
Numerical and physical modeling of the effect of cone apex angle on the penetration 1 

resistance in coarse-grained soils 2 

Hunt, O.M.1, O’Hara, K.B. 2, Chen, Y. 3, and Martinez, A.4 3 

1HDR engineering, 2379 Gateway Oaks Dr., Sacramento CA, 95833; email: olivia.hunt@hdrinc.com 4 
2Department of Civil and Environmental Engineering, University of California Davis, 2001 Ghausi Hall, Davis CA, 5 
95616; e-mail: kbohara@ucdavis.edu 6 
3Department of Civil and Environmental Engineering, University of California Davis, 2001 Ghausi Hall, Davis CA, 7 
95616; e-mail:  yych@ucdavis.edu 8 
4Department of Civil and Environmental Engineering, University of California Davis, 2001 Ghausi Hall, Davis CA, 9 
95616; e-mail: amart@ucdavis.edu  10 

 11 

Abstract 12 

The tip shape of penetrometers and piles has an important influence on the soil resistance 13 

mobilized during penetration. Blunt or flat tips typically generate greater penetration resistances, 14 

which can lead to refusal during in-situ testing and pile driving in the field. Results are presented 15 

from numerical and experimental investigations on probes with conical tips of varying apex 16 

angles to quantify the effect of the apex angle on the mobilized penetration resistance and 17 

associated failure mechanisms. Discrete Element Modeling (DEM) simulations were performed 18 

in unconfined and confined (i.e., stress-controlled) specimens to model shallow and deep 19 

penetration conditions, respectively. Centrifuge penetration tests were performed by quasi-20 

statically advancing an instrumented probe to a depth-to-probe-diameter ratio of 16.7. The 21 

numerical and experimental results indicate that at shallow depths, the sharper tips mobilize 22 

smaller penetration resistances. In deep penetration conditions, the changes in penetration 23 

resistance with tip apex angle are less pronounced. Based on the results of the two investigations 24 

and values reported in the literature, a relationship characterizing the functional form between tip 25 

apex angle and normalized penetration resistance is proposed. A meso-scale analysis of the DEM 26 

simulation shows differences in the failure mechanisms induced by sharp and blunt tips: the zone 27 

where large particle displacements and stress changes occur is large and located below the tip for 28 

penetration with blunt tips, whereas the zone is smaller and located both laterally and below the 29 

tip for sharp tips.  30 

 31 
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1. Introduction 32 

It has been widely reported that the tip shape of penetrometers or piles has an important effect on 33 

the mobilized penetration resistance, where blunt or flat tips are typically associated with greater 34 

penetration resistances. High penetration resistances can lead to refusal at shallower depths than 35 

required or to structural damage during installation of piles. As described by Tovar-Valencia et 36 

al. (2021), the design of piles with flat bases often uses the results of Cone Penetration Test 37 

(CPT) soundings equipped with conical tips with an apex angle of 60°, without direct 38 

consideration of the effects of differences in pile geometry (Clausen et al. 2005; Lehane et al. 39 

2005; Jardine et al. 2005; Salgado et al. 2011). This results in added uncertainty, especially 40 

considering that the tip shape effect may have a dependency on soil type and properties like 41 

density, tip surface roughness, overburden stress, and depth.  42 

Durgunoglu and Mitchell (1973) presented analytical limit equilibrium solutions which indicated 43 

that penetration resistance increases with increases in tip apex angle, penetrometer surface 44 

roughness, soil friction angle, and depth in cohesionless soils. A number of subsequent numerical 45 

and experimental studies have also reported an increase in penetration resistance with increasing 46 

cone apex angle in sandy soils (e.g., Lobo-Guerrero and Vallejo 2007; Lin and Wu 2013; Wu 47 

and Yamamoto 2014; Tovar-Valencia et al. 2021). The fall cone test is also routinely employed 48 

to estimate the shear strength of clayey soils. In this method, the effect of the cone apex angle 49 

can be considered by means of analytical solutions (Hansbo 1957; Houlsby 1982). Wood (1985), 50 

Kuomoto and Houlsby (2001), and Dastider et al. (2021) performed fall cone experiments and 51 

simulations and reported an increase in penetration depth, corresponding to a decrease in 52 

penetration resistance, for sharper tips.  53 

Research on tip shape effects can also be found in the field of bio-inspired geotechnics, which 54 

consists of the adaptation of biological strategies towards geotechnics applications and has 55 

received recent and growing interest (Martinez et al. 2021). Researchers from the biological 56 

sciences have addressed the tip shape effects from an evolutionary perspective. For example, 57 

Mishra et al. (2018) performed experiments and simulations on penetrometers with different 58 

shapes, including flat and conical tips and tips with morphology inspired by plant roots. The 59 

authors reported that the plant-inspired penetrometer and those with conical tips generated the 60 

smallest penetration resistances. Berhmann and Berry (2021) performed experiments on 61 



penetrometers of varying apex angles to shed light on the burrowing adaptations of sand-diving 62 

lizards. The authors also reported a decrease in penetration resistance as apex angle decreased. 63 

The tip of the stingers and egg-laying organs of honeybees, mosquitoes, and wasps have been 64 

shown to have a small apex angle. It has been hypothesized that these “streamlined” shapes helps 65 

reduce the penetration resistance in solid substrates (Kong and Wu 2009; Ling et al. 2016; 66 

Cerkvenik et al.2017).  67 

Despite the evidenced importance of the tip shape on the mobilized penetration resistances and 68 

induced failure mechanisms, a relationship based on experimental or numerical results between 69 

the apex angle of conical tips and their penetration resistance is still to be developed. 70 

Additionally, little attention has been devoted to the effects in both shallow and deep penetration 71 

conditions. This paper combines the results of two investigations on the effect of the apex angle 72 

on the penetration resistance to provide additional data and characterize the failure mechanisms 73 

during both shallow and deep penetration conditions. The first investigation consists of Discrete 74 

