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Abstract—Arrayprocessingalgorithmscommonlyusecovari-
ance matricesasinputs.Improvedperformancecomparedto
thesamplecovariancematrixcanbeachievedusingknowledge
ofthearrayconiguration. Wepresentananalysisof Con-
volutionalNeuralNetwork(CNN)architecturesforcovariance
matrixestimationforasimulatedUniformLinearArray(ULA).
Additionally,anovelneuralnetworkconigurationispresented
whichdemonstratesreducederrorandmoreresiliencetolower
Signal-to-NoiseRatio(SNR)levelswhencomparedtothesample
covariancematrix.
IndexTerms—CovarianceMatrix,Data-Driven,Convolutional

NeuralNetwork

I.INTRODUCTION

Covariancematriceshavemanydesirablepropertieswhich
hasledtotheiruseasinputsfor manysignalprocessing
algorithms. Acovariance matrixconsistsofthepairwise
covariancesbetweentwosetsofrandomvariables.Anauto-
covariancematrixisthecovariancematrixofasetofrandom
variableswithitselfanditishighlyusedinmanycommunica-
tions,radar,andarraysignalprocessingapplications.Herein,
allcovariancematricesusedareauto-correlationmatricesand
thetermswillbeusedinterchangeably.Theauto-covariance
matrixisdeinedin(1),whereµxisavectorofthemeansfor
eachrandomvariableinthesetofrandomvariablesX.When
therandomvariablesarezeromean,thisequationsimpliies
toequationfortheauto-correlationmatrix.

K=E[X−µx]E[X−µx]
H =E[XXH]−µxµx (1)

Asthetruecovariancematrixisoftennotknowninpractice,
thesamplecovariancematrixisgenerallyusedasanapprox-
imation.
Thesampleauto-covariancematrixiscommonlyusedin

DirectionofArrival(DOA)estimationandrelatedarraypro-
cessingalgorithms.BeamformingtechniquessuchastheMin-
imumVarianceDistortionlessResponse(MVDR)[1]apply
steeringvectorstothecovariancematrixofasignaltoproject
thesignalpoweracrossanangularspectrum.Otheralgorithms
exploitthedesirablepropertiesoftheeigen-decompositionof
thecovariancematrixasthesignalsandnoiseareseparated
intoorthogonalsubspaces.TheMUltipleSIgnalClassiication
(MUSIC)algorithm[2]appliesbeamformingtoeigen-vectors
correspondingtothenoisesub-space.NumberofSources

estimation,whichisrequiredforalgorithmslikeMUSIC,com-
monlyinvestigatetheeigen-valuesofthecovariancematrix.
Forasignalwithmultiplesignalsources,thesignalpowerof
eachsourceisconstrainedtoasingleeigen-valuewhereasthe
remainingeigen-valuesareequaltothenoisepower.Asthe
samplecovariancematrixisanapproximation,testssuchasthe
AkaikeInformationCriterion[3]and MinimumDescription
Length[4]areappliedtotheeigen-valuestoobtainanestimate
ofthenumberofsources.
Improvedestimationoftheauto-covariancematrixisan
openareainsignalprocessingwithmanyrecentdevelopments.
Knowledgeoftheapplicationscenario,suchasthearray
coniguration,canbeusedtoachieveimprovedcovariance
matrixestimation.In[5],interferencesteeringvectorsare
usedtoreconstructtheinterferenceplusnoisecovariance
matrix.UpadhyaandVorobyov[6]presentedanalgorithm
forcovariancematrixestimationforMultiple-InputMultiple-
Output(MIMO)systems.Deepneuralnetworksareusedin
[7]forcovariance matrixestimationinacomputervision
application.In[8],covariancematrixestimationismodeled
asanoptimizationproblemusinggeometricconsiderations.
Inthispaper,weexploretheuseofConvolutionalNeural
Networks(CNNs)forcovarianceestimation. Wepresenta
comparisonoffoursimpleCNNarchitecturesrepresenting
commonnetworktopologies.Additionally,wepresentanovel
neuralnetworkconigurationtoestimatethecovariancematrix
fromthearraysnapshotobservations.Theproposedlearning-
basedcovariancematrixestimationapproachhasthefollowing
properties:

• Signiicantlyimprovedestimationperformancecompared
tothesamplecovariancematrix.

