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Exciton interaction with acoustic phonons in PbS nanocrystals
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The interaction between an exciton and acoustic phonons via the deformation potential in PbS nanocrystals
is calculated in the k · p model. It is shown that the anisotropy of the deformation potential leads to nonzero
interaction of an exciton with spheroidal phonons with the total angular momentum j = 2. The size dependence
of the Huang-Rhys factors for the fundamental breathing mode and its overtones as well as for spheroidal
vibrations with the total angular momentum j = 2 is evaluated.
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I. INTRODUCTION

Lead chalcogenide (PbX , X = S, Se, Te) nanostructures
are widely used in optoelectronics [1–3] due to the fact
that their optical properties can be tuned within the near-
infrared and midinfrared ranges. These materials have both
conduction- and valence-band extrema located at the four
L points of the Brillouin zone forming four inequivalent
anisotropic valleys [4]. A high degeneracy of the energy spec-
trum in bulk materials gives rise to a complex fine structure
of exciton levels in PbX quantum dots (QDs) [5] which can
be probed by single-QD spectroscopy at cryogenic tempera-
tures [6].

Vibrational modes of QDs corresponding to confined
acoustic phonons can be observed in low-frequency Raman
scattering and in time-domain experiments, where they can
be excited in a coherent way [7,8]. Although the symmetry
of QDs is lower than spherical, one can usually describe
their low-frequency vibrations in terms of Lamb modes of
an elastic sphere [9–11]. In first experiments on PbS col-
loidal QDs [7,12], based on polarization properties of Raman
scattering and frequency assignment of the Lamb modes,
it was determined that the phonon mode that dominates
low-frequency Raman spectra and is excited in time-domain
experiments is the fundamental radial breathing mode. How-
ever, later experiments on PbSe QDs embedded in phosphate
glass [8] have revealed that low-frequency Raman spectra are
dominated by the spheroidal vibrational mode corresponding
to the total angular momentum j = 2.

Macroscopically, selection rules for Raman scattering are
determined by the symmetry properties of the second-order
susceptibility for the low-frequency excitation [13]. For a
spherical QD it follows that both the radial breathing mode
having j = 0 and the spheroidal mode with j = 2 are Raman
active [14,15]. The low-frequency Raman processes are usu-
ally treated in the third order of the perturbation theory and
imply excitation of the real or virtual exciton state (depending
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on whether the excitation is resonant or otherwise), emission
or absorption of the phonon (described by the matrix element
of the exciton-phonon coupling), and subsequent recombina-
tion [16]. Therefore, in order to verify experimental claims,
the key part is to consider a particular microscopic mechanism
of exciton-phonon coupling.

The strength of the exciton coupling with acoustic phonons
in lead chalcogenide QDs has recently attracted attention,
since single-dot experiments have revealed that exciton
dephasing is responsible for homogeneous broadening of
photoluminescence (PL) spectral lines [6]. Huang-Rhys fac-
tors [17] describing this strength for various modes were
used as adjustable parameters in Ref. [6] in order to fit ex-
perimentally observed PL line shapes. While the strength of
the exciton coupling to the radial breathing mode has been
estimated in Ref. [7], no such estimation, to the best of our
knowledge, has been attempted for spheroidal phonons with
j = 2. In this paper we will fill this gap and also revisit the
question of exciton coupling to the radial breathing mode.

We will describe charge carriers confined in spherical QDs
using the theory, developed by Kang and Wise [4], where
the electron and hole states are characterized by the four-
component wave functions. In the lowest order of this theory
the valley states are isotropic and are described in terms of
effective masses and interband momentum matrix elements
averaged over the longitudinal and transverse (with respect to
the valley axis) values [4].

In the fully isotropic model there is no interaction of the
exciton in a single valley with the spheroidal phonons with
j = 2. This interaction is possible only if the cubic symmetry
of the lattice is taken into account. This can be done by taking
into account the electron or hole mass anisotropy in the valley,
by taking into account the splitting of the spheroidal mode due
to the elastic anisotropy [18], or by taking into account the
anisotropy of the deformation potential. The first two mecha-
nisms are indirect, and we argue that the third one is dominant
in real structures. We show that the anisotropy of the defor-
mation potential directly leads to the strong exciton-phonon
coupling for the spheroidal mode with j = 2 characterized by
the Huang-Rhys factor comparable to that for the breathing
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mode. When viewed from the single-valley perspective, the
interaction of the exciton with the j = 2 spheroidal phonons
depends on the relative orientation of the valley axis and the
axis of the phonon quantization. However, the result summed
over all the valleys and various phonon polarizations turns out
to have a compact form.

