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We introduce a many-body topological invariant, called the topological disorder parameter (TDP), to charac-
terize gapped quantum phases with global internal symmetry in 2 4 1 dimensions. TDP is defined as the constant
correction that appears in the ground-state expectation value of a partial symmetry transformation applied to a
connected spatial region M, the absolute value of which scales generically as exp(—al + y) where [ is the
perimeter of M and y is the TDP. Motivated by a topological quantum field theory interpretation of the operator,
we show that e” can be related to the quantum dimension of the symmetry defect, and provide a general formula
for y when the entanglement Hamiltonian of the topological phase can be described by a (1 + 1)-dimensional
conformal field theory (CFT). A special case of TDP is equivalent to the topological Rényi entanglement entropy
when the symmetry is the cyclic permutation of the replica of the gapped phase. We then investigate several
examples of lattice models of topological phases, both analytically and numerically, in particular when the
assumption of having a CFT edge theory is not satisfied. We also consider an example of partial translation
symmetry in Wen’s plaquette model and show that the result can be understood using the edge CFT. Our results

establish an alternative tool to detect quantum topological order.
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I. INTRODUCTION

Spontaneous symmetry breaking in many-body systems
is characterized by long-range correlation of a local order
parameter. On the other hand, in symmetric phases, order
parameters usually have only short-range or algebraic cor-
relations. In order to characterize the symmetric phases, it
has been proven fruitful to instead consider a family of non-
local observables called the disorder operator [1-4], which
is the symmetry transformation applied only to a certain re-
gion M of the system. The ground-state expectation value
of the disorder operator, which will be called the disorder
parameter, decays exponentially with the volume of dM, the
boundary of M. Such a scaling behavior is characteristic of
a symmetry-preserving ground state and the scaling coeffi-
cient is controlled by nonuniversal, short-distance details of
the ground state. The subleading corrections are, however,
often more interesting and can give rise to new universal
quantities [5]. For instance, recently it was observed that at
(2 4 1)-dimensional [(2 4+ 1)D] quantum critical points, the
disorder parameter can exhibit a logarithmic subleading cor-
rection [6—11], whose coefficient is a universal function of
opening angles of corners on the boundary of the region,
generalizing similar results for entanglement entropy [12—-14].
Thus, the disorder parameter can provide new ways to probe
the nature of a many-body wave function. Moreover, along
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with the entanglement entropy, the subleading corrections of
disorder operator also provide new insights in exotic decon-
fined quantum critical points beyond unitary conformal field
theory (CFT) [9,15].

In contrast, when the ground state is gapped and only
contains short-range correlations, there are no subleading
logarithmic corrections. In this case, the expectation is that
the remaining subleading correction is a universal constant,
analogous to the topological correction to the entanglement
area law [16-21]. The major question we will address in this
work is the physical meaning of this universal constant. More
concretely, for an element g of the symmetry group G, denote
the corresponding disorder operator in the region M by Uy (g).
Then we expect

In [(Un (@) = —a|dM| 4y +--- . 6]

Here, (-) is the ground-state expectation value. ¢ is a nonuni-
versal constant, and y, > 0 is the universal term that we are
interested in, which will be called as the topological disor-
der parameter (TDP). Similar observables have been studied
for point-group symmetry in fermionic topological insulators
and superconductors [22]. Our main result in this paper is
that the subleading correction y, is related to the quantum
dimension of the symmetry defects. As will be demonstrated
below for a large class of topological phases with CFT en-
tanglement Hamiltonian (e.g., chiral topological phase) we
have y, = Ind, where d, is the quantum dimension of defects.
Intuitively, the appearance of quantum dimension can be un-
derstood as follows: one can think of the disorder operator
Up(g) as the process of creating a pair of g and g~! symmetry
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defects, moving the g defect along the boundary 0M and then
annihilating the pair. In a pure topological theory, the ampli-
tude of such a process is given by the quantum dimension of
the defect [23]. Here, we show that this intuition is basically
correct in the more generic situation, with an important sub-
tlety that there are in general multiple distinct types of defects,
which can all contribute to the disorder parameter. We further
demonstrate through examples that similar relations hold even
when the entanglement Hamiltonian can not be approximated
by CFTs.