Element Modeling (DEM) simulations which explicitly model and track each particle in a 75 

granular assembly and enable a meso-scale analyses of the failure mechanisms in terms of 76 

particle displacements and stress changes. The second investigation consists of penetration tests 77 

in a geotechnical centrifuge which achieve overburden stress levels representative of field 78 

conditions.  79 

 80 

2. Materials and methods 81 

This section provides a brief description of the DEM simulations and centrifuge tests performed; 82 

the complete methods used in both numerical and physical models are detailed in Chen et al. 83 

(2021) and O’Hara and Martinez (2022a). Penetration conditions are considered shallow when 84 

the soil exhibits a failure mechanism that propagates to the soil free surface (i.e., heaving) and 85 

the increase in penetration resistance with depth is parabolic or quasi-linear. Penetration 86 

conditions are considered deep when the failure mechanism is localized around the 87 

penetrometer’s tip. Fig. 1 shows schematics of the penetration conditions, where the transition 88 

from a shallow to deep penetration mechanism takes place at the critical depth (Zcrit). 89 

 90 



2.1. DEM simulations 91 

The numerical simulations were performed using the PFC3D 5.0 software (Itasca Inc.). DEM 92 

was used in this investigation because it has the ability to model large deformation processes 93 

without numerical stability issues, it provides a rich dataset from each simulation at particle, 94 

meso, and macro spatial scales, and it does not assume that coarse-grained soils are continuum 95 

materials. The simulations employ spherical particles whose interactions follow the linear 96 

contact model with rolling resistance, which has been shown to successfully simulate the 97 

response of sub-rounded to sub-angular soil (Ai et al. 2011; Wensrich and Katterfeld 2012; 98 

McDowell et al. 2012). During the simulations, the particle displacements and contact forces are 99 

computed at each calculation step (Cundall and Strack, 1979). Fig. 2(a) shows the grain size 100 

distribution of the simulated granular assembly, which is upscaled from the “Mix B” soil in Kuei 101 

et al. (2020). The mean particle size (D50) is 0.0144 m, the coefficient of uniformity (CU) is 1.2, 102 

and the coefficient of curvature (CC) is 0.96. The larger particle size with respect to natural soils 103 

enables reducing the computational cost of the simulations, as previously employed in numerous 104 

investigations (e.g., O’Sullivan 2011; Roessler and Katterfeld 2018; Coetzee 2019). Table 1 105 

presents the model parameters, which include a normal stiffness (kn) of 1.65E+06 N/m, shear 106 

stiffness (ks) of 1.10E+06 N/m, particle friction coefficient (μ) of 0.4, rolling friction coefficient 107 

(μrr) of 0.4, probe–particle friction coefficient of 0.3, and ball–chamber friction coefficient (μ’) 108 

of 0.1. The modeling parameters were calibrated to produce a behaviors typical of a sub-rounded 109 

to sub-angular poorly-graded sand during triaxial compression and cone penetration testing 110 

simulations. Further information regarding the determination of the modeling parameters can be 111 

found in Kuei et al. (2020) and Chen et al. (2021), who previously used the same simulation 112 

parameters in triaxial and penetration simulations.  113 

Drained triaxial compression simulations were performed on cubic specimens with side length of 114 

0.412 m to explore the element-level behavior of the simulated particles. In these simulations, 115 

the rigid lateral walls maintained a constant-stress boundary using a servo-control algorithm 116 

while the vertical walls compressed the specimen. The specimens had an initial void ratio (e0) of 117 

0.61 and were subjected to confining stresses (σ’3) of 5, 25, 100, and 400 kPa. Fig. 2(b) shows 118 

the greater deviatoric stresses (q) mobilized by the specimens subjected to greater confining 119 

stresses. In terms of the ratio of deviatoric to mean effective stresses (q/p’), the specimens 120 



confined at smaller stresses mobilize greater peak values (Fig. 2(c)). However, all specimens 121 

converge to the same value at large strains (i.e., critical state value). The specimens confined at 122 

smaller stresses exhibit greater dilative volumetric strains (Fig. 2(d)). Finally, the test results 123 

indicate a failure envelope with a critical state friction angle, φcs, of 36° (Fig. 2(e)). These trends 124 

show that the simulation parameters are able to reproduce the expected behaviors of coarse-125 

grained soils, including stress-dependency and stress-dilatancy. Additionally, Chen et al. (2021) 126 

presented results from CPT simulations at overburden stresses ranging from 5 to 400 kPa, 127 

indicating that the DEM model produces behaviors characteristic of medium-dense sands. 128 

The penetration simulations were performed on virtual calibration chambers (VCCs) with a 129 

diameter (Dchamber) of 0.70 m and a height (Hchamber) of 0.65 m. The VCCs contained specimens 130 

with about 120,000 particles, and the assemblies had an e0 of 0.61. Simulations were performed 131 

on unconfined and confined assemblies to model shallow and deep penetration conditions, 132 

respectively. The unconfined assembly was contained within a rigid VCC; however, the surface 133 

of the assembly was not constrained in order to allow for the development of a shallow failure 134 

mechanism (Fig. 3(a)). The simulations employ a gravitational constant of -9.81 m/s2. The 135 

confined assemblies were contained within a VCC whose top and radial walls were stress-136 

controlled, and these simulations did not consider gravitational effects. The top wall was servo-137 

controlled to apply a constant stress of 100 kPa which prevented the upward flow of soil 138 

particles. The radial stress was controlled by a series of eight ring walls. Each ring wall was 139 

independently servo-controlled to maintain a radial stress of 50 kPa (Fig. 3(b)). As discussed in 140 

Chen et al. (2021), using ring walls rather than a single cylindrical wall allows a uniform radial 141 

stress to be maintained along the chamber height. The applied stresses to the confined sample 142 

result in an earth pressure coefficient (K) of 0.5, which is slightly greater than the expected K at 143 

rest conditions for the friction angle of the simulated particles. A total of 354 measurement 144 

spheres (MS) with a diameter of 0.033 m were placed along a vertical plane within each 145 

specimen to monitor the soil stresses, which remain stationary throughout the simulations. The 146 

ratio of the MS volume to particle volume is about 12. Fig. 3(c) shows the MS arrangement.  147 

An important consideration in DEM penetration simulations is the relative size of the VCC to the 148 

probe, and of the probe to the particles. The probe used in all the simulations had a diameter 149 