The rest of the paper is organized as follows. In Sec. II
we introduce the model and perform a symmetry analysis. In
Sec. III we consider the radial breathing mode and calculate
the Huang-Rhys factor describing the strength of the exciton-
phonon interaction for this mode. In Sec. IV we consider the
exciton interaction with the spheroidal phonon mode charac-
terized by the total angular momentum j = 2. In Sec. V we
present concluding remarks. For numerical calculations we
will use PbS QDs since material parameters for this compound
are best known.

II. MATRIX ELEMENTS OF THE ELECTRON-PHONON
INTERACTION

In the isotropic model of Kang and Wise [4] (also known as
the spherical Dimmock model), the wave function of a charge
carrier originating from each L valley can be represented as a
bispinor satisfying the following equation [4]:(

Eg

2 − αc � −i P(σ∇)

−i P(σ∇) −Eg

2 + αv �

)(
û
v̂

)
= E

(
û
v̂

)
. (1)

Here, û and v̂ are spinors, σβ (β = x, y, z) are the Pauli matri-
ces, αc, αv , Eg, and P are parameters of the model, and E is
the electron energy.

The electron and hole states of charge carriers confined in a
QD of radius R are found from the condition that a linear com-
bination of the two linearly independent solutions of Eq. (1),
given explicitly in Appendix A by Eqs. (A1a), (A1b), (A5a),
and (A5b), vanishes at the QD surface. The lowest electron
state in the conduction band with the angular momentum
projection Mc = ±1/2 is characterized by the bispinor

ψ̂c
Mc

(r) = 1

R3/2

(
zc0(x) �̂0

1/2,Mc
(r/r)

i zc1(x) �̂1
1/2,Mc

(r/r)

)
, (2a)

where x ≡ r/R and �̂l
1/2,Mc

(r/r) is the spherical spinor [19]
(l = 0, 1). The ground band-edge hole state is characterized
by the bispinor

ψ̂h
Mh

(r) = 1

R3/2

(
zv1 (x) �̂1

1/2,Mh
(r/r)

−i zv0 (x) �̂0
1/2,Mh

(r/r)

)
. (2b)

The explicit form of the functions zηl (x) with l = 0, 1 and
η = c, v (which implicitly depend on the QD radius R), to-
gether with the dispersion equations, allowing one to find the
energies of quantum confined states in QDs, are presented in
Appendix A. Using these functions, the matrix elements of the
electron-phonon interaction can be calculated as

〈η,N |Ĥdef |λ,M〉

=
∫

dr
(
ψ̂

η
N (r)

)+
(
Ĥc

def (r) 0

0 Ĥv
def (r)

)
ψ̂λ

M (r). (3)

Here, Ĥη

def (r) stems from deformations produced by phonon
modes. The general form of the deformation-induced change
in the energy minima (maxima) of the conduction (valence)
band in the multivalley cubic semiconductors may be written
as [20,21]

(
Ĥη

def

)
i j =

∑
αβ

[



η

dδαβ + 
η
un

i
αn

j
β

]
ûαβ, (4)

where ni is the direction vector of the ith valley, the index
η = c(v) refers to the conduction (valence) band, and ûαβ is
the strain tensor.

In this paper we will apply Eq. (4) to the L valley in
the coordinate frame with the z axis along the valley wave
vector k. In this case, the interaction Hamiltonian takes the
form [22–24]

Ĥη

def (r) = 

η

d (ûxx + ûyy + ûzz ) + 
η
uûzz, (5)

where 

η

d and 
η
u are the dilatation and uniaxial deformation

potentials, respectively. This Hamiltonian is diagonal in spin
indices. Strictly speaking, when Ĥη

def (r) enters expressions
such as Eq. (3), it should be multiplied by a 2×2 unit matrix
which we omit for brevity, as we did in Eq. (1). It is convenient
to expand the Hamiltonian (5) via spherical harmonics:

Ĥη

def (r) =
∑
�,�z

D̂η

��z
(r)Y��z (r/r). (6)

Spheroidal (as opposed to torsional) vibrational modes of
a sphere are characterized by the total angular momentum
j and the parity (−1) j+1 [11]. Therefore the deformation
potential (5) is an even function of the coordinates for the
spheroidal modes with j = 0, 2. The spherical spinors enter-
ing Eq. (3) are characterized by the total angular momenta
1/2 and transform according to the corresponding irreducible
representations of the full rotational group. Therefore only
terms proportional to Y00 in Eq. (6) will contribute to the
integral of Eq. (3). Then it follows that

〈η,N |Ĥdef |λ,M〉 = �̂ηδηλδMN , (7)

where

�̂η = 1√
4π

∫ 1

0

[
D̂η

00(Rx)
(
zη0 (x)

)2 + D̂η̄

00(Rx)
(
zη1 (x)

)2]
x2dx.

