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Abstract: We extend results of Richard Holley beyond the integer lattice to a large
class of countable groups which includes free groups and all amenable groups: for
nearest-neighbor interactions on the Cayley graphs of such groups, we show that a
shift-invariant measure is Gibbs if and only if it is Glauber-invariant. Moreover, any
shift-invariant measure converges weakly to the set of Gibbs measures when evolved
under the corresponding Glauber dynamics. These results are proven using a notion of
free energy density relative to a sofic approximation by homomorphisms, which avoids
the boundary problems which appear when applying a standard free energy method in a
nonamenable setting. We also show that any measure which minimizes this free energy
density is Gibbs.

1. Introduction, Main Results

A prototypical example of the type of system we study here is the Ising model, a model
of magnetism first studied by Ising in 1925 [1]. In the classical version of this model we
have a rectangular grid of particles, each of which can have ‘spin’ either +1 or —1. Each
particle interacts only with its nearest neighbors: neighboring particles with opposite
spins increase the energy and neighboring particles with the same spin decrease the
energy. Statistically, the system “prefers” to be in a low-energy state, but a temperature
parameter introduces randomness. The notion that a system in equilibrium minimizes
free energy formalizes the competing preferences of low energy and randomness.

The rectangular grid is natural for modeling an arrangement of particles in euclidean
space. However, it is also natural to study systems with similar pairwise interactions
between particles but other dependence structures. These arise, for example, in some
models of social networks and disordered systems in statistical physics. One important
feature of the rectangular lattice Z" that we would like to keep is its notion of ‘translation.’
It is also important that each vertex has only finitely many neighbors. To preserve these
features we generalize by replacing the rectangular lattice with the Cayley graph of a
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finitely-generated group. Some of our results will require the additional assumption that
the group has “property PA” (also known as MD; a definition is given in Sect. 2.4).

In this setting we can model an infinite regular tree as the graph of the free group F,
(which produces a 2r-regular tree) or of the free product of cyclic groups (Z;)*” (which
produces an r-regular tree). Note that these result in different notions of translation.

In the present paper we focus on extending results of Holley in [2]. He studied a notion
of free energy density for systems with sites indexed by Z", and used it to relate Gibbs
measures and Glauber dynamics. His approach does not seem to work for nonamenable
groups due to non-negligibility of the boundary of large finite subsystems.

In its place we use an “extrinsic” approach to free energy density which is based
on more recent work on the entropy theory of nonamenable group actions, initiated by
Lewis Bowen [3] to solve similar problems which appear in that area.

1.1. Related work. Inone respect, Holley [2] worked in slightly more generality than we
do here: he considered finite-range interactions, not just nearest-neighbor interactions.
Higuchi and Shida [4] extended his results to spin systems on Z" which may have
infinite-range interactions, as long as the strength of the interaction decays sufficiently
quickly.

The method of the present paper may be compatible with such generalizations, but
for the sake of simplicity we choose not to pursue them here. We also omit for the sake
of simplicity interactions with hard constraints, such has the hard core model supported
on independent sets.

More recently, Jahnel and Kiilske [5] have extended the free energy density approach
to non-reversible dynamics on integer-lattice systems.

Caputo and Martinelli [6] have shown that if the product of plus-biased Bernoulli
measures on an infinite tree is evolved under Ising Glauber dynamics, then it converges
weakly to the “plus boundary conditions” Gibbs measure (and similarly the minus-
biased Bernoulli shift converges to the “minus boundary conditions” Gibbs measure).
The present paper does not establish any particular limits, but shows that all limit points
are Gibbs under much more general conditions.

There has been other work on notions of free energy density on nonamenable groups,
but these notions do not appear to have the properties we want for our present purposes.
For example, Dembo and Montanari [7] consider, as we do below, a sequence of finite
graphs that locally converge to an infinite tree. Each of these finite graphs has a unique
measure which is Gibbs for the given interaction, and this measure has its own free
energy density. The limit of these free energy densities is called the free energy density
of the model. In the present paper, we define the free energy density of any shift-invariant
measure p as a limit of free energy densities of measures on the finite graphs which are
locally consistent with p.

1.2. Precise statements of basic definitions and main theorems. Let I be a countable
group with r generators sy, . .., s, and arbitrary relations. Let e € I" denote the identity.
Assume that e & {s1, ..., s-}. We will identify I" with its left Cayley graph, which has
vertex set I and an i-labeled directed edge (y, s;y) foreveryi € [r]and y € T.

For some finite alphabet A, we define the action of I' on al by

BY() =yW¥B)
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for B, y € I'. We can think of this as moving the center of the labeling to ~!. We say
that a measure 1 € Prob(al) is shift-invariant if S, = p for any B € T', where S,
denotes the pushforward. We denote the set of shift-invariant probability measures by
Prob" (al).

If V is a finite set, we can consider the set Hom(I", Sym(V)) of homomorphisms
from I" to the group of permutations of V. It is possible for this set to be empty. Given
o € Hom(I", Sym(V)), we write the permutation which is the image of y € I by o”.
We can associate to o a directed graph with vertex set V and an i-labeled edge (v, 6% (v))
foreachi € [rlandv € V.

Either I' or the graph of some o can be endowed with a natural graph distance: the
distance between a pair of vertices is defined to be the minimal number of edges in a
path between them, ignoring edge directions. Let B? (v, R) denote the closed radius-R
ball centered at v € V, and similarly define B' (y, R) fory € I'.

The correspondence between finite and infinite systems is established using empirical
distributions, which we now define. Let 0 € Hom(I', Sym(V)) and x € AY. For any
v € V there is a natural way to lift x to a labeling T19x € AL, starting by lifting x, to
the root e. Specifically,

(M9x)(¥) = x(c” (v)).

The empirical distribution of x is defined by

= (v > I9x), Unif (V) = Z(Sn e Prob(a").

vGV

This captures the ‘local statistics’ of x. This notation was used in the approach to sofic
entropy in [8].

