 3.1).
Let R(T') and S(T) be expected survival and recursion time as in Definition 3.2.

In (T,p), let D = deg(p) and wvy,...,vp be the children of p. Further, let
Ti,...,Tp be the subtrees from each child of p, rooted at vq,...,vp, respectively.
In [3], we proved the following recursion on the excursion times.
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Proposition 4.1 ([3, Lemma 3.3]). Let T and Th,...,Tp be as above. Then, the
expected excursion times S(T) and S(Th),...,S(Tp) satisfy

D
(4.1) H (14 \S(T;

Even though the proof can be found in [3], we briefly explain it again, mainly
because the ideas will be revisited in Proposition 5.2. For a detailed proof, we refer
to [3].

Proof. Consider CP;)\(Ti; 1,,) (the subscript p indicates that it serves as the added
parent above v;), the root-added contact process on each T;. We define CP®(T'; 1,,)
as the contact process on T such that
e The root p is infected permanently, i.e., all the recoveries at p are ignored.
e Initially, the vertex v; is infected, and it is the only infected vertex other
than p.

Note that CP®(T;1,,) can be written as the following form:

(4.2) CP®(T;1,,) = <®§?;1_CP;(Tj;0)) ® CP)(Ti; 1y,),

JjF
for each i € [D]. Let S® denote the excursion time of this process, that is, the first
return time to the all-healthy state ® —107;, and let S® ECPS?. Further, define
the average of S© by

D
1
(4.3) 59 =52 57
=1

Then, we can control S(T') by S®, based on the following modification of the process
CP;}+ (T;1,) introduced in [3, Lemma 3.3].

e Consider the process (Xf) on T that follows the same transition rule as
CP;)\+ (T;1,), except for the recoveries at root p.

e An independent rate-1 Poisson clock is associated with p, and the recovery
at p is only valid if Xf =1, when the clock rings at time ¢.

In other words, (X?) is generated by ignoring the recoveries of (X;) ~ CP;}+ (T;1,)
at p if there is another infected vertex at the time of recovery. Let us denote the
expected excursion time of this process by S*(T'). Recalling the coupling argument
using the graphical representation (Section 2.1), we know that S*(T) > S(T).
Moreover, an excursion of (X}) can be described as follows.

1. Initially XO =1,, and we terminate if p gets healed before infecting any of
its children. Otherwise, suppose that the first child to receive an infection
from p is v;.

2. Since p stays infected until everyone else is healthy, it is the same as running
an excursion of CP®(T’; 1,,). When the excursion is finished, we go back to
Step 1.

The probability that we terminate at Step 1 is (1 + AD)~!. So an excursion

of (X}) is a series of excursions of {CP®(T;1,,)};, until we stop when having
a successful coin toss of probability (1 + AD)~! after each of the excursions.
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Furthermore, note that the expected waiting time to see either a recovery at p
or an infection at a child is (1 + AD)~!. Therefore, we obtain that

> 1 AD \*T k+1
. < ﬁ = ® = ®.
(4.4) S(T) < S(T) k§—o<1+/\D> (1+>\D) |:1+>\D+k5 ] 1+ADS

The final step is to consider the stationary distributions of CP;‘(Ti) and their
product. Let m; be the stationary distribution of CP;‘(TZ-). Note that the process
should always have a nontrivial stationary distribution as the added parent p stays
infected forever, and it is independent of the initial state (and hence we have omitted
it from the notation). By the definition of stationarity, m;(0) corresponds to the
fraction of expected time that CP;‘ (T;) spends at state 0 (see [1, Section 2.2.2] for
a formal discussion). Therefore, the law of large numbers implies that

At 1

(4.5) mi(0) = S T T TS

Similarly, the stationary distribution 7® of CP®(T') satisfies

O
(4.6) m%(0) = (D) 1158  11ADS®

Since 7® = ®2 | m;, this implies

D
(4.7) 1+ ADS® = (1 +AS(Ty)).
i=1
Therefore, we plug this into (4.4) and obtain the conclusion. O

Unfortunately, having (4.1) is insufficient for our purpose. One can see this
by taking expectation on each side of (4.1) over T' ~ GW({). In order to yield a
meaningful recursion, A should be small in terms of the exponential moment of &,
which has nothing to do with 1/E¢ in general (for details, see the proof of [3, Lemma
3.3]). Therefore, we develop another recursion which redeems (4.1). Our first step
is to build up a recursion regarding R(T), the expected survival time.

Proposition 4.2. Let Ti,...,Tp be as Proposition 4.1, and assume that
X2 R(Ty) < 1. Then,

1+ AY 2 R(Ty)
(4.8) R(T) < s Ry

Proof. Suppose that we run CP*(T’; 1,). In the beginning, which we call the first
round, the infection at the root stays there for a while, then it may infect some
children. If a child v; gets infected, then we can think of it as running a new contact
process CP(Tj; 1,,). Here, we should also consider the effect of v; infecting p again,
and if this happens, the reinfected p starts the second round of the dynamics.

The expected survival time of the first round is bounded by

D
1+A) R(Ty),
=1
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since the expected survival time of the root is 1 and it sends infections A times in
expectation to each child before dying out. Let (Q be the number of infections sent
from the children {v;} to p in the first round. Then, similarly as before, we have

D
EQ < A*> R(T)).
i=1
Let 71,...,7g denote the times when an infection is sent from the children {v;}
to p during the first round. Moreover, let &g refer to the space-time diagram (such
as Figure 1) that encodes the graphical representation of CP*(T;1,). In other
words, the dynamics of CP*(T; 1,) can be seen on the diagram &, starting from
the single initial infection at p at time 0. Let &;,..., ®¢ be the identical copies of
®, and consider the following modification of CP*(T;1,) on &y:

o All the infections from {v;} to p during the first round are ignored on
Bo. In other words, this modification on & illustrates the first round of
CP*(T;1,). Let R’ be the survival time of this process.

e For each j =1,...,Q, consider the contact process described by &;, with
the single initial infection at p at time 7;. Let R; be the survival time after
the initial infection is introduced.

Note that the above is a decomposition of the original CP*(T} 1,) on &.
Therefore, the survival time R of CP*(T;1,) can be written as follows:

R=R' Vmax{r;+R;:j=1,...,Q}.

Since 7; < R/, we see that
Q
R<R+) R,
i=1
Observing that ER; = ER = R(T) for all j, we take an expectation on both sides
and deduce that

R(T)<1+A> R(T)+ {A2 ZR(E)} R(T).

i=1
Then, the conclusion follows since we assumed A\ Zil R(T;) < 1. O

We are now interested in the relation between R(T) and S(T).

Proposition 4.3. On a finite rooted tree (T, p), let R(T) and S(T') be the expected
survival time of CPM(T;1,) and the expected excursion time of CP;;(T; 1,),
respectively. Then, we have

S(T)

(49) Y

< R(T).
Proof. Suppose that we are running a root-added contact process (X;) ~
CP;‘+ (T;1,) until time to. Further, let

AtO:{tStoiXt#O},

and let |Ay,| be the Lebesgue measure of the set A;,. In the root-added contact
process, after one excursion we wait (1/X)-time in expectation until we start the
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next excursion. Therefore, we have

. EeplAsl S(T) AS(T)
4.1 1 ol _ - .
(4.10) toseo  fo A1 ST 1+ AS(T)

On the other hand, CP;)\+ (T;1,) can be considered as the contact process

CP*(T;1,) of which the root p receives new infections at every ring of an
independent Poisson process with rate A. Since the rate-A Poisson process rings
Ato times in expectation until time g, we see that

Ecp|Ag, | < MoR(T).
Comparing this to (4.10), we obtain that

AS(T)
1—1—)\75'(1“) < AR(T),

implying the conclusion. (]

Combining Propositions 4.2 and 4.3, we obtain that
1 D R(T;
S(T) < RI) o1+ AZ’Zlf( 2
1=AR(T) ~ 1—-x—-2X23"" R(T})
L+ AT, S(T)
T1-a-222" sy’

provided that A + 22 Zi’;l S(T;) < 1. In the rest of the paper, (4.1) and (4.11)
serve as two major recursive inequalities for S(T).

(4.11)

4.2. Recursive tail estimate for Galton-Watson trees. In this subsection, we
establish the primary tail probability estimate on S(7) for a Galton-Watson tree
T, and prove Theorem 1 as its application.

Let £ be an integer-valued random variable that satisfies the concentration
condition (1.2) for ¢ = {cs}se(0,1)- For the Galton-Watson tree 7 ~ GW(¢), the
expected excursion time S(7) is now a random variable driven by the randomness
from GW(&). The goal of this subsection is to show that S(7T) is finite almost surely
if A < (1 —¢)d™!, where e > 0 is an arbitrarily fixed constant and d = E¢ is large
enough depending on e. We establish this by proving that the upper tail of S(T)
is very light. In what follows, we denote the law of Galton-Watson trees of depth [
by Gw (&)L

Theorem 4.4. Let | > 0 be an integer, ¢ € (0,1) and ¢ = {cs}se0,1) be a
collection of positive constants. Then there exists do(e, c) > 0 such that the following
holds true. For any & that satisfies d := E§ > dy and (1.2) with ¢, we have for
A= (1-¢e)d™ ! and T' ~ aw(¢)! that

(4.12) Pew (S(TH) > t) < t_‘/a(log )2 for all t > g

where S(T?) is the expected excursion time on T'.

Remark 4.5. The term (logt)~2 in the r.h.s. of (4.12) may look useless, but this
plays a key role in carrying out an inductive argument (see Lemma 4.8). We remark
that the exponent —2 of (logt)~2 can be replaced by any number smaller than —1.
Moreover, the exponent v/d can be replaced by any term of order O(d*=") for n > 0.
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The rest of the subsection is devoted to the proof of Theorem 4.4. We do this
by an induction on [, the tree depth. If I = 0, T° is just a single vertex p and hence
S(T°) = 1, implying (4.12).

Suppose that we have (4.12) for I. Let (7't p) ~ Gw(&)!*!, and set D =
deg(p) 4 €. As before, let T;, i € [D] denote the subtrees of T'*1, rooted at the
child v;. Let ¢; be the constant in ¢ with 6 = 1, and we divide ¢ into three regimes
as follows.

1. (small) 2/e <t < d7o;

2. (intermediate) d1o < ¢ < exp(3e1Vd);

3. (large) exp(3c1Vd) < t.
Then, we establish (4.12) on each regime separately. As the proof goes on, we will
figure out the conditions for dy(e, ¢) as well.

Remark 4.6. There is much freedom in choosing d10, the threshold between the
small and intermediate regime. Indeed, any d” with n € (0, 1 — d~/?) would work
for our purpose. However, the specific choice of d'/!° will turn out to be useful
later, in the proof of Proposition 6.4 and Lemma A.5. The choice of exp(%cl \/E)
will be clear in (4.22).

4.2.1. Proof of Theorem 4.4 for small t. To show (4.12) for small ¢, we rely on
(4.11). For T ~ ew(¢)*! and T;, i € [D] as above, suppose that

D
;am§?0+a.

Then, from (4.11) and a little bit of algebra we see that

2d 2 _ 1
S(THY) < 1+AE(1+5) <z—§<2,
I—x—2X22(1+¢) " 1-L "«
where the last inequality holds if
42
(4.13) d> =k
Therefore, for d with (4.13), we have
(4.14)
2 € Gre)d 2d €
141 AN i ha
PCW(SU )zg>§P(Dz(1+6)d)+PGw IECOES (1+3)).

where T, i € N are i.i.d. Gw(¢)!. By the assumption on &, we can bound the first
term in the r.h.s. by

(4.15) P (D > (1 + %) d) <exp(—cod),

for ¢’ = ¢/6. To deal with the second term, the induction hypothesis tells us that
the c.d.f. of S(T;) has an upper bound

Pow(S(T}) > 5) < s~ V4

for all s > 2/e, and hence we can apply the following lemma.
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Lemma 4.7. Let ¢ € (0,1) be a given constant. Then there exists di > 0
independent of € such that the following holds for all d > dy. Let Z;, i € N be
i.4.d. positive random variables that satisfies

2
(4.16) P(Z;>t) <5tV forallt> -.
Then, we have
(1+5)d —2
2d € 1 _1va 1
417 P Z> 2 (145) | <=a+ “logd) .
(4.17) ; _5(+3> =34 " <1oog>

We defer the proof of this lemma until Section 4.3, since it is essentially a special
case of Lemma 4.8.
Thanks to Lemma 4.7, we combine (4.14), (4.15) and (4.17) to obtain that

(4.18)
141y 5, 2 1, _1va & —gva (1 -
Pow (ST > 2 ) Sexp(—cod)+5d 7V (loga®s) ~ <d "%V logd)

for d satisfying
1 21 -
4.19 exp(—cod) < =d" 10V [ —logd ) .
2 10 8

Finally, we clearly see that (4.18) settles (4.12) for all small ¢, namely, 2/ < t < d1o.

4.2.2. Proof of Theorem 4.4 for intermediate t. For t > d10, we use (4.1). That is,
we attempt to control

D
(4'20) Pow (S(TZ—H) > t) < Peow (Z 10g(1 + )\S(Tz)) > log t) .

i=1
Let ¢; be the constant given from the assumption of Theorem 4.4 (with 6 = 1).
Note that we can split the event in the r.h.s. as follows.

2d
(421) Py (S(THY) >t) <P (D > 2d) + Poy <Z log(1 + AS(T;)) > log t) .
i=1
The concentration assumption (1.2) on & tells us that the first term is bounded
by

1
(4.22) P(D > 2d) < exp(—c1d) < Et*‘/a(log )72, fort <ereVd,
To control the second term in the r.h.s. of (4.21), we use the following lemma.

Lemma 4.8. Let ¢ € (0,1) be a given constant. Then there exists di(g) > 0 such
that the following holds true for all d > dy. Let Z;, i € N be i.i.d. positive random
variables that satisfies

(4.23) P(Z; > t) < 5t Ve(logt)"2, for allt >

™| w

Then, for all t > d%, we have

(4.24) P <§: log (1 + %Zi) > log (%)) < %fﬁ(logtr?.

i=1
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The proof of Lemma 4.8 is postponed until Section 4.3, since it requires a
substantial technical work. Note that (4.24) contains a slightly more generalized
form than the r.h.s. of (4.21), which will be useful in Sections 5 and 6.

To conclude the proof for intermediate ¢, (4.21), (4.22) and (4.24) together deduce
(4.12) for t > dis. Here, the constant dy in the statement of the theorem should
satisfy dy > dy for dy in Lemma 4.8.

4.2.3. Proof of Theorem 4.4 for large t. For t > exp(%cl\/a), we again attempt to
control (4.20). Let

4v/d

Ay = —Llogt,
¢

and note that we can split the event in the r.h.s. of (4.20) as follows.

(4.25)

2d
Pow (S(THY) > ) <P(D > Agy) + Pow (Z log(1 + \S(T})) > log t)

=1

+ Z P(D > r) x Paw (i log(1 4 AS(T3)) > log t) .

2d<r<Agy i=1

The concentration assumption (1.2) on ¢ tells us that for ¢ > exp(3c1v/d),
A 1
(4.26) P(D > Agy) <P (D >d+ %) < exp (—2\/Elogt) < Zfﬁ(logt)*?,

where the last inequality is satisfied by large d. This controls the first term in the
r.hus. of (4.25). The second term is then estimated by Lemma 4.8, which gives

2d
(4.27) Pow <Z log(1+ AS(T;)) > 1ogt> < %t—\/g(logt)—l
i=1

To bound the last term, we use the following corollary.
Corollary 4.9. Let ¢ € (0,1) be a given constant. Then there exist di(¢) > 0 and

an absolute constant C1 > 0 such that the following holds true for all d > dy. Let
Zi, i € N be i.i.d. positive random variables that satisfies

P(Z; >t) < 5t7‘/3(10gt)72, for all t > g

Then, for all t > exp(%clx/a) and 2d <r < Ag, with Ayt as above, we have

(4.28) P <§ log (1 + %Zi) > log (%)) <t Vi(logt) 2 exp (f&g) .

The proof of Corollary 4.9 is postponed until Section 4.3, which will be proven
together with Lemma 4.8.
To conclude the proof of Theorem 4.4 for large ¢, observe that for 2d <r < Ay,

IP’(DZT)SP(Dzd—i—g)SeXp(—%),
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by the concentration condition (1.2) of D. Therefore, for sufficiently large d, we
have by (4.28) that

P(D > r) X Payw (Z log(1+ AS(T3)) > logt) < t_‘/E(logt)_2 exp (—%) .
i=1

Along with (4.25), (4.26) and (4.27), this proves Theorem 4.4 for t >

exp(3e1Vd). O

As the first application of Theorem 4.4, we establish Theorem 1.