(8)

Here, η̄ = c when η = v, and η̄ = v when η = c. We note that
the arguments given above confirm the general selection rules
for Raman scattering from spherical particles [14,15] for the
case of this particular model and interaction mechanism.

In (8) the renormalization of electron and hole wave func-
tions due to Coulomb interaction is neglected; below we
consider only the strong-confinement regime when the QD
diameter D is smaller than the Bohr radius of an exciton aB
and the main effect of the Coulomb interaction is the renor-
malization of exciton energy. In PbS, aB � 200 Å.
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III. HUANG-RHYS FACTOR FOR THE RADIAL
BREATHING MODE

The properly normalized displacement corresponding to
the radial breathing mode has the form (see Appendix B)

û(r) = ω0

√
h̄

8πρc3
l

j1(qr) er√
qR
2 − sin 2qR

qR + sin qR cos qR
2

(â† + â)

≡ Â0 j1(qr)Y00(r/r) er, (9)

where ω0 is the frequency of the breathing mode, ρ is the
mass density of PbX , j1(x) is the spherical Bessel function
of the first order, er is the radial unit vector, and the value
of qR ≈ 2.95 is determined from the dispersion equation; see
Ref. [11]. â† and â are the phonon creation and destruction
operators, and Â0 is introduced for convenience in order to
shorten notations.

The interaction Hamiltonian (5) in the conduction or va-
lence band takes the form (z||[111])

Ĥη

def (r) = Dη
av∇ · û + Dη

an

(
∂ ûx
∂x

+ ∂ ûy
∂y

− 2
∂ ûz
∂z

)

= Dη
av Â0 q j0(qr)Y00(r/r)

− 2√
5
Dη

an Â0 q j2(qr)Y20(r/r), (10)

where we introduced the average Dη
av = 


η

d + 1
3
η

u and the
anisotropic Dη

an = − 1
3
η

u parts of the deformation potential.
The effective Hamiltonian of the electron-phonon interaction
is calculated as the matrix elements of the Hamiltonian (10)
taking into account that, as was demonstrated in the previous
section, only terms proportional to Y00 contribute to the re-
sult (8).

The Huang-Rhys factor is given by [25]

S0 = (
c − 
v )2

h̄2ω2
0

, (11)

where


η (â† + â) ≡ �̂η (12)

and �̂η is calculated using Eq. (8) with

D̂η,b
00 = Dη

av Â0 q j0(qr). (13)

It is convenient to represent the Huang-Rhys factor as

S0 = Sb

R2

[
D

(
Dc

av,D
v
av, ξ0

)]2
, (14)

where

Sb = 1

8π h̄ρc3
l

ξ 2
0

ξ0

2 − sin2 ξ0

ξ0
+ sin ξ0 cos ξ0

2

(15)

is independent of the QD size and

D (Dc,Dv, ξ ) =
∫ [

Dc(zc0(x)
)2 + Dv

(
zc1(x)

)2

− Dv
(
zv0 (x)

)2 − Dc(zv1 (x)
)2]

x2 j0(ξx)dx

(16)

TABLE I. Numerical values in Eqs. (14) and (23).

T (K) n Sb (Å2/eV2) Ss (Å2/eV2)

4 0 9.481 14.823
4 1 18.760 7.781
300 0 11.889 18.429
300 1 23.519 9.720

depends on the QD size only implicitly through the functions
zηl . Here, ξ0 = qR is found from the transcendental equa-
tion [11] [1 − (ξ0cl/2ct )2] sin ξ0 = ξ0 cos ξ0. For PbS material
parameters, the numerical values of Sb at the temperatures 4
and 300 K for the fundamental breathing mode (n = 0) and its
first overtone (n = 1) are given in Table I.