To state our results we use the following way of measuring local similarity of a finite
graph o to I': for o € Hom(I", Sym(V)), we say B (v, R) = Bl (e, R) if there is an
isomorphism of the induced subgraphs B? (v, R), B' (e, R) which respects both edge
labels and directions. Define

= rppllve v < B0 R 287 )

inf (9-@2/3)% +65%).

AO’

The constants which appear here are connected to the choice of metric d in Sect. 2 below.
If A? is small, then o looks like I" to a large radius near most vertices. This is a way of
saying that the action of o is approximately free.

Note that a sequence ¥ = {0, } is a sofic approximation to the group I" (or, equiv-
alently, Benjamini-Schramm converges to the Cayley graph) if and only if A% — 0.
Although the exact quantity A defined here is somewhat ad hoc, this is essentially a
standard definition of sofic approximation in this context.

As mentioned above, our central tool is a notion of “free energy density” ayx (u)
of a measure ;& € Prob(al') with respect to a nearest-neighbor potential. This free
energy density is defined relative to a choice of sofic approximation ¥ = (o, €
Hom(T", Sym(V,)),en. It may be +oo, but if it is finite then it is nonincreasing as u
evolves according to the Glauber dynamics of the relevant potential (Proposition 3.2).
Moreover if 1 is not Gibbs then it is strictly decreasing; Proposition 3.3 gives a stronger
version of this claim. For every choice of X there exist measures with finite free energy
density, so this implies the following:
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Theorem A. For any choice of %, every j € Prob(A") minimizing ax (-) is Gibbs.

Note that “ay,” and “Gibbs” here refer to the same arbitrary nearest-neighbor poten-
tial, but we will keep these dependencies implicit.

The converse is false, since a Gibbs measure may have free energy density +o0o with
respectto some X. Itis unclear whether a Gibbs measure may have finite but non-minimal
free energy density.

We also use the same framework to show that every limit point of Glauber dynamics
is Gibbs, as long as at some point on the trajectory the free energy density is finite with
respect to some X:

Theorem B. Suppose n € Prob! (A1), and let W: denote its evolution under Glauber
dynamics. If there exist s > 0 and X such that ax (us) < +00, then |u; converges weakly
to the set of Gibbs measures ast — 0.

It is possible to avoid the degenerate case of infinite free energy density by an appro-
priate choice of ¥ when I' has a property called “property PA”; see Sect. 2.4 below for a
definition and the relevant result (Proposition 2.4). All amenable groups have property
PA, and the property is preserved under free products. Hence we have the following:

Corollary 1.1. If T has property PA, then Glauber dynamics converges to the set of Gibbs
measures from any starting point. In particular, a shift-invariant measure is Gibbs if and
only if it is Glauber-invariant.

The assumption that the group has property PA may also not be necessary for particular
starting points of the dynamics. For example, if  is a Bernoulli shift then ay (1) is finite
for any X, so Theorem B implies that all limit points of i, are Gibbs without additional
assumptions on I.

2. Definitions

Fory e T, let ‘y‘ denote the graph distance between y and the identity e € I'.
Give Al the metric

d(x,y) = Z(3T)_|V| Loy
yell

the factor 3 is chosen to ensure convergence. Let d denote the corresponding transporta-
tion metric on Prob(al): specifically, with Lip; (A") denoting the set of 1-Lipschitz
real-valued functions, we define

d(u,v) = sup {|uf —vf| : f € Lip;@aD}.

Here pf denotes the integral of f with respect to . Note that d generates the product
topology (which is compact), and d generates the weak topology induced by the pairing
with continuous functions (which is also compact).

For any set V and any x € AV veV,aeanweletx'™2

€ AV be given by

() — {x(w), w# v

a, w=v.

Below, an element of 2" will be referred to as a microstate and an element of Prob(a")
as a state.
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2.1. Glauber dynamics. LetV beanatmostcountablesetandfixo € Hom(I", Sym(V)).
We will apply this in two cases: when V is finite, and when V = I' and o is the action
of I' on itself by right multiplication. We will distinguish between these cases by giving
notation superscripts of o or I respectively (e.g. Q° versus Q).

For simplicity we consider only nearest-neighbor interactions. Fix a symmetric func-
tion J: A2 — R and a function i: A — R, and let S = {s1, ...,sr,s]_],...,sr_l}.For
veV,xea, let

D, (x) = h(x(1) + Y J(x(v), X(0*v)),

ses
and for a € A let
co(x,a) = Zy(x) " exp{— D, (x" 7D},

where Z,(x) is the normalizing factor which makes c, (X, -) a probability measure on
A. Note that ¢, (x, a) only depends on x through its values at vertices adjacent to v. A
standard stochastic Ising model has A = {—1, 1} and J(a, b) = Bab for some g > 0
(the inverse temperature), and & represents an ambient electric field.

We study here the continuous-time Markov process with state space A" and generator
given by

Qfx) =Y Y cox alf&7% = FXL.

veV a€A

If V is finite then this gives a well-defined linear operator on C(A"). Otherwise we need
to first define €2 using the above formula on a particular ‘core’ of ‘smooth’ functions for
which the sum converges, then take the closure of 2; see Liggett’s book [9] for details.
We denote the induced Markov semigroup by {S(¢) : ¢t > 0}.

For any continuous function f: AY — Rand x € A", we interpret [S(r) f](x) as
expected value of f(x;), where the random variable x; is the evolution of x to time . The
action of the semigroup on a probability measure is denoted wS(¢); this is interpreted
the evolution of a probability measure u € Prob(a") to time ¢. The evolved measure is
defined via the formula [uS(¢)] f:=p[S(#) f].

Further details of the construction of the dynamics will only be needed for proofs of
the following two results. The relevant details are contained in Sect. 5.

