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3 ABSTRACT: Slide-ring gels are polymer networks with cross-
4 links that can slide along the chains. In contrast to conventional
5 unentangled networks with cross-links fixed along the chains, the
6 slide-ring networks are strain-softening and distribute tension
7 much more uniformly between their strands due to the so-called
8 “pulley effect”. The sliding of cross-links also reduces the elastic
9 modulus in comparison with the modulus of conventional
10 networks with the same number density of cross-links and elastic
11 strands. We develop a single-chain model to account for the
12 redistribution of monomers between network strands of a primary
13 chain. This model takes into account both the pulley effect and
14 fluctuations in the number of monomers per network strand. The
15 pulley effect leads to modulus reduction and uniform tension
16 redistribution between network strands, while fluctuations in the number of strand monomers dominate the strain-softening, the
17 magnitude of which decreases upon network swelling and increases upon deswelling.

18Hydrogels, which are polymer networks swollen in water,
19 are usually very brittle and have relatively low
20 extensibility, which limits the range of applications of these
21 materials.1−4 Replacing cross-links with slide-rings results in
22 tough and stretchable hydrogels with low hysteresis.5 The
23 slide-rings are ring molecules (e.g., α-cyclodextrins)6 threading

f1 24 on a polymer chain and can slide along the backbone (Figure
f1 25 1a). The chemical cross-linking of slide-rings creates effective

26 figure-eight structures that form a network, while still able to

27slide along the chains,7 as shown in Figure 1b. The elastic
28modulus of slide-ring gels is lower than that of chemical gels
29with the same density of cross-links,8−12 and the equilibrium
30swelling ratio is greater than that of equivalent cross-linked
31gels.13 Slide-ring gels are capable of stretching by a much
32higher extension factor before failure in comparison to the
33typical conventional chemically cross-linked gels11,14−18 with
34the same modulus (λ = 13 was reported for slide-ring gels in
35ref 15, while cross-linked networks with the same modulus fail
36at around λ = 3). The high extensibility results in a remarkably
37high fracture energy of ∼60 J/m3 reported in ref 15 in
38comparison to the equivalent cross-linked network with
39fracture energy ∼10 J/m3.
40The study of molecular models of slide-ring gels is also an
41important step toward the development of the theory of
42topological entanglements, given the recent discovery that
43entangled gels also exhibit high extensibility and toughness.19

44Entanglements in polymer networks have been modeled in two
45different ways: either using the confining mean-field potential
46that restricts monomer fluctuations to a tube-like region20−22

47 f2(collective entanglements, Figure 2a) or using discrete pairwise
48topological interactions23−25 between chains (pairwise entan-
49glements or slip-links, Figure 2b), which represent the

Received: January 5, 2023
Accepted: February 16, 2023

Figure 1. Schematic illustration of slide-ring gels. (a) Primary
polyrotaxane chains before cross-linking. The green rings represent
ring molecules that can slide along the polymer. The red beads at
chain ends represent bulky end groups that prevent the rings from
sliding off the chain. The rings can slide along the chain, but they
cannot pass through each other. (b) In the cross-linking procedure,
the rings are randomly connected in pairs to form figure-eight sliding
cross-link structures (yellow pairs of rings). Free rings are shown in
green. Increasing the number of free rings limits sliding and drives the
properties of slide-ring gels closer to those of gels with fixed cross-
links.
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50 uncrossability constraints between pairs of chains. The number
51 of pairwise topological constraints does not change with the
52 deformation. Therefore, these pairwise entanglements can be
53 considered as effective cross-links that can slide along the
54 chains upon network deformation, similarly to slide-rings.
55 The quantitative understanding of the elasticity of slide-ring
56 gels is still an open question. The pulley effect was taken into
57 account in the three-chain model,9 which assumes that each
58 network strand can be represented by three independent
59 substrands, respectively, along x, y, and z directions. The strand
60 length is redistributed upon network deformation between
61 these three substrands to minimize the total free energy. The
62 problem with this model is that it predicts a zero elastic
63 modulus of slide-ring gels. As shown in the modified three-
64 chain model,26 the elastic modulus becomes finite if an
65 additional entropy of free rings is taken into account but is still
66 equal to zero if all rings are cross-linked. An empirical
67 parameter was later introduced into the three-chain model12 to
68 reproduce the observed reduction in the elastic modulus due