Proof of Theorem 1: The lower bound. Let € € (0,1) be an arbitrary constant and
suppose that the collection of distributions {&} satisfies (1.2) for ¢ = {cs}5¢(0,1-
Let dg = dy(e, ¢) as in Theorem 4.4, and assume that E, > dg. Then, Theorem 4.4
implies that for CP;‘+ (Tl 1,) on Ty ~ GW(&)! with intensity A = (1 — &) (E&,) 71,

we have 5
Eow [S(T)] < -

Thus, we deduce that the expected survival time of CP’\(77€l; 1,) is also

Eow [R(TY)] < g

For T, ~ GW(&), consider the natural coupling of the contact processes on 7 and
{ﬂf}leN using the graphical representation, defined on the same probability space.
Then, by the monotone convergence theorem, we have

Ecw[R(Te)] = lim Ecu[R(T;)] <

M| w

)

and hence the survival time R(7%) is finite almost surely, which implies that
1—¢
E&p,
for all large enough k. O

A= < AY(En),

4.3. Proof of the induction lemmas. To conclude Section 4, we discuss the proof
of Lemmas 4.7, 4.8 and Corollary 4.9. We first establish Lemma 4.8 and Corollary
4.9 together, and then the proof of Lemma 4.7 will follow based on similar ideas.

Proof of Lemma 4.8 and Corollary 4.9. We first set

47; 4 d
(4.29) Y; =log (1 + ] ) , Age = i logt, andlet 2d<r<2dVAg,.
C1

We will attempt to find an upper bound of

(4.30) P (2 log <1 + 3&) > log (%)) ,

to cover the case of Corollary 4.9 as well.
Note that the assumption (4.23) on Z; gives us EZ; < 2. Based on (4.23), we
can find an upper bound for EY; by

4EZ; 16 16
(4.31) EY; < logEe¥" =log ( 1 + <lg|l+— | <—.
d ed ed
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Further, (4.23) tells us that the tail of Y; is bounded by
(4.32)

P2 o) =P (22 - )) <5 (G - 1>)ﬁ o (e =) }

In order to have ZZ=1 Y; > log(t/2) for t > Vdand r < 2dV Ag ¢, we need to

. log d
have some of Y; being larger than J&-.

Y; that are at least lggj Note that in this case, the sum over all Y; that are smaller

logd
than —g&= is at most

In the following, k& denotes the number of

logd 1 logd
4.33 2dVv A —logd vV ——
(4.33) ( ) 304 = 10984V 500,/3 ©

Then, we can split the probability in (4.30) as follows.

P (ZT:YZ > log (%))
ijl o
(4.34) < (2) Z (ZY >10g< )— LY > 255 Vi < )

k=1
P ZY>' Y<10gd Vi >k
Rl i=J = 80d '

=:m(d,t).

Our focus is to control the two terms in the inner sum of the r.h.s. We begin with
the first one.

Lemma 4.10. Under the setting of Lemma 4.8 and (4.29), there exist absolute
constants K,dg > 0 such that for alld > dy, 1 <k <r and1<j<m(d,t)+1, we

have
k t logd
P(;Yizlog(§> JiYiz gl Vi< )
Vi k
< —K d e_‘/a(logt_j)(logt)_2
~ \ (logd)v4

Proof. Since e —1> Zze® > %e” for all z A1 > y > 0, we have that for s > &4,

d(e 1> d logd logd

4 =1°160d° ~ 640
Plugging this into (4.32), we obtain that

Vd -2
640 eV 1
4. P(Y; >s) <5 — s ~logl
(4.35) (1_5)_5(10gd) e (s+20gogd) ,
for all s > lggdd, if d is such that
1 logd

(4.36) 3 loglogd < log < giO > , le., d>exp (6402) .
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Keeping this in mind, we can rewrite the probability for each k£ and j as
k t . logd .
P<;mzlog<5) —J5 Yz oo wgk)
b logd
< > [HP(Y}EW[W, ui+1])

(437) UL ,yene,Up > 10 i=1
b ui> 80 {log(t/2)—j}—k

k

log d

< P(Y; > Al

< > 11 (> )
Up e up > 1 =1

Sy wi=| 294 {log(t/2)—j} k]

Then, the r.h.s. of (4.37) is upper bounded by

kvVd
ok < 640 > o~ V(log(t/2)—j —555?)
logd

(4.38)

k logd 1 -2
X Z H<80dui—|—§loglogd) .
U yennyUg > 10 =1
Yo wiml gy {log(t/2) 5} k)

The sum in the right can be controlled inductively in k according to the following
lemma.

Lemma 4.11. Leta > b > 0 and m € N. Then,

" _ _ 8
;(Hbu) Ha+blm—u)™ < b(a —b)(a+bm)?’

Proof of Lemma 4.11. The Lh.s. of above can be upper bounded by

/21 b\ "2 8 > a\—2
2 -2 — < - -
;(“Mu) <a+ 2 ) _b2(2a+bm)2n;)(u+b>
< 8
~ bla—b)(a+bm)?’

O

From now on, K > 0 is an absolute constant that may vary from line by line.
We apply Lemma 4.11 (k — 1)-times to (4.38) with a =  loglogd, b = losd and see

80d
that
k -2
log d 1
Z H u; + = loglog d)
Upyeny U > 1t =1 ( 80d 2
(4.39) Sy wi= 224 {log(t/2)—j} —k]

_ ( Kd kot oo (1) _ ;_ Klogd -2
= logd 8\2) 777 "80d '
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Therefore, we see from (4.37), (4.38) and (4.39) that
b ' log d
P Y, > 1 s) =i Yiz—, Vi<k
(; =08 (2) ! 80d " " )

vii \"* —2
< 71{ d e_\/E(IOg(t/m_j_ké?)%ld) (log (E) _j _ klOgd) .
~ \(logd)v4 2 80d

Note that the definition of r (4.29) and m(d,t) (4.33) implies that for ¢ > d1o

(4.40)

t rlogd t 1 1 1
log (=) - _ >log (L) = ~logt — ~logt > = logt.
og<2) m(d,t) S04 2 og(Z) 1 ogt 1 ogt > 3 ogt

Therefore, the r.h.s. of (4.40) is at most

vag \* :
<%> e~ V(loa(t/2)=i= 5535 ) g 10g 1) 2.
og

Absorbing the constants 9, 2V4 and the term exp(’;éo\%i) into K, we obtain the

conclusion. O

Now we turn our attention to bounding the second term in the inner sum of
(4.34) in the r.h.s.

Lemma 4.12. Under the setting of Lemma 4.8 and (4.29), there exist absolute
constants K,dg > 0 such that for alld > do, 1 <k <r and1<j<m(d,t)+1, we
have

; 197 d-1/3
P(Z YVizj-1:v< el Vi>k>§1/\<M>_

et 80d ’ exp (ed?/3j)

Proof. We first observe that by (4.31) and (4.32),

logd

d s, [d
< exp (16d_1/3) + / ety (Z(ey -1) dy
1

Vi
logd clogd d 16 1
<14+17d" 3 173 o2 <14+18d" 3
S DA AT g g < e X(4 5d> s1+18d7,
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where the last two inequalities hold for d larger than some absolute constant ds.
Therefore, we obtain that

logd .
> .Y,
<§ Yizj-1; Vi< o Vz>k>
i=k-+1
logd )
<P(Yv> L, k
( e Th )
2/3( 2/3 logd "
g1Aexp(—sd (]—1))>< Eexp(ad Yi) Y, <

80d

—-1/3\" -1/3

<1n (1+18d, ) <1n exp(19rd ) 7
exp (ed?/3(j — 1)) exp (ed?/3j)

concluding the proof. O

We can now combine (4.34) with Lemmas 4.10 and 4.12 to see that

L)

_ r m(dt)+1 k —~1/3
4~V (r) ( KVig ) i (elgrd
4.41 < T3 — | € ——m— AL,
AD = Tloga2 ,g 2 W s i
r k [m d,t)+1 —1/8
X)) | e (e
10gt 2 logd f = e€d2/3j
The last inner sum over j can be split into two parts, ed?/3j < 19rd—'/3 and
ed?/3j > 19rd~'/3. That is, we divide into two regimes based on jo = 19r(ed) ™!
If, for instance, 2v/d < ed?/?, then this sum is bounded by 2exp(jovd) =

2 exp(19r e~ 1d~1/2), since the exponent ed?/3j in the denominator becomes at least
twice as large as j1/d in the numerator. This gives another condition for dy, namely,

(1.42) a> (3> |

Further, the outer sum over k in the r.h.s. of (4.41) is at most

o V) () ()1 )

<e < 20r )
X 3
p -V
where the last inequality holds for large d such that
Vd
1 K
4.44 — > — d.
( ) eVd <log d)
Therefore, we establish Corollary 4.9 from (4.41) and (4.43) by setting Cy = 20 and

dp to satisfy (4.36), (4.42) and (4.44). For Lemma 4.8, we plug in r = 2d in the
Lh.s. of (4.43), and see that if d is so large that

(4.45) logd >3- K -e'f/¢,
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then by using (2kd) < (2d)* and the fact that Dok uf < 2u for u < %,
(4.46) -

2d Vi k Va2 9
Sexp 19v/d Z(2d> KVid < 4o KViq <4d -
€ —\k (log d)Vd (log d)Vd ovd

Therefore, we obtain the conclusion of Lemma 4.8, by setting d;(¢) to satisfy
(4.42) and (4.45). (Condition (4.36) is absorbed into (4.45).) O

l\3|’—‘

We conclude this section by proving Lemma 4.7. The idea of splitting the
probability as (4.34) is used, but here the computation is simpler than the previous
one.

Proof of Lemma 4.7. Define Z] = Z; — 2, then Z] satisfies

9 —Vd
]P’(Z{zs)§5<s+—) , forall s > 0.
€

We claim that
(4.47)

Ue? - ag £ , Ll sy N
v ;Zizz(”g) <P Zzzzg < 5 1 (log (d))

—2

In order to have Z(H §)d Z{ > g, some Z; must be at least 15. In what follows, k

denotes the number of such Z!. Note that on the other hand the sum over all Z]
that are at most ﬁ is bounded by (1 + )—O <35 4 from above. Therefore, we can
bound the probability in the middle in (4 47) by

od) N (N d
(4.48) P 2225 < > B PZZizg;Zizl— .
k=1 =1

]P(ZZ{>E;2521—0>< > HP<1—1O)

Upyeer, Ul >0 i=1

o, -vd

< 5" N .

o Z H (E * 10>
Ugyee,up >0 =1

urt...tup=|3d—k]

The choice of {u;}¥_, that maximizes the product in the r.h.s. is such that all but
exactly one u; are equal to zero. Hence, its maximum is at most

O e (0] T ()

Licensed to Princeton Univ. Prepared on Mon Feb 13 21:49:33 EST 2023 for download from IP 128.112.200.107.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3922 DANNY NAM ET AL.

using % < g. Since the number of {u;}¥ ;| satisfying Zle u; = [3d — k| is at
most (2kd), the r.h.s. of (4.48) is at most

(1+8)d

> (06

k=1
Vd k Vd
36 £\ Vd 18
<2d (= 2 (—) <8043 [ =
< (5d> > {QOd 5 < 80d* | — ,
E>1
using ZkZI u® < 2u for small enough u > 0. Thus, there exists d; > 0 such that
the r.h.s. is smaller than that of (4.47) for d > dy(¢). O

5. TOTAL INFECTIONS AT LEAVES ON TREES

Let (T, p) be a finite rooted tree of depth I. That is,
(5.1) I = max{dist(p,v) : v € T}.

As discussed in Section 3.2.1, we desire to control the infection going deep inside
the tree for subcritical A\. To this end, we investigate M'(T), the expected total
infections at depth-l leaves defined in Definition 3.3. In particular, the goal of this
section is to establish the following theorem:

Theorem 5.1. Let | > 0 be an integer, ¢ € (0,1) and ¢ = {cs}se0,1) be a
collection of positive constants. Then there exists dy(e, ¢) > 0 such that the following
holds true. For any & that satisfies d = E£ > dy and (1.2) with ¢, we have for
A= (1—-¢)d™ ! and T' ~ aw(¢)! that

l
(5.2) Poy (MI(TZ) > (1 - 130) t) <t~Ve(logt)"2 for all t > 2,

where M'(T') is the expected total infections at depth-l leaves on T'.

To prove this theorem, we first derive two different recursive inequalities for
M(T) for a deterministic tree T' in Sections 5.1 and 5.2. Then, in Section 5.3, we
verify the theorem, which is along the lines of proving Theorem 4.4.

5.1. The first recursive inequality. We begin with deriving a recursive
inequality on M'(T) described in the following proposition, which is an analogue
of (4.1).

Proposition 5.2. For a finite rooted tree (T, p) of depth 1, let D = deg(p) and
Ty,...,Tp be the subtrees rooted at each child v; of p. Then, M'(T), the expected
total infections at depth-l leaves on T, satisfies the following.

D
(5.3) MNT) <A MUNT) T (L4 AS(TY).
i=1 1<j<D
jAi

Proof. Recall the processes CP®(T;1,,) and (X?) defined in the proof of
Proposition 4.1. Let S#(T) and S®(T) be the excursion time of (X}) and
(X5) ~ CPP(T;1,,), respectively, and set £ = {v € T : dist(v,p) = I}. We
define the total infections at depth- leaves M#(T)) (resp., M®(T)) of (X}) (resp.,
(X f?t)) analogously as Definition 3.3.
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e For v e L, let
naguy)::’{se m,SWED]:4Xﬂv)::1and;¥§(v)::0}k
M?v(H) = |{5 S [O,SZ@(H)] : Xf?s(v) =1 and Xf?s_(v) = O}| .
o We further set the total infections at leaves to be
T):=> MT) and M*(T)=E.M*(T);
veL
)i=> ME(T) and MJ(T)=EM(T).
veEL
By a standard coupling between (X7) and (X;) ~ CP;)\+ (T;1,) based on their
graphical representations, we have M*(T) > MY (T).
Moreover, in the perspectives of (4.4), the number of excursions of {(X%)}

included in a single excursion of (X,{j ) is the same as a geometric random variable
with success probability (1 + AD)~1. Therefore, AD excursions of {(X?;)} happen

in expectation during an excursion of (X,gj ). Since the initial condition 1,, of the
product chain is selected uniformly at random at each excursion, we see that

Y2, MP(T)
D

(5.4) M*(T) = \D x = ADM®(T),

where we define M®(T) as the arithmetic mean of { M (T)}.

Now we attempt to control M®(T) in terms of {M(T;)}. To this end, let
(X2) ~ CP®(T;0), and we observe that due to the same argument as (5.8) and
(5.9),

1
tolgnoo%ECPH{se[O,to}: X®(w)=1and X& (v —O}H
_ M)
 (AD)" 4 5%(T)
On the other hand, let £, = {v € T; : dist(v,v;) = | — 1} for each i € [D] and
X(Z) CP)‘(TZ, 0) be the restriction of (X) on T;. Note that

(5.5)

ZHSE[OJO}! @(v) =1and X (v —0}|
veL
D . .
= Z Z ’{S S [O,to} : X'gz)(v) =1 and Xg?(v) — 0}‘ .
i=1veL,
Thus, by the same reasoning as above, the L.h.s. of (5.5) is also equal to
D lel(Ti)
L+ S(TY
— A+ S(T)

Therefore, by (4.7), (5.5) implies that

D
1
M®(T) = 5 > M'"(Ty)
i=1

1+AS ).

I/\E
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Finally, combining this with (5.4) and M¥(T) > MY T), we deduce the
conclusion. O

5.2. The second recursive inequality. The goal of this section is to obtain
the recursive inequality on M!(T) that is in parallel to (4.11). In Definition 3.3,
MY(T) and MY (T) were defined with respect to the root-added contact process
CP;}+ (T;1,). We begin with defining M!(T) and M'(T) for the (usual) contact
process (X;) ~ CP*(T;1,) similarly as Definition 3.3.
o Let (T, p) be a rooted tree with depth [ and £ := {v € T : dist(p,v) = [}
be the collection of depth-I leaves. For each v € L, we define M! (T') to be
the total infections at v, that is,

M. (T) := {s € [0,R(T)] : Xs(v)=1and X,_(v) = 0}’,
where R(T) is the survival time of (X;).
e MY(T) is the total infections at depth-l leaves with respect to (X;) ~
CP*(T;1,), given by
M(T) =Y ML(T).
veL
As before, we set MY (T) =0 for I > 1.
o MYT) := E;MY(T) is the expected total infections at depth-l leaves with
respect to CPN(T;1,). We also set M (T') = 0 for I > 1.
For (T,p) as above, let D = deg(p) and vi,...,vp be the children of p. We
denote the subtrees at each child by T1,...,Tp as before. Here, each subtree has

depth at most [ — 1. We begin with obtaining the following recursive inequality on
M!(T) which is parallel to Proposition 4.2 on R(T).