The first result may be thought of as an approximate equivariance between the Glauber
semigroups and the empirical distribution:

Theorem 2.1. There is a constant M > 0 such that for any x € AV, 0 € Hom(T,
Sym(V)), andt > 0

d(S7(PZ, PIST (1)) < A7 -teM',

The constant M depends only on the Cayley graph I" and on the interaction.

It may be helpful to clarify that the first term on the left, S (¢) P{, is the evolution
to time ¢ of the function PZ : AV — Prob(aAl) evaluated at x € A The second term is
the evolution of the empirical distribution P¢ € Prob(Al"). So this theorem says that the
expected empirical distribution after running the finitary dynamics for time ¢ is close to
the result of evolving the original empirical distribution for time ¢, as long as o locally
looks like I".

We also use the following Lipschitz bound on the Markov semigroup:
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Lemma 2.2, If u, v € Prob(al) then

d(uS" @), vS' (1)) < exp(M1)d(u, v).

2.2. Gibbs measures. For a finite graph with vertex set V and edges induced by o €
Hom(I', Sym(V)), we define the total energy

Ux) =Y hx@)+Y_ > Jx@), x(0"v)).

veV veVielr]

Note that each directed edge appears in the double sum exactly once; in particular, this
is not the same as Zv ®,(x), in which directed edges will be counted twice. We can,
however, write

UX) =) Uy(x)

veV

where

1 )
Up():=hx@) +5 Y J&@), X(0*v)).
se{sfH ..... S;H}
This definition of U, also makes sense if V is infinite; below we will make use of the

case V=I,v=ce.
Note that if we define

u™* = max (h(a) +rmax J(a, b))
aeA bea
and
u™" = min <h(a) +rmin J(a, b))
aeA bea
then for any V, o and any x € 2" we have

umin < LU(X) < ymax

v
The finitary Gibbs measure £y € Prob(A") can now be defined by
svix) = Zy' exp{~U ()}
where Zy is the normalizing constant. Note that

exp{—U(""%))
Lpea Xp{=U K"~}

Ev(y(v) =a|yw) =x(w) Yw # v) = = (X, a),

since

exp{—UKX""%)}  exp{—D,(x""%)}
exp{—U(x""P)} — exp{—®y(x"~P)}’
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On the infinite graph I we must use a different approach, since the sum defining the
total energy will not converge. We use a natural generalization of [9, Definition IV.1.5];
see also [10] for a much more general treatment of infinite-volume Gibbs measures.

Let .7, denote the o-algebra on al" generated by all vertices except for y. We call
w € Prob(Al) a Gibbs measure if for each y € I and a € A, the functiony — cy(y, a)
is a version of the conditional expectation u({x : x(y) = a} | Z,)(y). This means that
for every integrable f: Al — Rand y e I we have

[ X e mara s = [ o0 u@,

a€A

We may also describe this relation by saying that u is invariant under re-randomizing
the spin at y using the kernel ¢,
In particular, if p is Gibbs then for any ‘smooth’ f

wef = [ | e o atrar e = £ | utan <o,
V,a
It follows that /LQF = 0, which means Gibbs measures are Glauber-invariant.

2.3. Goodmodels formeasures on A'. Let V be afinite setandletoc € Hom (T, Sym(V)).

A labeling x € AY is said to be a good model for . € Prob(A") over o if the empirical
distribution P is close to u in the weak topology. More precisely, we can say X is
O-good if P{ € O for some weak-open neighborhood O > u. The set of such x is
denoted 2 (o, O). An interpretation of this relationship is that average local quantities
of the finite system are consistent with .

We define the empirical distribution of a state ¢ € Prob(a") by

pri=cry (= [ g cwn)

and say that ¢ is O-consistent with p (for some neighborhood O > p) over o if PZU e O.
We can still interpret this in terms of averages of local quantities: now the average also
involves a random microstate X with law ¢. We denote the set of such states by Q2 (o, O).
This way of lifting a finitary state is used in [11]; it also essentially appears in the notion
of “local convergence on average” introduced in [12, Definition 2.3]. See also [13, Sect.
4] and [14, Sect. 5].

This consistency is stable under Glauber dynamics in the following sense:

Proposition 2.3. Suppose o € Hom(T", Sym(V)), ¢ € Prob(AY), and . € Prob(al).
Let &, |4y denote their evolutions under Glauber dynamics on o, " respectively. Then
foranyt >0

d(Pg. ) < [A%t+d(PS, )] exp(M).
Proof. Forany f € Lip,(Al), the triangle inequality gives
\PEf —mf| < |PEf—PIST () f|+|PEST () f — i f)
= [¢[STO P f = PIST () f]| + |PEST () f — ST () f].
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Using that ¢ is a probability measure and the definition of d, this implies the bound
PGS = i f| < maxd(s* (Y, PZST (1) +d(PZS (1), uS"(®).
X

The first term may be controlled with Theorem 2.1 and the second with Lemma 2.2 to
get

|PEf — i f| < [A%t+d(PS, )] exp(Mi).

The result then follows by taking the supremum over f € Lip, @h). O

2.4. Free energy density. Given o € Hom(I", Sym(V)), the free energy of { €
Prob(a") is defined by

A(g) = ¢(U) = H(),

where {(U) = [ U(x) {(dx) is the average energy and H(¢) is the Shannon entropy.
Given a sofic approximation ¥ = (oy,),en With 0, € Hom(I", Sym(V,,)) such that
|Vn| — 00, we define the free energy density of i € Prob! (al) relative to = by

1
a = lim lim su inf ——A(Q).
(W Olu nﬁoop§€§2(ffnvo) ‘Vn| ©

We follow the convention that the infimum of the empty set is +oo.
The outermost limit is over the net of weak-open neighborhoods of w, partially
ordered by inclusion. Note that for each n the expression inf;cq s, 0) mA(g) is non-

decreasing as O | pu, so the limit exists and is equal to the supremum over O > u.
It is straightforward to check from the definitions that ¢ (U) /‘ V’ = Pé’ (U,). Conse-
quently we have

ax (1) = u(U,) — h2(w),

where h™°¢ is the ‘modified sofic entropy’ in [11], except with a liminf instead of
lim sup. Other very similar definitions have been studied, for example # in [13] (in the
residually finite case) and “model-measure sofic entropy” in [8, Sect. 6] (with other
notions of local convergence). Since this connection will not be used below, we omit
the proof. It may also be interesting to investigate other sofic free energy densities with
h™°d replaced by a different type of sofic entropy.

