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ABSTRACT

This paper quantifies a significant error source that limits the accuracy of LIDAR scan matching. LIDAR scan matching,
which is used in dead reckoning (aka LIDAR odometry) and in mapping, computes the rotation and translation that best align a
pair of point clouds. Perspective errors occur when a scene is viewed from different angles, with different surfaces becoming
visible or occluded from each point of view. Specifically, this paper models perspective errors for two objects representative
of the urban landscapes in which LIDAR frequently operates: a cylindrical column and a dual-wall corner. For each object,
we provide an analytical model of the perspective error for voxel-based LIDAR scan matching. We then analyze how
perspective errors accumulate as a LIDAR-equipped vehicle moves past these objects.

1 INTRODUCTION

LIDAR systems are data-rich perception sensors, which cast optical beams in known directions and compute the time of flight
for the reflected signal. Time of flight can be converted to distance, so each return corresponds to a vector (range and direction)
describing a point on some surface in the surrounding environment (or scene). By scanning over a set of directions, the LIDAR
creates an image, called a point cloud, which represents the scene’s geometry. It is often useful to align (or register or scan
match) more than one point cloud. Applications of this scan matching process include creating a map, inferring relative motion
over time, or doing both via Simultaneous Localization and Mapping (SLAM), as described in Thrun (2005).

Perspective errors, sometimes referred to as self-occlusions (Xu ef al., 2022), arise in LIDAR scan matching when comparing
two views, each capturing the same three-dimensional surface from a different location. When moving past a static three-
dimensional object, previously hidden patches of the object may become hidden or visible due to the object’s shape. Though
related to shadowing, which occurs when one object occludes a second (Hassani & Joerger 2021, McDermott & Rife 2022a),
perspective errors refer specifically to an object occluding itself. While shadowing and perspective errors have a common root
cause, different strategies may be employed to mitigate each, as long shadows cut through many voxels, whereas perspective
errors are grid-resolution problems confined within one voxel.

Existing scan matching algorithms can generally be classified into one of three categories: feature-based methods, voxel-based
methods, and direct machine-learning (ML) methods. Feature-based methods seek to correspond recognizable features from a
pair of point clouds, either individual points (as in the well-known Iterative Closest Point or ICP algorithm) or extracted features
like planes (Besl & McKay, 1992; Shan & Englot, 2018; Zhang & Singh, 2014). Hybrid feature-based methods also exist,
which combine ML-based strategies with feature extraction, such as the recent work by Plachetka et al. (2021), which applies
ML to create bounding boxes for objects identified in a scene. Voxel-based methods, such as the Normal Distribution Transform



(NDT) and the Iterative Closest Ellipsoidal Transform (ICET) algorithms, divide the point cloud into volume elements (or
voxels), each containing a distribution of points; correspondence is performed purely geometrically by attempting to align point
distributions within each voxel (Biber & Straler, 2003; Stoyanov et al., 2012; McDermott & Rife, 2022b; McDermott & Rife,
2022c). Direct ML algorithms, like LO-Net (Li ef al., 2019), do not explicitly form correspondences or compute geometric
transformations to relate them; instead, they train neural networks to align point clouds directly.

For safety-of-life navigation systems, voxel-based algorithms are advantageous. Unlike feature-based algorithms, where faulty
data association creates errors that are challenging to model as noted by Hassani et al. (2018), voxel-based methods do not
suffer from data-association faults, at least not in static scenes. Unlike machine-learning algorithms, where processing methods
are opaque and where unpredictable faults are possible in corner cases (Willers et al., 2020), voxel-based methods are
transparent and interpretable, with each step closely related to geometric analysis (McDermott & Rife, 2022b).

Because of the advantages of voxel-based LIDAR scan matching for safety-of-life applications, we will focus on analyzing the
impact of perspective errors on voxel-based methods. The main contribution of the paper is to quantify perspective errors for
voxel-based scan matching when viewing two representative types of object: a cylindrical column and a dual-wall corner. Our
approach will begin with a closer look at the conditions that create perspective errors. We will then derive analytical equations
to model perspective errors for cylinders and corners. Subsequently, we interpret these analytical models using simulations,
with the goal of informing mitigation strategies to minimize the impact of perspective errors in future LIDAR applications.

2 VISUALIZING PERSPECTIVE ERROR

When using LIDAR to image objects with curved or complex surfaces, the shape of the resulting point cloud depends on the
LIDAR’s location, as shown in Figure 1. The figure illustrates the top-down view of a cylindrical column. In Figure la, the
column is viewed from two LIDAR locations (crosses) that are separated laterally. The point clouds generated from each
location share a common overlapping region (green arc), but each point cloud also includes samples from a non-overlapping
region (red arcs). The “missing data” from each point cloud leads to a difference in the mean location of the samples in each
case (with the distinct point-cloud mean locations each identified by a star). Algorithms like NDT (Biber & Stra3er, 2003) and
ICET (McDermott & Rife, 2022b) attempt to align the point-cloud means between two scans. Assuming the column is an
immobile object, then aligning the two means (stars) results in the false inference that the two viewpoints (crosses) are closer
together than their true distance.