Corollary 5.3. Under the above setting, let R(-) = EpR(:) and assume that
A2 2?:1 R(T;) < 1. Then, we have

_ A D M1 T;
(5.6) MYT) < Z?D().
1=22300, R(T)
Proof. When running CP* (T 1,), recall the notion of the first and second round

discussed in the proof of Proposition 4.2. In the first round of infection, the expected
total infections at leaves on T' is bounded by

D
A M,
=1

due to the same reason as before. Also, the expected number of infections sent
from the children {v;} to p in the first round is at most

D
A2 R(TY).

Thus, we get
D D
M(T) <A MNT) + {v ZRm)} (1),
i=1 =1
which leads to our conclusion. O
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We would like to translate this result to a recursion on M i(T), and hence we
discuss the relation between M(T) and M!(T), which is analogous to Proposition
4.3. Recall the definition of S(T") from Definition 3.2.

Corollary 5.4. On a finite rooted tree (T, p) of depth 1, let M'(T) and M'(T) be
defined as above and let S(T) denote the expected excursion time on T. Then, we
have

(5.7) MYT) < (1+\S(T))MY(T).

Proof. We rely on a similar idea as in Proposition 4.3. Let £ = {v € T : dist(v, p) =
[} and (X)) ~ CP;)\+ (T';1,) be the root-added contact process. For v € L, consider
the following quantity:

1
(5.8) lim — > " Eep [[{s € [0,] : Xs(v) =1 and X, (v) = 0}/].

to—00 to =
v

First, by the renewal theorem (see, e.g., [6, Theorem 2.4.6]), observe that the above
is the same as
(5.9)

lim the number of excursions in (X;) during [0, %] « M(T) = MYT) 7
to—00 to AL+ S(T)
since the sum of the expected excursion time and the expected waiting time until
the next excursion is S(T') + A~'. On the other hand, since the rate-A Poisson
process rings At times in expectation during [0, o], the Lh.s. of (5.9) is at most
AMY(T), by following the discussion in Proposition 4.3. O

Let us combine (5.6) and (5.7) to deduce a recursion on M'(T) as follows.
D

14+ AS(T
MYT) < + D( ) A M.
1=X300,8(T) i
By plugging in (4.11) in the r.h.s., we obtain the first recursion for M'(7T'), namely,
AP -t T,
1-A—20 Y2 S(1)
which is valid given that \ + 2\ Ziz1 S(T;) < 1.

5.3. Recursive tail estimate for Galton-Watson trees. The goal of this
subsection is to establish Theorem 5.1. As one may expect, we go through similar
steps as Theorem 4.4 with some appropriate adjustments.

Let £ be a positive, integer-valued random variable with mean d = E¢, and let
(T, p) ~ 6w(&)!. Further, we denote the children of the root by vy,...,vp where
D = deg(p). The subtree of T* rooted at v; is denoted by T;. Set A = (1 —¢)d~*
as in the assumption.

We establish the theorem by an induction on [. The initial case [ = 0 is obvious,
since 77V is a single vertex and M°(TY) = 1 by its definition (Definition 3.3). From
now on, suppose that the conclusion holds for I, and we attempt to prove it for
I+ 1. As before, we split the inequality into three cases, namely,

1. (small) 2/e <t < dio;
2. (intermediate) di0 < t < exp(3c1Vd);
3. (large) exp(3c1Vd) < t.
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(The reason for the choice of ds is explained in Remark 4.6.) For convenience, we

define

(5.11)
M(TlJrl) _ (1 _ i)f(lﬂ) Ml+1(7—l+1) and M(T) = (1 — i)*l MI(T)
10 ’ ' 10 .

5.3.1. Proof of Theorem 5.1 for small t. Suppose that

2d €
M(T,) < (2 d Ysmy <= (1+5).
SN <@ it Ys <2 (145
Then, the second recursive inequality (5.10) tells us that

. -1 _
M(THY < (1 — 16_0> . Elé _5)5(1‘?%) <2

)

where the last inequality holds for all d > dj(¢) for appropriate df,(¢). Therefore,
for t > 2, we have

(5.12)
Pow (M(T#) 2 t) <P (D > (1 + %) d) + P (li) M(T}) > (2+¢&)d

where T}, i € N are i.i.d. Gw(¢)!. The first term in the r.h.s. is estimated by the
concentration condition (1.2), namely,

(5.13) i (D > (1 n %) d) < exp(—cod) < id‘ 15V ( —log d) 72,

for ¢’ = §, where the last inequality holds if d > dj(e) for appropriate constant
di(e) > 0. Then, Lemma 4.7 controls the last term in the r.h.s. of (5.12), implying
the bound (4.16). For the second term, we claim that there exists di(¢) > 0 such

that if d > dy(g), then

(1+%)d~ 1 Vi _9
(5.14) Pow | D M(T) 2 (2+e)d) < d (mlogd) .

Indeed, almost the same argument from the proof of Lemma 4.7 can be applied to
deduce (5.14). The only two changes we need are to set

M(T;) = M(T;) — 2,

(in the lemma, it was Z! = Z; — %) and to split M based on 15, not %. Also,
Lemma 4.7 holds if d > d; for an absolute constant d;, but here d; depends on .
We omit the remaining details.

Finally, we obtain the conclusion (5.2) for [ +1 and 2 < ¢ < dio by combining

(5.13), Lemma 4.7 and (5.14).
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5.3.2. Proof of Theorem 5.1 for intermediate t. For t > dﬁ, we rely on the second
recursive inequality (5.3). However, one issue here is that the quantity in the r.h.s.
of (5.3) is no longer a single product of i.i.d. random variables as (4.1), (4.20). To
overcome this difficulty, we define

(5.15) W; := max {M(Ti)7 S(TZ)} , foreachieN,

for M(T;) as in (5.11). Then, from a little bit of algebra we see that

D
N M) ] (1+AS(Tj))§Z>\W I a+xwy
i=1 1<j<D 1<j<D
JFi VE
D
< [Ja+2xw3).
i=1

Based on this observation, we attempt to control

Y%

D
Pow (M(Tz+1) > t) < Pew (Z log(1 + 2AW;)

oe{(1-55)1})
< Pow (i log(1 4+ 2AW;) > log (%)) .

=1

(5.16)

V

We are also aware of the tail estimate on W; by the induction hypothesis and
Theorem 4.4, namely,
(5.17)

P(W; > s) < P (M(T) ) FP(S(T;) > 5) < 25 V9(logs)~2, forall 5>

(LI )

This falls into the assumption of Lemma 4.8. Therefore, we deduce the tail estimate
on M(T'*1) for intermediate ¢ by

5.18
Gan) y |
Pow (M(Tl+1) > t) <P(D > 2d) 4 Pgy <Z log(1 4+ 2AW;) > log (§>>

1
< exp(—c1d) + Et_‘/g(log )2 < t_‘/a(log )72,

where we used the concentration condition (1.2) to bound the tail of D, and the
last inequality is true if d > dj(e) for appropriate constant dj(g) > 0.

5.3.3. Proof of Theorem 5.1 for large t. We continue to rely on W; defined from
(5.15). Set

4v/d
Ags = i logt
C1

Licensed to Princeton Univ. Prepared on Mon Feb 13 21:49:33 EST 2023 for download from IP 128.112.200.107.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3928 DANNY NAM ET AL.

For large t, we modify (5.16) as in (4.25), which is

(5.19)
~ 2d ¢
Pow (M(T*!) 2 t) < P(D 2 Auy) +Pow <Z log(1 + 2A1W;) > log (5)>
=1
. t
+ > P(D=7) xPoy (Z log(1 + 2AW;) > log <§)> .
2d<r<Ag: i=1

Note that ¢/2 in the log in the r.h.s. is a lower bound of (1 — )t (cf. (5.18)).
The first term in the r.h.s. can be controlled by the concentration condition (1.2).
By (5.17), we can use Lemma 4.8 to obtain the estimate for the second, and the
third term is bounded by the same reasoning as in Section 4.2.3. This concludes
the proof of Theorem 5.1. (]

6. SHORT SURVIVAL ON RANDOM GRAPHS: PROOF OF THEOREM 2

Let u be a given degree distribution satisfying (1.2) for some positive constants
¢ = {¢s}se(0,1)- Define fi to be its size-biased distribution (2.1) and d = EpzD. In
this section, we are interested in the contact process on G,, ~ G(n, i), particularly
on its short survival. Our goal is to establish the following theorem, which implies
the lower bound of Theorem 2, that is,

limsup limsup A (ug) di > 1.
k—o00 n—00
Theorem 6.1. Let ¢ € (0,1) and ¢ = {cs}se0,1) be a collection of positive
constants. Then there exists do(e,c) > 0 such that the following holds true:
Let 1 be a probability measure on N whose sized-biased distribution [ satisfies
d := Ep~zD > dy and the concentration condition (1.2) with c. Further, let
A= (1—-¢e)d! and G, ~ G(n,u). Then, there exists an event &, over graphs
such that P(Gp, € €,) =1 —0(1) and

(6.1) Per (R(Gn) <n?| Gn € &) =1-0(1),
where R(G,,) is the survival time of CPM(G;1g,,).

To establish the theorem, we would like to study the structure of local
neighborhoods N(v,l) of G, ~ G(n,u). Although a neighborhood selected
uniformly at random converges weakly to a Galton-Watson tree, there are some
neighborhoods who contain a cycle. In Section 6.1, we extend the properties from
Sections 4 and 5 to certain Galton-Watson-type random graphs with a cycle that
are relevant to the local neighborhoods of G,,. Then in Section 6.2, we develop a
coupling between the local neighborhoods and the aforementioned graphs in Section
6.1, following the ideas from [3, Section 4.1]. Finally, we conclude the proof of
Theorem 6.1 and establish the lower bound of Theorem 2 in Section 6.3, based on
all the properties we obtained in the previous sections.

6.1. Recursive analysis for unicyclic graphs. In this subsection, we do the
final preliminary work before delving into the proof of Theorem 2. Although
we need to consider the neighborhoods N(v,l) inside G, that contain a cycle,
fortunately, it turns out that it is enough to look at the case with exactly one
cycle (see the discussion in Section 3.2.2 for a sketchy review, or Section 6.2 for
a detailed explanation). Therefore, we are interested in the Galton-Watson type
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>
I

FIGURE 2. An example of H ~ Gwc!(¢,m)! with m = 4. Note
that the depth of a subtree 7; is at most ! (not necessarily equal
to 1).

processes with a single cycle, particularly the ones which are introduced in this
subsection.

Definition 6.2 (Galton-Watson-on-cycle process of type one). Let £ be a positive,
integer-valued random variable, and let m,l > 1 be nonnegative integers. Then,
H™ ~ ewcl(&,m)!, the Galton-Watson-on-cycle process of type one (in short,
GWC!-process), is generated according to the following procedure:

1. Counsider a length-m cycle C = v1v3 ... v01.

2. At each v; for j = 1,...,m, attach 7}1 ~ iid. GW(¢)! by setting v; as its

root.

The resulting graph is called H™!. We designate vertex v; as the root of H™! and

denote p = v1. Note that m = 1 corresponds to the usual Galton-Watson trees.
Figure 2 illustrates a diagram of a GWC!-process.

We are again interested in the excursion time and the total infections at leaves
on the Gwc!-processes. For concreteness, we present the following definitions.

Definition 6.3. Let m,l > 1 be integers, and H be a graph that consists of
a length-m cycle C = vyvs...v,v1 and depth < [ trees Ti,...,T,, rooted at
V1,...,Um, respectively (recall the definition of tree depth in (5.1)).

1. The root-added contact process CP:}(H; x) is the contact process on the
1

graph H U Uf with the permanently infected parent p' having a single
connection with v, and with the initial condition z € {0, 1}#.

2. S(H) (resp., R(H)) is the excursion (resp. survival) time, which is the first
time when CP;}(H; 1,,) (resp., CP*(H;1,,)) returns to the all-healthy

state. S(H) = E¢pS(H) (resp., R(H) = EeoR(H)) denotes the expected
excursion (resp., survival) time.

3. Let £; = {v € Tj : dist(v,v;) = 1}, (Xy) ~ CP;}(H; 1,,) and (X;) ~
1
CP*(H;1,,). For v € L; for some j, we define the total infections at v by

M. (H) := |{s € [0,S(H)] : Xs(v) =1 and X,_(v) = 0}|;
M. (H) := [{s € [0,R(H)]: X,(v)=1and X,_(v) =0}
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Then, the total infections at leaves and its expectation are given as

M'(H) := i > MY(H), and M'(H):=E,M'(H);
j=lveLl;

M'(H) := i > M.(H), and M'(H):=E,M'(H).

j=lveLl;
Note that M!(H) = M!(H) =0, M'(H) = M'(H) = 0 if all the depths of
Ti,...,T,, are smaller than [.

The goal of this section is to establish the following theorem.

Proposition 6.4. Let m,l > 1 be integers, ¢ € (0,1) and ¢ = {cs}sc(0,1] be a
collection of positive constants. Then there exists dy(e,c) > 0 such that the following
holds true. For any & that satisfies d := E{ > dy and (1.2) with ¢, we have for
A= (1-¢)d™ ! and H™! ~ cwcl (¢, m)! that

Pew (S(H™) >t) < St_‘/g(log t)~2 for all t >

(LI )

(6.2) .
Pew <M1(Hm’l) > (1 — 16_0) t) <3t V(logt)~2 for all t > 2,

where S(H™!), MY(H™!) are given as in Definition 6.3.

The main idea of the proof is the same as what we saw in Theorems 4.4 and 5.1.
However, as one can easily expect, the analysis becomes much more complicated
due to the existence of a cycle. In particular, we cannot apply the tree recursion
techniques directly. Due to its technicality, the proof of Proposition 6.4 is presented
in Appendix A.

Next, we introduce the Galton-Watson-on-cycle process of type two (in short,
GWC2-process), which can be thought of as a certain subgraph of GWc!-processes.
Although it is a very similar object to GWC!-process, the root-added process on
GWC? is defined in a different way, as presented in the following definitions.

Definition 6.5 (Galton-Watson-on-cycle process of type two). Let £ be a positive,
integer-valued random variable, and let m > 2, [ > 1 be integers. Then,
H ~ Gwc?(¢,m)!, the Galton- Watson-on-cycle process of type two (in short, Gwc2-
process), is generated according to the following procedure:

1. Consider a length-m cycle C' = v1vy ... v01.

2. At each v;, j € {2,...,m}, attach 7;} ~ iid. Gw(€)! by setting v; as its

root. At v1, we do nothing.

The resulting graph is called H. We designate vertex v; as the root of # and denote
p = v1. Figure 3 illustrates an example of GWC?-process.

Remark 6.6. The GWC2-process is the same object as the GWC-process defined in
[3, Section 4].

Definition 6.7 (Root-added contact process on GWC2-processes). For H o~
Gwc2(¢,m)!, we define the root-added contact process on H without adding a new
parent to the root. Instead, we fix the root p = v; to be permanently infected by
itself, and we denote this process by CP; (H™!; z), for an initial configuration
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H

FIGURE 3. An example of H ~ ewc?(¢,m)! with m =4

z € {0,131} Then, we define So(H), Mé(?—[) (resp., Sm(H), an(H))
analogously as Definition 6.3, with respect to CP} (H;1,,) (resp., CP} (H;1,,.)).
We also write

SH) = ¢ (Sa(H) +S,(R)) . and M) = (M) + ML, ()
- 2 2 m ) I - 2 2 m .

Then, the analog of Proposition 6.4 can be derived on GWC2-process as follows.

Corollary 6.8. Let m > 2, [ > 1 be integers, € € (0,1) and ¢ = {cs}se(0,1]
be a collection of positive constants. Then there exists do(e,c) > 0 such that the
following holds true. For any £ that satisfies d := E€ > dgy and (1.2) with ¢, we
have for A = (1 —e)d~" and H™' ~ Gwc?(¢,m)! that

Pew (S(’;'-lm’l) > t) < 4t V(logt)~2 for all t >

™| W

(6.3) . l
Pgy (MI(H"“I) > (1 - f—()) t) < 4t~Vi(logt)2 for all t > 3,

where S(H™), MY (H™) are given as in Definition 6.7.

As before, we explain the proof of the corollary in Appendix A.3 due to its
technicality.

6.2. Coupling the local neighborhood of random graphs. Let G,, ~ G(n, u)
and i be the size-biased distribution of y. Define GW(u,jz)! to be the Galton-
Watson tree of depth [ such that the offspring distribution of the root is g while
that of all other descendants is ji.

For a fixed vertex v in G,, N(v,l) converges locally weakly to GW(u, i)l as
n — oo, as we briefly saw in Lemma 2.1 and the explanation below it. However,
the standard coupling between N (v,[) and GW(u, f1)! always has an error at least
O(n~1). To diminish this error, we introduce the notion of augmented distribution
(Definition 4.2, [3]), which allows us to stochastically dominate N (v,l) by a larger
geometry. For our purpose, the definition will be slightly different from [3] to yield
a smaller distortion of the mean of ;. Note that if {py }ren satisfies >, pre® < 0o
for some ¢ > 0, then it also has ), k,/pr < oo by Cauchy-Schwarz inequality (see,
for instance, Lemma 4.1 of [3]).