Now let us discuss material parameters. For the sound
velocities we refer to the work of Chudinov [26], where
temperature dependences of longitudinal and transverse sound
velocities for waves propagating along [100] in bulk PbS were
measured in the temperature range from 77 to 650 K. We
extrapolate these linear temperature dependences to the entire
temperature range and use the corresponding sound velocities
as the parameters of the isotropic elastic model. This gives

cl (T ) = (4.408×105 − 108T ) cm/s, (17)

ct (T ) = (1.607×105 − 37T ) cm/s, (18)

where T is in kelvins.
With these parameters, for a QD with R = 15 Å the

frequency ω0 = clq of the radial breathing mode is h̄ω0 =
5.28 meV at T = 300 K and h̄ω0 = 5.69 meV at T = 4 K.

The calculated size dependences of Db ≡ D (Dc
av,D

v
av, ξ0)

are shown in Fig. 1, while the resulting size dependences of
the Huang-Rhys factor (11) are given in Fig. 2. The values of

FIG. 1. The upper panels show the size dependence of the
Db ≡ D (Dc

av,D
v
av, ξ0 ) for fundamental breathing mode (left) and

first overtone n = 1 (right) calculated using Dc
av = −1.93 eV,

Dv
av = −7.67 eV at T = 4 K. The lower panels show Ds ≡

D (Dc
an,D

v
an, ξ2l ) − γ

√
3
2
cl
ct

D (Dc
an,D

v
an, ξ2t ) with Dc

an = −1.67 eV,

Dv
an = −1.08 eV. The values of Db and Ds are almost independent

of the temperature: At T = 300 K they are hardly distinguishable in
the plot scale.
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FIG. 2. Comparison of the single-valley Huang-Rhys factors for
spheroidal vibrations of PbS QDs with j = 0 and j = 2.

the deformation potentials are taken from Table X of Ref. [27],
while the band structure parameters are from Ref. [4]. The
mass density of ρ = 7.6 g/cm3 is taken from Ref. [28].

IV. SPHEROIDAL MODE WITH j = 2

The displacement field for the spheroidal mode with total
angular momentum j = 2 and momentum projection m can
be written as (see Ref. [11])

û2m(r) ≡ û2m(r,�′, φ′)

= Â2l

[√
3

5
j3(qr)Y3

2m(�′, φ′)

+
√

2

5
j1(qr)Y1

2m(�′, φ′)

]

+ Â2t

[√
2

5
j3(Qr)Y3

2m(�′, φ′)

−
√

3

5
j1(Qr)Y1

2m(�′, φ′)

]
, (19)

where Y j±1
jm (r/r) are the vector spherical functions [19]. We

do not consider the possible splitting of the mode originating
from the elastic anisotropy (see, e.g., Ref. [18]) but continue to
use Lamb’s model of vibrations of an isotropic sphere. Here,
we distinguish the axis of angular momentum quantization,
z′, and the valley axis, z, which can refer to any of the valleys.
The dispersion equation for the mode frequency ω0 can be
found in Ref. [11] and will be reproduced in Eq. (22). The
wave numbers are related to the mode frequency via q =
ω0/cl , Q = ω0/ct . Equation (19) implies that the direction
of the z′ axis has been chosen as the axis of the angular
momentum quantization. Unlike the breathing mode, the de-
formation field for the spheroidal mode is not isotropic, and
its orientation with respect to the direction of the valley wave
vector should be specified. We will align the z axis along the
valley wave vector and choose the two other coordinate axes
in such a way that the z′ axis forms an angle β with the axis
z in the yz plane. In the coordinate frame associated with the

valley, the interaction Hamiltonian takes the form

Ĥη

def (r) = Dη
av∇ · û2m + Dη

an

(
∂ ûx2m
∂x

+ ∂ ûy2m
∂y

− 2
∂ ûz2m
∂z

)
.

(20)

The calculation of derivatives in Eq. (20) is rather lengthy,
and the result may be found in Appendix D. However, we
have shown in Sec. II that only terms with Y00 contribute to
the electron-phonon interaction, and therefore we can leave
only these terms in (20). The result for the � = 0, �z = 0
component is

D̂η,s
00 = d (2)

0m (β )
2√
5
Dη

an

[
Â2l q j0(qr) −

√
3

2
Â2t Q j0(Qr)

]
,

(21)

where d (2)
0m is an element of the Wigner d matrix. This should

be substituted into Eq. (8) to obtain the contribution from the
spheroidal mode.