Perspective errors are generally less severe for radial motion than for lateral motion, as shown in Figure 1b. Although the
symbols in Figure 1b match those of the rest of the figure, the LIDAR locations are different. In Figure 1b, the two LIDAR
locations are aligned on the same spoke radiating from the cylindrical column’s centerline. Again, there is an overlapping set
of samples (on the green arc) and a non-overlapping set of samples (red arc), but in this case, the more distant LIDAR scan
(blue) visualizes the entire region seen by the nearer scan (brown). Importantly the data missing from the nearer scan (red arcs)
is symmetric, so the point-cloud means (stars) are offset only in radius and not in the circumferential coordinate.
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FIGURE 1
Changes in perspective for (a) lateral and (b) radial movement of the LIDAR between two locations (cross markers)



These examples demonstrate that even a smoothly curved, convex surface (like a cylindrical column) can occlude the LIDAR’s
view and corrupt the resulting point cloud with missing data. Even more dramatic occlusions occur for more complex objects,
such as those involving sharp corners or outcroppings. In this paper, we do not consider signal-miss effects due to reflective
surfaces (Xu et al., 2022).

Interestingly, perspective errors are driven not only by missing-data regions (red arcs from Figure 1), but also by a secondary
effect: the density of points within the cloud. As an example of this, consider the flat wall that is visualized from above in
Figure 2a and Figure 2b. For a flat wall of finite length, there is no missing data, because the LIDAR sees the entire face of
the wall from any viewing location (unless it moves behind the wall). However, even though the full surface of the wall is
visible, there may still be minor variations in the mean location of the point-cloud as caused by changes in the density of the
LIDAR samples. Consider the difference in the distribution of samples moving from a viewing location on the left of the wall
(Figure 2a) to a more central viewing axis (Figure 2b). When viewing from the left, the point density is much higher on the
left than the right. When viewing from the middle, the point density is highest in the middle. Where the point density is
highest, the interval between samples is shortest (as shown in Figure 2¢). In this particular case, the high density of samples
on the left side of the wall in Figure 2a will shift the point-cloud mean slightly to the left as compared to Figure 2b.

(@) (©)

o o
e ©

o
~

f@
|
N

Normalized Distance between Samples
o o
N (2]

o
w
T

o
[N}

Interval Number

FIGURE 2

Point density along a planar surface is a function of LIDAR location: A short wall is shown visualized from two locations,
indicated with cross markers. When the LIDAR is located at the left cross, points are sampled as shown in (a), and when the
LIDAR is located on the right cross, points are sampled as shown in (b). Distances between sequential points as a function of
point index (counting from left to right) are plotted in (c).

For typical urban scenes, perspective effects are only significant for a small number of objects (or voxels) viewed in the scene.
Given the number of voxels in the scene, systematic perspective errors on a few voxels might not have a significant impact if
the perspective errors were aligned in random directions; however, as we will show in the next section, perspective effects
result in significant and persistent errors that tend to align with the direction of motion. Thus, they may accumulate and be
significant even if they impact a relatively small fraction of voxels.

As a final note, it is significant to note that in this paper we do not consider limits on the LIDAR field of view. As a
consequence, our models of perspective error consider only LIDAR translation. In the absence of a field of view restriction,
LIDAR rotation does not cause perspective error. Consider the point clouds in Figure 1 and Figure 2; these point clouds would
have essentially the same shape, regardless of the yaw orientation of the LIDAR, at least assuming a rotating LIDAR that scans
in all azimuth directions. The situation would be somewhat different when driving the rotating LIDAR unit past a tall building
or under a highway sign or bridge, because parts of the scene would pass above the upper limit of the rotating LIDAR’s field
of view, noting that the elevation angle limit for a typical scanning LIDAR is about 15° (Velodyne, 2019). Studying the impact
of field of view on perspective error, as might be significant for airborne applications, is left as a topic for future work.



3 ANALYTICAL MODELS FOR POINT-CLOUD MEAN

This section develops analytical models to quantify perspective errors associated with two types of objects, cylindrical columns
and dual-wall corners. These objects are representative of features common in urban environments. Because we focus on
voxel-based algorithms that perform scan matching by attempting to align the point distributions within each voxel, we assess
the systematic bias as equal to the shift in the point cloud’s mean location. We assume dense, effectively continuous, sampling
and assume the point cloud covers the entire surface of the object that is visible from the LIDAR’s instantaneous location. As
a further simplification, we assume the object is located entirely inside a single voxel. This is not an unreasonable assumption,
as scan-matching algorithms often use voxels with a span of a meter or more.