Definition 6.9 (Augmented distribution, [3]). Let ¢ € (0,1) and p = {pg tren
be a probability measure on N such that ]EDNMeCD < oo for some ¢ > 0. Let
ko := max{k : > .5, j/P; > €/10} (which is finite by the above discussion), and
Emax := max{k : py > 0}, with kpax = +oo if the maximum does not exist. If
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ko < kmax, we define the augmented distribution p* = pf of u by

Gy = L0 me k< ko;
Z \/p_k if k> ko,

where Z = 37 o4 (1 — 5)Pk + D _j~p, Pk is the normalizing constant. When
ko = kmax, We set

Z
for the normalizing constant Z = Zj<k0(l — 15)Pk + /Do

iy = LA f)pe ik <ho
Pk if k = ko,

Suppose that we generated the ii.d. degrees {D;};c[n) of G,. Consider the
exploration procedure starting from a fixed vertex v and its half-edges, which picks
an unmatched half-edge in the ezplored neighborhood of v, reveals its pair half-edge
uniformly at random among all the unmatched half-edges and absorbs the matched
vertex. If the matched half-edge is from the unexplored half-edges, then we include
the half-edges adjacent to the matched vertex in our explored neighborhood and
its (unmatched) half-edges into the explored neighborhood. Then, during the early
steps of exploration, the number of newly added (unmatched) half-edges is roughly
distributed as 1z, as long as we discover a new half-edge out of the previous explored
neighborhood.

However, as we mentioned at the beginning of this subsection, their exact
distributions are not precisely . The role of the augmented distribution is to
provide a unified law that stochastically dominates the number of newly explored
half-edges in all the early steps. The following lemma describes this property.

Lemma 6.10 (Lemma 4.3, [3]). Let ¢ € (0,1) and ¢ = {cs}sec(0,1] be a collection
of positive constants. Then, there exists do(e,¢) > 0 such that the following holds.
For any probability measure v on N having d := Ep., D > dy and the concentration
condition (1.2) with ¢ = {cs}se(0,1

1. Let v* := vt and d* := Eps_,: D* be its mean. Then,
€
¢ <(1+:7)d
hS + 9

Further, let d (resp. d*) be the mean of U (resp. %), the size distribution
of v (resp. V*). Then, d* < (1+ £)d.
2. There is a collection of positive constants {c’s,}efe[%’l] such that v* satisfies
Ppimys (DF > (1+€')d) < exp(—cld), foralle € [16_0’ 1} ;

(6.4)
Ppimyt (DF > (1+a)d) < exp(—ciad), foralla> 1.

3. Let {D;}iem) be a collection of i.i.d. samples of v. For a subset A C [n],
let {pQ>}ren denote the empirical distribution of {Di}iempa- Whp over
the choice of {D;}icn), {p2Yren is stochastically dominated by v¥, for any
A € [n] with |A] <n=.

The third property in the lemma is almost analogous to that of Lemma 4.3, [3].
In Section B.4, we discuss the proof of the lemma, focusing on the aspects which
are different from [3].
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Now we want to derive a coupling between the local neighborhoods of G, ~
G(n, p) and the Galton-Watson-type processes. The first thing we should handle is
to control the number of cycles in a local neighborhood N (v,1). For a fixed constant
v > 0, we define the event £ () over the graphs with n vertices to be

E(y) :={G, : Vv € G, N(v,vylogn) contains at most one cycle}.

Then, we adopt the following lemma that shows the event £ (7) is indeed typical
for some v > 0. The proof of the lemma is presented in Section B.5 in the Appendix,
due to its similarity to [3, Lemma 4.5] and [15, Lemma 2.1].

Lemma 6.11 ([3,15]). Let € € (0,1) and ¢ = {cs}sec(0,1] be a collection of positive
constants. Then, there exists a constant do(e,c) > 0 such that the following holds.
For any probability measure i on N having d := Ep.,D > dy and the concentration
condition (1.2) with ¢ = {cs}se(0,1), we have for Gy ~ G(n,u) that

(6.5) P (Gn eel (1012gd)) =1-o(1).

Remark 6.12. In [3, Lemma 4.5], it was proven that P(G,, € £7(y)) = 1 — o(1)
for some constant v depending on d in a rather implicit sense. Here, we have an
additional assumption of (1.2) and it makes it possible to deduce Lemma 6.11, a
stronger result. The improved information on the constant -y turns out to be crucial
in Section 6.3 when proving Theorem 6.1.

Set v1 = % and [,, := - log;n. The remaining task of this subsection is to define
the Galton-Watson type process which will be coupled with the local neighborhoods
N(v,ly). The notion was already introduced in [3, Definition 4.7].

Definition 6.13 (Edge-added Galton-Watson process, [3]). Let h,m,l be
nonnegative integers such that m > 2 and [ > h + 1, and let v be a probability
distribution on N. We define the Edge-added Galton-Watson process (in short,
EGW-process), denoted by EGW(v; h,m)! as follows.
1. Generate a GW(v)! tree, conditioned on survival until depth . The root p
of this tree is also the root of EGW(v; h, m)!.
2. At each vertex u at depth h, add an independent GWC? (v, m)"~" process
(see Definition 6.5) rooted at u. Here we preserve the existing subtrees at
u which comes from GW(v)! tree from Step 1.

Let v/ be another probability measure on N. Then, EGW(v,'; b, m)! denotes the
EGW-process whose root has offspring distribution v while all other descendants
have v/. Here we also add Gwc?(v/,m)!~" in Step 2 of the definition. We also
remark that EGW(v; 0, m)! = cwc! (v, m)!. An example of EGW-process is illustrated
in Figure 4.

We develop a coupling between N (v,7;log;n) and the EGW-processes. To
this end, we define the notion of stochastic domination between two probability
measures 7,7’ over rooted graphs: we write n <¢r 1’ if there exists a coupling
((G,p),(G',p")) such that (G,p) ~ n, (G',p) ~n' and G C G', that is, there is a
graph isomorphism that maps p to p’ and embeds G into G'.

Let v be a fixed vertex in G, ~ G(n,p), and recall that y; = 15 and
l, = Lloggn. We also abbreviate £ = £F(71/logd). In addition to £F, we
define By, (v) to be the subevent of £ such that N(v,l,) contains a cycle of
length m that is at distance h from v.
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H

FIGURE 4. An example of H ~ EGW(v; h,m)! with m =3 and h =1

Moreover, for a given ¢ € (0,1) we set uf = puf to be the augmented distribution
of u, and [i* to be the size-biased distribution of uf. Further, let n, 1y and Mh,m
denote the law of N (v,1,,), GW(u*, i*)'» and EGW(1i#, i¥; b, m)!" | respectively. Then,
Lemma 4.8 of [3] provides us the following coupling lemma, which plays a crucial
role in settling the lower bound of Theorem 2 in the following subsection.

Lemma 6.14 (Lemma 4.8, [3]). Under the above setting, let by = P(Bhm(v))
and by =1 — Zh’m bh.m. Then we have

Mlec <abomo+ Y, Mhme
h>0,m>2

So far, we have collected almost all the elements we need in the proof of Theorem
2. The last thing we want is the tail probability estimates for EGW-processes. To
be concrete, we begin with defining the quantities of interest.

Definition 6.15 (Excursion time and total infections at leaves for EGW). Let
h,m,l be nonnegative integers with m > 2, v,/ be probability measures on N,
and H ~ EGW(v,v'; h,m)!. We connect a permanently infected parent p* to the
root p of H, and the contact process on the resulting graph is the root-added contact
process CP;‘Jr (H; ) on H with initial condition = € {0, 1}*.
o The excursion time S(H) is the first time when CP2+ (H;1,) becomes all-
healthy on #H, and S(H) = Ec»S(H) denotes the expected excursion time
on H.
e Let £ be the collection of bottom leaves of H, that is, denoting {C;} to be
the length-m cycles in H,
L ={veH:dist(v,p) > and dist(v,C;) > — h for all j}.
e Let v € L. Denoting (X¢) ~ CP;‘Jr (H;1,), we define the total infections at
v by
M. (H) = [{s € [0,S(H)] : Xs(v) =1 and X,_(v) = 0}].
Then, we set the total infections at depth-l leaves as
M (H) := Y ML(H).
veEL

e We also let MY (H) = E,xM!(H) to be the expected total infections at
leaves.

For an EGW-process H, the tail probabilities of S(#H) and M!(H) can be estimated
using Theorems 4.4, 5.1, and Proposition 6.4, which can be described as follows.
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Proposition 6.16. Let m,l,h be nonnegative integers such that m > 2 and
I > h+1. Also, let ¢ € (0,1) and ¢ = {cs}sc(01] be a collection of positive
constants. Then, there exists dy(e,¢) > 0 such that the following holds true. For
any u that satisfies d := BE > do and (1.2) with ¢, let pu* = uf, and set fi* to be
its size-biased distribution (Definition 6.9). Then, we have for A = (1 —e)d~! and
H ~ EGW(uf, i h, m)! that

Peow (S(H) > t) ‘/_(log )2 for all t >

(LI )

(6.6)
Pow <Ml('H) 1 - = ) logt) for allt > 2,

where S(H™!), MY (H™') are given as in Definition 6.15.

Proof. Along with (6.6), we establish the same inequalities for H ~ EGW(i*; h, m)!
in tandem, by an induction on h. When h = 0, we have (6.6) for both EGW/(i*; 0, m)"
and EGW(u?, i*; h, m)!, since the former one is the same as Gwc!(zif, m)! and the
latter is H ~ Gwc! (u¥, if, m)!, the GWC -process in which only the root of the
Galton-Watson tree rooted at v; has offspring uf and all others have offspring jif.
By Lemma 6.10, the mean d:= ]EDaNﬁuDﬁ of i is such that

Jg(H%)d,

and [i* also satisfies (6.4) with ¢’ as in the lemma. Note that this implies (1.2) for
fi*. Therefore, Proposition 6.4 gives (6.6) for h = 0 and all m > 2, [ > 0.

Suppose that we have (6.6) for H' ~ EGW(ji*; h,m)! with m > 2, h > 0 and
I > h+ 1. Let p; be the root of H; ~ EGW(fi;h + 1,m)! and D; ~ ff be
its degree. Then the subgraphs H{,.. .,H}Dl rooted at each child of v; are i.i.d.
EGW(1i*; h,m)! 1. Since we have the tail probability estimates for H{,..., H}, by
the induction hypothesis, we follow the proof of Theorems 4.4 (Sections 4.2.1—
4.2.3) and 5.1 (Sections 5.3.1—5.3.3) to deduce (6.6) for H;. The result for
Hy ~ EGW(u#, fi*; h + 1,m)! follows similarly, where the only difference is that

Hy has subgraphs Hf, ..., H}, ~ iid. EGW(uf; h,m)!~! with Dy ~ ub. O

6.3. Proof of Theorem 2. In this subsection, we conclude the proof of the lower
bound of Theorem 2, by showing Theorem 6.1.

Let € € (0,1) and a collection of positive constants ¢ = {cs}sc(0,1] be given,
and let dy = dy(g,¢) be the maximal among those from Theorems 4.4, 5.1 and
Proposition 6.16. For u and its size-biased distribution with mean d := Ep.,/, let
71 € (0, 5) be a constant satisfying Lemma 6.11, that is,

(6.7)

PG, ~g(nu (Gn € 55) =1—o0(1), with & =¢&¢ (Jﬁ) as in the lemma,

and set [,, = [ %4 log,n].
In the remaining of this section, we assume that G,, ~ G(n, u) satisfies £5. For
each vertex v € G,,, we define the block B, at v as follows.

e B, :=N(v,l,), if N(v,l,) is a tree.
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e If N(v,l,,) contains the unique cycle C' at distance h from v, then

B, := N(v,1,,) U lU N (u,l, — h)

ueC

Note that we always have B, C N (v, log,;n), so that B, can only have at most
one cycle.

Let puf = p? be the augmented distribution (Definition 6.9) of p and f be
its size-biased distribution. Also, set 79, nn.m to be the laws of Gw(u#, i#)in,
EGW (¥, ii¥; h, m)! | respectively, and let H be a sample from

Ho~ boo+ D Thms
h>0,m>2

where the constants by and {bj m}r>0,m>2 are given as in Lemma 6.14. Then,
Lemma 6.14 tells us that for fixed v, we can couple N(v,l,,) and H so that
N(v,l,) C H (in terms of isomorphic embeddings). Furthermore, the same proof as
in the lemma gives the coupling between B,, and H as follows. We refer [3, Lemma
4.8] for its proof.

Corollary 6.17. Under the above setting, let v be a fized vertexr in G, and 1
denote the law of B,. Then, we have

(6.8) Mlee <scbomo+ D Thm-
h>0,m>2

Further, let us consider the collections of the bottom leaves of B,. To this end,
let C' denote the cycle in B, if exists, and let
(6.9)
_ J{u € B, : dist(u,v) > I,} if C' does not exist;

L(B,) :=
(B.) {u € B, : dist(u,v) > 1, and dist(u,C) > 1, — h} if C exists,

where h = dist(v,C). Also, set L(H) to be the bottom leaves of H, where we
follow Definition 6.15 if H is an EGW-process. An important thing to note is that
if B, C H, then we have

L(By) C L(H),
in terms of isomorphic embedding. That is, there exists an isomorphism ¢ mapping
B, into H such that ¢(v) = p, ¢(L(By)) C L(H).

Since H is a mixture of Galton-Watson and EGW-processes, Theorems 4.4, 5.1
and Proposition 6.16 imply the tail probabilities of S(#) and M= (H). Thus, R(B,)
and M'»(B,), the expected survival time and the expected total infections at leaves
with respect to CP*(B,;1,) (Definition 6.15), satisfy

P(R(B,) > t) <P (S(H) >t) < 3t V(logt)~2, forall t >

6.10) P (Ml" (B,) > (1 - 1%)1 t>

In
<P (Ml" (H) > (1 - 16—0) t> <3t Vi(logt)2, forall t > 2.

(LI )

Based on the above discussions, we can deduce the following lemma.
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Lemma 6.18. Under the above setting, define the events EX and EM over the
graphs with n vertices by

ER .= {R(B,) < n2/Va for allv e Gn}
EM .— {M'(B,) < (logn)~', for allv e G,}.
Then, P(G,, € EENEM) =1 - o(1).
Proof. Note that (6.10) implies
P (R(BU) > nQNE) <n2

and also

7ln 1 ln _EN™ exp (5 loggn)
F (M (Bo) 2 logn SP(MM(H) 2 (1 10) logn
L ) e (2
<P (M (H) > (1 10) exp ( 30 log, n))

’Yl\/_ -2
<
—eXp< 30logd g”) ’

where the second and the last inequalities are true for d larger than some constant
depending on € (note that 7; was an absolute constant). Therefore, the conclusion
follows from a union bound over all vertices. O

We conclude this subsection by establishing Theorem 6.1.

Proof of Theorem 6.1. Let £5,EE and M be the events over graphs of n vertices
defined in Lemmas 6.11 and 6.18. Further, set v, € (0, 1) as in (6.7) and define
En =ECNERNEM,
Then, Lemmas 6.11 and 6.18 tell us that
P(G, € &) =1—0(1).

In the remaining proof, we settle (6.1) for &, as above.

Let R,(G,,) be the survival time of CP*(G,,;1,). Then, the standard coupling
argument (also called graphical representation, see, for instance, Section 2 of [3] for
a brief review, and [14] for a detailed introduction) tells us that

(6.11) R(Gp) = max{R,(Gn) :v € Gn} < > Ry(G)

veG,

» 10

To investigate R,(G,), we introduce a decomposition of CP*(G,;1,) using
the blocks {By}u. Recall the graphical representation from Section 2.1 and
let {Na(t)}zev(c,) and {Nay(t)}5cpq,) Pe the Poisson processes defining the
recoveries and infections of CP*(G.,; 1,), respectively. Also, recall the definition of
the bottom leaves £(B,) defined in (6.9).

Definition 6.19 (Decomposition). Let G, and {By,}lueqg, be as above. The
decomposition of CP*(G,,; 1,) by { B, }. is the coupled process generated as follows.

1. Initially, run CP*(B,;1,) whose recoveries and infections are given by
{(Nz(8))s>0}eev(m,) and {(Nx@(s))szo}@eﬁ(gv)-
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2. In B,, when some u € L(B,) becomes infected in B, at time ¢ (and has
been healthy until time ¢t—), initiate a copy of CP*(B,; 1,,) with event times
given by {(No(5))szt}rev(s,) and {(Ney(5)sst}sye i

3. Repeat Step 2 to every running copies of {CP*(By;1y)}ueg, until the
process terminates, that is, when all vertices in every generated copy are
healthy.