• Aconstrainednetworksizeallowingforeficientcompu-
tation.

A.Nomenclature

Asummaryofvariablesusedhereinandtheirdeinitionsis
shownintableI.

II. METHODOLOGY
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Herein,wedeinethesignalmodelandpresentmultipleAr-
tiicialNeuralNetwork(ANN)topologiesandconigurations
thataretrainedandtestedtoestimatethecovariancematrices
ofsignalsfromasimulatedUniformLinearArray(ULA).
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TABLEI
VARIABLEDEFINITIONS

Name Deinitions
X SimulatedRADARMeasurementcontainingPsnapshots
x SingleelementofX
s NoiselessSimulatedRADARMeasurement
K TrueCovarianceMatrix
Ks SampleCovarianceMatrix

K̂ EstimatedCovarianceMatrix
λ TrueCovarianceMatrixSortedEigenvalueVector

λ̂ EstimatedCovarianceMatrixSortedEigenvalueVector
M,m NumberofReceiverArrayElementsandIndexingVariable
P,p NumberofSnapshotsandIndexingVariable
T,k NumberofSignalSourcesandIndexingVariable
a AmplitudeofSignalSource
f RADAROperatingFrequency
c SpeedofLightinaVacuum,3·108

∆x ReceiverArrayElementSpacing
ϕ AngleofSignalSource
n Complexi.i.d.WhiteGaussianNoiseSample
λ,α SeLUConstants

A.SignalModel

Thesyntheticdatasetusedsimulatesthemeasurementsof
aULAusingthefollowingequation:

xm =
T

k=1

akexp −j2π
f

c
∆xmsin(ϕk) +nm (2)

wherexm isthepowermeasuredbythem-threceivearray
element,akistheamplitudeofthek-thsignalsource,Tis
thetruenumberofsources,j=

√
−1,fistheoperating

frequency,cisthespeedofthewave,∆xisthespacing
betweenarrayelements,misthearrayelementindex,ϕkis
theangleofthek−thsignalsource,andnm isindependent
andidenticallydistributed(i.i.d)complex white Gaussian
noiseobservedbythem−tharrayelement.Asinglearray
measurementissimulatedbyarrangingxm measurementsfor
allM receiveelementsasavectorwithrandomlygenerated
complexnoise.TheinalsignalisconstructedbyarrangingP
snapshotsofthearraymeasurementintoa[M×P]matrixX.
Thesesimulatedsignalmatricesarefurtherprocessedto

obtainthesampleandtruecovariancematrices.Asthesignal
issinusoidalandthenoiseiswhite,thesimulatedsignal
matriceshaveatruemeanof0,thusthecovariancematrixis
equaltothecorrelationmatrix.Therefore,wecancalculate
thesamplecovariance matrix,Ksusingtheapproximated
correlationmatrixdeinedasfollows:

Ks=
1

P
XXH (3)

Likewisethetruecovariancematrixisequaltothetrue
correlationmatrixgivenby:

K=E[XXH] (4)

Asthenoiseisindependentforeachreceiverarrayelement,
thetruecovariancebetweendifferentelementsisunaffectedby
noise.Asthecovariancematrixdiagonalcontainsthevariance

foreachelement,thesevaluesareeffectedbynoise.The
diagonaltermsareequaltothediagonaltermsofthecorre-
spondingnoiselesscovariancematrixplusthenoisevariance.
Therefore,thetruecovariancematrixcanbefoundusing(5)
wheresisavectorcontaininganoiselessmeasurementofthe
signalconstructedusingonlythebracketedportionof(2),σ2n
isthenoisepower,andIistheidentitymatrix.