3.1 Perspective Error for a Cylinder

A top-view schematic for analyzing LIDAR scans of a cylindrical column is shown in Figure 3. In the schematic, the LIDAR
is located at point L (cross marker) and the centerline of the cylinder passes through point O. The sample point S lies on the
surface of the cylinder, which has a radius R. The point cloud is the locus of all visible points S along the cylinder’s surface
(green highlighted arc in figure).

FIGURE 3
Top view of the cylindrical column

Our approach to compute the mean location of the point cloud will be to integrate the coordinates x and y along the appropriate
cylindrical arc (between the brown-dashed lines in the figure). The x and y Cartesian coordinate pair are defined in by the unit
vectors U, and U, in the diagram. Although the cylinder and point cloud are defined in 3D, we can compute the mean location
for the point cloud using a 2D analysis, because the cylinder has a constant cross-section out of the plane. (Assuming points
are evenly distributed in the vertical direction, the vertical component of the point-cloud mean lies at half the height of the
cylinder.) Our primary goal is to compute the change in the observed point-cloud mean when viewing the cylinder from two
different points L.

In computing the shift in the mean location of the point cloud, we consider not only missing data (as shown in Figure 1), but
also point-density effects (as shown in Figure 2). To that end, we model the point cloud density p as uniform in the angular
coordinate 6 about the Lidar location L. The decision to model the density as a function 6 (rather than, say, of the Cartesian
coordinates x and y) automatically accounts for point-density variations along object surfaces as shown in Figure 2.

The number of points N sampled across the cylinder arc can be obtained by integrating the density. Defining the point L as the
origin of a cylindrical coordinate system, the point O lies at (7, 8y). The upper and lower bounds (brown dashed lines in

Figure 3) are displaced from 6, by counterclockwise-positive angles 8, and 6;, noting 8; = —6; due the symmetry of the
cylinder. Without loss of generality, we can redefine the circumferential angle relative to 6, (i.c., set 8, = 0), and so

by
N = feL p(6)d6. (1)
Noting the density is uniform, or constant, in the angular coordinate, we can factor out density and evaluate the integral to give

N =p(8y — 6,). @)



The mean location over all the points in the point cloud, sampled at angles 6;, is

— 1
X=2 2 Xs(6)). 3)
If the points are sampled with sufficient density, we can replace the summation with an integral:
JoU x5(6)p(6)d6
g =20 ST (4)
N
Substituting (2) into (4) and noting that the density can again be factored out of the integral, we can simplify to obtain
~ f,fL” xs(8)d6
X = W (5)

The next step is to evaluate the integral in the numerator. Equation (5) uses a 2D vector notation, which will be important for
the dual-wall corner; however, we can use a simpler scalar analysis for the cylinder, noting the geometry is symmetric about
the axis LO. To locate the point-cloud mean for the cylinder, we need only solve for the component in the direction of LO (the
x-direction for 8, = 0). Using the coordinate system aligned with LO, we thus have X = [x 0]”. Substituting this expression
and invoking symmetry, we convert the general vector equation (5) into a scalar equation for the cylinder:

fu
= % AL (6)

=

Using geometry and noting that edge LO and OS have lengths 1, and R, respectively, we can obtain
(1 + tan?(0)) x2 — 2roxs + (1¢ — R*) = 0. 7
Solving for x and invoking standard trigonometric identities, this expression can be solved for x; to give

xs(0) = 1y cos?(8) — cos(8) /R? — sin?(0) . (8)

Only the negative root of the quadratic equation is considered here, because the positive root corresponds to the far (hidden)
side of the cylinder. The analytical solution for (6), eliminating x; using (8), is

-1 \/Esin(BU)

\/cos(ZGU)—1+2R2/r02

= Tz—" + ﬁ (ro sin(26y) — sin(8y)/ 21 cos(260y) — 212 + 4R2) - tan 9)

20yry

Drawing a right triangle connecting LO to the tangent point from L, it is possible to show that the limit angle 8,; = asin(R /7).
Using the geometry of that right triangle, R and r;, can largely be eliminated from equation (9) to give:

=2 (1 + S‘“g(z”) (cos(8y) — gsin(eu))). (10)
This value describes the distance from point L to the mean along the direction of LO. Subtracting (10) from the length of LO,
which is 1y, and normalizing by the cylinder radius R, we can plot the point-cloud mean location relative to O, as shown in
Figure 4. When the distance from the LIDAR to the cylinder center is at its minimum (e.g., when the LIDAR touches the
cylinder, with r, = R), the LIDAR only sees one point on the cylinder, so the point-cloud mean is located one radial unit from
the center (as shown on the far left of Figure 4). As the LIDAR moves increasingly away from the cylinder (moving right on
the horizontal axis of Figure 4), the distance from the cylinder center to X shrinks, with the distance eventually reaching an
asymptote (equal % or approximately 0.79 radial units) as the LIDAR distance grows toward infinity. It is worth noting,

however, that due to the finite sample density of real-world scanning lidar units, experimental performance at longer distances
will not precisely match theoretical performance, as we have assumed dense sampling at all distances.
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FIGURE 4