Since the copies generated in this definition share the event times with the
original process, it is just another way of interpreting CP*(Gy;1,). In particular,
both CP*(G,,;1,) and its decomposition terminate at the same time. Also, even
though the generated copies can be highly correlated with each other, the law of
each copy is the same as the contact process with intensity A. In this approach, we
can see that controlling the number of infections at £(B,,) is crucial, which is done
by the second and third lines of (6.10).

Let R, (G,) denote the termination time of the decomposed process. Since the
copies in the above procedure share the event times with the original process, we
see that Ry(G,) = Ry(G,) and hence

(6.12) Ry(Gy) := EqpRy(Gr) = Ry(Gy) := B Ry (Gh).

Further, let U, (G,,) be the enumeration of vertices u of which a copy of CP*(B,; 1.,)
has been generated during this process. If the copies of CP*(B,; 1,,) for u appeared
multiple times, we include u multiple times in U, (G,,), respecting the multiplicities.
Then, we observe that

(6.13) R,(G.) < > Ru(Bu),
uweU,(Gr)
where we have a slight abuse of notation in the r.h.s. since we omitted the initiation
times of the copies CP*(By;1,), u € U,(Gy).
On the event &M, the expected number of new copies generated in Step 2 and 3
from a single CP*(B,;1,) is at most (logn)~!, uniformly in u. This gives that
oo
EoxU,(G,) < Z(logn)_k <2,
k=0
for large enough n. Moreover, on £, each generated copy survives at most n2/vVd_
time in expectation, so we have from (6.12) and (6.13) that for all v € G,,,

RU(GYL) S ECPﬁU(Gn) S 2712/\/E
Thus, (6.11) gives R(G,) < 2n1+247"? " and hence by Markov’s inequality we get

1
IEDCP (R(Gn) Z n2 | Gn S gn) S % = 0(1)7
for any d larger than some absolute constant. This finishes the proof of Theorem
6.1. (]

7. SUPERCRITICAL PHASE FOR GENERAL DISTRIBUTION: PROOF OF THEOREMS
5 AND 6

In this section, we establish Theorems 5 and 6. We first observe that the phase
transitions for GW(f) and GW(u, 1) occur at the same intensity (Lemma 7.1) and
then show the second inequality in (1.5) (Lemma 7.2). After verifying the two
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lemmas, we prove the first inequality in (1.5) and Theorem 6, which is the main
goals of this section. Finally, in Section 7.6, we combine the main results obtained
throughout the paper and conclude the proof of Theorems 1 and 2.

Lemma 7.1. We have
ATV (1) = AP (s )

Proof. Let A > A{V(iz). The contact process on GW(u,z) with rate A\ and the
root initially infected has a positive probability of reaching a vertex in the first
generation. Once such a vertex is infected, the contact process on its subtree has a
positive probability to survive forever. Thus, A > A{Y(p, it).

On the other hand, let A < A{¥(f). Let 7 be the (random) survival time of the
contact process on GW(zi) with the root initially infected. We have

P(r < 0) = 1.
Let m ~ p be the number of vertices in the first generation of 7 ~ GW(u, ). Let
(X:) be the contact process with rate A on 7 and with the root initially infected.

Conditioned on m, if 7 remains infected at time ¢, the probability that 7T is healed
in a finite time before any infection between the root and its children happens is at

least

P, (Ber(efzm)”' )) > 0,
where 7 = max{79,71,...,7m} < 00 a.s., 7o ~ exp(1l) upper bounds the survival
time of the root and 71,...,7, o upper bound the survival time of the contact

process on the m subtrees rooted at the vertices in the first generation after time ¢.
Thus, (X;) dies out with probability 1, proving A < A{¥(u, ) and completing the
proof. O

So, for the rest of the proof, we simply write A\; for A{¥ () and AYY (u, ). Next,
we prove the second inequality in (1.5).

Lemma 7.2. Let p be a degree distribution satisfying the giant component condition
(2.2), and let 1 be its size-biased distribution with d := Ep.zD. We have
1

d—1

Proof. Let A > -A=. Let T ~ GW(f) and (X;) be the contact process on 7 with

the root p initially infected and infection rate A. Construct a subtree 7’ rooted at

p level by level as follows. Let v be a vertex of 7 and let u be its parent. The

vertex v belongs to 7' if and only if u € X, NT”’ for some ¢ and after the first time

that u is infected, it passes its infection to v before being healed. Observe that 7’
A

is a Galton-Watson tree with branching rate 175 and so, as this branching rate is

greater than 1, 77 is infinite with positive probability which means that (X;) lasts

forever with positive probability. In other words, A > A{¥(x). Hence, we obtain
the conclusion. |

X5 () <

The rest of this section is devoted to the proof of the first inequality in (1.5)
and the proof of Theorem 6. Let A > AfVW(1z). We want to show that whp in
Gy, ~ G(n, ), the contact process on G,, starting with all vertices infected survives
until time ¢®™ whp and the contact process starting with one random vertex
infected survives until time e®(™ with positive probability. Our strategy is to show
that whp, if there are many “good” vertices (Definition 7.7) infected at certain
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time ¢, then there are at least twice as many good vertices infected at a later time.
Roughly speaking, a good vertex v has a well-expanding neighborhood that looks
like a Galton-Watson tree. Since A is in the supercritical regime of the tree, with
positive probability, the contact process starting from v infects many vertices on
the boundary of that neighborhood.

7.1. Preprocessing the graph. We first preprocess the graph G,, to get rid of
high degree vertices. This will be useful to control the number of explored vertices
during our exploration of G,, (we refer to the paragraph following Definition 6.9 for
a formal discussion of the term exploration). If u has an infinite support, we let 7o,
jo, and j1 be positive constants such that u(jo) > 0, j1 € [jo, e”/19), and

(7.1) 11(jo; 00) = Py (D > jo) = 10Ep~y D1 ps i,y = 10m0.

Note that the requirement j; < e70/10 is guaranteed by the assumption that p has
an exponential tail. If u has a finite support, we let jo = j; be the largest number
in the support of u and 7y be a sufficiently small constant satisfying

(7.2) 1(Jo) = 10mo.

Sample the degrees Dy, Ds,...,D, of G, independently according to the
measure u. Let v be the empirical measure of this sequence (D;). We have whp,

(7.3) |v[0,1] — p[0,1]] <mo, VI<ji by Chernoff inequality
and
n
(7.4) Z Di1;p,~j,y <2mon by Chebyshev’s inequality.
i=1

Consider the subgraph G/, obtained from G,, by deleting all vertices with degree
greater than j; together with their matched half-edges. The remaining randomness
is the random perfect matching of the remaining half-edges. Let n’ be the number
of vertices of G/,. By (7.4), the number of vertices that are affected by this removal
is at most 3ngn and in particular, n’ > n — 3ngn. Let v/ be the empirical measure
of the degree sequence of G!,. We have

|V'[0,1] — v[0,1]] < 3no, V.
Combining this with (7.3) gives
whp, [V[0,1] — u[0,1]] < 4no, VI <.

Let fiy,.4, be the probability measure given by
(7.5)

(1-— 47]0)’“3[%7[2;]]"’]) +4m0l0cay if p has an infinite support,

Hing.jo (A) = (AN0,50)) + (1(jo) — 410)1jpea + 4n01{0e A}
if 4 has a finite support.

By (7.1) and (7.2), we have for every [ < jo,
1/[05 l] < maX{,u[O, l] + 4o, 1} < Hno,j0 [07 l]
and so

(76) whp, v/ >t Hno,jo-
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Similarly, we have

Lemma 7.3. With high probability, for any subset A of vertices in G, with at
most non vertices, the empirical measure v’ of the degree sequence in G, \ A also
satisfies V" > gt g jo -

Therefore, as long as we have explored at most ngn vertices, we can use [, j,
to bound from below the neighborhood of an unexplored vertex.

Let fiy,.;, be the size-biased distribution of i, j,. As 1o — 0 (and jo — oo when
p has an infinite support), f,, ;, approaches fi. Let d be the mean of Feno o -

7.2. Good trees. We define a notion of “good” trees to describe those trees on
which the contact process spreads well: the number of infected vertices grows
exponentially. As A is in the supercritical regime of the Galton-Watson tree GW(z),
we then show that with positive probability, a random tree is good.

Definition 7.4 (Good trees). A tree T with root p is said to be (sg, Lo, k, 8, €)-good
if

(7.7) Py (|X,’jSLO° AThr,| > 9’“) >,
where (thL“) ~ CPMT<kry;1,) and Ty, is the set of vertices at the kLo-
generation.

The following lemma asserts that there is a positive chance for a random tree to

be good.

Lemma 7.5. Let T ~ GW([iy, j,). There exist constants s, Lo,e > 0 and 6 > 1
such that

(7.8) Pow (T is (so, Lo, k, 0, €)-good) > €

for all k sufficiently large where the probability is taken over the random graph and
the contact process.

For the proof of Lemma 7.5, we first show that

Lemma 7.6. Let T ~ GW(j1). There exist constants so, Lo, > 0 and 6 > 1 such
that

(7.9) E(| XL NTL,l) >0,

where (X{°) ~ CPN(T<r,;1,) and the expectation is taken over the random graph
and the contact process.

Assuming Lemma 7.6, we prove Lemma 7.5.

Proof of Lemma 7.5. As [ip, j, — [, it suffices to prove (7.8) for T ~ GW(z).

Let Wi, = |X,]§8L0 N TkLo|- Then (W) dominates a Galton-Watson tree with
branching rate § > 1. Recall that for a Galton-Watson tree (Zj) with branching
rate 6 > 1, there exists a nonzero random variable Z such that

Z

|9—:| — Z a.e.
Thus, there exists an € > 0 such that for sufficiently large k,
(7.10) P (W), > ") > e.
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Let F(T) =P (\X,’:tLO N TreLo| > 50’“). We have
EcwF(T) > e.

Since F(T) is a random variable taking values in [0, 1], the above inequality implies
(7.8) which is
Pow(F(T) > €/2) > ¢/2
because otherwise,
EewF(T) < EG\VF(T)IF(T)25/2 +e/2<¢e/2+¢€/2 =k,

a contradiction. ]
Proof of Lemma 7.6. Let X' € (A1, ). Note that (X;) has the same distribution,
up to rescaling the time axis, as a contact process (Y;) with infection rate X" and
recovery rate )‘7/ =:1—¢;. Let (Y;*) be the contact process (Y;) restricted to 7=z,

namely, it only uses the infection and recovery events inside 7<r,. It suffices to
show that for some sg, Lo,

(7.11) Er([YZe NTwl) > 6,
where YSLS“O = Ui<s, Y%, Indeed, assuming (7.11), we have

E(IXL, NTL)) > 6.
Let Wy, = |X§ig N TkL,| then by the same argument that derives (7.10), we have
(7.12) P (W > eb") > ¢
for all sufficiently large k. As a consequence,

E|Wy| > %6,

Thus, there exists ¢ € [0, ks] such that

EIXG5 0 0 Thro| > €207 /ks.

Hence, by choosing k large, we have
E|XFE O Taso| > e 'e26% ks > 1,

which proves (7.9) by letting the new sg to be ¢t + 1 and the new Ly to be kLqg.

Let (Y/) be the contact process on 7 with the root initially infected and with
infection rate A\’ and recovery rate 1.

Since X' > A1, the contact process (V) survives forever with positive probability
and in such event, there is a path of infection from the root to infinity with positive
probability. Let Ay, 1, be the event that there is a path of infection of (Y} )i<s,
from the root to a leaf of the Lo-generation that lies entirely in 7<r,. We have

Pry U Aso o 70 VLo | >¢

50€(0,00)

for some constant € > 0. Thus, for all Ly,

IP)T,Y’ U A507L0 75 D] >e.

50€(0,00)
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We fix Lo to be a sufficiently large constant. Since A, 1, is an increasing event in
Sp, there exists sg > 1 such that

PT7Y’ (A507L0 7é 0) > €.
Note that As, 1, C As, 1y for any Lj < Lo and hence

(7.13) Pry (ASU,L6 #0)>e, VLG < L.

Conditioned on the event Ay 1, let W, 1, be the set of vertices in 7<r, that are
infected by time so by an infection path that lies entirely in 7<r, then Wy, 1, is a
subtree of 7 that contains p and at least one vertex of depth Lg. Let 0W, , be
the set of vertices of Wy, 1, that either belong to 7z, or has at least one child not
in WSmLo'

Let C be such that

7.14 Ce? =10

( ) €& DY )

where we recall that e; = 1 — )\7/ The reason for this choice of C' will be clear in
(7.16).

Let Br, be the event that there exists a subtree W of 7<, containing the root,
intersecting 7z, and satisfying |0W| < C. Note that this event By, depends only
on the randomness of the tree, but not on the contact process. We shall show later
that for any fixed constant C,

(7.15) lim P (Bg,) = 0.
Lo—00

Assuming (7.15), we let Lo be sufficiently large so that P(Br,) < e/2.

We now consider the event As, 1, \ Br, (which happens with probability at
least €/2). The process (Y;) can be obtained from (Y;') by censoring each recovery
clock with probability 1 — e1; in other words, with probability 1 — €1, a recovery
clock of (Y{) is kept and with probability e;, it is ignored. For each vertex
v € OWsy 1, N Ter, with a child u ¢ Wy, 1,, if v € Y] then with probability
at least (1 — 6_30)1i)\, u € Yeos,. If v ¢ Y, , then there is at least one recovery
clock at v in time [0, sg]. By censoring these recovery clocks, with probability at
least €1 (1 — e™%0) 14)\r>\7 we have u € Y<as,. Consider the subtree T,, C T rooted at
u. We observe that the trees T, are disjoint and are independent of Wy, r, and
(Y!)i<s,- By (7.13), if w is infected at time ¢, with probability at least e, there is
a path of infection from u to a leaf of the Lg-generation of 7 by time sg + t. In
particular, the expected number of infected descendants of uw that belong to the
Lg-generation of T by time sg + ¢ is at least €.

Hence, by the choice of C in (7.14),

E(|YZ3,, N 7w, )

(716) 2 IP(ASO;LO \BLO)E (|8W507L0| €
€ 1 A
SRS
proving (7.11) by setting 3sy to be the new sq.
It remains to prove (7.15). Assume that such a W exists. Let P be a path of
length L in W connecting p and a vertex in the Lg-generation of 7. Let v be a
vertex in P followed by a child w € P and consider the subtree Tp(v) consisting of

_ p 50
ASO,LO \BLO) 61(1 € )1+ )

e>1,
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v and its descendants who are not descendants of w. If this subtree intersects 7Tr,,
then it must contain a vertex in OW. Observe also that these subtrees Tp(v) are
disjoint for all v € P. Therefore, there are at most C vertices v in P whose Tp(v)
intersects Tr,. Assume that the depth of these vertices is p; < -+ < pi (k < C).

There are at most C(Lg + 1)¢ ways to choose the sequence p; < --- < p. For
each such choice, it suffices to show that the probability that there exists a W
corresponding to this sequence is exponentially small in Lg, namely there exists a
positive constant ¢ such that

(717) P (BL07p17~--vpk) < eicLO’

where Br, p, ....p. 1S the event that there exists a path P = (p, v1,...,vr,) of length
Lo in T<r, connecting the root and a vertex of depth Ly such that for all vertices
v € P except those at depths p1,...,pk, Tp(v) does not intersect 7r,. Since

B, € U Bropi,...pr>

P1,---sPk

by the union bound, we get (7.15).

It is left to prove (7.17). We say that a vertex v is thin if it has exactly one
child with at least one descendant in the Lj-generation of the tree. Let €2 > 0 be
the probability that the root of Gw(zz) has at least 2 children with infinitely many
descendants then for a given vertex v, the probability that v is thin is at most
1 — ey (with or without conditioning on the event that v has a descendant in the
Lo-generation). We have

(T18) P (Bryp..pn) < (1— 2P0 *dh ey < (1 - ep)P (1 e2)"hdey !

which gives (7.17) for sufficiently large L.

To see (7.18), take for an example that the sequence pq,...,pr is 2,3. The
probability that p is thin is at most 1 — e5. Conditioned on this event, there is
only one choice for vy, which is the only child of p with a descendant in the Lg-
generation. The probability that v; is thin is again at most 1 — &2 and conditioned
on this event, there is only one choice for vs. Now, vy is not thin and there can be
many choices for vs among the children of vs. Likewise, there can be many choices
for v4 among the children of v3. Given vg, the expected number of choices for vy is
the same as

d2

(7.19) Erew( (|72]|Too—2 # 0) < Frowe T 20 < dPeyt

Repeating this argument for the chance that va,...,vr,—1 are thin, we get
P(Bry2s) < (11— e2)F02@Pe;t < (1 — g9) P07 2d2e5 2.

The proof of (7.18) for a general sequence py, ..., p; follows by the same reasoning.

We leave the details to the interested reader. O

7.3. Good vertices. We are now ready to define the notion of “good” vertices as
mentioned earlier. Let sq, Lg, # be the constants in Lemma 7.5.
Let ¢ be a small constant such that for T ~ GW(fi,, ;,) and for all A > c;*,

(7.20) Py (m| > cod'h) > 2¢p.