(Dprobe) of 0.044 m (cross sectional area of 15 cm2), leading to a chamber diameter to probe 150 



diameter ratio (Dchamber/Dprobe) of 15.9 and a probe diameter to mean particle size ratio 151 

(Dprobe/D50) of 3.1. A Dchamber/Dprobe of 15.9 has previously been shown by Khosravi et al. (2020) 152 

to reduce potential boundary effects, and this value is consistent with previous penetration 153 

simulations in 3D DEM (e.g., Arroyo et al. 2011; Butlanska et al. 2014; Zeng and Chen 2016; 154 

Ciantia et al. 2016 and 2019, with typical values between 6 and 16.9). While the Dprobe/D50 value 155 

of 3.1 employed in DEM simulations is smaller than for typical field and experimental 156 

calibration chamber tests in sands, this is consistent with previous DEM simulations (e.g., 157 

Arroyo et al. 2011; Butlanska et al. 2014; Zeng and Chen 2016; Ciantia et al. 2016 and 2019, 158 

with typical values between 2.7 and 5.0). In addition, Khosravi et al. (2020) showed that while 159 

small Dprobe/D50 values led to greater variations in measurements of penetration resistance (qc), 160 

the value did not have a significant effect on the mean measured qc value.  161 

The penetration resistance was defined as the total vertical force acting on the probe tip divided 162 

by the tip’s cross-sectional area, which is calculated as follows:  163 

𝑞𝑞𝑐𝑐 =
4∑ 𝑄𝑄𝑧𝑧,𝑡𝑡𝑡𝑡𝑡𝑡,𝑖𝑖

𝑁𝑁𝑝𝑝
𝑖𝑖=1
𝜋𝜋𝐷𝐷𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝

2           (1)  164 

where Qz,tip,i is the vertical component of the contact normal or shear force i acting on the probe 165 

tip and Np is the total number of tip–particle contacts.  166 

Fig. 4(a) shows the geometry of the probe tips with varying apex angles used in the DEM 167 

simulations. The reported depth for the unconfined penetration simulations is measured relative 168 

to the center of the tip surface area to avoid biasing the results. Figure 4b shows probes with 169 

apex angles of 180° and 15° at the same position based on their center of surface area. This 170 

correction leads to a negligible effect on the results of the confined simulations due to the 171 

uniform stress conditions with depth. The probes were pushed into the specimens contained 172 

within the VCCs at a rate of 0.2 m/s. According to recommendations from O’Sullivan (2011) and 173 

Janda and Ooi (2016), the inertial number should remain at values smaller than 1x10-2 to ensure 174 

quasi-static conditions. Throughout both unconfined and confined simulations, the inertial 175 

numbers were smaller than 8.8x10-3. The overlaps between the particles was also tracked 176 

throughout the simulations, indicating that its magnitude remained smaller than 1% of the 177 

particles’ radius.  178 



 179 

2.2. Centrifuge testing 180 

The centrifuge tests were performed at the Center for Geotechnical Modeling (CGM) at the 181 

University of California Davis on the 9-m radius centrifuge. Centrifuge tests can eliminate some 182 

of the limitations inherent to DEM simulations, such as the smaller Dchamber/Dprobe and Dprobe/D50 183 

ratios. The tests were performed at an acceleration of 30 times Earth’s gravity (i.e., N = 184 

gmodel/gprototype = 30). The penetration tests were performed with probes equipped with 30°, 60°, 185 

90°, 120°, and 180° tips (Fig. 4(c)). The probes had a model diameter (Dprobe) of 19.05 mm and 186 

were instrumented with internal strain gages and a strain gage located behind the tip shoulder 187 

was used to measure qc. The probes were inserted into the sand model using a hydraulic actuator 188 

at a rate of 2 mm/s. 189 

The penetration tests were performed in a flexible-shear beam centrifuge container with 190 

dimensions of 1.651 m by 0.787 m. The sand model was prepared by air pluviation to a target 191 

relative density (DR) of 65%. As discussed in more detail in O’Hara and Martinez (2022a), the 192 

resulting DR was estimated between 61 and 64%. The model was constructed using Ottawa F65 193 

sand, which is a poorly-graded subrounded silica sand that has been previously used by 194 

numerous researchers at the CGM. The grain size distribution of the Ottawa F65 sand is shown 195 

in Fig. 5(a). The sand has a D50 of 0.20 mm, CU of 1.71, CC of 1.00, maximum and minimum 196 

void ratios (emax and emin) of 0.78 and 0.51, respectively, and a critical state friction angle of 197 

29.6° (Martinez et al. 2019). The ratio of probe diameter to mean particle size (Dprobe/D50) was 198 

95, which falls within typical recommendations to avoid grain size effects (Fioravante 2002; 199 

Garnier & König 1998; Bolton et al. 1999). 200 

Six penetration tests were performed to target depths of 0.318 m (prototype scale depth, Z, of 9 201 

m, Z/Dprobe of 16.7) at the locations shown in Fig. 5(b). The distance between any two tests was 202 

greater than or equal to 10 times Dprobe. Three Cone Penetration Test (CPT) soundings with a 203 

probe diameter (DCPT) of 10 mm were also performed in the model to assess possible spatial 204 

variability. Fig. 5(c) shows the depth profiles, which have similar qc with depth particularly at 205 

depths smaller than 8 m. Fig. 5(d) shows a depth profile of the average tip resistance (qc,average) 206 

along with profiles of qc,average ± one standard deviation (σ), showing the near negligible 207 

variability in qc at depths smaller than 8 m.  208 



This paper reports centrifuge results in prototype scale. Based on the scaling laws, the prototype 209 

length and depth scale with N (Lprotoype = Lmodel x N, Zprotoype = Zmodel x N), prototype stress is 210 

independent of N (σprototype = σmodel), and prototype force is scaled with N2 (Fprototype = Fmodel x N2) 211 

(Taylor 1995; Garnier et al. 2007).  212 

 213 

3. Effect of cone apex angle on penetration resistance magnitude 214 

Penetration profiles from DEM simulations performed in the unconfined and confined 215 

assemblies, which respectively model shallow and deep penetration conditions, are presented 216 

first. Second, results from the centrifuge tests are provided. Finally, the numerical and 217 

experimental results, along with results reported in the literature, are synthesized to quantify the 218 

relationship between tip apex angle and penetration resistance at different penetration depths.  219 