Distance from point O to point-cloud mean in the direction of LO

If two LIDAR positions are considered, then we can compute the distance between the point-cloud mean vectors in each case.
If a scan-matching algorithm aligns the two mean values, then this would be the systematic position-estimation bias for the voxel
containing the cylinder. In differencing the point-cloud mean vectors, we must account for the different pointing direction of
the vector (or equivalently, the distinct 8, value) for each location. Using the index ; to distinguish the two LIDAR locations,
we can write the vector from the point-cloud mean to the cylinder enter as:

. . . . . T
xo = %, = (Pry = ) [cos P8, sin Pg,] . (11)
Using the cylinder center as a common reference, we can difference (11) for the two viewpoints j to get:

(Z)xs - (l)xs = ((1)7‘0 - (1)9?) [cos (1)60 sin (1)6'0]T - ((z)ro - (2))2) [cos (2)90 sin (Z)BO]T. (12)

The false movement inferred will be opposite the change in the point-cloud mean location, so the perspective error for the
inferred LIDAR translation is € = —((Z)XS - (l)xs).

3.2 Perspective Error for a Dual-Wall Corner

For comparison with the smooth cylindrical column, we also consider a second object with a sharp bend: the dual-wall corner
shown from above in Figure 5. The corner consists of two thin walls of length R that meet at vertex O. The LIDAR location
is again labeled L. Each wall is oriented at a specified angle as viewed from above. Relative to LO, the first wall is oriented
at an angle ¥, and the second at y,. Both angles are positive counterclockwise (so Y is negative as drawn).

The LIDAR detects points along the dual-wall corner, through a range of angles between a lower and an upper bound (6, and
8y, respectively). The point cloud is generated from the entire visible surface, along both wall segments, each labeled with a
subscript i. To determine the mean location for the point cloud, the first step is to write the location of an arbitrary point S on
one of the segments. We use a coordinate system where the corner’s vertex O lies on the x-axis (68, = 0 for integration), at a
distance of 1, from L. In this configuration the locus of points S on one wall segment can be described by the following vector,
where R is the segment length, identical for both segments, and f; € [0,1] is a fractional distance of S along segment .

X; =Xg t+

To + fiR COS(llJi)] (13)

fiR sin(¥;)



FIGURE 5
Top view of the dual-wall corner

The point-cloud mean X can be computed from (5), where X; is defined by (13). Before performing the integral, however, it is
first necessary to rewrite (13) in terms of the angle 8. The angle 6 describes the direction of the vector X, so

fiR sin(¥;)

tan(0) = I p—— (14)
Solving (14) for the fractional length f; and substituting the result into (13) gives
_ tan(6;)
Xs = X0 H 10 G —coswo tant@p (15)

Here we define the vector X to describe the position of O relative to L and the unit vector u; to describe the direction from O
to S (along the segment). The integral of X along wall i depends only on the factor multiplying u;. For wall i, define this
integral, over the set of angles 6; € ©;, to be

_ tan(6;)
gi=To f@_ sin(y;)—cos(¥;) tan(6;) ab. (16)
13

We can now use (5) to obtain the mean for the point cloud associated with the visible surface of the corner, by substituting (15)
and (16) into (5). Considering both wall segments and modeling the walls as thin, so there is no additional contribution from the
wall ends, the integral (5) can be written as follows:

= _ 91t92
X__BU—9L+XO' 17)

In order to compare the shift in mean as viewed from two LIDAR locations, we need to introduce an index j to distinguish

between the two LIDAR viewing locations. Introducing the location index via a leading superscript j, we can rewrite (17) as:
W, W, O, O
N= g1 "uit gz ap
X = . - + Xg. (18)
63 BU—(D 0, o

The change in the location of the point-cloud mean as viewed from the two lidar positions can be expressed by differencing (18)
for each of the two viewing locations j. In computing this difference, it is important, to express the wall-tangent vectors u )ui in
a common coordinate system. To this end, we rotate from LO-aligned coordinates back to the unit vectors i, and ,, as shown

in Figure 5. Using the latter set of basis vectors, we have

cos ((j)llli + (]')90)
sin ((j)l,bi + (]')60)

Iy, =

(19)



With this definition, we can express the change in the point-cloud mean location as

@y @y 4@y @y Dy Oy O Oy

@, g, @,- g,

@y _ Wy =

(20)

Again, assuming the corner feature is fixed in space, the perspective error € will be opposite the apparent object motion, with
- (@, _@
e =—("x, Xs).