[ 7]
dh

variable almost surely and that fi,, j, converges to g and d converges to d.

The existence of ¢ follows from the fact that converges to a nonzero random
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For a set of k “good” vertices, we shall show that there are a lot more vertices
infected at a later time (Lemma 7.11). Generally, a good vertex is a vertex with an
expanding neighborhood, namely a distance-h neighborhood contains at least cod"
vertices (similar to 7 as in (7.20)).

For the proof of Theorem 5, we only need to take x = dn while for Theorem 6,
we shall need the range of x to be in [(logn)®, dn] where C is a large constant and
0 is a small constant to be chosen. Thus, for the reader who is only interested in
Theorem 5, it suffices to assume that x = dn for the rest of the proof. Here, we
write for any x € [(logn)®, dn].

Let

(7.21) l1(k) = 210gdlogE
K

be the depth (up to an additive constant) of the neighborhood for the definition of
good vertices. Roughly speaking, the reason for this choice is to have

(7.22) @™ > logl and jEk < o,
K

where the second inequality ensures the hypothesis of Lemma 7.3 and the first
inequality, whose purpose will be clear later in Lemma 7.8, is to facilitate the union
bound over choices of x vertices.

Definition 7.7 (Good vertices). A vertex v € G, is said to be k-good if
e N(v,3) has jo(jo — 1)® out-going half-edges,
e Each out-going half-edge of N(v,3) expands well to depth [;(k), namely,

it is matched to a half-edge of a vertex u and the number of out-going
half-edges of N(u,l1(k))\ N(v,3 +1i()) is at least cod" ().

By (7.20), we have for a uniformly chosen vertex v,
. . 4 Go(jo—1)3
(7.23) P (v is g0od) > (tng jo (o)) ™" =: po,

where the term (py, j, (jo))jg bounds the probability that the first condition in
Definition 7.7 happens with j; bounding the total number of vertices in N(v,3)

and the term c’é“UO*l)fi bounds the probability of the second condition for which
we use Lemma 7.3 and (7.20).

7.4. A graph property. Let
(7.24) la(k) = Al (K),
where A is defined by the equation

(Ad/2)64/? =2 > 1.

Intuitively, if there are s infected vertices that are k-good, at distance 4 + 1 (k)
from these vertices, there are about xd (") vertices by the Definition 7.7. The
number of these vertices that are infected at some point in the future is at
least kd'*(")(\/2)11(%) A decent portion of these vertices expands good trees of
depth l3(k)Lo by Lemma 7.5 and so the number of infected vertices at depth
4+ 11(K) + la(k) Lo is about kd () (\/2)h(mgla(k) > koli(s) > k  The rest of
this section is to make this heuristic rigorous.

Licensed to Princeton Univ. Prepared on Mon Feb 13 21:49:33 EST 2023 for download from IP 128.112.200.107.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



3946 DANNY NAM ET AL.

Note that A is independent of C and §. Let
(7.25) I(k) =4+ 11(k) + l2(k) Lo.

Following the above intuition, we consider a sequence of events on the random
graphs G,.

e Bis the event that for every s € [(logn)“, dn], for every set D of x vertices
of G, that are k-good and whose 3-neighborhoods N (-, 3) are all disjoint,
it holds that

(1) there are at least cod" ")k out-going half-edges from AN (D, 4+1;(k)),

(2) at least
coed" (") /4 of these half-edges expands to an (sq, Lo, l2(k), 8, £)-good
tree of depth lo(k)Lg. Moreover, these good trees are disjoint.

e Let C; be a large constant that does not depend on ¢ and C (in other
words, we shall choose C' > C; and 6~ > (). Let C be the event that
the following holds for every x € [(logn)®,dn], every set D of at most x
vertices in G, every a > palnlog% + (logn)t and Ly < Cloglog 2. Let
(X:) be the contact process on G, with D initially infected and let s be
any positive number. Let Dy be the set of vertices in ON(D, L;) that are
infected at time X, using only the infection and recovery events within
N(D, L) and let F,; be the set of x-good vertices in G’,. Then

(7.26) Pep <|Ds NF.| < apo/2‘|DS| > a> < exp (—SHlog g) .

!
no

Under the randomness of the perfect matching of half-edges in G, , we show in

Lemmas 7.8 and 7.10 that B and C happen whp, respectively.

Lemma 7.8. We have

(7.27) P(G! € B) =1 - o(1).

For the proof of this lemma, we shall use the cut-off line algorithm introduced
in [10] to find a uniform perfect matching of the half-edges in G/,.

Definition 7.9 (Cut-off line algorithm). A perfect matching of the half-edges of
G/, is obtained through the following algorithm.

e Each half-edge of a vertex v is assigned a height uniformly chosen in [0, 1]
and is placed on the line of vertex v.

e The cut-off line is initially set at height 1.

e Pick an unmatched half-edge independent of the heights of all unmatched
half-edges and match it to the highest unmatched half-edge. Move the
cut-off line to the height of the latter half-edge.

Figure 5 illustrates the algorithm.
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cut-off line
---------- —mmmfmmmm---- Y --------f---------]----- pew cut-off line

V1 () V3 Up,

F1cURE 5. The circles ‘o’ represent matched half-edges and the
crosses ‘x’ represent unmatched half-edges. The blue half-edge
is chosen and matched to the red half-edge which is the highest
unmatched half-edge. Then the cut-off line is moved to the new
cut-off line (the dashed line).

Proof of Lemma 7.8. Let D be a set of k vertices.

Perform the cut-off line algorithm to explore N(D,4 + [1(k)): in other
words, we run the cut-off line algorithm to match the half-edges of D and then
ON(D,1),...,0N(D,3+11(k)). Starting with the cut-off line at 1, let 1 — a be the
position of the cut-off line after this exploration.

Let

’Y:ES(S.
n

There are at most 2jf+ll(n)fi half-edges of G/, that lie above this cut-off line while
whp, there are more than n half-edges in GJ,. Hence, by Chernoff inequality,

P(a > 7%%) < P (Bin(n,vo'gg) < 2jf+l1('{)ﬁ:)
< exp (—7"%n/12) < exp(—1.01klog").

For each j > 2, let n; be the number of vertices in G/, with j half-edges above the
cutoff line. Under the event that a < 4999 if >oj>inj = 1.09x/(i — 1) for some
i then there are > 1.09x/(i — 1) vertices in G, with > i half-edges above the line
1 —~999. This happens with probability at most

P(Bin(n, jiy*%%%) > 1.09x/(i — 1)),

which is at most

1. —0.997+1
exp <—o.99 K 100" 1og 1097 )
1—1 Jii—1)

1.09~—0-99i+1
< exp (—0.99 x 1.09——log ;jlﬂ
1

by the following Chernoff inequality for binomial distribution
(7.28) P (Bin(N,p) > «Np) < exp(—zNplogz + xNp), VYN,p>0,z> 1.
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Since v < 4 is sufficiently small compared to ji, the above exponential is at most
exp (—1.01klog~) for i > 2.

Taking union bound over i and D and noting that (') = o (exp (1.01xlog 7)), we
conclude that whp, for all D and all 2 <4 < ji, we have >, n; < 1.09x/(i — 1).

Thus

J1 i Jji—1 1 1
7.29 in; < 1.09 —2)i) < 1.1k(2 + log jy).
a2 S ron (G245 (1)) < e

Now, assume that D consists of k-good vertices with disjoint 3-neighborhoods.
By definition, the number of out-going half-edges of N(D,3) is jo(jo — 1)®x. By
(7.29), all but at most 1.1x(2 4 log j1) of these half-edges expand disjoint I (k)-
neighborhoods. By the definition of x-good vertices, each of these neighborhoods
has at least cod" (%) out-going half-edges. Therefore, the number of out-going half-
edges from ON(D,4 + 1) is at least

(730) (]0(]0 - 1)3I€ — 11/1(2 + logjl)) Coczll(ﬁ) > Cocill(n)li.

This establishes the first part in the definition of B. For the second part,
we enumerate these half-edges by ej,es,...,e, and explore their ls(k)Lg
neighborhoods one by one. Note that since the maximal degree is ji, at
any point during the exploration, the number of explored vertices is at most
njf“l(“)ﬂz(”)% = (log %)Al where Aj is a constant independent of § and C. This
number is at most ngn for sufficiently small §. Thus, by Lemma 7.3 and Lemma
7.5, for each k € [1,m], the probability that ey expands to an (sg, Lo, l2(k), 0, €)-
good tree that does not intersect the previously explored neighborhoods (i.e.,
N(D,4 + 11(x)) U Uf;ll N(e;,la(k)Lg)) is at least €/2, conditioned on these
previously explored neighborhoods. Hence, the number of half-edges that expand
to disjoint (so, Lo, l2(k), 8, €)-good trees is at least Bin(cod"* ")k, e/2). By Chernoff
inequality,

(7.31)

P (Bin(cocill(“)m, €/2) < cocill(“)ms/él) < exp (—Q (czll(”)n)> < exp (—1.1mlog %)

by (7.22). By taking the union bound over the choices of D, this completes the
proof. |
Lemma 7.10. We have

P(G, eC)=1-o0(1).

Proof of Lemma 7.10. The event |Dg| > a depends only on the L;-neighborhood
of D. Thus, conditioning on this event, we expose the complement of this
neighborhood to find the number of x-good vertices in D,. Since the probability
for a vertex to be k-good is at least po,

Encscr <|DS A Fl

|mwﬁ>m.
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By Azuma’s inequality and noting that |Ds N F,| depends only on N(Dg,4+1;(k))

- 541
whose size is at most j1+ l(ﬁ),

(7.32)

2 2
Pra,cr <Ds NFel < ap0/2’|Ds| > a> < exp —% <exp (—5/<;log 2) ,
2aj, kK

where we chose C much larger than A in (7.24).

Writing Pge cp(-) as Egg (IP’CP(-) G! ) and applying Markov’s inequality, we yield

n

from the above inequality that

n
P (P (D2 N 7] < am/2) = exp (~3etg ) D] > o)

<o (-2me) o (1) ).

Taking union bound over at most n(:) choices of D, at most n choices of a and
over k and Ly, we obtain

on

Pre (C°) < Z exp (—nlog g) =o(1).

k=(logn)C

O

Let £ be the event that the following holds for all x € [log” n,dn]. Let F, be
the set of k-good vertices in G7,. For any set D of x vertices in G, that are k-good
with disjoint 3-neighborhoods, there exists an s > ¢ such that

(7.33) Pep <|DS N Far| < klog 2) <e ",
K

where (X}) is the contact process on G, with D initially infected and D is the set
of vertices in ON (D, [(x)) that are infected at time X using only the infection and
recovery events within N (D, (k)).

Lemma 7.11. We have for a sufficiently large constant C,
P(G, &) =1-o0(1).

Proof. Under the event B in Lemma 7.8, there exists a constant ¢ > 0 such that
(7.34)

N 1— -1 by 4+11 (k)
ECP (|X§tl2(n) N aN(D,l(KJ))D 2 Zﬁcodll(fi) (%) elQ(H) 2 elQ(H)/Qh_/,

where the last inequality follows from (7.25). Dividing the time interval [0, tl2(x)]
into intervals of length 1, there exists an interval [r,r 4+ 1] such that

Ecr (|Xprr1) N ON(D, U))]) > 62095/ (ta(x),

where X[, 1) = ] X.. Since

z€[r,r+1
E1U€X7-,1v+1 S e]E]‘UEer»+1?
we obtain

Ecp (| Xps1 NON(D,1(k))]) > €020/ 25 ) (tl5(r)) > 4pg ' log n
K
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By Azuma’s inequality,

2] 2n
Per (|X,1 NN (D 1(x)| < 20 rlog ™) < exp (—%)
(7.35) K KJq

< exp (—3% log %) .

In the notations of Lemma 7.10, X, 1 N ON(D,l(k)) is D,. Thus, (7.35) together
with (7.26) give

Py (\DS NF.| < klog E) < 2exp (—?mlog E) <e "
K K
completing the proof. |

7.5. Finishing the proof of Theorems 5 and 6. We are now ready to finish the
proof of the first inequality in (1.5) and Theorem 6. Let G, be a graph belonging
to both events B and C in Lemmas 7.8 and 7.10.

Let v be a uniformly chosen random vertex in G,. By Lemma 7.3, whp over G},
for any constant Co, N(v,Csloglogn) > GW( Ly, jo» Fng,jo)- And so, by Lemma
7.5, there exist constants sg, Lg,e > 0 and 6 > 1 such that

P(N (v, Cyloglogn) contains an (sg, Lo, Cologlogn/Lg, 0, e)-good tree) > &,

where the probability is over the randomness of v and the randomness of the perfect
matching of half-edges in G/,. This implies that the set, denoted by &, of vertices v
such that N (v, Cyloglogn) contains an (sg, Lo, Cologlogn/Lg, 0, )-good tree has
expectation at least en’ where n’ = |G),| > n/2. By Azuma’s inequality,

52’”
P(1&1] <en/d) < exp | — 105100 | = o)
3273

Thus, with high probability over G, |£1] > en/4 which means that
with positive probability over the choice of v, N(v,Csloglogn) contains an
(s0, Lo, Cologlogn/Lg, 0, ¢)-good tree.

Let (X;) be the contact process on G, starting with v infected. By Definition
7.4 of good trees, with probability at least & over the contact process, there exists
a time at which the number of infected vertices is at least

902 loglogn/Lg _ (log n)Cz log G/LO.

Let
k= (log n)C2 log 0/(2L°)p0/(2ﬁ).

As we are under the event C in Lemma 7.10, among these infected vertices, there
are at least (logn)©21080/Lop /2 > kit vertices that are k-good.

Once there are at least xji infected vertices that are x-good, we observe that a
3-neighborhood contains at most ji vertices and so at least & of these vertices have
disjoint 3-neighborhoods. Applying Lemma 7.11, we find that with probability at
least e, at a later time, there are at least 2xj; infected vertices that are 2x-good.
Repeating this argument for 2k, 4k, ..., we see that with probability at least /2,
there exists a time at which there are > én infected vertices that are dn-good. Now,
applying Lemma 7.11 for €™/2 times with k = dn gives that with probability at
least €/4, the contact process survives up to time e’/ concluding the proof of
Theorem 6. If all vertices are initially infected, then the first inequality in (1.5) of
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on/2

Theorem 5 follows directed by applying Lemma 7.11 for e times with k = én

as above.

7.6. Finishing the proof of Theorems 1 and 2. Finally, we combine the results
obtained in this article and establish Theorems 1 and 2. Let us begin with Theorem
1. Its lower bound

lim )\(fw(fk)dk Z 1

k—oc0

was proven at the end of Section 4.2. Also, the other inequality was obtained by
Theorem 5. For Theorem 2, Theorem 6.1 implies the lower bound

k—o0

Then the upper bound is again given by Theorem 5. Thus, we conclude the proofs
of Theorems 1 and 2. O

APPENDIX A. RECURSIVE ANALYSIS FOR UNICYCLIC GRAPHS

Appendix A is devoted to the proof of Proposition 6.4 and Corollary 6.8. The
main technical work needed here is to carry out the tree recursions as in Sections
4 and 5 despite the presence of a cycle. As before, our approach is based on an
induction argument, which differs depending on whether ¢ in (6.2) is small or large.

In Section A.1, we introduce an appropriate way of covering a unicyclic graph by
trees. Based on this notion, in Section A.2 we can establish (6.2) for small values
of t. Then, we conclude the proof of Proposition 6.4 and Corollary 6.8 in tandem
inductively in Section A.3.

A.1. Reduction of unicyclic graphs to trees. Let H be a graph that consists
of a length-m cycle C' = vyv3...v,,v1 and depth < [ trees Ti,...,7T,, rooted at
V1,...,Um, respectively. The goal of this subsection is to introduce an approach
that interprets the contact process on H by decomposing it into processes on trees.
To this end, we begin with defining the cover of H.

Definition A.1 (Cover of H). Let m’ = [™H] and H be a unicyclic graph
defined as above. The cover of H is a pair of graphs A; and A, defined as follows
(an illustration of the graphs can be found in Figure 6):
e A; consists of a length-m line vy, ... vnV1V2 . .. Upy—10y and the trees T}
rooted at v; except at the two endpoints vy, ¥ps. The root of A; is v;.
e A, consists of a length-m line v; ...v,,0; and the trees T} rooted at v,
except at the two endpoints vq, 01. The root of As is vy,.

Using the cover A; and Ay of H, we define the decomposition of CP*(H;1,,),
similarly as Definition 6.19. Recall the graphical representation of the contact
process discussed in Section 2.1, and let {Ny(t)}ev(m) and {Nﬁ)(t)}m}eﬁ(m be
the Poisson processes that define the recoveries and infections of CP*(H; 1,,).

1. Initially, run CP*(A4;;1,,), whose recoveries and infections are given by
{(Ny(8))s>0}tvev(a,) and {(N"7’(3))520}u%eE(A1)’ respectively.