Since the map p +— ayx(w) is defined in terms of a supremum over neighborhoods
of w, it is lower semi-continuous. Consequently, it attains its minimum on Prob! (AF).

Note also that as long as 2 (o;,, O) is nonempty, for every ¢ in this set we have

1

min __
u log |A| < |Vn|

[¢(U) —H©)] < u™.

In particular,

ax(n) € [umi“ —log |2|, u

M U {+00}.

The case ay () = +00 can actually occur, for example if w is ergodic and the sofic
entropy relative to X is —oo. This is because, in the ergodic case, ¢ being consistent
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with p is the same as being mostly supported on labelings which are good models for
W, but if the sofic entropy is —oo then there are no good models.

Note, however, that the function u +— ayx (@) is not identically +oo for any choice of
¥, since the point mass at a constant labeling in Al always has good models.

If  were not shift-invariant then the expression defining ay (1) would still make
sense, but would take the value +oo for any X. This is because empirical distributions
are always shift-invariant and Prob! (Al) is closed so, no matter what & we choose, any
small enough neighborhood of x contains no empirical distributions.

Following [15], a shift-invariant measure in Prob! (A1) is called periodic if it has
finite support, and a group I' is said to have property PA if the set of periodic measures
is dense in Prob” (Al for every finite alphabet A; in other words, if every shift-invariant
probability measure on AT has periodic approximations.

In Sect. 4 we prove the following:

Proposition 2.4. A group T" has property PA if and only if for every finite alpha-
bet A and every i € Prob" (&) there exists a sofic approximation ¥ = (an S

Hom(T", Sym(Vn)))neN such that ax (i) < +00.

Property PA was proved to hold for free groups by Bowen in [15, Theorem 3.4].
Kechris later studied another equivalent property in [16] which he called “MD”; see also
the survey [17] for more recent information on which groups are known to have this
property. In particular (all from [17, Sect. 5]):

e Amenable groups have property PA.

e If two nontrivial groups are both either finite or property-PA, then their free product
has property PA.

e Therecent negative solution to Connes’ embedding conjecture implies that the direct
product F, x > does not have property PA.

2.4.1. Connection with a related notion of free energy density Fix a sofic approximation
¥, and for each n let &, € Prob(a"") denote the unique finitary Gibbs measure. Suppose
that P7" — . Then for any O 5 p we have &, € Q(o,,, O) for all large enough n. But
&n, bgl'ﬁg the Gibbs measure, has minimal free energy among all probability measures
onA'", so

inf  A@() = A(§,) = —log Z
ol o) (&) = AG) 0g Zy

where Z,, is the normalizing constant appearing in the definition of &,. It follows that

1
ay(n) = ”i,‘iigéf — log Z,.

[Val

This quantity (without the minus sign) is often called the asymptotic free energy density.
[7] shows that for the Ising model with any positive temperature and positive external
field, the weak limit of P; " is u4, and that ; log Z,, converges to a limit predicted

n

by the “cavity method” from statistical physics. In particular, this gives a formula for
ax ((+).
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Fig. 1. A graph of the function F

2.5. Measuring non-Gibbs-ness. As in [2], we make use of the function

s—slogs—1,5s >0
FO(S)Z{—l ¢ S:O

which appears in an expression for the time derivative of free energy [Proposition 3.1].
This function is concave, nonpositive, and equal to O if and only if s = 1. A graph is
included in Fig. 1. If g € Prob(AB(¢-R)) has full support, we define

exp{—P.(y)} II«R{ye_)a}>
exp{—P.(y¢7*)} urly}

Afur) =Y mrly}- F0<

yeaB(@R)
This measures the average failure of i to be consistent with the Gibbs specification.

Lemma 2.5. Suppose 1 € Prob(A") is a translation-invariant measure such that for
every R > 1 the marginal ug € Prob(AB©R)) has full support and AR(ug) = 0 for
every a € A. Then  is Gibbs.

Proof. Fix R > 1,andlet /B, r)\ (e} denote the o -algebra generated by sitesin B (e, R)\
{e}. Then by definition of conditional expectation, for any a € A

e—>a}

uriy
ZbeA MR {ye*)b} '

where on the right-hand side we use the shorthand wgr{y} = r{y IB(,r)} fOry € al.
Our assumption that w g has full support and A § (ug) = 0 implies that

—1 _1
Y3 B R 771 o WY e ol el 0 Sid) | N
Dpen Y (Z MR{Y“a}> B (Z exp{—@(ym)}) e

bea bea

u((xeal : x(e) =a} | Shee.ry(e) ¥) =
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Taking R to infinity, by martingale convergence we get

w1 Z)(y) =cely, ).

By translation invariance, it follows that u is Gibbs. O

3. Proof of Theorem B

Proposition 3.1. Let ¢y € Prob(aY), and let ¢; denote its evolution under Glauber
dynamics. Then for all t > 0, ; has full support and

d, expl—®u(0) G lx")
a0 = ZF"(exp{—cbv(xM)} Y )5’{X}C”(X’ )

X,v,a

Our proof of this proposition is based on the proof of the analogous result in Holley’s
paper [2], with some minor changes.
For x € AV, write

P(x) = exp{-U(x)}.