69to chain length redistribution. However, it remains unclear
70what determines this phenomenologically introduced sliding
71parameter. The slip-link model,23,27−30 which was originally
72developed to describe entangled polymer networks, has also
73been used to describe slide-ring gels. Simulations of the slip-
74link networks have been carried out, and it has been observed
75that slip-link networks with end-linked primary chains show
76weaker strain-softening compared to randomly cross-linked
77slip-link networks. The original slip-link network theory23

78relies on a phenomenological parameter that determines the
79slidable range of slip-links. The elastic modulus was calculated
80using the recently proposed single-chain slip-link model.28 In
81this letter, we extend this model to deformed slide-ring gels
82and test our predictions with molecular dynamics simulations.
83This multichain simulation model (section 7 in the Supporting
84Information) accounts for the slippage of chains through slide-
85rings and the spatial fluctuation of rings in space. We develop
86an approximate analytical solution of this multichain slide-ring
87model by deriving an exact solution of the affine slide-ring
88model (ASR) where the spatial fluctuations are ignored. We
89show that, in this model, the two main new effects of the slide-
90rings can be represented by two strands (pulley and virtual)
91connected in parallel. The effect of slide-ring fluctuations in
92space is taken into account similarly to the affine-to-phantom
93correction of classical cross-linked networks by multiplying the
94modulus of affine gel by the factor ( f − 2)/f, with the
95functionality of cross-links f = 4. We provide the theoretical
96predictions for the elasticity by the phantom slide-ring (PSR)
97model in the case of uniaxial stretching and swelling/
98deswelling and compared them with molecular dynamics
99simulations and experiments.
100The ASR model ignores spatial fluctuation of rings and is
101based on the following main assumptions. (i) The figure-eight
102slide-rings are considered to be attached to a nonfluctuating
103elastic background, and their positions are displaced affinely
104 f3with macroscopic deformations of the gel (Figure 3b), similar
105to the cross-links of the classical affine network model.31 We

Figure 2. Schematic illustrations of (a) collective entanglements with
confining tube indicated by dashed lines and (b) pairwise
entanglements.