For the actual calculation of the Huang-Rhys factor for
the spheroidal mode, one needs to solve the dispersion equa-
tion [11]

ξ 2
2t j2(ξ2l ) j2(ξ2t )

[
5 − ξ 2

2t

2

]
+ 8ξ2lξ2t j3(ξ2l ) j3(ξ2t )

+ ξ2t j2(ξ2l ) j3(ξ2t )
[
ξ 2

2t − 16
]

+ 2ξ2l j3(ξ2l ) j2(ξ2t )
[
ξ 2

2t − 12
] = 0 (22)

to find ξ2l ≡ qR, ξ2t ≡ QR = (cl/ct )ξ2l . For PbS, the first
root of this equation is ξ2l ≈ 0.969, which corresponds to
h̄ω0 = 1.75 meV at R = 15 Å (almost independent from tem-
perature).

Then the value of the Huang-Rhys factor (11) can be
obtained from the matrix elements of the electron-phonon
interaction Hamiltonian, Eq. (8), taking into account Eq. (21)
with the properly normalized phonon amplitude (see Ap-
pendix C). It is convenient to represent the result as follows:

S2 = Ss

R2

(
D

(
Dc

an,D
v
an, ξ2l

) − γ

√
3

2

cl
ct

D
(
Dc

an,D
v
an, ξ2t

))2

,

(23)
where

Ss = 1

10π h̄ρc3
l

1

ξ2lA(ξ2l , ξ2t )
, (24)

γ = 5(cl/ct )2ξ2l j2(ξ2l ) − 4 j1(ξ2l ) − 24 j3(ξ2l )

2
√

6(4 j3(ξ2t ) − j1(ξ2t ))
, (25)

A(ξ2l , ξ2t ) = 3B(ξ2l ) + 2C(ξ2l ) + 2γ 2B(ξ2t ) + 3γ 2C(ξ2t )

10

− 2
√

6γ
j2(ξ2l ) j2(ξ2t )

ξ2lξ2t
, (26)

B(x) = j23 (x) − j2(x) j4(x), C(x) = j21 (x) − j0(x) j2(x),

(27)

and we took into account that
∑

m |d (2)
0m (β )|2 = 1.
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The numerical values of Ss at temperatures 4 and 300 K for
the fundamental mode (n = 0) and the first overtone (n = 1)
are given in Table I.

The Huang-Rhys factors for the spheroidal and the radial
breathing modes are compared in Fig. 2. One can see that
the Huang-Rhys factors for the fundamental breathing and
spheroidal modes are of the same order of magnitude, though
the Huang-Rhys factor is higher for the radial breathing mode.

V. CONCLUSIONS

We have analyzed exciton coupling with acoustic phonons
in PbS QDs via the deformation potential. We have found that
interaction with the breathing mode is due to the isotropic
part of the deformation potential while interaction with the
spheroidal mode with the total angular momentum j = 2 is
only possible due to the anisotropic part of the deformation
potential.

The values of deformation potentials for PbS used in this
paper yielded comparable values of the Huang-Rhys factors
for the coupling of the exciton, confined in a QD, with the
fundamental phonon modes characterized by the total angular
momenta j = 0 and j = 2. However, these deformation po-
tentials date back to the 1968 paper by Rabii [27], while recent
state-of-the art calculations of the deformation potentials in
PbTe [29] gave values very different from these of Ref. [27].
Thus a thorough theoretical and experimental determination
of the deformation potentials in bulk PbX is called for. In
particular, one can imagine a situation when the conduction-
and valence-band contributions, associated with the isotropic
deformation potentials, compensate for one another in the
expression for the coupling of the exciton, confined in a QD,
with the breathing mode. In this case, the spheroidal mode
with j = 2, whose coupling with the confined exciton is gov-
erned by the anisotropic part of the deformation potential,
would dominate the low-frequency Raman spectrum, as ob-
served by Ikezawa et al. in PbSe QDs [8].