In order to compute (20), we need to evaluate integral (16) for 2 gi- Before jumping to evaluating the integral with arbitrary
units, let us first evaluate (16) on the range that includes point O, with U )(':)i = {9 € [0, u )9{ ]} For that case (16) gives the

following result (j)gi = Wp, ((j)Hi’), with:

(Dp, ((j)gif) _ -, (l(j)9{| cos ((j)l.b,') + sin (|(j)l.bz|) In (—Smg:(d();)_l:;a_{)>> Dy, 0. 1)
0 (j)l,bi =0

The absolute value notation in (21) is redundant when U )t,bi and Y )0{ are positive; for the case when these variables (which

always have matched sign) are negative, then introducing the absolute values signs gives the correct integral over the range of
angles U )G)i = {0 € [(] )0{ , O]}. With the absolute value signs, (21) describes the desired integral over a single wall. If only

one of the two walls is visible, then N gi = U )hi ((j )9{ ) for that wall, where Y )0{ is obtained from (14), by setting 2 fi=1.
(6]
6 .

We will refer to this angle associated with the wall endpoint as 7’6, ;:

R sin((j)V)')
wei = atan (m . §

Additional consideration must be given to cases when both walls are visible or when one of the walls is partly visible behind
the other. To cover these cases, additional logic must be introduced, as summarized by The logic in the table describes three

g

possible outcomes. In the first case, if the two angles U )zpl and Y )1,[;2 do not have the same sign, then both walls are fully
visible, and u )gi =0 )hi ((j )9{ ) for each wall. In the last two cases, the walls are on the same side, which causes the rear wall
(index 2) to be fully or partially blocked from view by the nearer wall (index 1). In both cases the nearer wall analysis is
straightforward, with N g1 = BB AK1jO1. In the case of full blockage, the second wall does not contribute
to the integral: @(j)g2=0. In the case of a partial blockage, the integral must be computed over just the visible section of
the wall, with g, = ()Bh, (P6ye5) 8 = Vhy (V6,1)-

4 NUMERICAL RESULTS

To study the perspective-error models derived in the previous section, it is helpful to evaluate the equations for a representative
scenario. Let’s consider the case of a LIDAR mounted on a mobile platform (e.g. a vehicle or robot) that moves in a straight
line past a fixed object.

Table 1. In order to construct the table, we defined the wall angles U )‘ll}i as confined to the range U )‘ll}i € (—pi, pi], where the

zero angle is aligned with line segment LO between the Lidar and the vertex O. Also, we assume the wall indices are ordered
such that the wall nearer to the viewer (on either side) is indexed as 1 and the farther wall is indexed as 2. That is:

|u>¢1| S |u>w2|_ (23)



The logic in the table describes three possible outcomes. In the first case, if the two angles U )1,01 and Y )l,bz do not have the
same sign, then both walls are fully visible, and u )gi =U )hi ((j )0{ ) for each wall. In the last two cases, the walls are on the
same side, which causes the rear wall (index 2) to be fully or partially blocked from view by the nearer wall (index 1). In both
cases the nearer wall analysis is straightforward, with 2 g1 = Y )hl ((j )9{) In the case of full blockage, the second wall does
not contribute to the integral: 0

section of the wall, with (j)gz = (j)hz ((j)HWE,Z) - (j)hz ((f)ewe_l).

g> = 0. In the case of a partial blockage, the integral must be computed over just the visible

5 NUMERICAL RESULTS

To study the perspective-error models derived in the previous section, it is helpful to evaluate the equations for a representative
scenario. Let’s consider the case of a LIDAR mounted on a mobile platform (e.g. a vehicle or robot) that moves in a straight
line past a fixed object.

TABLE 1
Defining integral for double-wall corner, for the case where the wall indexed 1 is closer than the wall indexed 2

Case Condition Integral for this condition

No blockage sign(Py,) # sign(P,) Dy, = Pp, ((j)ewe,l)

(J)g2 — (J)h2 ((])gwe,z)
(])GU _ (])HL — |(1)6W8,1 _ (])Gwe,Z

Blockage sign((j)lpl) = sign((j)llJz)
- : : - . ,
Full blockage Blockage and |U)9we,1| = |U)9we,z (])91 = (])hl ((j)gwm)
(])gz =0
(j)eU _ (J)HL — |(])6we,1
e : . - . ,
Partial blockage Blockage and |(1)9W6'1| < |(])6we,2 (J)g1 _ (J)h1 ((j)gwm)

Dg, = Phy (D6,0,) = Py (V64,1
Vg, — Vg, = |

we,2

First, let’s consider motion past the cylindrical column. We define the along-track coordinate to be zero when the LIDAR is
closest to the object. Also, we assume that the LIDAR first detects the object when it is at an along-track distance of -15R
(noting that our simulations express all distances in a nondimensional form, normalized by the column radius R). The
systematic perspective error €, associated with apparent motion of the point cloud generated from the cylinder, was computed
as the negative of (12) and plotted in Figure 6. Errors were computed as changes in the perceived cylinder location, relative to
its initial location at time zero. The starting point is on the left side of plots shown in Figure 6. When the LIDAR is closest to
the object (at an along-track distance of x/R = 0), the distance from the cylinder center in the cross-track direction is set to
one of three values: y/R = {1,2,4}. The first case, with y = R, is the limiting case where the LIDAR just touches the surface
of the cylinder. In the subsequent two cases, the cylinder moves progressively farther off the LIDAR’s track.