Ks=ss
H+σ2nI (5)

B.SimulationData

Thedatausedhereinsimulatesan11elementULARADAR
operatingat5GHzand32snapshotsaresimulatedforeach
setofsignalsources.Thereceivearrayelementspacingis
settoone-halfofthewavelength.Signalsourcesareran-
domlydistributedwithina180◦FieldofView(FOV)with
aminimumspacingof20◦.Thesimulatedsignalscontain0
to4signalsourceswithpersourceSNRvaluesrangingfrom
−10dBto20dBmeasuredatthereceiver.Thetrainingdataset
contains10,000signalsforeachnumberofsourcesproviding
atotalof50,000signals.Likewise,thetestingdatasetcontains
1,000signalsforeachnumberofsources.Additionaltesting
datasetsareusedforassessingperformancerelativetoSNR
andthenumberofsnapshots.Thedatasetfortheformer
contains100signalsforeachnumberofsourcesandeach
integerSNRvaluebetween−10dBand20dBresultingina
totalof15,500signals.Therangeofsnapshotstestedincludes
theirst8powersof2,rangingfrom1to128.1000signals
aregeneratedforeachvalueofthenumberofsourcesand
snapshotsresultingin40,000signals.

Withinthesedatasetsthesignalsareprocessedintoinput-
labelpairs.Theinputsarethesamplecovariancematrices
ofthesignalscomputedaccordingtoequation3.Likewise,
thelabelsarethetruecovariancematrixcomputedaccording
toequation5.TomitigatetheeffectoftheSNRrangethe
networkinputsandlabelsarenormalized.Asthenormofthe
truecovariancematrixwouldnotbeavailableinanypractical
application,theFrobeniusnormofthesamplecovariance
matrixisusedforallnormalization.AsshowninFigure1,
theinputsamplecovariancematrixisnormalizedusingits
Frobeniusnormforeachinput.Thesamefactorisusedto
normalizethetruecovariancematrix,whichservesasthedata
label.Finallythisfactorismultipliedbythenetworkoutput
toreturnittotheappropriatescale.Thenormalizedform
oftheinputandlabelsarepre-computedbeforetrainingthe
networks.

Assupportforcomplex-valueneuralnetworksisnotyet
widespread,therealandimaginarycomponentsofthesema-
tricesareseparatedtoformtwo[M×P×2]multidimensional
arrays.

C.UtilizedNeuralNetworkStructures
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TheevaluatednetworkarchitecturesareallConvolutional
NeuralNetworks(CNNs)utilizingoftwodimensionalconvo-
lutionlayers.Theselayerscanvaryinnumberofconvolutional
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Fig.1. NormalizationFlowchart

masks,masksize,andmaskstride.Additionally,aconvolu-
tionallayercanemployzero-padding.Convolutionaltranspose
layersalsoutilizeasetofmaskswiththesameparametersto
expandtheinputsizebymultiplyingallvaluesofthemask
byasinglesamplefromtheinput.
FullyConnectedlayersarealsoutilized.Theselayerscon-

sistsofanarrangementofmultiplelinearperceptrons.These
layerscanvaryinthenumberofperceptronsused.
TheScaledExponentialLinearUnit(SELU)[9]isthe

soleactivationfunctionusedinthesenetworks.TheSELU
isdeinedin(6)whereλandαarepredeinedconstants
setto1.05070098and1.67326324respectively.Thisacti-
vationfunctionisself-normalizingeliminatingtheneedfor
batchnormalizationlayers.Additionally,theSELU,unlike
themorecommonlyusedRectiiedLinearUnit(ReLU),can
returnnegativevalueswhicharenecessitatedbytheHermitian
natureoftheestimatedmatrices.ASELUfunctionfollowsall
convolutionallayersandfullyconnectlayersintheevaluated
networksexceptfortheoutputlayers.

SELU(x)=λ
x x≥0

αex−α x<0
, (6)

Allnetworksaretrainedusingbatchprocessing.TheMean
SquareError(MSE)withalearningrateof0.001isusedas
thelossfunction.Allnetworksaretrainedfor100epochswith
abatchsizeof100.

D.ErrorMetrics

EachnetworktopologyisassessedusingtheNormalized
MeanSquareError(NMSE).Becausethescaleofthecovari-
ancematrixisinluencedbythesignalpower,noisepower,
andnumberofsignalsources,normalizederrormetricsare
required.TheNMSEutilizestheFrobeniusNormofthetrue
covariancematrixtonormalizetheerrorasshownin(7)where
Kisthetruecovariancematrix,̂Kisanestimatedcovariance
matrix,and||·||F istheFrobeniusnorm.