The form (1) is clearly reminiscent of the area law for
quantum entanglement. This is not a coincidence. The nth
Rényi entropy of a quantum many-body system can be re-
garded as basically the disorder parameter for the cyclic
permutation symmetry in the replicated system [10,13,24]. In
(2+1)D gapped phases, we will show below that y, in this case
is equal to the well-known topological Rényi entanglement
entropy [16,17,25].

The paper is organized in the following structure. To set
the stage, we first provide a short review of symmetry defects
in topological phases in Sec. II. Then in Sec. III, derivations
of Eq. (1) for topological phases with CFT entanglement
spectra are given. In Sec. IV, both analytical and numeri-
cal results for chiral and nonchiral topological phases are
presented. Using large-scale density matrix renormalization
group (DMRG) [26] we compute TDPs in lattice models
including the Zy toric code and Wen’s plaquette models
both with transverse and longitudinal fields so the model is
away from the exactly solvable limit. The obtained finite-size
scaling results of TDP are consistent with the prediction of
quantum dimension of the symmetry defect. Finally, Sec. V
presents the discussion of few immediate directions.

II. SYMMETRY DEFECTS IN TOPOLOGICAL PHASES

First we briefly review the general theory of anyons and
defects in (24+1)D gapped phases, following Ref. [23] (see
also [27,28] for related discussions).

In a gapped phase, quasiparticle excitations can be classi-
fied into different superselection sectors, called anyon types
and labeled by a, b, c, . ... We will sometimes denote the full
set of labels by C. The anyons have nontrivial exchange and
braiding statistics, which completely characterize the topo-
logical order in the bulk. In particular, for each anyon type
a we denote by 6, the topological twist factor, or the self-
exchange statistics. For a pair of anyons a and b, the S-matrix
element S,;, characterizes the mutual braiding statistics. Note
that a local excitation (i.e., which can be created by a local
operator) corresponds to the trivial anyon type 0, with 6y = 1
and So, = S0 = %“. Here d, > 1 is the quantum dimension
of the anyon type a. If there are well-separated n anyons all
of type a in the system, then there are asymptotically ~d
number of degenerate states. D = /) _.d? is called the
total quantum dimension. The data S, and 6, satisfy a number
of compatibility conditions, and can be considered as a set of
topological invariants that characterize the topological order.

Now, suppose that the underlying system has a global
symmetry g. The symmetry can act on anyons, transforming
an excitation of type a into one of type ¢(a), which may be
different from a. It has proven to be extremely useful in the

FIG. 1. Left: The disorder operator for g transformation on the
region M. Right: The boundary of the disorder operator can be “cut”
to create a pair of g defects, denoted by a, and a,.

theory of symmetry-enriched topological phase to introduce
symmetry defects that carry g fluxes. To explain this concept,
first we define a disorder operator for g: as shown in the left
panel in Fig. 1, for a given region M, Uy (g) is the g trans-
formation applied only to the region M. In a lattice model,
suppose that U (g) is an onsite symmetry of the form

U =[], @)

where U;(g) is a unitary transformation acting on the degrees
of freedom at site r. Then Uy, (g) is given by

Un(g) =[] Ue (o). 3)

reM

Under the partial symmetry transformation the Hamiltonian
becomes H' = Uy (g)HU ,f,, (g). Hamiltonian terms that are en-
tirely supported on M or the complement of M do not change
under the Uy, (g) action. Thus, H' only differ from H along
the boundary oM, where Uy (g) can modify the Hamiltonian
terms near the boundary nontrivially. We say that H' has a
g defect line along 0M. Equivalently, we can say that the
disorder operator Uy, (g) creates a defect loop in the system.

Now imagine that the defect loop is cut open, i.e., there are
two end points joint by a defect line. We call the end points
symmetry defects labeled by g and g~'. Such a configuration
can not be created by applications of disorder operators, but
one can still modify the Hamiltonian along the defect line in
the same way that a disorder operator would do to create open
defect lines. The defining feature of a symmetry defect is that
when a particle is transported around the defect, a g-symmetry
transformation is enacted on the particle, a generalization of
the Aharonov-Bohm effect. An important remark is in order:
fixing the symmetry transformation g, there is a well-defined
prescription for creating the defect line as explained in the
previous paragraph. However, the prescription becomes am-
biguous near the end points. As a result, there are actually
distinct “superselection sectors” of g defects, which only dif-
fer in the local profile at the defect point but with the same
defect line and g action. We denote these different types of
g defects by a,, as shown in the right panel in Fig. 1. The
collection of all the types of g defects will be denoted by C,.
These different types of defects correspond to different ways
to modify the disorder operator along the boundary.