This is just the Gibbs measure on V, except without the normalizing factor. It is easy to
see that

A =Y ¢ixlog ;{(’;})

Proof of proposition. A calculation using the Markov generator shows that

d
Jalx) =D [T e x() = Gixleyx @)

v,a

Now if ¢; does not have full support, there is some x such that ¢, {x} = 0 but there exist
v, a such that ¢, {x"~2} > 0 (if we think of AV as a graph with edges between labelings
that differ at a single vertex, we are picking an x in the outer boundary of the support
of ¢;). For such an x, by the formula above we would have %{t{x} > 0. Unlessz =0
this would imply the existence of times where ¢ gives negative mass to {x}. Therefore
¢; has full support for all # > 0.

Therefore
d _ d Gi{x}
EA(Q) = % 7 I:é't{x} log P(X)i|
o d & ix)
= ) o laix}llog P

xeAY

= Y > [T e, (7R, x(v) — G{xley(x, a)] log

XEAV v,a

& {x}
P(x)’
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Forx,y € AV, define

- Z c(y,a), x=y
a,v
Q[(X, y) = a#x(v)
cy(y, a), X#£y, x=y'"7?forsomev e V,aech
0, else.

This has the following useful properties:

D A y) =0 Vy. (1)

Proof. For any y,
YA Y =AY+ Y D AYTALY +0=0,
X veV a#y(v)

D A NP =0 Vx. @)

y

Proof. For any X,
DA PP = AXOPE + Y Y AXXTHPETH+0=0
y veV a#x(v)
= > [— e a)exp(-U®)}+e,(x" 7%, x(v)) exp{—U (x"~*)}]
a;z;il()v)
=0.
In fact every term of this last sum is zero because

cox 2 exp(-=UM)  _ expl=0,(" ")} exp(=U®)} _
co(x" 2, x() exp(=U X7} ~ exp{— Py ()} exp(—U (x"77)

Using these two properties of 2, and the fact that ¢, has full support, we see that
Giix}
P(x)

P(y) P(x) &y} log Gi{x}
Px) P(y) &i{x} ~ P(X)

d
EA(Q) = ZQ[(X, y)&{y}log
X,y

= AKX, )& {x}

X,y
P(y) Px) &ly}, P(y) .
+ ;Ql(x, y) & {x} P& P(Y) G1x] log i) (= 0 by Equation 1)

+ wa N&ix)

P(y) < L P® oyl

P& P(y) Ez{X}) (= 0 by Equation 2)
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P P
_ ZQ‘(X Ve x) (y) 0( (x) & iy}

P(x) P(y) &i{x}
0

——
P® . (PX) Gi{x}
_Z(m(x Aty (P(x) gz{x}>
Paie) ( P(x) §z{xﬁa})>
P P\ PET 4

> (definition of Fp)

+ YA XX
a;z;ia(lv)

v—a ( v—)a) P(X) é‘t{xv_)a}
_chv(x ,x(v)) & {x} PX) Fo (p(xv—>a) &{x) )

(terms where a = x(v) are 0 anyway)

B P &ix"~?)
= ZFO( RO );,{x}cv(x, a).

X,v,a

The desired formula follows from the identity » gf,’i)a) = exf)’{“i{;ﬁ;fﬂi)},

above. m]

also used

We first use the previous result to show that free energy density is nonincreasing.

Proposition 3.2. Suppose pu € Prob(a"), and let = = (0, € Hom(T', Sym(V,,))),
be a sofic approximation.
Then ax (o) > ax(us) forallt > 0.

Proof. Ifax () = 400 then the result is trivial, so suppose ay (14¢) < +0o. This means
that for any O 3 ug we have Q(o,, O) # @ for all large enough .

Let U; be an arbitrary weak-open neighborhood of ;. By Proposition 2.3 there
exists Uy > po such that, for all large enough n, we have ¢; € Q(o,, U;) whenever
%o € Q(on, Up).

Suppose 7 is large enough that Q (o, Up) # . Since Fy < 0, the previous propo-
sition implies that for any ¢y € Prob(aY) and any ¢ > 0

iA( ) <0
g A =0

Therefore for any # > 0

A(%o) = AG),

and hence

inf A > inf A(2).
£ €Q(onUp) (g)_feman,u,) ©

Now by definition of ay we have

A(Z)

ay(uo) = sup limsup —
Ospg n—>0 |Vn| {eQ(Un 0)

> limsup ——  inf
n—oo |Vl c€(0nlho)

A(2)
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1
> limsup —— inf  A(Z).
n—>oop |Vn| {EQ(UH»Z/{I) C

Taking the supremum over U, gives the result. O

By a more careful analysis we can get the following proposition, the second part
of which may be interpreted as semicontinuity of the time derivative of ax(u;) as a
function of the measure:

Proposition 3.3. Suppose i € Prob" () is not Gibbs. Then there exist ¢, T > 0 and
an open neighborhood O > w such that if uo € O then

1. There exists § > 0 such that for any 0 € Hom(I', Sym(V)) with A° < § and any
Lo € (o, O) we have A(Ly) > A() + ct|V}f0r allt € [0, T].

2.If ¥ = (on € Hom(T, Sym(V,,)))nEN is a sofic approximation then ax (o) >
ay(us) +ctforallt € [0, T].

Here we take the convention that +00 + ¢t = +00.

Proof. Since u is not Gibbs, there exists R such that either ;g does not have full support
or Ag(u r) < 0 for some a € A. We will come back to these two cases in a moment,
but for now let R be fixed so that one of them occurs. We may assume R > 1.