2. In A, if either v, or o, s becomes infected at time ¢ (and has
been healthy until time ¢{—), we start running a copy of CP*(As;1, ,)
whose recoveries and infections are defined by {(Ny(s))s>t}vev(a,) and
{( NV (5))82t}m}eﬁ(,42)7 respectively.
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H Ay Ay

o Usv&vlﬁvg AA&

T4 T4

FIGURE 6. An example of the cover (A;, A3) of the unicyclic graph
H withm =4

3. When either v; or 91 becomes infected at time ¢’ (while it has been healthy
until ¢—) in a copy of CP*(As;1, ,), initiate a copy of CP*(A;;1,,) that
has {(Ny(s))s>t boev(ay) and {(Naw(s))s>t} e pa,) as its event times,
and return to Step 2.

4. The process terminates when all vertices in all copies of two processes are
healthy.

Recalling the explanation below Definition 6.19, we need to control the number of
infections at the endpoints vy, U, and vy, 07 of Ay and As, respectively. Therefore,
we first consider the following graphs F! and F™! which are basically a one-sided
version of A; and As.

e ™! consists of a length-(m — 1) line vivs ... vy, and depth < [ trees T)
rooted at v; except at vy,. p = vy is designated as its root.

e 7™l denotes the above graph when T}, j € [m — 1] are i.i.d. aw(¢)!. In
this case, we write 7; instead of T} for each tree rooted at v;.

o If m =1, we set F1'! ~ Gw(¢)! to be a single vertex v;.

One can also define the root-added contact process (X;) ~ CP2+(Fm’l;1U1) by
1

adding a permanently infected parent v;" to vy, and set the quantities S(F™!) and
MY(F™!) as Definition 6.3. In addition, we consider B(F™!), the total infections
at the end and its expectation as follows.

(A1) B(F™!) = [{s € [0,S(F™")] : X(vm)=1and X,_(vy,) = 0}],
and B(F™!) := EqB(F™!). Then, we have the following lemma.

Lemma A.2. Let m,l > 1 be integers, € € (0,1) and ¢ = {cs}sc(0,1] be a collection
of positive constants. Then there exists dy(e,¢) > 0 such that the following holds
true. For any & that satisfies d := E£ > dy and (1.2) with ¢, we have for
A= (1-¢)d™! and F™! as above that

(A.2) Pow (S(F™) > 1) <t Vi(logt)~2 for all t > 2;

(A3) Pey (Ml(]-"m’l) 1 - — lt) < t=Vi(logt)~2 for all t > 2

(Ad)  Pay ( (Fl)y > g~ Fm= 1>t) < t~Va(logt)~2 for all t > 2,
)

where S(F™!), MY F™) and B(F™') are given as above.
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Proof. We prove this lemma by an induction on m, for each fixed [. Establishing
(A.2) and (A.3) is along the same lines as (4.4) and (5.1), so we postpone those
parts of the proof to Section B.1 in the Appendix.

In the remaining proof, we show (A.4). When m = 1, F"! is a single vertex
v; and we have the conclusion. Suppose that (A.4) holds for m and we want to
prove the same thing for F™*1l. Let {7;};":_11 be ii.d. Gw(¢)! trees in F™!, each
rooted at v;. Dividing F™ 1! into subgraphs rooted at each child of v;, we have
the following description:

e Let uq,...,up be the children of v inside 7; and T7, ..., Tp be the subtrees
in 71 rooted at each of them, respectively. Hence, Ti,...,Tp ~ ii.d.
GW(¢)! =1 given D.

e Let F be the subtree of F™ 1l rooted at vy. That is, F is the graph
consists with the length-(m — 1) line vs ... v;41 with each v, 2 <i<m
being a root of the tree 7;. Hence, F' ~ F™!,

Based on this decomposition of F = Fm+Ll we can establish the two recursive
inequalities as before. To derive the first one, let (X;) ~ CP*(F,1,,) and

B(F) := Hs €[0,R(F)]: Xs(vmy1) =1and Xy (vyy1) = 0}‘ ,

where R(F) is the survival time of (X;). We also set B(F) := Ec,B(F), and let
B(F) and B(F) be the analogue for F'. Then, based on the same idea as Proposition
4.2, we have

_ D
1= 22 (R(F) + 2, R(Ty)) ‘

Thus, Proposition 4.3 and (4.11) tell us that

(A5) B(]_-erl,l) S AB(F) ,
1—X—2)2 (S(F) +32, S(E))

D
if A+ 222 (S(F) +° S(Ti)> <1,
=1

and hence we obtain the first recursive inequality.
The second inequality comes from the same idea as in Proposition 5.2:

D
(A.6) B(F™H) < AB(F) [J(1+ AS(Ty)).
i=1
As before, we show (A.4) separately on different regimes of ¢. Details in the
proof are also similar to the proof of Theorem 4.4.

Case 1. For t < ds.
Suppose that

D
B(F) <d im0+ and S(F)+ Y S(T) < 22 (1+3).

i=1
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Then, by (A.5), B(Fm+1l) < d= "% . Therefore, for any ¢ > 1,
(A.7)
: mALL) > =) < > < > - 3m-1)+3
Pow (B 2a #1) <P (D2 (14 5)d) + P (B(F) 2 a- )

& 2d €
+ Paw <S(F)+ZS(TJ > = <1+ g)) .
i=1

By following the logics from Section 4.2.1 and relying on the induction hypothesis
that tells us the tail probability of B(F'), we see that the r.h.s. of (A.7) is at most

t=Vd(logt)=2 for all 2 < ¢ < d7o.
Case 2. For ¢t > ds.

For convenience, set

D
S=T[Q+AS(T), and B=diVB(F).
i=1
We use (A.6) and hence prove the following.

Claim A.3. Under the above setting, we have
m ~ ~ 11
(A8) Paw (B(}'m“’l) > d_th) < Pew (B 9> §d1t) <t Vi(logt)2,

for all ¢ > do.
Note that the first inequality is just a rewriting of (A.6).

The idea is to split the probability as follows: let a = d%, and we see that

)

< t is the closest to ¢t. Similar

o . - ¢
Pew (B-Szt) < Pey (Szta) T Py <B > > 2di)
(6%

ko
+ ZPCV\/ (S > taik) Pow (B >
k=0

k+1

(A.9)

akfl

=

d

logt
log
ideas as Lemma 4.8 yields the conclusion (A.8), but the computation is much
simpler. We postpone the remaining details of Claim A.3 to Section B.2 in the

Appendix. a

where we set kg = | =- |-1, the point where «

A.2. Back to unicyclic graphs and the proof of Proposition 6.4 for small
t. In the previous subsection, the graph F™! is introduced to describe a way of
decomposing GWC!-processes. Now we combine the pieces together and derive a
recursive tail probability estimates for GWC!-processes.
For integers my,mg > 1 and [ > 0, let m = (mq,ms) and define the random
graph AL ag
o AL consists of a length-(m; + ms) line v_,,, ... v_10V] ...V, and
iid. trees T; ~ GW(¢)! rooted at v; for j € {—mq +1,...,m2 — 1}. We
designate p = vy as the root of AL,
We define the root-added contact process on AR by adding a permanently
infected parent p* whose only connection is to p = vg. Further, we define S(AZ!)
and M'(AT) as Definition 6.3, and B(AX!) as (A.1) but considering the infections
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at both endpoints v_,,, vm, (not just a single endpoint as in (A.1)). Under this
setting, we first establish the tail probability estimates for AZL!,

Lemma A.4. Let mi,mo,l > 1 be integers, ¢ € (0,1) and ¢ = {cs}s5c(0,1] be
a collection of positive constants. Then there exists do(e,¢) > 0 such that the
following holds true. For any £ that satisfies d := EE > do and (1.2) with ¢, we
have for A = (1 —e)d~t and A™! as above that

(A.10) Peyw (S (Aml) >1) <t Vi(logt)~2 for allt > 2
(A.11) Puy ( ATl 2 1 - ) < t~Vi(logt)~2 for all t > 2;
(A12) Py (B (A1) > g il mW@)t) <tVi(logt)~2 for all t > 2,

where S(A™Y), MY (A™Y) and B(A™Y) are given as above.

We can prove this lemma based on Lemma A.2; by a straight-forward application
of the recursive argument from Theorems 4.4 and 5.1. To prevent repeating
the same argument many times, we postpone the proof until Section B.3 in the
Appendix.

We conclude this subsection by settling the following lemma, which establishes
Proposition 6.4 for ¢t < dio.

Lemma A.5. Let m > 2 and | > 1 be integers, ¢ € (0,1) and ¢ = {cs}se(0,1] be
positive constants. Then, under the setting of Proposition 6.4, we have

2 ,
Pow (S(H™) > 1) < 3t™Y4(logt) 2 for all = <t < dTv;
(A.13) :

l
P (MZ(HW) > (1 - 130) t) < 3t~V(logt)"2 for all 2 < t < dT.

Proof. Let H™! ~ Gwc! (&, m)!, set m’ = [1] and consider the cover A; and A,
of H™' defined in Definition A.1. Set m; = m + 1 —m’ and ms = m’ — 1. Then,
we can see that my,my > 1 for m > 2 and Ay, Ay ~ AR for m = (mq, ms), with
AL defined as in the beginning of Section A.2. Thus, we have (A.10), (A.11) and
(A.12), where the last one in particular implies that

Py (B(Al) > d—%t) <tVi(logt)=2, forallt> 2,

and the same thing for A5 as well.

Recall the decomposition of the contact process on H™! by its cover (Definition
6.19). According to its formulation, the quantities R(H™') and M!(H™!) (see
Definition 6.3 for their definitions) can be estimated as follows.

R(H™') < R(A1) + B(A1)R(A2) + B(A1)B(A2) R(H™"), and hence

R(A1) + B(Al)R(AQ).

R(H™!) < == B(A1)B(A)

We have the same thing for M'(H™!), namely,

M'(A1) + B(A1) M'(4,)

MUH™) < = B Ay
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H
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FIGURE 7. An illustration of dividing H™! ~ ewc! (¢, m)! into
T, To, T3 ~ 6W(E)!I" and H ~ ewc?(¢, m)!, given that m = 4
and D =3

Observe that Proposition 4.3 and Corollary 5.4 can be applied to H™! so that
SO pagemd), and MU < (14 AS(H™)) I ()
14+ AS(H™Y) — ’ - ’

and hence we have

. S(A1) + B(A;)S(A)

S(H™H < 1 — B(A1)B(As) — AS(A1) — AB(A1)S(As)
. MY (A1) + B(A1)M!(Ay)

Ml(H Z) < 1_ B(Al)B(A2> _ )\S(Al) — )\BQ(Al)S(AQ)

To establish the first inequality of (A.13), we first observe that if

t<db, S(Ay), S(A) < (1 —d-%) t, and B(A,), B(A)) <d %,
then S(H™!) < t. Therefore, for t < d2, we have
Pe (S(H™) > t) < Pey (S(Al) > (1 - d—%) t) + Poy (S(Ag) > (1 - d—%) t)
+ Py (B(Ar) > d7F) + oy (B(4z) > aF).

Since (1 — d_g)_‘/g < 1+ 2d~ 718, applying Lemma A.4 gives us that the r.h.s. of

the above is bounded by 3t_\/3(10g )2 for 2/e <t < dis. We can also do the
same thing for M!(H™!) to deduce the conclusion. O

A.3. Proof of Proposition 6.4 for large t. In this section, we conclude the proof
of Proposition 6.4. Consider H™! ~ Gwc (&, m)!.

For a GWC!-process H™! ~ gwc! (¢, m)l, we can derive a recursive inequality on
H™! similar to (4.1) using GWC2-process. As described in Figure 7 let vy ... v,v;
be its cycle part, and let T;, j € [m] be i.i.d. GW(€)! rooted at each v;. Let D be
the degree of vy in 71, and let T4, ...,Tp be the subtrees rooted at uy,...up, the
children of v; in 77. Further, let H be the graph that consists of the cycle vy . .. v,01
and the trees 7; rooted at v; for j € {2,...,m}, which is H ~ Gwc?(¢,m)l. Also,
note that 71,...,Tp ~ iid. Gw(£)!"1. Then, Lemma A.6 shows the connection
between GWC'- and GWC2-processes. Its proof is based on the same ideas as
Proposition 4.1, and it will be presented in Section A.3.2.
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Lemma A.6. Under the above setting, we have
D

(A.14) SH™!) < (14 2XAS(H) [ (1 + AS(Ty)).
i=1

This shows that understanding the tail probabilities on GWC2-processes is helpful
in estimating those on GWC!-processes.

We prove Proposition 6.4 and Corollary 6.8 in tandem. This is done by an
inductive argument which we detail below. Let [ > 1 be a fixed integer. We
establish both (6.2) and (6.3) for all m via the following steps.

Step 1. Show that (6.2) (resp., (6.3)) are true for m =1 (resp., m = 2).
Step 2. For each integer m > 2, prove that if (6.3) is true for m, then we have
(6.2) for m.
Step 3. For each integer m > 2, prove that if (6.2) and (6.3) are true for m,
then we have (6.3) for m + 1.
3-1. Show that (6.3) holds when t < d1 (for m + 1).
3-2. Show that (6.3) holds when ¢ > di5 (for m + 1).

A.3.1. Proof of Proposition 6.4 and Corollary 6.8, Step 1. Proving (6.2) for m =1
is straight-forward, since H'! ~ 6w(¢)! and the result follows from Theorems 4.4
and 5.1. To establish (6.3) for m = 2, we divide (6.3) into two cases, t < d10 and
t > dio. Observe that H ~ GWC2(E,2) is the same as (Tz,v2) ~ GW(€)! with a
parent p = v; connected to vy via a pair of edges.

Case 1. t < dis.

Letting S(H) = Sy(H), M'(H) = ML(H) as Definition 6.7, an analog of
Proposition 4.3 tells us that

S(H) M'(H) 7l z
Al15) —————— < R(T2) <5(7T2), d ————— < M(T3) < M'(Ts).
( ) 1+ 20S(H) (72) < S(T2), an 1+ 2\S(H) (72) (T2)
The left inequality can be rewritten as
: S(72)
< ——m————.
S < 7555

Based on this information and on Theorems 4.4 and 5.1, we deduce that for
3/e <t <dw,

(A16)  Puy (S(H) > t) < Pow (5(7'2) > (1 - d—%) t) < 2t Vi(log )2,

since (1 — d_%)_‘/g < 2 and |log(1 — d=1)| < 55 log ¢ for large d. For the same
reason, we obtain that

Paw (MI(H) > (1 - 15—())11&) < Pow (MZ(TQ) > (1 _d—%) (1 _ 15_0>lt>
+ Pow (5(75) Zd%),

and the 1.h.s. is bounded by 2t~V (log )2
Case 2. t > dis.

We can deduce the conclusion by exactly the same argument as Theorem 4.4
(Sections 4.2.2, 4.2.3) and Theorem 5.1 (Sections 5.3.2, 5.3.3). Indeed, the recursive
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inequalities (4.1), (5.3) do not change for # since they are independent of the
number of connections between v; and vs.

A.3.2. Proof of Proposition 6.4 and Corollary 6.8, Step 2. We have already
established (6.2) for ¢ < d10 in Lemma A.5. Hence, we focus on settling the other
part, t > dio. We begin with presenting the proof of Lemma A.6, which shows the
relation between GWC!- and GWC2-processes.

Proof of Lemma A.6. Let H™! H, D, {T;}2., and {u;}2., be as in the statement
of the lemma. As we run CP3+ (H™!:1,,), we adopt the analogous idea as
1

Proposition 4.1 by ignoring the recoveries at v; except when all the other vertices
are healthy. This translates the original process CP*, (H™!;1,,) to the product
vy

chain of CP}) (T;), i € [D] and CP;, (H) in the perspectives of Proposition 4.1. In
CPﬁ2 (#H;0), the first infection from vs happens with rate 2\ which is passed to
either v3 or v, 41, each with probability % Therefore, the expected excursion time

for this chain is S(H) = 3(S5(H) + Sm+1(H)). Based on these observations, we
follow the logic (4.4), (4.5) and (4.6) from Proposition 4.1 to obtain (A.14). O

Having Lemma A.6 and (6.3) for m, we can establish the first inequality of (6.2)
by the same reasoning as Sections 4.2.2 and 4.2.3 (Lemma 4.8 and Corollary 4.9).
For the second line of (6.2), we have the following recursive inequality for
M!(H™!) which can be derived analogously as Proposition 5.2.
(A.17)

]

D
MY ™) < 2AMN(H) [JA+AS(T3)) +A(1+2AS (H ZMl NT) TTA+AS(TY)).
i=1 Jj=1
JF#i

As done in Section 5.3.2, we set

. — e\ —(-1) -1 —~
TQ = H, Mz = (1 — 1—0) M (11)7 and Wi = Mz V S(TZ)

Moreover, let M = (1 — &) '"M'(H™"). Then, we can derive the following from
the above inequality.