It turns out that the symmetry defects, while being extrin-
sic objects, behave in many ways like anyons. In particular,
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one can fuse defects to create new defects. Each type of g
defect a, is associated with a quantum dimension dag, which
characterizes the possible exponential growth of the ground-
state degeneracy when multiple a, defects are present in the
system. We refer the interested readers to Ref. [23] for a more
comprehensive treatment of the algebraic theory of symmetry
defects.

As shown in Ref. [23], if the symmetry g does not change
anyon types, i.e., ¢(a) = a for all a € C, then there is at least
one defect, which will be called 0., with quantum dimension
dog = 1. In other words, it is an Abelian defect. In this case, all
other defects can be obtained by fusing 0, with anyons: a, =
0g x a with a € C, and dag =d,. If, however, the symmetry
permutes anyon types, then all defects must be non-Abelian,
i.e.,d,, > 1forall ag. In this case, sometimes it is said that the
symmetry defects carry non-Abelian zero modes (even when
the topological order itself is Abelian).

Without proofs we list three useful properties for quantum
dimensions of symmetry defects:

(i) First, define the total dimension of g defects as

= [> . )
ageC,

Then, one can prove that D, = D.

(i) Second, the number of g-defect types is the same as
the number of g-invariant anyons, i.e., those a’s that obey a =
p(a).

(iii) Lastly, if all anyons are Abelian, then all g defects
must have the same quantum dimensions.

Intuitively, a defect loop can be thought of as the trajectory
of a symmetry defect. That is, if one first creates a pair of
defects g and g~!, then moves the g defect along the defect
loop, all the way until it is annihilated together with the g~
defect. An important subtlety is that in general we do not
know what is the type of the defect loop created by Up(g).
Most generally, the type of the defect can be represented
as a “superposition” (direct sum to be more precise) of the

“irreducible” types:
@ Mg, dy. (®)]

ageC,

Here n,, are non-negative integers, called the multiplicity of
the a, type These integers, while quantized, are not com-
pletely universal. Namely, they are not uniquely fixed by
the underlying symmetry-enriched phase of matter. We will
determine them for a large class of systems from microscopic
considerations in Sec. II1.

In the diagrammatic formalism for anyons (see
Refs. [23,29] for an introduction), the process of creating
a g-defect loop of the type Eq. (5) is associated with an

amplitude
dy= )" ngdy,. (6)

ageC,

which is also the quantum dimension of this defect.

It is then natural to postulate that the expectation value of
U (g), which also creates the same defect loop with the given
defect type, is given by d,, up to nonuniversal scaling factors.

More precisely,
[{Um ()] ~ dge™™! ()

for a large, simply connected region M, which naturally leads
to Eq. (1). Here « is a nonuniversal constant. We will show
below that this is indeed the case in a broad class of examples.

We illustrate the general theory outlined in this section with
an example, which also makes connection with Rényi entropy.
More examples will be given in Sec. IV.

Suppose the topological phase consists of » identical lay-
ers, each of which is described by an anyon theory C. The
anyon theory of the n layers is denoted by C®". Anyons are
labeled by n-tuples (a;, as, ..., a,) where a; € C. Since all
the layers are identical, the system is invariant under any
permutation of the layers, hence, the symmetry group is the
group of permutations S,. Denote by R the cyclic permutation:

R:(a1,a,...,a;,) > (az,a3,...,a1). (8)

The theory of R defects has been well understood, which we
briefly review.

Among all R defects, there exists a“bare” defect, Og, that
satisfies the following fusion rule [30,31]:

(al,az,...,a,,). )

Here NJ, . is the multiplicity of the vacuum O in the
tensor product a; X ay X --- X a,. This fusion rule can be
understood intuitively as follows: in the presence of a Oz — O
defect line, an anyon (ay, a, . . ., a,) can be transformed into
(ap X ay x --- X ay,,0,...,0) by moving the anyons around
the Og defect and permute all of them to the same layer. If
mez ,,,,, a > 0, then it means (a;, as, ..., a,) can be created
out of the vacuum in the presence of a Og defect, which then
implies the fusion rule.