Figure 3. (a) Primary polymer chain of the slide-ring gel consisting of q ≫ 1 network strands (chain sections between neighboring slide-rings that
are parts of figure-eight cross-links). (b) Two consequent network strands in the affine slide-ring (ASR) model under preparation conditions (top)
and in the uniaxially deformed network (bottom). End-to-end (ring-to-ring) strand vector (blue arrows) change under network deformation: R0,i
→ Ri, i = 1, ..., q. The number ni of monomers in a strand, i = 1, ..., q − 1 is fluctuating (shown by green arrows) due to the “breathing” modes of
the primary chain. (c) Each network strand i between two neighboring slide-rings can be modeled as two parallel springs, with the blue and brown
springs representing a pulley strand and virtual strand, respectively. The tensions in the ith pulley strand and virtual strand are denoted by f pc,i and
f vc,i respectively.
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106 ignore the spatial fluctuation of the rings and, as a
107 consequence, the correlations between spatial fluctuations
108 and the fluctuations of slide-ring positions along the primary
109 chain. (ii) Slide-ring fluctuations along the primary chain are
110 suppressed by the presence of free rings, shown in green in
111 Figure 1b. The effect of free rings, which is ignored in the ASR
112 model, is calculated in section 4 in the Supporting Information.
113 The cross-linked slide-rings with a large number of free rings
114 per network strands act as effective cross-links. (iii) Each
115 primary chain consists of N monomers and q strands passing
116 through q − 1 rings. In principle, different primary chains
117 could have different numbers of rings to account for the
118 polydispersity of the number of network stands per primary
119 chain. For large q the fluctuation in this number of rings per
120 chain is q 1 for monodisperse primary chains and is
121 therefore expected to be small in comparison to the total
122 number of rings q − 1. (iv) Prior to cross-linking, the rings are
123 randomly distributed along the primary chain and the positions
124 of their attachment points are determined from the condition
125 of the Gaussian statistics of the primary chain. These
126 attachments ensure the uncrossabilty of rings, as the sequence
127 of the rings through which the primary chain passes is fixed
128 under the preparation conditions. The distributions of strand
129 lengths and ring positions under preparation conditions are
130 calculated in section 1 in the Supporting Information. Details
131 of the derivation of the ASR model are given in section 3 in the
132 Supporting Information, and here we present a physical
133 interpretation of the model. We consider two main effects that
134 distinguish slide-ring gels from conventional cross-linked gels:
135 the redistribution of monomers between network strands of
136 the primary chain and the fluctuations of the number of
137 monomers in these network strands. Each of these effects can
138 be described by replacing the network strand with the
139 corresponding effective chain�the pulley strand and the
140 virtual chain, and their combined effect�by connecting these
141 chains in parallel (see Figure 3c).
142 The pulley chain consists of q pulley strands and is
143 considered as a nonfluctuating mechanical spring (e.g., an
144 elastic band) stretched and threaded through q − 1 rings
145 (producing q pulley strands) attached to the affinely
146 deformable, nonfluctuating background�like a rope through
147 pulleys. The redistribution of monomers of the primary chain
148 between its strands is determined from the condition of
149 equality of tensions f pc in its pulley strands, which gives the
150 average number of monomers ⟨ni⟩ in strand i proportional to
151 its end-to-end distance |Ri|. From the condition ∑i⟨ni⟩ = N we
152 find
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154 where kBT is the thermal energy and b is the Kuhn length. The
155 elastic energy of a pulley chain consisting of q pulley strands is
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157 which is effectively the elastic energy of a free primary chain
158 that is extended to the total end-to-end distance, which is the
159 sum of the lengths of all its strands.
160 For isotropic deformation of the network upon its swelling
161 or deswelling, all distances |Ri| between slide-rings change by
162 the same factor, and the average number of monomers ⟨ni⟩ in

163the network strands i (equal to the number of monomers in
164the corresponding pulley strand) does not depend on isotropic
165deformation (no redistribution of monomers in a pulley
166chain). However, for anisotropic deformation, as shown in
167Figure 3b, network strands directed along the axis of maximum
168extension are stretched more than the strands along the
169orthogonal directions. The longer strands pull part of the chain
170length through the rings from the shorter strands. The average
171number of monomers in network strands ⟨ni⟩ is equal to the
172number of monomers in the corresponding pulley strand i. It
173increases for strands in the direction of the maximum
174stretching and decreases along the orthogonal directions, as
175shown in section 2 in the Supporting Information.
176Due to the presence of “breathing” fluctuation modes of a
177primary chain, the number of monomers ni in strand i is not
178fixed but fluctuates around ⟨ni⟩, with an amplitude of order
179square root of the number of monomers in the strand N q/ .
180Such fluctuations modify the average strand tension
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182In the second equality, li > 0 because the average of the
183reciprocal (⟨1/ni⟩) is larger than the reciprocal of the average
184(⟨1/ni⟩) due to the fluctuations of ni, see SI 5. Thus, a network
185strand i between two slide-rings can be interpreted as the
186parallel connection of two strands, as shown in Figure 3c: the
187pulley strand i of the pulley chain with a nonfluctuating
188number of monomers ⟨ni⟩ (blue spring in Figure 3c) and a
189virtual strand with the number of monomers li connecting
190adjacent slide rings (orange spring in Figure 3c).
191Virtual strands represent the effect of fluctuations (breathing
192modes) of the primary chain. One-dimensional fluctuations of
193the number of monomers ni of the ith strand are associated
194with one-dimensional motion along the chain contour and can
195be described by the corresponding one-dimensional Gaussian
196virtual strand with li monomers of size b/√3 each. The elastic
197energy of this virtual strand (3kBT|Ri|2/2b2li) is equal to kBT/2
198according to the equipartition theorem. From this relation, we
199find that the number of monomers of the ith virtual strand