 220 

3.1. Penetration profiles from unconfined and confined DEM simulations 221 

The penetration simulations performed on the unconfined assemblies exhibited a quasi-linear 222 

increase in qc with depth for all probe apex angles, as shown in Fig. 6, where the secondary axis 223 

of the plots indicates the corresponding Z/Dprobe values. The depth is reported with respect to the 224 

center of the tip surface area, as described in Fig. 4(b). This increase of qc with depth is due to 225 

the gravity-induced stress gradient and is typical of a shallow failure mechanism (i.e., Kim et al. 226 

2016). All the profiles show a steady increase in qc up to magnitudes between 1 and 2 MPa. The 227 

depth profiles are accompanied with local magnitude variations, which are an artifact of the 228 

upscaled particle sizes employed in these simulations, as previously described. However, they do 229 

not have a significant influence on the average qc value, as indicated by Khosravi et al. (2020). In 230 

general, the qc magnitude at any given depth increases as the cone apex angle is increased. These 231 

trends are described in more detail in the last part of this section. 232 

The simulations performed in the confined assembly exhibit a relatively constant qc value at 233 

depths greater than about 0.05 m, as shown in Fig. 7. The constant qc values are due to the 234 

uniform stresses applied by the chamber top and radial walls and the absence of gravity in these 235 

simulations. However, the increase in qc between depths of 0 and 0.05 m is due to the presence 236 



of the top chamber wall which applies a constant-stress boundary conditions. The qc magnitudes 237 

are between 4 and 8 MPa, with the lower values corresponding to the probes with apex angles of 238 

15° and 30° and the greater values corresponding to probes with apex angles of 150° and 180°. 239 

The 15° apex angle probe generally mobilizes greater qc values than the 30° apex angle probe. 240 

This is attributed to the greater surface area of the sharper tip, which is 98% greater than that of 241 

the 30° apex angle probe. This observation was also reported by Lin and Wu (2012). The 242 

simulation with an apex angle of 60° yielded an average qc of 4.6 MPa (obtained from the shaded 243 

region in Fig. 7). The associated normalized tip resistance (defined as Q = (qc – σv0) / σ’v0) is 244 

45.0, which falls in the typical range for clean sands according to the soil behavior type chart 245 

from Robertson (2016).   246 

 247 

3.2. Penetration profiles from centrifuge tests 248 

The centrifuge penetration tests were performed to a prototype depth of 10.0 m, equivalent to a 249 

Z/Dprobe of 16.7. The qc profiles are reported as a function of depth with respect to the tips’ center 250 

of surface area and the secondary y-axis indicates the corresponding Z/Dprobe values. Fig. 8(a) 251 

presents the qc profiles at shallower depths while Fig. 8(b) presents the entire profiles. All the 252 

tests show an increase in qc with depth. At shallower depths, the qc magnitudes at any given 253 

depth increase as the tip apex angle is increased (Fig. 8(a)). At greater depths, the effect of the tip 254 

apex angle appears to diminish (Fig. 8(b)) such that for Z/Dprobe values greater than about 8 the 255 

depth profiles are indistinguishable from each other. The method described by Gui et al. (1998) 256 

and Kim et al. (2016) was used to estimate Zcrit values. In this method, Zcrit is defined as the 257 

depth where the term qc/(σ’
v Pa)0.5, where Pa is the atmospheric pressure, becomes constant. The 258 

Zcrit values determined from the depth profiles are between 6.5 and 7.0 m, corresponding to 259 

Zcrit/Dprobe values between 11.4 and 12.2, as shown by the shaded region in Fig. 8(b). Kim et al. 260 

(2016) showed that the Zcrit/Dprobe value depends on sand DR. The authors performed CPT 261 

soundings in a silica sand with a DR of 65% and reported a Zcrit/DCPT value of about 12, which is 262 

in agreement with the results reported in this paper.  263 

 264 

3.3. Relationship between penetration resistance magnitude and cone apex angle 265 



The penetration resistances from the DEM and centrifuge investigations indicate a general 266 

increase in penetration resistance with increases in the tip apex angle. The results of the DEM 267 

simulations are summarized in Figs. 9(a–c). The qc values are reported for Z/Dprobe values of 2 268 

and 5 for the unconfined simulations (the reported qc values are averages obtained from a depth 269 

range equal to 1 Dprobe; for example, for a Z/Dprobe of 2, the average qc is obtained from depths of 270 

1.5 to 2.5 Dprobe), and for the confined simulations the average qc is obtained for the shaded 271 

depths in Fig. 7 which correspond to the last 0.044 m of penetration (i.e. equal to 1 Dprobe) to 272 

avoid the effects of the top constant-stress chamber boundary. Fig. S1 presents a comparison of 273 

the bearing capacity factors (Nq = qc/σv’) calculated from the qc from the confined DEM 274 

simulations with various analytical and semi-analytical solutions, showing that the values are 275 

within the range for the Janbu (1976) solution.   276 

The relationships between qc and cone apex angle for the centrifuge tests are presented in Figs. 277 

10(a–c). Results are provided for Z/Dprobe of 2, 5, and 15, which respectively correspond to 278 

shallow, intermediate, and deep penetration conditions. The reported values are averages 279 

obtained from a depth interval of 1 Dprobe, as previously described for the DEM simulations. The 280 

qc increases with increasing apex angle at Z/Dprobe of 2 and 5. At Z/Dprobe of 15, however, the qc 281 

values are independent of the apex angle. Fig. S1 presents the Nq values calculated from the qc 282 

from the centrifuge tests at Z/Dprobe of 15 and centrifuge CPT tests at Z/DCPT of 15. The figure 283 

shows that the centrifuge Nq values are between the predictions from the Durgunoglu and 284 

Mitchell (1973) and Vesic (1977) solutions.  285 

The data from the DEM simulations and centrifuge tests is presented in terms of the qc at any 286 

given apex angle (qc,i) normalized by the qc of the probe with a 60° tip (qc,60°) in Figs. 9(d–f) and 287 