Other defects can be obtained by
CZRI(G,O,...,O)XOR, (10)
whose quantum dimension is d,, = dp,d,. Then we find

Di=) do=d5 ) d

aeC aeC

=d; D’ (11)

Since D = D", we must have dy, = D" !, One can also
directly evaluate dy, from the fusion rule, the details of which
can be found in Appendix B. Defects of such layer permuta-
tion symmetry have been studied in the context of quantum
Hall systems, known as “genons” [32,33].

Theoretically, the significance of cyclic permutation de-
fects lies in the connection with Rényi entanglement entropy.
It is well known that the Rényi entanglement entropy can be
computed using a replica trick [10,13,15,21,24,34]. That is,
for a quantum state [y/), to compute the nth Rényi entropy
of a region M, one creates n identical copies of the system,
and define Ry, to be the cyclic permutation operator within M
among the n copies. Then

Wy —
SYY(M) _nln(RM), (12)

where the expectation value is taken over the state |y)®". We
recognize that the Rényi entropy is essentially the logarithm
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of the disorder parameter of the replica symmetry [10,13,34].
According to our general formula, for a topological phase we
expect that
SOM) = ——[oM| -
n—1 n—1

where dy is the quantum dimension of a certain R defect.

Now suppose that the disorder operator Ry, indeed cor-
responds to the bare defect, which is supported by the CFT
calculations below, according to the proposed formula (7) the
topological Rényi entropy is given by

In dg, (13)

y = Indp, =InD, (14)
n—1
a well-known result [25].

We will now proceed to calculate the disorder parameter.
We will first consider topological phases with gapless CFT
boundary (more precisely, entanglement spectrum), and es-
tablish Eq. (7) (with important corrections). Then we analyze
several microscopic models to demonstrate the validity of the
result even when the assumption of having CFT boundary
does not hold.

III. TOPOLOGICAL PHASE WITH CFT
ENTANGLEMENT SPECTRUM

We now present a derivation of Eq. (1) for topological
phases whose entanglement spectrum can be described by
a (1 4+ 1)-dimensional [(1 + 1)D] CFT. More precisely, the
reduced density matrix of the ground state on a disklike region
D is given by

e He

" TreHe’

where Hg is the entanglement (modular) Hamiltonian. It has
been conjectured and widely believed that Hr belongs to
the same universality class as the boundary theory of the
topological phase [16,35]. In many cases, the lower part
of the entanglement spectra can be exactly matched with
the low-energy spectrum of a physical edge up to overall
rescaling [35]. Reference [36] established the validity of the
correspondence for general chiral phases under certain as-
sumptions. We will thus assume for the remaining of this
section that the entanglement Hamiltonian describes a CFT
at low energy, which takes the same form as the edge one up
to an overall scale.

For our derivation, the bulk-boundary correspondence
plays a crucial role. Thus, we first review how it works for
chiral topological phase. We assume that the boundary theory
is a rational CFT, with the following Hamiltonian:

Here c is the chiral central charge and / is the perimeter of the
boundary. The Hilbert space of the boundary theory decom-
poses into a direct sum of superselection sectors H,, labeled
by chiral primaries a. They are in one-to-one correspondence
with anyon types in the bulk. When the system is a disk with
no excitations in the bulk, the boundary CFT must be in the
vacuum sector Hy. To allow other superselection sectors, e.g.,

PD (15)

‘H., on the boundary, there must be anyonic excitations whose
total charge has type a in the bulk.
For each chiral primary a, we define the character [37]

Xa(T) = Try, ™" H0730), (17)

Xa 1is essentially the Euclidean partition function over the
superselection sector H,. Notably, there is not a single
modular-invariant partition function of the theory. The char-
acters x, transform under the modular transformations as

Xa(T) =Y Supxp(—1/7),
b

(18)
Xa(©) =Y Tupxp(t + 1),
b

where S and T are the S and T matrices of the bulk anyon
theory.

We now generalize this discussion to boundary theories
that are not necessarily fully chiral [38,39]. Again we assume
that the boundary is described by a CFT, which could be
chiral or nonchiral. The Hamiltonian of the boundary theory
iS Hegge = @H , where

c+c
24

H=1Ly+Ly— (19)
is the dimensionless Hamiltonian of the CFT. Note that here
we do not need to assume the left- and right-moving fields
have the same chiral algebra. For example, the fully chi-
ral case corresponds to Lo =0, c=0. We also define the
momentum P = Ly — Ly. The Hilbert space of the boundary
theory splits into multiple superselection sectors, labeled by
anyon types in the bulk [38]. For a superselection sector

labeled by a, we can define the Euclidean partition function
Z.(1):

Z4(t) = Try e MP o), (20)

where T = 1] 4 iT,. We remark that, in general, there is no
direct correspondence between the superselection sectors and
the primary fields in the CFT. The partition functions Z, also
satisfy the relations (18) under modular transformations.