=l bR3 /i i
2 2

200(4)

201varies as the square of the distance between neighboring slide
202rings. The entropy of the virtual strand comes from the
203logarithm of the partition function of the virtual strand, which
204i s t h e G a u s s i a n d i s t r i b u t i o n f u n c t i o n
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207where we used eq 4. The free energy F of a primary chain in
208the affine slide-ring (ASR) model is the sum of the elastic
209energy of the pulley chain consisting of q pulley strands (eq 2)
210and the entropic part related to q virtual strands (eq 5)
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212The expanded form of the free energy FASR of a primary chain
213is shown in eq S15. The free energy of the PSR model is
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214 obtained from FASR by multiplying the first two terms in the
215 second line of eq S15 by the affine-to-phantom factor 1/2 (see
216 eq S27).
217 In the case of isotropic swelling (deswelling) of the network
218 from the polymer volume fraction ϕ0 to ϕ, all distances |Ri| in
219 eq 6 change by the same factor (ϕ0/ϕ)1/3. The elastic modulus
220 of the phantom slide-ring network can be obtained from the
221 free energy eq S27 at different volume fractions ϕ with eqs S28
222 and S29.

= + +G G G k T
q

( / ) ( / ) ( / )PSR ps,0 0
1/3

vs,0 0 B
0

0
1/3

223 (7)

224 where ν0 is the number density of network strands and ν0/q is
225 the number density of primary chains at the preparation
226 conditions. The pulley and virtual strand moduli, defined for q
227 ≫ 1 under preparation conditions ϕ = ϕ0, are respectively

= =G k T G k T
4

15
1
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229 The last term in eq 7 is equal to the modulus of a primary
230 chain with fixed ends and no slide-rings. It is the correction
231 term for the finite number of rings and is ∼q times smaller than
232 the first two terms in eq 7. The last term in eq 7 can be
233 neglected if the number of slide-rings per chain is large.
234 The pulley strand contribution at the preparation state, Gps,0,
235 is smaller than the modulus of the classical phantom model
236 Gphantom = kBTν0/2 due to the redistribution of monomers
237 between the strands. The pulley strand contribution to the
238 slide-ring modulus (first term in eq 7) has the same
239 concentration ϕ dependence as the modulus of the classical
240 affine/phantom model (Gphantom = Gaffine/2 = (1/2)kBTν0(ϕ/
241 ϕ0)1/3), since the number of monomers in each pulley strand is
242 fixed and does not vary with isotropic deformation. For a
243 strongly swollen network, the ratio of the virtual strand and
244 pulley strand contributions in eq 7 becomes small as the virtual
245 strands get softer (eq 4). Therefore, the elastic modulus of
246 strongly swollen slide-ring gels is determined primarily by the
247 pulley strand contribution.
248 The modulus of strongly deswollen slide-ring networks is
249 higher than the modulus of phantom networks because it is
250 dominated by the contribution of fluctuations in the number of
251 monomers between slide-rings, and this contribution increases
252 linearly with the volume fraction as G ≃ kBTν0(ϕ/ϕ0). Note
253 that the predicted concentration dependence of the modulus of
254 deswollen slide-ring gels is even stronger than that of the
255 nonaffine loopy globule model of entangled networks in θ-
256 solvent (G ≈ ϕ7/9).32