10(d–f). For the simulations, the value of qc,i/qc,60° increases by a greater amount for the 288 

shallower depths, with values as high as 1.9 for a Z/Dprobe of 2, followed by values as high as 1.4 289 

for a Z/Dprobe of 5, and 1.2 for the confined simulations. The centrifuge results also show a 290 

greater increase with apex angle for the shallowest depth of Z/Dprobe of 2, with values as high as 291 

1.4. The qc,i/qc,60° reaches values as high as 1.1 at a Z/Dprobe of 5, whereas qc,i/qc,60° does not 292 

change significantly with apex angle at a Z/Dprobe of 15. In general, the qc,i/qc,60° values from the 293 

simulations and experiments appear to be relatively constant at apex angles between 30° and 60°, 294 



increase more sharply at apex angles between 60° and 120°, and reach relatively stable values at 295 

angles between 120° and 180.  296 

Values reported in the literature also show an increase in qc with increasing apex angle. In order 297 

to compare the results from different studies, qc,i/qc,60° are reported in Fig. 11(a–c), where qc,60° 298 

from each study is used in the normalization. Lobo Guerrero and Vallejo (2007) and Lin and Wu 299 

(2012) performed DEM simulations on unconfined assemblies, whereas Wu and Yamaoto (2014) 300 

performed Finite Element Modeling (FEM) simulations in a confined specimen. While none of 301 

these studies investigated a wide range of apex angles, the three datasets show an increase in 302 

qc,i/qc,60° with increasing apex angle (Fig. 11(a)). The data generally shows small changes at apex 303 

angles between 30° and 40° and greater changes at angles between 60° and 120°. Tovar-Valencia 304 

et al. (2021) performed penetration experiments in a calibration chamber on medium dense and 305 

dense silica sand using probes with apex angles of 60° and 180°. The results indicate an increase 306 

in qc,i/qc,60° with apex angle in both medium dense and dense sand (Figs. 11(b and c)). The results 307 

show greater increases in qc,i/qc,60° at shallower depths, with values as high as 2.0 for a Z/Dprobe of 308 

2 and as high as 1.4 for a Z/Dprobe of 10.  309 

As previously described, Durgunoglu and Mitchell (1973) presented limit equilibrium solutions 310 

of penetration resistance in shallow conditions. The solutions for cohesionless soils are in terms 311 

of the bearing factor Nγq (qc = γs Dprobe Nγq ξγq, where γs is the soil buoyant unit weight and ξγq is a 312 

shape factor). Fig. 11(d) presents bearing factors for a semi-rough penetrometer (ratio of 313 

interface to soil friction angles (δ/φ) of 0.5) at Z/D of 2 and 5. The values are presented in 314 

normalized form as the ratio of the bearing factor for any given apex angle (Nγq,i) to the bearing 315 

factor for an apex angle of 60° (Nγq,60°). While the Nγq,i/Nγq,60° parameter is equal to the qc,i/qc,60° 316 

for a given soil and penetrometer, the values are presented in terms of Nγq,i/Nγq,60° for consistency 317 

with the original solutions. The Nγq,i/Nγq,60° values show similar trends as those previously 318 

described, with values that increase with cone apex angle. Additionally, the increases observed at 319 

small angles (i.e., 30° to 60°) are smaller than those at greater angles (i.e., 90° to 150°).  320 

The results from the DEM simulations and centrifuge penetration tests (Figs. 9 and 10), along 321 

with those presented in the literature (Fig. 11), exhibit the following trends: (i) increase in qc 322 

with increasing apex angle, (ii) greater rates of qc increase at apex angles between 60° and 120°, 323 

and (iii) a smaller increase in qc with apex angle as the depth is increased. A logistic equation in 324 



terms of qc,i/qc,60° is proposed to capture the functional form of the relationship between apex 325 

angle and qc, as follows:       326 

𝑞𝑞𝑐𝑐,𝑖𝑖

𝑞𝑞𝑐𝑐,60°
= 𝐴𝐴 +

�𝑞𝑞𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚
𝑞𝑞𝑐𝑐,60°

−
𝑞𝑞𝑐𝑐,𝑚𝑚𝑚𝑚𝑚𝑚
𝑞𝑞𝑐𝑐,60°

�

1+ �𝛼𝛼𝐼𝐼�
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where qc,min and qc,max are the respective minimum and maximum values of the relationship 328 

between qc and cone apex angle, α is any given apex angle, A is taken equal to the minimum 329 

qc,i/qc,60° value, k is a fitting parameter controlling the rate of increase, and I is a fitted parameter 330 

controlling the inflection point of the function. In this equation, qc,min/qc,60°, qc,max/qc,60°, and A 331 

control the range of qc,i/qc,60° values, and I and k control the shape of the curve.  332 

Figs. 9(d–f) and 10(d–f) show Eq. (2) fitted to the DEM and centrifuge data, where the qc,min and 333 

qc,max values correspond to the minimum and maximum qc values in each dataset. As shown, Eq. 334 

(2) provides a satisfactory fit to the data, with normalized root mean square values falling below 335 

0.2 except for the centrifuge results at Z/Dprobe = 15, with a value of 0.47. Table 2 provides a 336 

summary of the parameters used in the logistic fits. The k and I parameters decrease as the 337 

Z/Dprobe is increased for both DEM and centrifuge results due to the smaller increase in qc with 338 

apex angle and the change in inflection point to smaller apex angles with increasing depth. Eq. 339 

(2) is fitted to the normalized bearing factors from Durgunoglu and Mitchell (1973), which also 340 

show a high-quality fit to the analytical results. Fitted equations are not included in Figs. 11(a–c) 341 

because the results reported in any one study do not cover the entire range of apex angles.  342 

 343 

4. Meso-scale analysis of apex angle effects from DEM simulations 344 

The mobilized penetration resistance depends on the induced soil deformations and state of 345 

effective stresses around the penetrometer. Since the cone apex angle was shown to influence the 346 

mobilized qc, it follows that it must also induce different deformations or stress changes within 347 

the particles in the vicinity of the tip. This is investigated using the DEM simulation results by 348 

means of particle displacement and soil stress measurements. Analysis is performed in both 349 

unconfined and confined simulations on probes with apex angles of 30°, 60°, 120°, and 180°.  350 