In this paper we considered states of a confined exciton
originating from a single valley. The distribution of the exciton
states among the valleys can be taken into account using the
extended k · p theory developed in Ref. [5] and requires spe-
cial consideration for each particular nanocrystal shape and
size.
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APPENDIX A: KANG-WISE MODEL

Electronic states in a spherically symmetric system can be
characterized by the total angular momentum F and parity.
The ground state of the conduction-band electron confined in
a spherical PbX QD has the total angular momentum Fc =
1/2 and the parity (−1)Fc+1/2 [4]. The corresponding solution

of Eq. (1) can be constructed as follows. We first look for a
solution of Eq. (1) in the form

û(r) = A jFc−1/2(kr) �̂
Fc−1/2
Fc,Mc

(r
r

)
, (A1a)

v̂(r) = B jFc+1/2(kr) �̂
Fc+1/2
Fc,Mc

(r
r

)
, (A1b)

where �̂
Fc±1/2
Fc,Mc

is the spherical spinor [19] and jFc±1/2(kr) is
the spherical Bessel function. Using

(σ∇) jFc±1/2(kr) �̂
Fc±1/2
Fc,Mc

= ∓k jFc∓1/2(kcr) �̂
Fc∓1/2
Fc,Mc

(A2)

from the first row of Eq. (1) we obtain

B = i
Eg + 2 αc k2 − 2E

2P k
A ≡ i ρ(k)A, (A3)

while the second row of Eq. (1) yields

k = √
� + �, (A4)

where

� = E (αv − αc) − P2 − Eg (αv + αc)/2

2αcαv

,

Another solution of Eq. (1) is given by

û(r) = C i(1)
Fc−1/2(κr) �̂

Fc−1/2
Fc,Mc

(r
r

)
, (A5a)

v̂(r) = D i(1)
Fc+1/2(κr) �̂

Fc+1/2
Fc,Mc

(r
r

)
. (A5b)

Here i(1)
Fc±1/2(κr) is the modified spherical Bessel function

of the first type. Using

(σ∇)i(1)
Fc±1/2(κr) �̂

Fc±1/2
Fc,Mc

= −κ i(1)
Fc∓1/2(κr) �̂

Fc∓1/2
Fc,Mc

(A6)

from the first row of Eq. (1) we obtain

D = i
Eg − 2 αc κ2 − 2E

2P κ
C ≡ iμ(κ )C, (A7)

while the second row of Eq. (1) yields

κ = √
� − �. (A8)

From the condition that a linear combination of the solu-
tions (A1a) and (A1b) on the one hand and the solutions (A5a)
and (A5b) on the other hand vanishes at r = R, where R is
the QD radius, we obtain the dispersion equation for k ≡ kc,
κ ≡ κc [4],

i(1)
F+1/2(κcR) jF−1/2(kcR) μ(κc)

− i(1)
F−1/2(κcR) jF+1/2(kcR) ρ(kc) = 0, (A9)

which yields the energy of the confined conduction-band
electron state (E > 0). Thus, for the ground state of the
conduction-band electron confined in a spherical PbX QD we
have a bispinor wave function

ûc1/2,Mc
(r) = R−3/2 zc0

( r

R

)
�̂0

1/2,Mc

(r
r

)
, (A10a)

v̂c
1/2,Mc

(r) = i R−3/2 zc1
( r

R

)
�̂1

1/2,Mc

(r
r

)
. (A10b)
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The radial wave functions are [4]

zcFc−1/2(x) = Ac

[
jFc−1/2(kcR x) − jFc−1/2(kcR)

i(1)
Fc−1/2(κcR)

i(1)
Fc−1/2(κcR x)

]
, (A11)

zcFc+1/2(x) = Ac

[
ρ(kc) jFc+1/2(kcR x) − μ(κc)

jFc−1/2(kcR)

i(1)
Fc−1/2(κcR)

i(1)
Fc+1/2(κcR x)

]
, (A12)

where Ac is a normalization constant determined by the condition∫ 1

0
dxx2

[
zc 2
Fc−1/2(x) + zc 2

Fc+1/2(x)
] = 1.

Apart from the explicit dependence on x these functions weakly depend on R. In this paper we will only need them for Fc = 1/2.
The ground state of the valence-band hole confined in a spherical PbX QD has the total angular momentum Fh = 1/2 and the
parity (−1)Fh−1/2 [4]. We will again construct two solutions of Eq. (1) in a free space and impose a boundary condition on their
linear combination. This time for the first solution of Eq. (1) we use the substitution

û(r) = A jFh+1/2(kr) �̂
Fh+1/2
Fh,Mh

(r
r

)
, (A13a)

v̂(r) = B jFh−1/2(kr) �̂
Fh−1/2
Fh,Mh

(r
r

)
(A13b)

and get

B = −i ρ(k)A.

For the second solution of Eq. (1) we try

û(r) = C i(1)
Fh+1/2(κr) �̂

Fh+1/2
Fh,Mh

(r
r

)
, (A14a)

v̂(r) = D i(1)
Fh−1/2(κr) �̂

Fh−1/2
Fh,Mh

(r
r

)
, (A14b)

and we again obtain

D = iμ(κ )C.