257 We performed multichain bead−spring molecular dynamics
258 simulations that allow spatial fluctuations of rings and
259 compared the simulation results with the predictions of the
260 phantom slide-ring (PSR) model (seesection 7 in the
261 Supporting Information). The slide-rings are modeled as
262 seven-membered rings that can freely slide along the bead−
263 spring primary chains. Interactions between nonbonded beads
264 of network strands are turned off, resulting in a gel with
265 polymers interacting exclusively through slide-rings. The
266 modulus obtained from the molecular dynamics simulations
267 of the multichain slide-ring gel agree well with the PSR model,

f4 268 as shown in Figure 4 by a dashed line corresponding to eq 7
269 with the third term accounting for q = 16 slide rings per
270 primary chain in simulations.

271If a slide-ring gel is uniaxially deformed at constant volume
272by a deformation ratio λ in the z direction, in contrast to
273isotropic deformation, the network strands with different
274orientations to the direction of uniaxial deformation are
275deformed differently (see section 2 in the Supporting
276Information). The deformation dependence of the free energy
277of the ASR/PSR model is significantly different from the
278deformation dependence of neo-Hookean free energy of the
279classical affine or phantom network models.31 The number of
280monomers in strands of a slide-ring model increases for strands
281oriented in the elongation direction and decreases for strands
282oriented in the compression direction. The elastic stress can be
283obtained from the differentiation of the free energy of PSR
284model (eq S27) with respect to λ at ϕ = ϕ0 (see eq S28)
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286where the last term can be neglected for q ≫ 1.
287The deviations of the stress−strain dependence σ(λ) from
288the neo-Hookean dependence of the affine network model
289σphantom = ν0kBT(λ2 − 1/λ) is traditionally described by the
290 f5Mooney ratio33 and shown in Figure 5a (violet circles, MD
291simulations of slide-ring gels, q = 16; violet lines, predictions of
292the phantom slide-ring (PSR) model, dashed line for q = 16
293and solid line for q = ∞). Approximating this Mooney ratio
294around λ = 1 by the linear function of reciprocal elongation σ/

Figure 4. Elastic modulus of slide-ring gel as a function of the volume
fractions normalized by the preparation volume fraction ϕ/ϕ0. The
violet circles represent the results of the multichain molecular
dynamics simulations (see section 7 in the Supporting Information)
with q = 16. The violet curve represents the prediction of the PSR
model with q = ∞ (solid) and q = 16 (dashed) slide-rings (eq 7),
while the solid black line depicts the phantom network model
prediction.
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295 (λ2 − 1/λ) = 2C1 + 2C2/λ for the ASR/PSR with q = ∞, we
296 obtain the ratio of the Mooney coefficients, C2/C1 = 2/9,
297 which characterizes the local strain-softening near λ = 1. The
298 main source of strain-softening is the fact that virtual strands
299 become softer upon stretching. As can be seen from the orange
300 curve in Figure 5a, the virtual strands’ contribution to the
301 Mooney ratio decreases upon stretching. Figure 5b shows that
302 the theoretical prediction of the ASR/PSR model for the
303 nonlinear stress−strain dependence upon uniaxial deformation
304 of slide-ring gels (black curve) agrees well not only with our
305 multichain molecular dynamics simulations (violet circles,
306 same as in Figure 5a), but also with other simulations12 (blue
307 and red squares) and experimental data15 (green rhombuses)
308 for slide-ring gels with a low fraction of free rings, as shown in
309 Figure 5b. Our model also agrees well with single-chain29 and
310 multichain27 slip-link simulations.
311 In summary, the slide-ring model presented in this work
312 provides a very different physical picture for the slide-ring gels
313 from previous models. Two main effects are contributing to the
314 elasticity of the slide-ring network: (a) redistribution of chain
315 length between network strands oriented into different
316 directions relative to the deformation axis, which is treated
317 as a nonfluctuating pulley chain, and (b) fluctuations of the
318 number of monomers in network strands, which are treated as
319 fluctuating virtual strands between rings with the number of
320 monomers being dependent upon network deformation. The
321 pulley effect balances the tension in all strands of the primary
322 chain and makes slide-ring networks softer so that the pulley
323 effect contribution to the elastic modulus is 8/15 of the
324 modulus of cross-linked networks with the same cross-link
325 density. However, the pulley effect does not lead to significant
326 strain-softening upon uniaxial deformations. Fluctuations in
327 the number of monomers per network strand add the second
328 component, which is modeled by the virtual strands, making
329 slide-ring gels stiffer than the network of only pulley strands.
330 Even with strands consisting of a parallel connection of pulley
331 and virtual chain components (Figure 3c), the slide-ring gel is
332 still overall softer by a factor of 11/15 than a cross-linked