 351 



4.1. Unconfined shallow penetration 352 

As the tip apex angle was increased, greater particle displacements were induced during 353 

penetration. Fig. 12(a) shows this in terms of absolute particle displacements, where the particle 354 

color represents the displacement magnitude. These results show greater displacements around 355 

the tips with angles of 120° and 180°. Additionally, the figures show heaving of the assembly 356 

free surface, as expected for a shallow penetration process. Fig. 12(b) presents vectors of 357 

incremental particle displacement, whose color and size are proportional to the particle 358 

displacement magnitude, obtained from penetration depths corresponding to Z/Dprobe of 0 to 2. 359 

These results also show the increase in particle displacements as the apex angle is increased as 360 

well as the lateral particle displacements associated with a shallow failure. The particles 361 

contacting the probe tips have displacement vectors with directions that are close to normal to 362 

the tip surface. This results in particle trajectories that are close to vertical for the 120° and 180° 363 

tips, likely because particles become trapped below the probe tips.  364 

The magnitude and spatial distributions of soil stresses around the probes are also influenced by 365 

the tip apex angle. Figs. 13(a and d) show spatial maps of radial (σ'r) and vertical effective 366 

stresses (σ'z), respectively, obtained from the measurement spheres shown in Fig. 3(c). The 367 

results indicate that the magnitude of both σ'r and σ'z below the probe tips increases as the apex 368 

angle is increased. Additionally, the size of the zone with larger effective stresses also increases 369 

with apex angle. The mean effective stresses (p') and circumferential effective stresses (σ'θ) 370 

showed similar trends as described for σ'r and σ'z; however, these are not included here for 371 

brevity.  372 

The relative difference between the major (σ'1) and minor (σ'3) principal effective stresses as well 373 

as their orientation is visualized in the spatial cross diagram presented in Fig. 14(a). In these 374 

diagrams, the longer line represents the relative magnitude and orientation of σ'1 and the shorter 375 

line represents the relative magnitude and orientation of σ'3, and each diagram is normalized by 376 

the largest σ'1 value in the simulation with an apex angle of 180°. As shown, the length of the 377 

crosses close to the probe tips increases as the apex angle is increased, indicating an increase in 378 

σ'1 and σ'3, in agreement with the spatial σ'r and σ'z maps. Figs. 14(b and c) show σ'r and σ'z 379 

measurements obtained from locations below and around the tip, as indicated in Fig. 3(c), for 380 

probes with apex angles between 15° and 180°. The results show the differences in induced 381 



stress changes, with the stresses below the tip increasing as the apex angle is increased, and with 382 

σ'z constantly being greater than σ'r. In contrast, both σ'r and σ'z at locations around the tip 383 

decrease as the apex angle is increased, and σ'r is greater σ'z. These results suggest that the soil 384 

below the tips fails under axial compression, and this effect is more apparent for the blunt tips. 385 

On the other hand, the soil around the tips fails under lateral compression, which is more 386 

apparent for the sharp tips. 387 

The results of this meso-scale analysis indicate that the shallow failure mechanism around the 388 

probe is influenced by the cone apex angle, where probes with more blunt tips induce greater 389 

particle displacements and effective stress changes. These trends can provide an explanation for 390 

the increase in qc with apex angle in shallow conditions, as shown in Figs. 9(a), 10(a), and 11. 391 

Additionally, the meso-scale analysis indicates that the magnitudes and distributions of soil 392 

stresses, σ'r, σ'z, σ'1, and σ'3 are qualitatively similar for the probes with apex angles of 30° and 393 

60° as well as for the probes with apex angles between 120° and 180°. In contrast, greater 394 

changes are observed between the probes with apex angles between 60° and 120°: (i) at an angle 395 

of 120° particles get trapped below the tip while at 60° the particles flow around the tip, (ii) the 396 

σ'r and σ'z magnitudes and distributions increase considerably between the 60° and 120° probes, 397 

and (iii) the relative magnitudes and orientations of the principal effective stresses also change 398 

significantly between the 60° and 120° probes.  399 

 400 

4.2. Confined deep penetration 401 

In the confined assembly, the probes with greater apex angles induced greater particle 402 

displacements, as shown in Figs. 15(a and b) in terms of absolute particle displacements and 403 

incremental particle displacement vectors, respectively. The latter presents displacements 404 

obtained from penetration depths corresponding to Z/Dprobe of 8 to 10 within the confined 405 

assembly. Similar to the unconfined penetration simulations, the probes with apex angles of 120° 406 

and 180° induced significantly greater particle displacements with directions close to vertical, 407 

likely due to trapping of particles below the tip. In contrast, the displacements induced by probes 408 

with apex angles of 30° and 60° have greater horizontal components as compared to those 409 

induced by the probes with apex angles of 120° and 180°, as shown in the insets in Fig. 15(a–d).  410 



The spatial maps of σ'r and σ'z presented in Figs. 16(a and b) show similar trends as previously 411 

described for the unconfined simulations, where the blunter tips induce greater increases of 412 

stresses in zones with greater sizes around the probe tips. The distributions of p' and σ'θ show 413 

similar trends; however, they are not included here for brevity. The probes with sharp and blunt 414 

angles show different trends in the distributions of large σ'r and σ'z magnitudes. The sharper tips 415 

induce greater increases in σ'r at locations around the tips (Fig. 16(a)) whereas the blunter tips 416 

induce greater increases in σ'z at locations below the tips (Fig. 16(b)). These trends are in 417 

qualitative agreement with the particle displacement directions shown in Fig. 15(b). Fig. 17(a) 418 

shows spatial cross diagrams that indicate the relative magnitude and orientation of σ'1 and σ'3, 419 

where the length of the lines is normalized by the greatest σ'1 value in the 180° simulation. The 420 

figures show that σ'1 has orientations close to horizontal at locations laterally around the tips with 421 

apex angles of 30° and 60°, as shown in the insets in Fig. 17(a). For the probes with 120° and 422 