From the condition that a linear combination of these two solutions vanishes at r = R we obtain the dispersion equation for
k = kv and κ = κv [4]

i(1)
Fh−1/2(κvR) jFh+1/2(kvR) μ(κv ) + i(1)

Fh+1/2(κvR) jF−1/2(kvR) ρ(kv ) = 0, (A15)

which yields the energy of the confined valence-band hole state (E < 0). The resulting bispinor wave function for the ground
state of the valence-band hole confined in a spherical PbX QD takes the form

ûv
1/2,Mh

(r) = R−3/2 zv1
( r

R

)
�̂1

1/2,Mh

(r
r

)
, (A16a)

v̂v
1/2,Mh

(r) = −i R−3/2 zv0
( r

R

)
�̂0

1/2,Mh

(r
r

)
. (A16b)

The radial wave functions are [4]

zvFh+1/2(x) = Bv

[
jFh+1/2(kvR x) − jFh+1/2(kvR)

i(1)
Fh+1/2(κvR)

i(1)
Fh+1/2(κvR x)

]
, (A17a)

zvFh−1/2(x) = Bv

[
ρ(kv ) jFh−1/2(kvR x) + μ(κv )

jFh+1/2(kvR)

i(1)
Fh+1/2(κvR)

i(1)
Fh−1/2(κvR x)

]
, (A17b)

where Bv is a normalization constant determined by the condition∫ 1

0
dxx2

[
zv 2
Fh−1/2(x) + zv 2

Fh+1/2(x)
] = 1.
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APPENDIX B: NORMALIZATION OF THE RADIAL BREATHING MODE

The procedure of second quantization for the radial breathing mode can be done in a close analytical form. The density of
elastic energy is given by

Edef = ρ c2
t

∑
α

(∇uα )2 − ρ c2
t

2
[∇×u]2 + ρ

(
c2
l

2
− c2

t

)
(∇ · u)2. (B1)

For the radial breathing mode, [∇×u] = 0. The displacement field for this mode [either fundamental or overtone, depending on
the value of the discrete wave number q; cf. Eq. (B4)] can be written as

û(r) = Qq j1(qr)Y00 er√∫ R
0 dr r2 j21 (qr)

, (B2)

where Qq stands for a generalized coordinate. Then the elastic energy density is proportional to

Edef ∝ c2
l

2
j20 (qr) + 2

3
c2
t

(
j22 (qr) − j20 (qr)

)
.

In order to compute the total elastic energy, we need several integrals:∫ R

0
dr r2 j21 (qr) = 1

q3

(
qR

2
− sin 2qR

qR
+ sin qR cos qR

2

)
,

∫ R

0
dr r2 j20 (qr) = 1

q3

(
qR

2
− sin qR cos qR

2

)
,

∫ R

0
dr r2 (

j22 (qr) − j20 (qr)
) = −3 (qR)

q3
j21 (qR). (B3)

The dispersion equation for the breathing mode [11] can be written as

c2
t j1(qR) = c2

l

4
qR j0(qR). (B4)

This allows one to rewrite the last integral as

c2
t

∫ R

0
dr r2 (

j22 (qr) − j20 (qr)
) = −c2

l

3 (qR)2

4 q3
j0(qR) j1(qR) = −c2

l

3

4 q3

(
sin 2qR

qR
− sin qR cos qR

)
.

Then for the total elastic energy one obtains

Edef = cl 2

2
ρ q2 Q2

q = ρ ω2
0 Q

2
q

2
,

while for the total kinetic energy

Ekin = ρ

2
Q̇2

q ≡ P2
q

2ρ
,

where Pq is the generalized momentum. This allows one to write

Qq =
√

h̄

2 ρ ω0
(â† + â), (B5)

Pq = i

√
h̄ ρ ω0

2
(â† − â). (B6)

Equations (B2), (B3), and (B5) give the normalization coefficient for the breathing mode.