The figure plots along-track error €, and cross-track error €,, as a function of the LIDAR’s along-track position x. A circular
cross-section is shown in the lower plot, as a reminder that the plot describes a cylinder shifted to the left (positive y direction)
of the LIDAR. In all cases, the along-track error €, becomes increasingly negative as the LIDAR moves from left to right. The
reason for this is that the point cloud rotates around the cylinder from its left (more negative) side to its right (more positive)



side. Because the point-cloud position moves to the right (positive), the vehicle measures less than the true distance of travel
(a negative error in the along-track direction) if the cylindrical column is assumed stationary. The accumulated error €, /R is
approximately 7 /2 (which follows since the point-cloud center moves from approximately - /4 initially to +m /4 in the end,
as expected for the limit case shown in Figure 4).

In contrast with the along-track error €,, whose magnitude grows in time, the cross-track error €,, grows to a maximum
at the moment that the object is viewed laterally (at x/R = 0). As the LIDAR travels past the object, the error fades back
to zero. This trend makes sense. Initially, when viewed from the side, the cross-track position of the point cloud is near
the cross-track position of the cylinder’s center. As the LIDAR moves past the object, the point cloud shifts around the
circular cross-section until it is centered on the side closest to the LIDAR at x/R = 0. This represents a negative
apparent motion for the point cloud, so the vehicle appears to move positive (¢, > 0). Later, as the LIDAR moves
increasing to the right, the point cloud continues to rotate around the circular cross section, toward the column’s right
side. This represents a positive change in the point cloud’s y coordinate, back toward its original value (with the lateral
error ¢, also returning to zero as the LIDAR moves off the right edge of Figure 6).
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FIGURE 6
Perspective-error that results when a LIDAR moves on a straight trajectory past a cylindrical column

As the LIDAR trajectory is shifted increasingly far from the object (going from y = R to y = 4R), the changes are more
gradual. For instance, greater lateral spacing y causes the along-track error €, to accumulate sooner and the slope to
be more gradual (but still resulting in roughly the same level of total error €,, as seen on the right side of Figure 6). As
for the cross-track error, the error curve is wider (with error triggering sooner) and shorter (lower maximum lateral
error) for higher values of y.

The trends observed when passing the dual-wall corner in the convex configuration are similar to the trends for the column (see
left column of Figure 7, marked with “v-shaped” corner). In this configuration, the wall segments are each canted 45 degrees
back from the LIDAR’s line of travel. Only the outer faces of the wall segments are seen as the LIDAR passes. The along-track
error €,, increases in magnitude monotonically, as the point-cloud mean moves from the negative wall to the positive wall. The
cross-track error €, increases and decreases, with a peak lateral error when the LIDAR is closest to the vertex (at x/R = 0).
The only detail that is notably different between the cylinder and the convex dual-wall corner is the peak error-magnitude,
noting that the objects have cross-sections of similar size (cylindrical column of radius R and dual-wall corner where each edge



is length R). For the convex corner in the left column of Figure 7, the largest along-track error is approximately R /v2 in
magnitude (the distance between the midpoints of the two walls); the largest cross-track error is a very small fraction of R (less
than 0.1R), since both walls are entirely visible at x/R = 0. As the location of the walls shift farther laterally (vertex y/R going
from 1 to 4), the trends again become more gradual.

The error profile looks somewhat different for other orientations of the dual-wall corner. Whereas the convex corner was a
reasonable approximation of the cylinder, the L-shaped corner (middle column of Figure 7) and the concave corner (right
column of Figure 7) exhibit curious properties related to occlusions of one wall by the other. All visible wall segments are
considered in our analysis here; however, we acknowledge that the more distant wall segment might be excluded in a practical
implementation, due to shadow-mitigation (McDermott & Rife 2022a).
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Perspective-error relative to starting position (at x/R = -15), as LIDAR moves in a straight line past a corner. Each column
above shows a corner with a different orientation (as depicted in the lower row). In the left column, the corner opens away
from the LIDAR (convex when viewed from x=0), in the middle column, the corner opens to the positive x and y directions (flat
when viewed from x=0), in the right column, the corner opens toward the LIDAR (concave when viewed from x=0).

Consider the L-shaped corner (middle column of Figure 7). In this case, the corner has one wall aligned with the y-direction
and the other aligned with the x-direction, with the vertex on the side closest to the LIDAR as it passes. Initially, the LIDAR
primarily sees only the outside y-aligned wall. This wall disappears when the LIDAR reaches x/R = 0, at which point only
the x-aligned wall is visible. Eventually the inside of the y-aligned wall becomes visible again and by the time the LIDAR
reaches its final location (x/R = 15), this y-aligned wall dominates the point cloud. Since the LIDAR starts and finishes
primarily seeing opposite sides of the y-aligned wall, which has no thickness, the net €, is nearly zero. As for €,, this error
climbs to as high as 0.45R (for vertex at y/R = 1) when the LIDAR passes the corner. This makes sense since the LIDAR sees
only the x-aligned wall at this point, which is closer than the y-aligned wall by a distance of 0.5R.