Based on the assumptions laid out in the beginning of the
section, we postulate that the entanglement Hamiltonian is
given by

Hy = %H, 1)

where & is the correlation length of the bulk, and [ is the length
of the disk. H is again the dimensionless Hamiltonian of the
CFT. Note that if the disk D does not contain any nontrivial
excitations, then we must keep only the states in the vacuum
superselection sector in the CFT. We will also assume that the
system is bosonic, so we do not have to worry about subtleties
related to spin structure.

Now consider a symmetry transformation g of the bulk. In
the reduced density operator, suppose the symmetry transfor-
mation is represented by a unitary U,. The disorder parameter
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can be evaluated as

_&y
Tryy Uge™

fg

(Ug> = TrUg:OD =
TI‘H()877

(22)
Roughly speaking, the numerator is the CFT partition func-
tion with symmetry defect line inserted in the time direction.
By a modular transformation, it can be related to the parti-
tion function over the g-twisted Hilbert space. It is therefore
necessary to study the CFT in the defect sector. We denote
by #H, the CFT Hilbert space on a spatial circle twisted by
the g symmetry. In general, H, may also split into multiple
superselection sectors, denoted by H,,, where a, are precisely
the defect types. We then define partition function with both
spatial and temporal symmetry twists:

ZEN(T) = Try, Upe? Pt (23)

Namely, the partition function is the trace over the H,, defect
sector and with U, inserted. Note that Z(I:D is nothing but
Z, defined in Eq. (20). Here and in the following we use 1
for the identity element of the group. In terms of these twisted
partition functions, the disorder parameter is given by

_ 2

Uy = ——t. 24
< g) Z(()]l,]l)(é) ( )

Similar to the Z,’s, the transformation properties of Z(Ef’h)
under modular group are entirely determined by the bulk.
For our purpose, we need the following special case of S
transformation:

Z () = Y SiLPZED(—1/7). (25)

T,ag “ag
ageCy

Here S;g’Z]) is the extended S transformation between (g, &)
g:Oh

and (h, g~') defect sectors of the (2 + 1)D topological phase
on a torus [23]. Notice that STD reduces to the S matrix of
the bulk anyons: Sg’ﬂ) = Sa». According to [23], we have

d
SppP = = 26
lag D ( )
Since t =% and we are interested in Eq. (24) in the

limit £ </ (i.e., the high-temperature limit for the reduced
density operator), then —1/7 = ’E—l is effectively in the low-

temperature limit. Therefore, we can expand Zﬁf’m (gl) as a

. i _oml
series of e™'T = ¢

il ad _2ml (g etE
259() = S pome e

m=0 h
~ Y (O D
h

X i, () ¢ =30, @7

Here ), means summing over primary fields in the defect
sector H,, with conformal dimension h,! and p;,(m) is the de-
generacy of the level 4 + m. The degeneracy may come from

'1 is the eigenvalue of Ly + L.

different primaries having the same £, or a certain primary h
being a multiplet. In the last step we only keep the one with
the lowest conformal dimension, i.e., the highest weight state,
which is denoted by &,,. We have thus found

]lv l%‘ ~ da 2l ha -t

Z9(5)~ L e e )
a,eCy

Define A, as the set of defect sectors a, with the minimal 4,

among the entire C,, the corresponding value of the conformal

dimension will be denoted by h,. Define

dy= " dapa, (29)

ag€Ng
Compared to Eq. (6), we find that the multiplicity

., a, €A
n, = {p a 4= e (30)
# 0, otherwise.

We can similarly evaluate the denominator:

lé da il da — 2l (p,— ey
Zil =) = —Z =)~ — 0 g Vla= 50 )
0<l> ;'D a(E) ;,Dpa( )e
(31)

In the untwisted sector, the unique vacuum state with 4 =0
dominates the sum, so we obtain Zo(§) ~ %. Putting the
results together, the disorder parameter is given by

2008
= ———— =~ de ¥, (32)

ERC
plus exponentially small corrections. We thus find the topo-
logical disorder parameter is y, = Ind,. Compared with the
proposed formula (7), dg accounts for the possibility that
multiple defects could be “degenerate.”