NMSE[̂K]=
||̂K−K||F
||K||F

(7)

III.RESULTS

Allnetwork’sperformancewereassessedbytakingtheav-
erageNMSEfor5traininginstances.Outlyingerrorvaluesfor

individualnetworkswereobserved,butonlyforlarger-than-
averageerrorswhichindicatesinconsistenttrainingconver-
gence.Theseoutlierswerenotobservedforresultspresented
inthissection.

A.EvaluatedArchitectures

Fourmajornetworksarchitectureswereevaluated.Theirst
networkutilizedtwoconvolutionallayersfollowedbytwo
matchingconvolutionaltransposelayerstoproduceasym-
metricstructurewhichconstrictsthesizeoftheintermediate
datastructures.Thesecondnetworkusesfourconvolutional
layerswithzero-paddingtomaintainthesamesizeforirst
twodimensionsforeachintermediatedatastructure.Thethird
networkexpandsthesizeoftheintermediatedatastructures
byutilizetwoconvolutionaltransposelayers,followedby
twosymmetricconvolutionallayers.Theinalnetworkuses
atraditionalCNNstructurewithtwoconvolutionallayersand
terminateswithtwofullyconnectedlayers.
TableIIshowsthelayersandrelevantparametersforeach
network.Layersareindicatedusingthefollowingnotation:
ConvolutionallayersaredenotedasConv(NumberofMasks,
MaskSize),ConvolutionalTransposeasConvT(Numberof
Masks,MaskSize),FullyConnectedasFC(NumberofPer-
ceptrons),BatchNormalizationasBN,andScaledLinearUnit
asSeLU.ThelayerparameterspresentedintableIIwere
selectedtoallowafaircomparisonbetweenthe4proposed
architectures.

TABLEII
NETWORKARCHITECTURES

Network1 Network2 Network3 Network4
Conv(32,5) Conv(32,5) ConvT(32,3) Conv(32,5)
SeLU SeLU SeLU SeLU

Conv(32,3) Conv(32,5) ConvT(32,5) Conv(32,3)
SeLU SeLU SeLU SeLU

ConvT(32,3) Conv(32,3) Conv(32,5) FC(242)
SeLU SeLU SeLU SeLU

ConvT(2,5) Conv(2,3) Conv(2,3) FC(242)
NumberofLearnedParameters

21922 37282 52642 264140

Theresultsforthefourtestedarchitecturesaregivenintable
IIIaswellastheperformanceusingthesamplecovariance
matrix.Allfournetworksdemonstratedimprovedperformance
comparedtothesamplecovariancematrixwithnetwork4
demonstratingthebestoverallperformance.

TABLEIII
NETWORKARCHITECTURESRESULTS

AverageNMSE
Training Testing

Ks 0.1048 0.1041
Network1 0.0238 0.0237
Network2 0.0119 0.0119
Network3 0.0140 0.0140
Network4 0.0060 0.0062

978-1-6654-4166-7/22/$31.00 ©2022 IEEE

Asthefourthnetworkcontainedsigniicantlymorelearned
parametersthantheotherthree,asecondexperimentwas
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performedafterbalancingthenumberoflearnedparameters.
Themodiiedparametersincludethenumberofneuronsinper-
ceptronlayersandthenumberofmasksintheconvolutional
andconvolutionaltransposelayers.Thebalancednetworksare
shownintableIV.

TABLEIV
BALANCEDNETWORKARCHITECTURES

Network1 Network2 Network3 Network4
Conv(64,5) Conv(48,5) ConvT(40,3) Conv(64,5)
SeLU SeLU SeLU SeLU

Conv(64,3) Conv(48,5) ConvT(40,5) Conv(64,3)
SeLU SeLU SeLU SeLU

ConvT(64,3) Conv(48,3) Conv(40,5) FC(22)
SeLU SeLU SeLU SeLU

ConvT(2,5) Conv(2,3) Conv(2,3) FC(242)
NumberofLearnedParameters

80706 82034 81802 81280

TheresultsfortheadjustednetworksareshownintableV.
Network4stillexhibitsthebestperformanceandwasselected
forfurtherimprovement.