APPENDIX C: NORMALIZATION OF THE SPHEROIDAL PHONONS WITH j = 2

Here, we give the results only. The displacement field for the spheroidal phonon mode with j = 2 is given by

û2(r) = 1√
A(qR,QR)R3/2

√
h̄

2 ρ ω0

∑
m

(â2m + (−1)m â†
2−m)

{[√
3

5
j3(qr)Y3

2m

( r
r

)
+

√
2

5
j1(qr)Y1

2m

( r
r

)]

+ b

a

[√
2

5
j3(Qr)Y3

2m

( r
r

)
−

√
3

5
j1(Qr)Y1

2m

( r
r

)]}
, (C1)

045306-7



M. O. NESTOKLON AND S. V. GOUPALOV PHYSICAL REVIEW B 106, 045306 (2022)

where

b

a
= 5 c2

l qR j2(qR) − 4 c2
t j1(qR) − 24 c2

t j3(qR)

2 c2
t

√
6 (4 j3(QR) − j1(QR))

,

A(qR,QR) = 3B(qR) + 2C(qR) + b2

a2
[2B(QR) + 3C(QR)] − 2

√
6
b

a

j2(qR) j2(QR)

qRQR
,

B(x) = j23 (x) − j2(x) j4(x)

10
, C(x) = j21 (x) − j0(x) j2(x)

10
.

APPENDIX D: SPHERICAL VECTORS AND THEIR DERIVATIVES

For the calculations of deformation potentials it is convenient to use the equations for derivatives of spherical vectors. This
Appendix summarizes how these equations may be obtained. We use the following relation to compute differential operators of
interest:

∇ · u = ∇+u+1 + ∇0u
0 + ∇−u−1, (D1a)

∇z2 · u ≡ ∂ux
∂x

+ ∂uy
∂y

− 2
∂uz
∂z

= ∇+u+1 − 2∇0u
0 + ∇−u−1, (D1b)

where u is a vector field and uμ (μ = ±1, 0) are the μth circular contravariant components of this vector field. We use Eq. (45),
Sec. 7.3.4, of Ref. [19], which relates spherical vectors in a rotated system S′ with spherical vectors in the original coordinate
system. The deformation field of the spheroidal mode is a linear combination of j1(kr)Y1

2m(�′, φ′) and j3(kr)Y3
2m(�′, φ′) in the

phonon coordinate system S′ which we obtain by the rotation of the valley coordinate system S in the xz plane by the angle β.
We do not need to consider other Euler angles as the valley (phonon mode) is isotropic in the xy (x′y′) plane [30]. As a result,
the deformation amplitude contains

YL
2m(�′, φ′) =

∑
M,μ=±1,0

d2
Mm(β )C2M

LM−μ1μYLM−μ(�,φ)eμ, (D2)

where d2
Mm(β ) are the components of Wigner d matrix. Quite lengthy, but straightforward calculations lead to the following

result:

∇ · j1(kr)Y1
2m(�′, φ′) = −

√
2

5
k j2(kr)

[
d2

0m(β )Y20(�,φ) − 4d2
1m(β )Y21(�,φ)

+ 4d2
1m(β )Y2−1(�,φ) − 2d2

2m(β )Y22(�,φ) − 2d2
2m(β )Y2−2(�,φ)

]
, (D3a)

∇z2 · j1(kr)Y1
2m(�′, φ′) = −

√
2k j0(kr)d2

0m(β )Y00(�,φ)

+
√

2

5
k j2(kr)

[
d2

0m(β )Y20(�,φ) − d2
1m(β )Y21(�,φ) + d2

1m(β )Y2−1(�,φ)

− 2d2
2m(β )Y22(�,φ) − 2d2

2m(β )Y2−2(�,φ)
]
, (D3b)

∇ · j3(kr)Y3
2m(�′, φ′) = −

√
3

5
k j2(kr)

[
d2

0m(β )Y20(�,φ) − 2d2
1m(β )Y21(�,φ)

+ 2d2
1m(β )Y2−1(�,φ) + 2d2

2m(β )Y22(�,φ) + 2d2
2m(β )Y2−2(�,φ)

]
, (D3c)

∇z2 · j3(kr)Y3
2m(�′, φ′) = 2

√
3

7
√

5
k j2(kr)

[
d2

0m(β )Y20(�,φ) − d2
1m(β )Y21(�,φ)

+ d2
1m(β )Y2−1(�,φ) − 2d2

2m(β )Y22(�,φ) − 2d2
2m(β )Y2−2(�,φ)

]
− 4

√
3

7
k j4(kr)

[
d2

0m(β )Y40(�,φ) −
√

10

3
d2

1m(β )Y41(�,φ)

+
√

10

3
d2

1m(β )Y4−1(�,φ) +
√

5

3
d2

2m(β )Y42(�,φ) +
√

5

3
d2

2m(β )Y4−2(�,φ)

]
. (D3d)
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