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[1] We thank Lester et al. [2013] for their thought-
provoking comment on our recent work on plume spreading
by chaotic advection [Mays and Neupauer, 2012]. We agree
completely with their opinion that chaotic advection provides
a framework for deepened understanding of fluid mixing and
transport processes in porous media, and that stretching and
folding via engineered injection and extraction shows prom-
ise for improved groundwater remediation. In this commen-
tary, we address two questions posed by their comment.
[2] The first question is the following. Does relaxing the

assumption of reinjection at a deterministic angle remove
chaos from periodic injection and extraction schemes, such
as the pulsed dipole [e.g., Jones and Aref, 1988] and the
periodically reoriented dipole [e.g., Lester et al., 2009]?
Here we agree with the comment that the answer is no:
relaxing the assumption of reinjection at a deterministic
angle does not remove chaos from the system but instead
produces stochastic chaos rather than deterministic chaos in
the region of enhanced mixing. As a technical point, the
analysis we presented in Mays and Neupauer [2012] to con-
firm the presence of deterministic chaos (finding periodic
points, classifying them as elliptic or hyperbolic, plotting
stable and unstable manifolds, and then identifying hetero-
clinic points) would not apply to the case of stochastic chaos,
in which periodic points are absent. But we agree that adopt-
ing realistic assumptions about the nature of reinjection, spe-
cifically with regard to reinjection angle, would not change
the chaotic nature of the underlying dynamics of the pulsed
dipole and related approaches. This point has been made
clearly by the comment and previous works cited therein.
[3] The second question is the following. Are injection

and extraction schemes requiring reinjection practical and
feasible groundwater intervention and engineering tools?
Here we disagree with the comment because in our opinion
reinjection presents a number of practical and theoretical
concerns in the context of groundwater remediation.
Turning first to the practical concerns, reinjection demands

attention from a regulatory perspective, at least in cases
where the reinjection fluid has the potential to endanger
drinking water, because injection of the contaminated water
into aquifers is regulated for the purposes of environmental
protection. In the United States, for example, the Safe
Drinking Water Act establishes the state-administered
underground injection control programs that regulate injec-
tion of contaminants into aquifers [42 U.S.C. 300f–300j–9,
2002, }1421 et seq], and the Resource Conservation and
Recovery Act (RCRA) prohibits the injection of hazardous
waste by underground injection into or within 0.4 km (1/4
mile) of an underground source of drinking water or above
such a formation. The RCRA provides an exception for
reinjection during groundwater remediation, but only when
the remediation is part of a response action under the
RCRA [42 U.S.C. 6901–6992k, 2002, }3020] or the Com-
prehensive Environmental Response, Compensation, and
Liability Act [42 U.S.C. 9601–9675, 2002, }104 or }106],
and only when a treatment solution is added to the ground-
water prior to reinjection. In the context of in situ remedia-
tion, the requirement to add treatment solution presents a
hydraulic concern, because the treatment solution will trig-
ger the in situ remediation reactions that may result in
chemical or biological byproducts that clog the aquifer in
the vicinity of the injection wells [Bagtzoglou and Oates,
2007; Li et al., 2009, 2010; MacDonald et al., 1999].
Clogging would also be a concern near extraction wells in
cases where the reinjection scheme extracts the interface
between the treatment solution and the contaminated
groundwater because that interface is where the in situ
remediation reactions take place and their byproducts accu-
mulate. These regulatory and hydraulic concerns were
raised in our paper [Mays and Neupauer, 2012].
[4] A more theoretical concern is that the stochastic cha-

otic flows may be equivalent, in a statistical sense, to sto-
chastic noise superposed on a regular flow, i.e., the
opposite of a chaotic flow. To illustrate this point, consider
the four examples of dipole flow in Figure 1. Each panel
shows the dipole flow from an injection well at (�1, 0) to
an extraction well at (1, 0), assuming passive scalar trans-
port without dispersion in a confined, homogeneous, iso-
tropic aquifer of infinite extent, such that the resulting flow
is symmetric about the x axis. Starting with a cross forma-
tion, comprising 16 red particles vertically from (0, 1/16)
to (0, 1) and 16 blue particles horizontally from (�1/2, 1/2)
to (1/2, 1/2), each panel shows the particle positions after
injection of the first pore volume, the second pore volume,
and so on for the first 1000 pore volumes, where a pore
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volume is the volume of the fluid contained within a vertical
cylinder centered at the origin and passing through the wells.
To use the terminology of dynamical systems, therefore,
each panel is a Poincar�e map. Figure 1 shows the results for
four different flows: (a) the standard dipole, (b) the pulsed
dipole, (c) the standard dipole with random reinjection, and
(d) the pulsed dipole with random reinjection. All flows
assume the first-out-first-in particle ordering; flows in Fig-
ures 1a and 1b assume �i¼���e, where �i is the injection
angle, and �e is the extraction angle, both measured at their
respective well counterclockwise from the positive x axis;
flows in Figures 1c and 1d assume random �i uniformly dis-
tributed on 0<�i<�. The pulsed dipole (Figure 1b) repli-
cates the coherent structures in Jones and Aref [1988, Figure
3(g)] for the case of �2¼ 1, where �2 is defined in Mays
and Neupauer [2012, equation (5)] and can be interpreted as
the number of pore volumes injected during each iteration of

the pulsed dipole. Figure 2 shows the average interparticle
distance (AIPD) between the red particles and the blue par-
ticles for each flow, calculated with Bagtzoglou and Oates
[2007, equation (1)]. Since flows (c) and (d) include a ran-
dom component, Figure 2 shows the averages and standard
deviations of the AIPD calculated from a Monte Carlo simu-
lation repeated 30 times. For the standard dipole, the AIPD
is essentially constant for all the iterations, while the AIPD
increases with iteration for all the other flows. Physically,
the increase in the AIPD means that particles are being
spread through a larger region of the aquifer with each itera-
tion. Although the AIPD is much larger for the pulsed dipole
than for the standard dipole when the reinjection angle is
deterministic, the AIPD is similar for the standard and
pulsed dipoles when the reinjection angle is random. Thus,
the added benefit of the pulsed dipole may be minimal.
[5] Returning to the practical concerns, all four flows in

Figure 1 would introduce regulatory and clogging concerns
because they require reinjection. Avoiding reinjection was
therefore a primary motivation for our approach to generate
a chaotic flow by stretching and folding via engineered
injection and extraction [Mays and Neupauer, 2012].
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and EAR-1114060).
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Figure 1. Poincar�e maps showing particle positions after injection of each of 1000 pore volumes for
the four variations of dipole flow: (a) the standard dipole, (b) the pulsed dipole, (c) the standard dipole
with the random reinjection angle, and (d) the pulsed dipole with the random reinjection angle.

Figure 2. AIPD between the red particles and the blue
particles for the four variations of dipole flow shown in
Figure 1: (a) the standard dipole, (b) the pulsed dipole, (c)
the standard dipole with random reinjection, and (d) the
pulsed dipole with random reinjection.
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