Fix 0 € Hom(T", Sym(V)). Let

exp{—®.(x)} Cxe AB(E’l)} =0,
ZbGA exp{—®P,(x¢7P)}

and call v € V good if B° (v, R) = B (e, R), and let V' be the set of such v. Then

d exp{—Py(x)} & {x"7°}
EA(Q) =s X;a Fy (exp{—cbv(x””a)} o (%) ) i{x}.
v good

s:min{

Let P;’R € Prob(aB" (R)) be given by

PRy = 1
P; {y}—|v,| Z ¢{x)

v good
X[B(w.R)=Y

Note that P7*® is close to the BT (e, R)-marginal of Pg’ in total variation distance if most
vertices are good. Then, applying Jensen’s inequality,

d exp{—®,(x)} & {x"7%}
TRACEL) DED DD F"(exp{—%(xﬁ&)} ) )‘“X}
dhyenBlen

X[Bw.R)=Y

—

o _®, Po,R{ye—>a}
y T exp{—P.(y)} 6 U
VL 2 -y PPy} pokyyy

aea yenBl @R
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We now consider the two cases mentioned above. First, if g does not have full
support, there exist y € AB©R y e B(e, R) and a € A such that ug{y} # 0 but
wr{y’~?} = O (this is the same principle used at the beginning of the proof of Propo-
sition 3.1). Using translation-invariance of x, we may assume v = e, increasing R if
necessary: if R’ is large enough that B(e, R) C B(v, R’) then there is some extension
y' of y such that g, g {y’} # 0 and g, g){y"" 2} = 0. We could then take R to be
R’ and y to be a translate of y’ with v shifted to e. Then

exp{—®.(y)} uri{y*%}
exp{—P.(y*7 )} urly}

By continuity of Fy, there exists & > 0 such that

uriy} - Fo ( ) = —ur{y} <0.

la — nrly}| <eand0<b <e = d'Fo< exp{—P.(y)} b) - _MR{y}.

exp{— D, (y =)} a 2

In particular, if ||Pg‘R — ugrllTy < € then

wriy}
R

d /!
A < —s|V']

In this case we will take ¢ = s ug{y}/4.
Now consider the other case, in which Ag(u r) < 0 for some a. By definition of
Ag(/ug), we can pick y such that

exp{—P.(y)} uR{yHa}> <0
exp{—®@.(y7*)}  urly) )

and proceed in the same way, picking ¢ > 0 such that

C:=ur{y}- Fo (

exp{—P.(y)} b) c
-

a—uplyl| <eand |b— ur{y* "%} <e = a- Fy (—— —
| | | | exp{—P.(y 7} a

5

In particular, if ||Pg’R — urllTy < € then
iA(z) < —s|v’|g
dr ! 2

In this case we will take ¢ = s C /4.

—

In either case, we now have chosen & > 0 such that if || Pg R _ URllTV < € then
d
—A < =2|V/|e.
TR \4

Let O = {v € Prob(Al) : |lvg — urllTv < &}. By continuity of (i, ) — i, we
can pick O, T such that if ug € O then u; € Oy forallr € [0, T].

Fix o € O. By Proposition 2.3, for any n > 0 there exists i/ 3 po and § > 0 such
that if ¢y € Q(o0,,, ) and A° < § then d(Pg, u) < nforallt € [0, T]. If we pick
n small enough, this implies ¢; € Q (o, Oy) for all t € [0, T]. Hence if {y € Q(oy,, U)
and A% < § then for any ¢ € [0, T']

A(G) — AQo) < =2|V]et.



C. Shriver

Now by definition we have
V| =a=splv].

If § is small enough then A° < § implies 6% < 1/2,sothat2|V’| > |V|. This completes
the proof of the first part.

For the second part, since X is a sofic approximation, for all large enough n we have
A% < § and therefore

A(L0) = AL + | Vet

> inf AQQ) + | Vet
£€Q(00.B (1)

for all t € [0, T']. Then, since the first limit in the definition of ay is a supremum

ay(uo) > limsu inf A(%o)
e £ (o1 |V |
> lim su nf A(Z) +ct.
S con B (ue [Val
Taking n to zero gives the result. O

Proof of Theorem. Suppose for the sake of contradiction that 1, does not converge to
the set of Gibbs measures; then we can pick some v € Prob! (al") which is not a Gibbs
measure but for every open O > v we have p; € O for arbitrarily large ¢.

By Proposition 3.3, we can pick 8, T > 0 and an open neighborhood O > v such
that for every ¢ with u; € O we have ax (u;) > ay (7)) +07T.

On the other hand, under the assumption that ay (us) < +00, the set {ax(u;) :
> s} is bounded: an upper bound is ay (i) by Proposition 3.2, and a lower bound is
u™" — log |A| This is a contradiction, so the theorem follows. O

4. Connection to Property PA
We first prove the following:

Proposition 4.1. A group T has property PA if and only if for any ;1 € Prob! (al)

there exists a sofic approximation ¥ = (0,1 € Hom(T, Sym(Vn)))n N and a sequence

. k
Xy € AV e with P 55 .
Some ideas for this proof were shared with me by Lewis Bowen.

Proof. The ‘if” direction is clear, since each P,g, " is periodic.

For the other direction, suppose I" has property PA and let i € Prob" (al). By defi-
nition of property PA, we can pick a sequence of periodic measures (i1, ),eN converging
to w.

Fix n € N. The support of u, consists of finitely many orbits under I'; let
{¥y1,..., ¥} C Al be a set which contains exactly one element of each orbit, and
denote the (finite) orbits by I'y;. Then we can write

k

pn = ) a; Unif (T'y;).
i=1
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Pick natural numbers my, ..., mg, and let V;, be the disjoint union of m; copies of
I'y; for each i. Let 0, € Hom(G, Sym(V},)) act separately on each copy of each orbit.
Let x, € A" be given by

X, (v) = v(e).

Then
k .
1 .
P = - Unif (Ty;),
i=1 Zj:l m;
soif my, ..., my are chosen appropriately then we can ensure Py" — p.

But £ = {0,} as just constructed is not necessarily a sofic approximation. We can fix
this using the following trick: let v € Prob({0, 1}7) be the product measure with uniform
base. Then then above argument, applied to © x v instead of p, implies the existence of
sequences (0, € Hom(T", Sym(V;))), _yand z, € (& x {0, 1)V with P;" — ju x v. If
we write z, = (X, ¥») withx, € A" andy, € {0, 1}"", then P¢" — pand Py" — v.
We will show that the latter fact implies A — 0 (i.e. X is a sofic approximation).
Suppose v € V,,, y € I' are such that o] v = v. Then forany g € T,

(T57¥2) (BY) = ¥ (04" v) = yu(0f'v) = (T17"ya) ().
In particular, for any finite set D C I'" we have

Y

Pow € {0, 1}" : w(By) = y{vev c o)l v =v)|.