180° tips, σ'1 is more vertically-aligned at locations below the tips. Figs. 17 (b and c) show σ'r 423 

and σ'z at locations below and around the tip, respectively, as indicated in Fig. 3(c). The results 424 

show similar trends as those for the unconfined simulations, where both σ'r and σ'z increase as the 425 

apex angle is increased below the tip, while both stresses decrease with increasing apex angle. 426 

Below the tip, the σ'z magnitudes are greater, indicating failure under axial compression. Around 427 

the tip, the σ'r magnitudes are greater, indicating failure under axial compression. 428 

The results of the meso-scale analysis are in agreement with the qc measurements in confined 429 

conditions, where the qc increased with apex angle (Figs. 9 (c and f)). This increase was smaller 430 

than that observed in the unconfined conditions (Figs. 9(a and d)). The particle displacements 431 

and changes in states of stress in Figs. 12 (a and b), Fig. 13, and Figs. 14 (a to c) indicate that in 432 

the confined assembly, the sharp tips act like a wedge, inducing a lateral compression failure of 433 

the soil around the tip. Similar to the results for the unconfined simulations, the induced particle 434 

displacements and stress changes change more dramatically between the probes with apex angles 435 

between 60° and 120°. 436 

 437 

5. Conclusions 438 

Numerical and experimental investigations were performed to address the effects of 439 

penetrometer tip apex angle on the mobilized penetration resistance, qc. DEM penetration 440 



simulations were performed in unconfined and confined granular assemblies calibrated to 441 

reproduce the behavior of sub-rounded sands, and centrifuge penetration experiments were 442 

performed in a fine silica sand at an acceleration of 30 g. The effects of tip apex angle on qc were 443 

evaluated in shallow penetration conditions at a depth to probe ratio, Z/Dprobe, of 2, as well as in 444 

deep penetration conditions either in a confined assembly in DEM or at Z/Dprobe greater than 12 445 

in the centrifuge tests.  446 

While the results of both DEM simulations and centrifuge tests indicate an increase in qc as the 447 

tip apex angle is increased, greater increases in qc with apex angle were observed in shallow 448 

penetration conditions than in deep conditions. The changes in qc magnitude at apex angles 449 

between 30° and 60° and between 120° and 180° were modest, while greater changes in qc were 450 

observed at apex angles between 60° and 120°. For shallow conditions, the ratio of qc mobilized 451 

by the 180° tip to that mobilized by the 60° tip was between 1.9 and 1.4; for deep conditions, this 452 

ratio was between 1.2 and 1.0. A review of previously published experimental, numerical, and 453 

analytical results supports the trends obtained in this investigation between qc and tip apex angle. 454 

Based on the DEM, centrifuge, and literature results, a logistic function is found to successfully 455 

capture the functional form of the relationship between qc and tip apex angle in sands.  456 

A meso-scale analysis of the particle displacement and effective stress changes induced during 457 

shallow and deep penetration was performed on the DEM results. This analysis indicates that 458 

penetration with blunter tips (i.e., those with greater apex angle) induces greater particle 459 

displacements, partly due to trapping of particles at locations below the tip, as compared to 460 

sharper tips (i.e., those with smaller apex angle). The blunter tips also induce greater increases in 461 

radial and vertical effective stresses, and the changes in effective stresses take place in zones of 462 

larger size below the blunter tips. Further analysis of the changes in state of stresses indicates a 463 

change in the failure mechanism of the soil in close proximity to the tips. For the blunt tips, the 464 

soil below the tip fails in axial compression, where the major principal effective stress, σ’1, is 465 

oriented close to the vertical direction. For the sharp tips, the soil around the tip fails in lateral 466 

compression, where the orientation of σ’1 is closer to the horizontal direction. This difference in 467 

failure mechanism is more strongly visible in deep penetration conditions where the failure does 468 

not propagate to the soil free surface. 469 



While the DEM simulations and centrifuge experiments provided consistent trends, the results 470 

indicate some differences. One salient difference is the observed increase in qc with apex angle 471 

in the confined DEM simulations (Fig. 9(c)) that contrasts with the largely independent qc 472 

magnitudes observed in deep penetration conditions in the centrifuge tests (Fig. 10(c)). This 473 

could be due to the absence of particle crushing in the DEM simulations, while crushing was 474 

readily visible in the centrifuge tests, the greater probe-to-particle ratio in the centrifuge tests, 475 

and the difference in diameter between the probes in the DEM and centrifuge tests. Nevertheless, 476 

the agreement of the reported trends to those in the literature lead to confidence in the results. 477 

These investigations considered medium-dense to dense sub-rounded poorly-graded quartz 478 

sands, so future exploration should consider the effects of relative density and gradation on the 479 

reported trends. Additionally, the possible effect of the probe diameter should be evaluated in 480 

future studies, as previous studies have pointed out their importance (i.e. Bolton et al. 1999; Kim 481 

et al. 2016). The proposed relationship between tip resistance and apex angle (i.e., Eq. 2) was 482 

determined based on a fitting exercise. Further research should be performed to evaluate the 483 

physical meaning of the fitting parameters (i.e., k and I) as well as the possible effect of depth, 484 

relative density, friction angle, and mineralogy on these parameters.  485 
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Table 1: DEM model parameters. 644 
Parameter Symbol Value 

Normal Stiffness (N/m) kn 1.65E+06 
Shear Stiffness (N/m) ks 1.10E+06 

Normal to Shear Stiffness Ratio kn/ks 1.50 
Particle Friction Coefficient μ 0.4 
Rolling Friction Coefficient μrr 0.4 

Probe–Particle Friction Coefficient μp 0.3 
Ball–Wall Friction Coefficient μ' 0.1 

Particle Density (kg/m3) Gs 2650 
Local Damping 𝛽𝛽 0.1 

 645 

Table 2: Parameters for logistic fits.  646 

Investigation Penetration conditions qc,min (MPa) qc,max (MPa) k I 

DEM 
Unconfined, Z/Dprobe = 2 0.27 0.49 5.2 142.5 
Unconfined, Z/Dprobe = 5 0.83 1.22 3.4 137.2 