Now consider the concave corner (left column of Figure 7). In this case, the corner opens toward the LIDAR, such that both
walls are canted 45 degrees toward the LIDAR’s track. As the LIDAR translates, it nearly always sees at least a fraction of
both walls. Due to a combination of point density effects (see Figure 2) and switching between viewing the inner and outer
faces of each wall, the point-cloud mean moves back and forth as the LIDAR progresses. As a result, the error €, and €,
increases and decreases several times. Though a substantial €, error accumulates, the €,, error generally remains in a small
band near zero (smaller in magnitude than about 0.1R). Interestingly, the sign of the net €, error is positive in the region where
only the interior faces of the convex corner are visible. (Exterior faces are not visible between the dot markers, shown in the
upper right plot of Figure 7). The positive net €, indicates overprediction of distance traveled. Thus, when only interior walls



are visible, the point cloud generally seems to move backward, which causes a perspective error that increases the LIDAR’s
apparent travel distance.

It is important to note that the dual-wall corner was modeled as a free-standing object, visible from all sides. If the concave
corner were embedded in a larger wall (e.g. an inverted v-shape notched into a flat wall), then only the interior faces of the
corner would be visible, much like the case with y/R = 4. By extension, the perspective error for the notched wall would also
result in an overestimate of distance traveled. As a generalization, we can say that perspective errors on convex objects tend to
cause underestimation of distance traveled, whereas perspective errors on concave objects tend to cause overestimation.

6 MITIGATION

Given that perspective errors can significantly bias LIDAR scan matching in some voxels, it is worthwhile mitigating these
errors, to increase accuracy. This section considers several approaches for mitigating perspective error.

6.1 Voxel Dimension

Perhaps the most straightforward approach for mitigating perspective errors is to use smaller voxels. The impact of smaller
voxels on perspective errors is illustrated in Figure 8. The figure shows four gridding arrangements superimposed on a
cylindrical column. The analysis in the prior section applies when the grid cell is large enough to fully contain the cylinder;
for that case, the point-cloud mean can fall on any point in an annulus (see Figure 8a). The annulus is bounded on the outside
by the column outer boundary and on the inside by a ring at %R (which is the asymptote of the point-cloud mean shown in

Figure 4). Within the annulus, the specific location of the point-cloud mean depends on the location of the LIDAR. In the case
when the LIDAR circles halfway around the column, near to the column surface, the point-cloud mean will shift by the column
diameter (by a distance of 2R). In the pathological worst case, the voxel boundary (dashed line in graphic) is closely matched
to the size cylindrical column (Figure 8a), resulting in a perspective error that is equal in size to the voxel.

If the voxel edge length is cut in half, from 2R to R (as in Figure 8b), then the analysis of the prior sections no longer describes
the point-cloud mean. However, we can still limit the point-cloud mean to the red area shown in Figure 8b by noting that the
convex hull of the surface can be as large as a quarter circle and that the mean of points on that surface must lie within the
convex hull (Boyd et al., 2004). The shortest dimension of the convex hull lies along the axis extending from the center of the
circular cross section. It is straightforward to show that the depth of the convex hull in this radial direction is A, =
R(1 — cos ¢p,,) where ¢, is half the angle between the radial spokes extending from the circle center to the sharp endpoints of
the convex hull. The width of the convex hull in the perpendicular, or circumferential, direction is Ay = 2R sin ¢,. In the
worst-case alignment of the cylinder relative to voxel boundaries (shown), the circular arc connects the voxel corners (as shown
in Figure 8b), such that Ay = V2R (or 1.41R) and Ap = 0.29R. In short, halving voxel width reduces the worst error by V2.

A /R=2.00 A /R=0.29 A /R=0.12 A /R=0.06
A,/R=2.00 A/R=141 A/R=0.94 A /R=0.71

FIGURE 8
Effect of voxel size on worst-case perspective error.



This trend continues as the voxels grow even smaller. When there are three voxels across the diameter of the cylinder (edge

width of %R) the worst case error is Ay = ¥ R = 0.94R. This case is shown in Figure 8c. When there are four voxels across
the diameter of the cylinder (edge width of %R) the worst case error is Ay = gR = 0.71R. This case is shown in Figure 8d.

A secondary benefit of using smaller voxels is that fewer voxels align in the worst-case configuration as the voxels get smaller.
In Figure 8Db, it is possible for all four voxels to align in the worst case configuration. In Figure 8c, it is possible for only one
of nine voxels shown to align in the worst-case configuration. In Figure 8d, it is possible for only one of sixteen voxels shown
to align in the worst-case configuration. In short, smaller voxel size always decreases the magnitude of the worst-case error
and, at least in the case shown, also decreases the number of voxels that experience the worst-case error. Although higher voxel
count can mitigate perspective error, the extra voxels increase computational complexity; as such, adaptive resolution methods
may offer benefits in balancing accuracy and computational cost (Eckart, 2018).