But by assumption, as n — oo the left-hand side converges to

vi{w € {0, l}F :w(By) =w(B)VB e D} <viw : w(By) =w(B)VB € Ds.t. By & D}
2-|pr\o|.

and hence

limsup —[{v e V, : o) v=10}| < 2‘|DV\D|.
n—00 | n|

Aslong as y # e, the set D can be chosen to make |Dy \ D| arbitrarily large, so that

lim —|{UEV :anv—v}|—0
n—)oo’ |

Forany R € N, it can be checked that if o) v # v forall y # e such that |y | <2R+1
then the map

B (e, R) > B (v, R)
y = olv
is an isomorphism of the (labeled, directed) induced subgraphs. Therefore
8;"5 Z V}{veV:onv_v}|—>0
yeBF(e,2R+1)\{e}| "|

which, since R is arbitrary, implies A°" — 0. O
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4.1. Proof of Proposition 2.4. Note ay () = +oo if and only if there exists an open
neighborhood O > p such that Q(o,, O) is empty for infinitely many n. Therefore if
ay(u) < +oo there exists a sequence ¢, € Prob(a"") with P”” — . Since each P
is periodic, this shows that if for every p there exists ¥ with az(,u) < +oo then I has
property PA.

Conversely, if I' has property PA and i € Prob! (al) is given, then by the above
proposition we can pick a sofic approximation ¥ and (x,)en with Pg" — w. But then
for any open O > p we have éx, € Q(o,, O) for all large enough n, so ax (1) < +oo.

5. Proofs of Statements Involving Infinitary Dynamics

We first give some additional setup regarding the Glauber dynamics on A", First, recall
that on an infinite graph we must first define the Markov generator on a ‘core’ of ‘smooth’
functions. Let C(aA") denote the space of continuous real-valued functions on AL, with
the supremum norm || - ||sc. The smooth functions are defined as follows: given f €
C(aMandv eT, let

Ay() = sup{|f(n) — fF2)| © m@) = na(u) Yu # v},
=" Ar),
vel

and
D) ={fec@) : |Ifll < oo}

Every function which depends on only finitely many coordinates is in D(a"), so D(al)
is dense in C(al). For every [ € D(aD) the series defining Qf converges absolutely,
and Qf € C(al).

Note that the condition || f ||| < oo does not imply that f is continuous; in fact for
every tail-measurable f we have ||| f]|| = 0.

Continuing to follow mostly the notation from Liggett’s book, let

cu(@) = sup {llecu 1. ) — cumz. vy = my) = ma(y) Vy # v}
Then
OBw) =Y B)cu(v)

vell

defines a bounded linear operator on ¢! (T").

The closure Q! is a Markov generator, so its domain is a dense subset of the continu-
ous functions C(A") and the range of 1 — AQ  isall of C(a) forall A > 0. We also have
I £l < I —AQD) £l for all A > 0 [9, comment after Definition 2.1 of Chapter 1]. In
particular I — AQ" is injective. An important consequence is that we have a contraction
(I -rQH"1:c@h —» c@h).

5.1. Approximate Equivariance (Proof of Theorem 2.1). For p € R, let

161 = sup |BG|Gr 7.
yel
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Lemma 5.1. For any continuous g: A" — R,

1
gl < e llag = gl

In particular, every Lipschitz function is in D(al).

Proof. For the inequality:
gl =3 Agy) < (sup Ag<y)<3r>’y|> S 60 <35up A, 00607,
¥ 14 ¥ 14

Now similarly, for any x, y € AT

lg(x) — g(y)| < Z Ag(y) (using continuity)
Y X(y)#y(y)

=swpa, G0l Y el
Y Y XAV ()

= sup 8, ()G - dex. ),
o)
el = sup 851G | = 1,0,
The converse inequality follows from the fact that for any y € T’

8oy = G gl .

O
Lemma 5.2. With respect to the norm || - || on R, ® has operator norm at most
M:=sup Z ¢y (WBr)? ™Y < oo,
V' her

Proof. Forany y €T,

810 - 6"l < 3 [pw e, mEnlY]

hel

=) 1B |c, ()3 1+

hel
<1BI D ey ) @Bryt®?,
hel

so, taking the supremum over y, we see that ||©8] < ||8||M and hence the operator
norm is bounded by M.

Finiteness of M follows from the fact that always ¢, (h) < 2,and ¢, (h) = 0if h, y
are not adjacent. So for any y

> ey @I <228 3r)' =127
hel
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We can now give a proof of Lemma 2.2:

Proof of Lemma 2.2. By [9, Theorem 3.9(c) of Chapter 1], we have the pointwise
inequality

ASr(,)f <exp(t®)Ay Vf e D(AF).
Taking || - || norms of both sides gives, by Lemma 5.1,
’Sr(t)f|Lip = exp(Mt)‘f|Lip'
The result follows from this and the definition of d. m|
Proposition 5.3. For all small enough . > 0, for all g € D(A") we have
(1 =2l <1 =M1 gl .