Confined 3.82 5.53 2.6 82.5 

Centrifuge 
Z/Dprobe = 2 1.22 1.92 3.7 120.4 
Z/Dprobe = 5 4.67 5.50 2.1 68.0 
Z/Dprobe = 15 19.06 18.91 0.0 43.0 

 647 

 648 

  649 
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Table 1: DEM model parameters. 
Parameter Symbol Value 

Normal Stiffness (N/m) kn 1.65E+06 
Shear Stiffness (N/m) ks 1.10E+06 

Normal to Shear Stiffness Ratio kn/ks 1.50 
Particle Friction Coefficient μ 0.4 
Rolling Friction Coefficient μrr 0.4 

Probe–Particle Friction Coefficient μp 0.3 
Ball–Wall Friction Coefficient μ' 0.1 

Particle Density (kg/m3) Gs 2650 
Local Damping 𝛽𝛽 0.1 

 

Table 2: Parameters for logistic fits.  

Investigation Penetration conditions qc,min (MPa) qc,max (MPa) k I 

DEM 
Unconfined, Z/Dprobe = 2 0.27 0.49 5.2 142.5 
Unconfined, Z/Dprobe = 5 0.83 1.22 3.4 137.2 

Confined 3.82 5.53 2.6 82.5 

Centrifuge 
Z/Dprobe = 2 1.22 1.92 3.7 120.4 
Z/Dprobe = 5 4.67 5.50 2.1 68.0 
Z/Dprobe = 15 19.06 18.91 0.0 43.0 

 

 

 

 



 

Figure 1: Schematic of shallow and deep penetration conditions (adapted from Puech and Foray 
2002 and Kim et al. 2016). Note: the size of the failure mechanisms are not drawn to scale.  



 

Figure 2: (a) Grain size distribution of particles simulated in DEM. Results of isotropically-
consolidated triaxial compression simulations as a function of axial strain on specimens with e0 
of 0.61: (b) deviatoric stress, (c) stress ratio, and (d) volumetric strain. (e) Failure envelope and 
Mohr circles at critical from triaxial compression tests.  



 

Figure 3: DEM virtual calibration chambers for (a) unconfined and (b) confined penetration tests. 
(c) Measurement spheres used to monitor state of stresses (note: red spheres used to monitor 
stresses below the tip and blue spheres used to monitor stresses around the tip). 

 

Figure 4: (a) Tips of varying apex angle used in DEM simulations. (b) Schematic of probes with 
180° and 15° apex angle tips with their center of cone surface area at the same elevation. (c) Tips 
of varying apex angle used in centrifuge testing.  

 



 

Figure 5: (a) Grain size distribution of the Ottawa F65 sand, (b) schematic of sand deposit used 
for centrifuge penetration tests and (c) CPT soundings performed in the model, and (d) average 
qc and qc ± one standard deviation. 



 

Figure 6: Depth profiles of penetration resistances measured during unconfined DEM 
simulations for tips with apex angles of 15°, 30°, 45°, 60°, 90°, 120°, 150°, and 180°.   

 

Figure 7: Depth profiles of penetration resistances measured during confined DEM simulations 
for tips with apex angles of 15°, 30°, 45°, 60°, 90°, 120°, 150°, and 180° (values in the shaded 
region are used to calculate average qc values reported in Figure 8c).   



 

Figure 8: Depth profiles of penetration resistances measured during centrifuge penetration tests 
with tips of varying apex angle for (a) depth smaller than 4 m (Z/Dprobe smaller than 7.2) and (b) 
entire profile.  

 

 



 

Figure 9: Absolute and normalized tip resistances measured in DEM simulations: (a) and (d) 
unconfined simulations at Z/Dprobe = 2, (b) and (e) unconfined simulations at  Z/Dprobe = 5, and 
(c) and (f) confined simulations.  



 

Figure 10: Absolute and normalized tip resistances measured in centrifuge penetration tests: (a) 
and (d) Z/Dprobe = 2, (b) and (e) Z/Dprobe = 5, and (c) and (f) Z/Dprobe = 15.  



 

Figure 11: Normalized tip resistances from: (a) Lobo Guerrero and Vallejo (2007), Lin and Wu 
(2012), and Wu and Yamamoto (2014), (b) Tovar-Valencia et al. (2021) on dense sand, and (c) 
Tovar-Valencia et al. (2020) on medium dense sand. (d) Normalized bearing factors from 
Durgunoglu and Mitchell (1973) for sand with a friction angle of 36°.  

 

 

 

 



 

Figure 12: Particle displacements from unconfined DEM simulations with tips of varying apex 
angle at Z/Dprobe = 2: (a) absolute particle displacements and (b) incremental particle 
displacement vectors.  

 

 

Figure 13: Effective stresses from unconfined DEM simulations with tips of varying apex angle 
at Z/Dprobe = 2: (a) radial and (b) vertical stresses.  



 

Figure 14: (a) Major and minor principal stresses from unconfined DEM simulations with tips of 
varying apex angle at Z/Dprobe = 2. Vertical and radial stresses (b) below and (c) around the tip 
from unconfined DEM simulations at Z/Dprobe = 2. 

 

Figure 15: Particle displacements from confined DEM simulations with tips of varying apex 
angle: (a) absolute particle displacements and (b) incremental particle displacement vectors. 

 



 

Figure 16: Effective stresses from confined DEM simulations with tips of varying apex angle: (a) 
radial and (b) vertical stresses. 

 

 

Figure 17: (a) Major and minor principal stresses from confined DEM simulations with tips of 
varying apex angle. Vertical and radial stresses (b) below and (c) around the tip from confined 
DEM simulations.  

 

 

 



 

Figure S1: Comparison of bearing capacity factors from the DEM confined simulations, 

centrifuge tests at Z/Dprobe of 15, and centrifuge CPT tests at Z/DCPT of 15 with various analytical 

and semi-analytical solutions. η is the angle defining the geometry failure mechanism, Irr is the 

soil’s rigidity index, and δ/φ is the ratio of cone-soil friction angle to soil internal friction angle. 

The Durgunoglu and Mitchell (1973) solution corresponds to a cone apex angle of 60°. 
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