333network with the same number density of strands. This result
334is consistent with previous simulations27 and predictions of the
335slip-link model.28 The strain-softening behavior of slide-ring
336gels is dominated by the weakening of fluctuation effect upon
337stretching of the strands. Strongly deswollen networks, where
338the elasticity is dominated by the fluctuation effect, have a
339much stronger concentration dependence of their modulus (G
340≈ ϕ) compared to cross-linked networks. This weakening of
341fluctuation effect upon stretching also leads to more uniform
342tension distribution, where the relative width of the tension
343distribution decreases upon swelling as δf/⟨f⟩ ≃ (ϕ/ϕ0)1/3 in
344contrast to cross-linked unentangled networks with δf/⟨f⟩ ≃
345const (section 6 in the Supporting Information). It predicts
346that the slide-ring gels or networks with pairwise entangle-
347ments could have strain-softening behavior even if the slide-
348ring positions deform affinely. The free rings (green rings in
349Figure 1b), that exist in the experimentally studied slide-ring
350gel, limit the sliding effect and lead to a weaker dependence of
351the Mooney ratio on deformation (see section 4 in the
352Supporting Information). However, they have little effect on
353the modulus ((11/30)νkBT for slide-ring gels with no free
354rings and (1/3)νkBT for slide-ring gels with many free rings per
355strand). There is some similarity between the slide-ring model
356and the slip-tube model,22 which describes collective
357entanglements and includes sliding of chains along their
358confining tubes. Slide-ring coupling of two network strands is
359more analogous to pairwise rather than collective entangle-
360ments (see Figure 2). Figure 5b demonstrates that the strain-
361softening upon stretching in the slide-ring model is not as
362strong as in the slip-tube model, as it is due to the weakening
363of fluctuations in the number of monomers between slide-
364rings, rather than the softening of the confining potential. A
365comparison with the slip-tube model is given in section 8 in
366the Supporting Information, and we will present a more
367systematic analysis of collective and pairwise entanglements in
368a future publication.

Figure 5. (a) Mooney−Rivlin plot of the ratio of stress of the slide-ring models to the neo-Hookean stress of the affine network model for the
uniaxial deformation. The violet lines are the prediction of the PSR model (solid for q = ∞ and dashed for q = 16; eq 9). The pulley and virtual
strand contributions are shown by blue and orange lines, respectively. The violet circles are the results of molecular dynamics simulations with q =
16. The black horizontal line is the prediction of the classical phantom network model. (b) Mooney dependences normalized by their values in the
undeformed state. The solid curve shows the theoretical prediction of the ASR/PSR model for an infinite number of slide-rings (q = ∞) (eq 9).
The moduli used for normalizing the curves are given in Table S1. The dashed curve shows the prediction of the nonaffine slip-tube model,22 which
describes collective entanglements (see section 8 in the Supporting Information), and the orange stars show the results of molecular dynamics
simulations of entangled networks.34
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