(1—E)M<H1+4>\W)

Also, the assumption (6.3) and Theorem 5.1 tell us the tail bound on W;, namely,
Pew (Wi > ) < 4t Ve(logt) 2 + ¢t Vi(logt) 2 < 5t~ V(logt) 2,

which falls into the assumption of Lemma 4.8 and Corollary 4.9. Therefore, we
conclude the proof of (6.2) by obtaining that for all ¢ > d1o,

: ! D
Pew <Ml(”H) > (1 — 16_0) t) < Pey (2 T[] +4aw;) > t) < 4t~ V(log t)~2
1=0
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H H i
AT AT
T T T T Ta
Ts T; Ts
T T T

FIGURE 8. A description of H ~ Gwc2(¢,m + 1)}, H and H in
Section A.3.3 with m =4

A.3.3. Proof of Proposition 6.4 and Corollary 6.8, Step 3-1. Let H ~
Gwc2(¢,m+1)!, vivy ... vy, 101 be its cycle part with root p = vy and Ta, ..., Trnt1
be the ii.d. 6w(¢)! trees rooted at vs,...,v;,11, respectively. As described in
Figure 8, let H and H be the graph defined as follows:

e H consists of a cycle va...v,41v2 and the trees 7; rooted at v, j €
{2,...,m+1}.

e H is obtained by removing the edge (vov,,11) from H. In other words, it
consists of a length-(m — 1) path vy ...v,41 and the trees T; rooted at vj,
je{2,....m+1}.

Also, let R;(H) (resp., MI(H)) denote the expected survival time (resp.,
expected total infections at leaves) of the (usual) contact process CP*(H; 1,,).

In the process CP{}1 (7—[, 0), the permanently infected root vy infects vy and v,41
with rate A each. Hence, the process can be interpreted similarly as in Definition
6.19:

e At rate 2), initiate a copy of either CP*(H;1,,) or CP*(H; 1o,.0),
each chosen with probability % and whose event times are coupled with
CP) (#,0).

Therefore, for S(H), M'(#) defined as Definition 6.7, the argument from
Proposition 4.3 and Corollary 5.4 implies

(A.18)
S(H)  _ Ro(f) + Ry (H) and M'(H) _ My(H) + My, (H)
14+2\S(H) ~ 2 ’ 14+ 2MS(H) ~ 2 '

Note that H ~ Gwc!(¢,m)!, and let S;(H) and M!(H) be defined as Definition
6.3, with respect to the root-added process CP;}_+ (H;1,,). Also, we set

Sa(H) + Sm1(H) :Mé(H)_‘_an-H(H).

S(H) = 5 , and M'(H) 5
Then, since H' C H, we use R;(H') < S;(H) and M/(H') < M;(H) in (A.18) to
see that
- S(H) M'(H) !
SH) < —2 0 and — VY < (A,
<T@ ™ Thasm) (H)
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Now, we go through the same computations as (A.15) and (A.16). Namely, we
deduce that for 3/e <t < d,

Pew (S(H) > t) < Pow (S(H) > (1 - di%) t) < 4t7\/3(10gt)727

since (1 —d~1)~Vd < 2 and |log(1 — d-1)| < 55 logt. For the same reason, we
obtain that

o (MI(H) > (1- %)lt) < Pow (MZ<H) > (1-a7%) (1- 1%)%)
+ Pow (S(H) > dl) ’

and the r.h.s. is bounded by 4t_‘/3(10g t)~2. Hence, we finish the proof for Step
3-1.

A.3.4. Proof of Proposition 6.4 and Corollary 6.8, Step 3-2. Let H ~ GWC2(£,m +
1)l and let Tg,..., Tny1 as above. Consider the graphs Hs and H,,;1 defined as

follows.
e H, consists of a cycle vs...v41 and the trees Ts, ..., T,+1 rooted at
V3, ...,Um+1. LThe vertex p = vy is designated as the root.
e H,, 1 consists of a cycle vy...v,,,41 and the trees Ts,..., T, rooted at
V2, ...,Um. The vertex p = vp,41 is designated as the root.

Note that Hy ~ Gwc2(¢,m)!, and we let S3(Hz), Spmt1(Hs2) as Definition 6.7
with S(Hy) := %(Sg(Hg) + Spa1(Hs)). Similarly, define M'(Hs), S(Hp41) and
M!(H,,41). Further, let Dy (resp. D,,.1) be the degree of v3 in the tree T, and
denote the subtrees at each child of vy in T3 by TZ, i € [Dz]. Define D,, 41 and
Tl-m“'l7 i € [Di+1] analogously with respect to Tpp41.

Then, an analogous idea as Lemma A.6 shows that

D,
Sa(H) < (1+2X\S(H)) [J(1 + AS(T2));

(A.19)

D7n+1

Sm+1(7'l) < (1 + 2>\S(Hm+1)) H (1 + )‘S(Tim—i_l))'
i=1
(Indeed, this was also proven in [3, Lemma 4.11],, and its verification is based on
the same idea as Proposition 4.1.) Note that we are assuming the tail probabilities
for S(Hz) and S(H,,+1) satisty (6.3), while those for S(T;) are given by Theorem
4.4. Based on this observation, we can follow the same analysis done in Lemma
4.8, Corollary 4.9 and Sections 4.2.2, 4.2.3 to see that for ¢ > dl_lo,

Dy
Paw (S(H) 2 t) < Pay ((1 +20S(Hy)) [J(1 + AS(T2)) = t)

=1
Dr,,L+1
+Pow | (1420 (Himi)) [ A+ ASTHY) >t
=1

<2t V(logt) "2 + 2t Vi(logt) "2 = 4t~ V(logt) 2.
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The logic to derive (6.3) for M'(#) is similar. We first derive the recursive
inequalities, based on (A.19) and the ideas from Proposition 5.2, We have

D,
ML (H) <2AM'(H,) [T(1+AS(T7))
=1
D, D,
+ AL+ 2XS(H,)) > M) [T+ As(Ty))
i=1 =1

i=
J#i
for a € {2,m + 1}. As done in Section 5.3.2, we set

__ —(1-1) __
TS := H, M":= (1 - i) M'=YT®), and W& := M?V S(T%),

and derive from the above inequality that with M, = (1 — f—o)_lMa(H),

D,
@_%ﬂﬁgguwmwxae&m+ﬁ

Then, the rest of the proof goes the same as Section A.3.2, yielding that

P <MI(H) (1 — f—o)l t)

D,
< Y Pu (2 [T +aws) > t> < 4t V(logt) "2,

a€{2,m+1} =0

for all ¢t > dll_O, hence establishing Step 3-2. Combining the argument in Sections
A.3.1—A.3.4, we conclude the proof of Proposition 6.4 and Corollary 6.8. (]

APPENDIX B. PROOF OF TECHNICAL LEMMAS

B.1. Remaining proof of Lemma A.2. We finish the proof of Lemma A.2 by
establishing (A.2) and (A.3). The ideas are very similar as in the proofs of Theorems
4.4 and 5.1.

Remaining proof of Lemma A.2. Let F™!, {vj}jL, and {’T}m 1 be as in the
definition of F™!. Further, recall the definitions of D, {u;}?, {T;}2, and F
from the proof of Lemma A.2.

For any fixed I, assume that (A.2) and (A.3) are true for m. We show that under
this assumption, they are true for m+1. (Note that the case m = 1 is trivial, since
FUlis a single vertex.) We begin with presenting the recursion inequalities which
follow from straight-forward generalizations of previous propositions.

We first have

14 A (S(F) +Y2, (Ti)

S(}-m,l) <
1—A— 222 (s )+ 32 1S(Ti))
1

(M) + 22, M(T)
—A-202 (S(F) + X2, 8(1))

M(F™) <
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which are basically rephrasings of (4.11) and (5.10), respectively. Based on these
inequalities, we can repeat the argument from Sections 4.2.1 and 5.3.1 to deduce
(A.2) and (A.3) for t < d10 and m + 1.

For the other case, t > d%, we observe that

D
S(F™) < 1+ AS(F)) [ + AS(Ty));
D = D D
M(F™) < AM(F) [T+ AS(T)) + A1+ AS(F) Y- M(Ty) [ (1 + AS(Ty)),
=1 1=1 ]J;i

which come from (4.1) and (5.3). Note that the inequality for M (F™!) is also
reminiscent of (A.17). Then, we follow the logic from Sections 4.2.2, 4.2.3, 5.3.2
and 5.3.3 to obtain (A.2) and (A.3) for t > dio and m + 1. O

B.2. Proof of Claim A.3. In this subsection, we finish the remaining proof of
Claim A.3

Remaining proof of Claim A.3. Recall the definitions of B and S in (A.8). In the
setting of Claim A.3, we are assuming (A.4) for m, which is

(B.1) Py (E > t) <t Vi(logt)~2, forallt>2.
The bound on S was derived in Sections 4.2.2 and 4.2.3 which yielded that
(B.2) Poy (§ > t) <t Vi(logt)2, forallt>db.

Set o = d1v and ko = Llogaj 1. The rest of the proof is analyzing (A.9). The
assumptions (B.1) and (B.2) give that each of the first two terms in its r.h.s. is
smaller than it_‘/g(log t)72. Then, the third term can also be controlled based on
observing that for k € [ko] and ¢ > d1o,

R - k—1
Py, (S > tofk) Pe <B > 0‘2 d%)

_fof 2 Vi 1 2 1

(B-3) “\t diak-1 log (ta—*) log( ak— 1d4)
< (dét)7¢E : !
- (logt — klog ar)? (%logd—l—klogoz)2

Observing that logt — kologa > loga = % logd, we can apply Lemma 4.11 in
order to control the sum of (B.3) over k. All in all, we deduce that (A.8) holds true
for t > dis . O

B.3. Proof of Lemma A.4. The goal of this subsection is to present the proof of
Lemma A 4.

Proof of Lemma A.4. We begin with establishing the recursive inequalities for
S(ALY) M (ALY and B(ARY). To this end, we first define some subgraphs
of AL to generate the recursions. Recall the definitions of {v;}7*? ~ and

J* mi
{7}};7’:2:721+1 from the beginning of Section A.2.

Licensed to Princeton Univ. Prepared on Mon Feb 13 21:49:33 EST 2023 for download from IP 128.112.200.107.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



CRITICAL VALUE ASYMPTOTICS FOR THE CONTACT PROCESS 3963

e Let D be the degree of vy inside Ty, and let T1,...,Tp be the subtrees of
To rooted at each child of vg in Ty.

e Let Fy be the graph consists of the length-(my — 1) line v_y ... v_,, and
the trees T_1,..., T—m,+1 rooted at v_1,...,V_m,+1, respectively.

e Let F, be defined similarly in the other branch of A%!. That is, it consists
of the length-(mo — 1) line vy ... vy, and the trees 71,..., Tm,—1 rooted at

V1,...,Um,—1, 'espectively.
e For convenience, we set Tpy1 := Fy and Tpyo := Fs. Note that the graphs
Ti,...,Tp4o are all trees.

Based on the same ideas as the derivation of (4.11), (5.10) and (A.5), we have
the first recursive inequalities as follows.

(B.4)
m, 1+ ZD+2 S(T;) . . /\ZDJ,—Z M(T))
AT = L-A—222 242 8(T) MAT) < 52 2P g(ry
B(ARY) < AMB(Tpy1) + B(Tpy2))

L—x—2x23"725(T)

Moreover, the second recursive inequalities are obtained from Propositions 4.1, 5.2
and from (A.6), which read

D+2 D+2 D+2
SR < TT+AS(T)): MA™Y) <A™ M(T) [T (1 +AS(T));
i=1 i=1 j=1
(B'5) D+2 D+2 o
BA™) <X 3 B(T) [T +As(T)).
i=D+1 j=1
J#i

Note that we know the tail probabilities for S(7;), ¢ € [D + 2] by Theorems
4.4, 5.1 and Lemma A.2. Therefore, we can deduce (A.10) and (A.11) by following
Sections 4.2.1—4.2.3 and 5.3.1—5.3.3.

To see (A.12), we rely on Lemma A.2. For ¢t < dio, we have the following
inequality reminiscent of (A.7).

Pow (BA™) 2d T t) <P (D > (14 ¢) d) +Pou (Z S(T;) > ? (1+ g))

+Pr (B(Fl) > d_%(m1_1)+%> +P (B(FQ) > d- %(m2—1)+%) .

By estimating the terms in the r.h.s. as in Case 1 of the proof of Lemma A.2 and
Section 4.2.1, we see that the above is smaller than t*‘/a(log )72 for t < do.
For t > d1v, we set

B(ARY) .= qi(mrm2) pADY) - and B, :=dim"VB(F,), a€{1,2},
and observe that by (B.5),

D+2 1

dit

PCW( (AR > 1) < > Poy [ Ba [] 1+AS(Ty) > 3
a€{1,2} ];Zl:)ita
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Then, the summand in the r.h.s. can be bounded by applying Claim A.3 and
implies (A.12) for ¢ > d1o. O

B.4. Proof of Lemma 6.10. Here, we establish Lemma 6.10. Indeed, the third
statement in the lemma was proven in Lemma 4.3 of [3]. Therefore, we focus on
the first two statements of the lemma.

Proof of Lemma 6.10. We begin with establishing the first statement. We only

show
dt < (1 + g) d,

since d? < (1+ %)J follows analogously. Let Z be as in Definition 6.9. We first note

that
€
Z>§ (1——) -
10
Moreover, when kg < kmax,

Zk(1——)pk+Zk\/—<2k(1——)pk+ﬁ,(1 1O)d+130

k<ko

This gives us df < (1 + g) d, for all d larger than some absolute constant. In the
other case when kg = kmax, we are done if kg < (1+ f—o)d. If not, the concentration

condition gives that

Py < exp(—card)
with ¢/ = and hence for d larger than some constant depending on ¢ and ¢, we
obtain

10’
3
> kpi A+ koy/Dr, < (1— E>d+€’
k<ko

which again implies df < (1 + %) d.
For the second, we only establish the first of (6.4), since the second line follows
analogously. Let ¢’ € [, 1]. For any integer k € [(1 + ¢’)d, 2d], we have

# <@< _Ce
ut(k) < 7 _2exp( 2d).

Therefore, we obtain that

107

[2d]
f ! _ G Clk
Ppius (DF > (1+¢€')d) < E 2exp( d)—f— E 2€Xp< 5 )
k=[(1+¢’)d] k>T2d]

e’ 2 —eid 54 N
§2dexp(—%d)+167_l<exp( ¢ 3cld),
e 3

where the last inequality holds for any d larger than some constant dg(c). Therefore,
we can set ., = §(ce A1) and obtain the first line of (6.4). O

B.5. Proof of Lemma 6.11. Lemma 4.5 of [3] had a very similar statement as
Lemma 6.11, but it was weaker in terms of determining the scope of v. It turns
out that in order to prove the stronger version, Lemma 6.11, the following bound
on the size of N(v,l) is needed.
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Lemma B.1. Under the setting of Lemma 6.11, let pf := ug_ be the augmented
distribution of p and [* be its size-biased distribution. Further, let L,, := % log,n
and T ~ &W(uf, i¥)En | where d is the mean of [i, the size-biased distribution of v.
Then, there exists do(e, c) > 0 such that if d > dy, then we have

P (|T‘ > n%) < exp (—n%> )

Proof. Let ¢} € ¢ be the constant in Lemma 6.10. Then, we first note that the
second statement of Lemma 6.10 tells us the following:

/ ok ,
(B.6) Epjs [exp (C—QlD)] < exp(2d) + Z et ek < g3d
k>2d

where the last inequality holds if d is larger than some constant depending on ¢j.
Moreover, it is straight-forward to see that the same bound holds for u# as well.
We also note that

AN
(B.7) (5) "<t
€
if d is larger than some constant depending on c}.
Let Y}, be the number of vertices at depth h of 7. Further, let D ~ fi* and set

= % Note that Holder’s inequality implies Ee®X < (EeX)¢ for 0 < a < 1. This

gives that
Yn-o1
C// h C,/ h
exp ((@) Yh> exp ((@) D)]
(C” h—1

<k fowp {3a- v }| <k

E =E |Ep

e’ h—1
exp (S_d) Yy,

L, C// h
<> (5) =2

h=0

Hence, we obtain that

C// L77/ L‘VL
(B.8) E |exp <£> > v
h=0
if d is larger than some constant depending on ¢. (Note that (B.6) holds for u* as
well.) Therefore, combining (B.8) with (B.7), we deduce that

L" 1 C// Ln 1 C// Ln Ln
P(;Ythf’)) < exp <— <@> n5> x K exp((@) hZ_OYh>]

< exp (—n%) .

O

Proof of Lemma 6.14. In Lemma 4.5, [3], its proof reduces to obtaining tail
probability bounds of Zﬁlo Y;, for Y, as above. Having Lemma B.1 in hand,
following the proof of Lemma 4.5, [3] deduces Lemma 6.14. O
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