Proof. Recall from [9, proof of Theorem 3.9 of Chapter 1] that for all small enough
A>0

A sdyte [+ 2e) =201 * A, (pointwise)
forany g € D(AF). If we apply the || - || norm to both sides we get, by Lemma 5.1,

(7 =27 |, = 11 =AM — )17y,

The stated bound follows after dropping ¢, which is positive. O
Define
Ifllg =Y Ar).
ly|=r

If f € D(AD) then limg_ oo Il fllg = O;if f is Lipschitz then for any R > 0

R
AR = 3]f], 273
The following result establishes an approximate equivariance of P with the generator:

Proposition 5.4. Let V be a finite set and o € Hom(T", Sym(V)). For any f € D(A"),
ReN, andx € A7,

7P f = PYQYf| < 3NNk + 28I £

Proof. From the definitions of Q% and PJ,

QPIf =YY e a)|Pioaf — P f]

veV achA

Z > e )[f(IEX""%) — F[7x)].

v,weV acA
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We can compare this to if the sum is restricted to pairs v, w which are nearby in the
graph o:

Qo Py - Z Y Y el @ - £@gv)]|

weV veB? (w,R—1) acA

Z D ) ek )| M) — f(IX)|

wEV v¢B% (w,R—1) a€A

Now since the labelings X"~ # and x differ only at v, their lifted labelings T1J x"~* and
I19 x differ only at preimages of v under the map y — o”w. Let I1{ {v} C I" denote
the set of these preimages. Then the above is bounded by

Z Y. Ya®a Y A= Z > Y A

weV v¢B? (w,R—1) a€A yell§ {v} wEV v¢B7 (w,R—1) y eIl {v}

Since for each w the sets in the collection {I1J {v} : v & B?(w, R — 1)} are disjoint
and contained in the complement of Bl (e, R — 1), we can bound this by

Z Yo A =Sk
WEVwZBr(eR 1))

Now suppose w € V issuchthatB? (w, R) = BT (e, R): thenforeachv € B® (w, R—
1) the intersection B (¢, R — 1) N I19 {v} consists of a single point, which we call y*.
We then have ¢, (X, a) = ¢, (T1) X, a) From this we can get

Y. a®a[fMixT — f(x)]

veB? (w,R—1) a€A

- Y Yemmaln@in ) - A1)

y€Bl (e,R—1) a€R

Do e alf X — (@07 9]

veB? (w,R—1) a€A

= Y Y ama)| I = f(g07 ) ()

veB? (w,R—1) a€A

Now our construction also guarantees that the labelings [1% x"~2 and (T1%,x)?" ~2 differ
only at sites in T1J {v} other than y", all of which lie outside BT (e, R — 1). Therefore

we can continue
= > Y axa Y Ay

veB? (w,R—1) a€A yellf {v}
s

< > A =g

[v|=#
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In the second-to-last line, we have again used that I1 {v;} and I1J {vo} are disjoint if

V1 7& V2.

For other ‘bad” w where B® (w, R) % B! (e, R), approximating the sum over v by
the sum over y in this way may be inaccurate, but the fraction of w € V which are bad
is only 8%. For these w we note that the magnitudes of both sums in () can be bounded

by > er Ar() = Il
So far we have shown that

QTP f - W Y Y Yoy (Mgx, ) f((Mg%)7~2) — £(M1gx)]|

weV |y|<R
<2l F g +28%M fII-

To finish, we compare the second term on the left-hand side to P Q' f using an approach
similar to above:

‘ D3 Y o mgx a)[£((Mgx)7 %) — f(15x)]

weV | | R 2€A

Z SN e (Mgx a)[£((MGx)7 ) — £(15x)]

weV yell aeA

Z 2 2o WMix a)|f((M5077) — £(N7x)|

w€V| | RaGA
< Z D A

weV| |>R
=1fllg-

Lemma 5.5. For all small enough A > 0, for any m € N and g € Lip(Al) we have

m
I = 2Q°) ™ PZ g — PI(I — AQ") ™™gl poo(av) < m"|g|Lip > o —amy~r
k=1

Proof. We use induction on m, starting with the base case m = 1. Throughout, we
assume A is small enough for Proposition 5.3 to apply.
Given g € Lip(al), let f = (I — AQ")~!g. Then for any R € N
1P g — (I = AQ)IPY flllpmqavy = IPLf = 227 f1= (I = xQ7)IPY flllpary
=M P f = P{Q" fllpeay)
< AQGIIfllg + 28N A1) (Prop. 5.4)
<29 2/3F +65p)| 1Ly,

Taking the infimum over R gives
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1P¢ g = (I = AQ)IPY flllwqary < AA7[ £,
<AA°(1 — AM)_1|g|Lip. (Prop. 5.3)

Since (I — 1£2°)~ ! is a contraction on £ ("),
(I =2 Pl g — PI(I — 2Q2") gl
=1 = 2Q°) "' [P{ g — (I — AQ7)[PY f1] lle=
< AA°(1 —,\M)—1|g\up.

This proves the base case.
Now assuming the m case and the base case, we prove the m + 1 case:

I = 2Q7) =V PZ g — PZ(1 —2QN) ™"+ Dg]|pos
= | =2 [ —2Q7) " PZ g — PI(I — 22T ™"g]

+ [(1 — A PI(1 — A0y g — (1 — 20T (1 - M_?r)*’”g] (-

< (I =Ar2°)™Pg —PZ(I —22")™glloo  (contraction)
+AA%(1 —AM)_1|(I —AS_ZF)_mg|Lip (base case)
m+1
_k . .
< AA° }g‘up Z(l — AM)™*.  (inductive hyp., Prop. 5.3)
k=1
This completes the induction. O

Proof of Theorem 2.1 Given g € Lip,; (al), for all large enough m we can apply the
previous lemma with A = ¢/m, which gives

m
10— £Q) Pl g = PY U — Q) " gllgmqar) < £A% gl > (1 — £ 7
k=1
Let m — oo. The left-hand side converges (by Hille-Yosida; [9, Theorem 2.9(b) of
Chapter 1]) to ||S° (1) P{ g — P ST (1)glloo While the lim sup of the right-hand side is
bounded by A% reM! |g|Lip, since

m

. ks 1 k_ .M
hmsupZ;(l—%M) SllmsupZZ(l—éM) =M,

m—>00 m—»00
k=1

Since g € Lip(al') was arbitrary, the inequality of transportation distance follows.
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