TABLEV
BALANCEDNETWORKARCHITECTURESRESULTS

AverageNMSE
Training Testing

Ks 0.1048 0.1041
Network1 0.0167 0.0167
Network2 0.0108 0.0108
Network3 0.0120 0.0120
Network4 0.0071 0.0073

B.FinalNetworkResults

TheinalnetworkarchitectureisshowninTableVI.After
selectingfromthefourproposednetworks,eachparameter
wasmodiiedandtestedoneatatimetoimprovethenetworks
performance.Thenetworkutilizeszero-paddingasthisallows
foranincreasedvarietyinconvolutionalmaskarrangements
aswellasadecreaseinerror.Theremainingparameters
were modiiedinthefollowingorder:convolutional mask
size,numberofconvolutionallayers,numberofconvolutional
masks,numberofperceptronsinthethirdlayer,numberof
fullyconnectedlayers,batchsize,andlearningrate.

TABLEVI
FINALIZEDNETWORKARCHITECTURE

Conv(2,3)
SeLU
Conv(2,3)
SeLU
FC(88)
SeLU
FC(242)

TheinalresultsthisnetworkareshownintableVII.The
inalnetwork’serrorisapproximately1/20thoftheerror
whenusingthesamplecovariancematrix.
TheperformanceofthenetworkrelativetoSNRisshownin

igure2.Theinalnetworkdemonstratesrobustperformance

TABLEVII
FINALRESULTS

AverageNMSE
Training Testing

Ks 0.1048 0.1041
Mean 0.0055 0.0056
Minimum 0.0053 0.0053
Maximum 0.0058 0.0059

Fig.2. PerformancevsSNRforNetworkResultsandSampleCovariance
Matrix

relativetoSNRastheperformanceforalltestedSNRlevelsis
superiortothesamplecovariancematrixathighSNRlevels.
Theperformancerelativetothenumberofsnapshotsused
whenconstructingtheinputsamplecovariancematricesis
showninigure3withtheexactvaluesgivenintableVIII.
Forallnumberofsnapshotstested,theproposed method
demonstrateslowererrorthanthesamplecovariancematrix.
Additionally,theerrordecreasesmonotonicallyasthenumber
ofsnapshotsincreasesdemonstratingthenetworksabilityto
generalizedespitebeingtrainedonadataset withinputs
containing32snapshotsexclusively.
Todemonstratethebeneitofimprovedestimationofthe

978-1-6654-4166-7/22/$31.00 ©2022 IEEE

Fig.3.PerformancevsNumberofSnapshotsforNetworkResultsandSample
CovarianceMatrix
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TABLEVIII
RESULTS WITHVARIEDNUMBEROFSNAPSHOTSUSINGPROPOSED
NETWORKESTIMATESANDSAMPLECOVARIANCEMATRICES

Snapshots Estimate Sample
1 0.5547 3.3872
2 0.2553 1.6747
4 0.1104 0.8388
8 0.0451 0.4254
16 0.0151 0.2057
32 0.0063 0.1045
64 0.0043 0.0524
128 0.0036 0.0262

Fig.4.NormalizedMUSICSpectrumusingtheNetworkResultsandSample
CovarianceMatrix

signalcovariancematrix,the MUSICspectrumofasingle
targetcaseisshowninigure4.Thiscasewasrandomly
selectedfromthetestingdataset.Thetargetislocatedat
−23.5◦withanSNRof15dB.

IV.CONCLUSION

Herein,weshowacomparisonofsimpleneuralnetworks
representativeofcommonCNNconigurations.Thetraditional
architectureofusingconvolutionallayersfollowedbyfully
connectedperceptronlayersdemonstratedtheuniversalbest
performance.Thisnetworkwasfurtheroptimizedanddemon-
stratedimprovedperformancecomparedtothesampleco-
variancematrixoptimization.Theproposednetworkexhibited
reducederrorandsigniicantlyimprovedresiliencetolower
SNRlevels.
Future workinthisareaincludes:usingtheproposed

networkasthefoundationfordeeplearningnetworkscreated
usinghierarchicalnetworkdesignandtheinvestigationof
customoptimizationfunctions.
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