6.2 Exclusion of Lateral Features

Another possible mitigation is to avoid using nearby voxels orthogonal to the LIDAR velocity, at least if they contain a compact
feature. This heuristic approach is driven by the observation that perspective errors accumulate most rapidly when a feature is
located more-or-less orthogonal to the direction of motion (near x/R=0 as shown in Figure 6 and in Figure 7). As the figures
show, perspective error is most pronounced when the feature is near to the LIDAR (when y/R is low).

In large part, the reason why perspective error accumulates rapidly is that the viewing angle, from a moving observer to a point
O, changes quickly when the point is positioned orthogonal to the motion direction at a relatively short distance. We can see
this by defining two position vectors, (l)xo and (Z)xo, which describe the vector to a point O from two viewing locations,
labeled 1 and 2. The change in viewing angle ¢ is the angle between these vectors, which we can compute with the dot product:

¢ = acos o xo (24)
- [“xo [Vl )

Let us assume that the motion carries the viewer a distance d is the direction aligned with the x-axis. Then the two vectors are

related by (Z)XO =U,d + (l)xo . We can now use (24) to compute the viewing angle ¢ for points located at any position (x,y)
relative to the midpoint of the two viewing locations. A contour plot of the viewing angle for objects at various locations is
plotted in Figure 9, where the horizontal (x-axis) and vertical (y-axis) correspond to the position of the point O, and where the
isocontours describe the angle shift (in degrees) for a small horizontal movement d. Note that the figure describes the location
of point O in distances normalized by d, such that the figure axes are nondimensional.

The isocontours show that the largest changes in viewing angle (in degrees) are along the vertical axis through x/R = 0
(orthogonal to the motion) and nearer to the observer. The trends of large changes in viewing angle in Figure 9 are consistent
with the trends of high perspective error observed in Figure 6 and Figure 7, supporting the correlation between the two.
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FIGURE 9
Change in viewing angle (deg) as a function of object location, for a movement in the x-direction of distance d



An important caveat is that perspective-errors only accumulate rapidly for surfaces that contain significant curvature within a
cell. Changes in viewing angle allow the viewer to “see around the bend” for compact objects like cylinders and dual-wall
corners, with motion revealing a new region of the object’s surface. For flat planes, the full surface remains in view as long as
the viewer stays in front of the plane; the result is that perspective errors can result only from density changes (see Figure 2), a
relatively minor effect. Even for mildly curved surfaces, the error perpendicular to the surface is small (noting, for example, that
the low values of the perpendicular error Ap /R shown for short circular arcs, as shown in Figure 8c and Figure 8d). By contrast,
for corners and objects with large curvature within a voxel, the change in viewing angle reveals new portions of the object surface
as the LIDAR moves.

The distinction between compact and extended surfaces is a major feature of the ICET algorithm, developed by McDermott
(2022b). It may be useful to leverage this algorithm’s ability to distinguish compact and extended features in order to develop a
future strategy for mitigating perspective errors.

6.3  Monitoring for Perspective Change

Another possible mitigation for perspective errors is to introduce a monitor to check for significant changes to the distribution
of LIDAR points within a given voxel. If the shape of the distribution changes, that might be a good indicator that a new region
of a surface has appeared in view, a condition which is necessary for large perspective errors. The design of such a monitor is
outside the scope of this paper.

6.4  Object Reconstruction

The basic tenet of scan matching is that commonality should be identified between two LIDAR scans, so that the scans can be
aligned. In concept, it may be possible to extract even more information from a scan by classifying objects. If an object can
be identified as the same feature in two scans, even if it is viewed from a radically different angle, then that feature could be
used as a landmark for localization. There are two challenging problems here: reliably identifying landmarks and estimating
their associated boundaries to register different views of the landmark (Zhou & Tuzel 2018; Li & Wang 2020; Xu et al. 2020).
These problems are being studied in the machine-learning community, but developing a rigorous assurance case for ML-based
algorithms remains a hurdle for safety-of-life applications.

CONCLUSION

The main goal of this paper was to characterize LIDAR perspective errors, a significant source of systematic error in LIDAR
scan matching and odometry. In particular, we introduce an analytic model of perspective errors for voxel-based scan matching
algorithms, like NDT and ICET, which attempt to match the mean of the point distribution within a voxel. We showed that the
systematic effect of the perspective error can accumulate to a significant value, as large as the diameter of a cylindrical column,
for instance. For convex objects (like columns, poles or outer corners) the perspective error underpredicts the LIDAR’s forward
motion. For concave objects (like inner corners), overprediction of forward motion is possible. Both convex and concave
objects may result in the false inference of lateral motion, but these effects are transient and disappear as the LIDAR continues
on its path. Concepts were discussed for mitigation of perspective errors, including the use of smaller voxels, lateral-feature
exclusion, monitoring and object reconstruction.
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