So far we have focused on the case of a disklike region
in the ground state. Practically it is often necessary to study
systems on a cylinder or a torus, and the region may not be
simply connected. We generalize the result to these situations
in Appendix A.

We conclude this section with the example of topological
Rényi entropy discussed near the end of Sec. II. Suppose that
the topological phase C is fully chiral, thus having a chiral
CFT boundary. The cyclic permutation orbifold of a chiral
CFT has been studied in mathematical literature (e.g., [30]),
and the conformal dimension of the highest weight state in
the R-twisted sector H,, is given by h,, = h; +(n— %)ﬁ.
Therefore, the bare defect A, indeed has the lowest conformal
dimension, without any additional degeneracy.

(Ug)

IV. EXAMPLES

In this section we present detailed analysis of several ex-
amples. The motivation is twofold: to demonstrate the result
in concrete examples, and perhaps more importantly, to study
TDP when the boundary theory (or the entanglement spec-
trum) is not a CFT. This is particularly relevant for nonchiral
topological phases, as the low-energy dynamics can be signif-
icantly different from a gapless CFT.

We will first investigate TDP in Zy toric code models
(Sec. IV A) and quantum double models (Sec. IV B), which
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FIG. 2. The Zy toric code model with the plaquette terms Ag =
X\ X,X;X,, Bw = Z,2,Z,Z], and the edge terms h, = X,; X, ;. h, =
Z;J.Z2 ;+1- Here, every site is labeled by its column index x and row
index y with periodic condition y + L, ~ y.

represent important examples of nonchiral topological phases.
In the exactly solvable limit, we compute analytically the TDP
and show that the results agree with the general formula (1).
We then employed DMRG simulations on finite cylinders to
numerically study the models under external magnetic fields,
which are no longer exactly solvable, and still find consistent
results. Lastly, we study interesting examples of the TDP in
Spin(v); topological phases with microscopic O(v) symmetry
(Sec. IVC) and the TDP for translation symmetry in Wen’s
plaquette model (Sec. IV D) both analytically and numeri-
cally, where translation acts as electromagnetic duality.

A. Charge-conjugation symmetry in Zy toric code

In this section we compute TDP for charge-conjugation
symmetry in a Zy toric code model. The model is defined
on a checkerboard lattice in Fig. 2, where each site has a
Zy spin. For one site, given an orthonormal basis |n), n =
0,1,...,N — 1, we define the clock and shift operators:

Zln) = o"n), X|n) = |[n+ 1ly), (33)

2mi
where w = e~ and [-]y means -
algebra

mod N. They obey the

ZI{V = XK{V = ]l, Zl‘Xl' = CL)XrZr, (34)

and commute on different sites. The Hamiltonian in the bulk
takes the following form:

H=— Z(AD +Hc)—) (Bm+Hc)
O | |
— Y (hXe +hZe + He), (35)

where A = X1X,X3X; and Bg = 212;Z3ZI as shown in
Fig. 2. Notice that when h, = h; = 0, the Hamiltonian con-
sists of commuting terms and thus can be exactly solved.
The ground state has all Aj = Bg = 1 for all squares. There
are two types of elementary excitations: an e excitation cor-
responds to Ag = w for a certain [, and a m excitation
corresponds to Bg = w. All other excitations can be gener-
ated by forming bound states of multiple e’s and m’s. Since
AN = BY =1, both ¢ and m obey Zy fusion rules. So there
are altogether N topologically distinct types of excitations,
of the form e*m?, where a,b € {0, 1,...,N — 1}.

The Hamiltonian defined in Eq. (35) enjoys a charge-
conjugation symmetry U = [, Uy, which acts on the Zy
spin as

C|n) = |N — n). (36)

Notice that U is the identity for N = 2, so we will assume N >
2 in the following. It is easy to see that C2 =1, CX,C' =
X!, CZ,C" = ZI, so CApC’ =ATD = A%_', and similar for
Bm’s. Thus, under the action of U, the excitations transform
as

C:eé'ml — VN mN P, 37

In other words, U acts as charge conjugation.

Let us study the symmetry defects of C for N > 2. For odd
N, there are no anyons that are invariant under C. Thus, by the
general results in Sec. I, there is only one type of symmetry
defect, denoted by o¢. Since the total quantum dimensions
of the defects must be equal to that of the anyons, we find

ds. = N. One can show that o satisfies the following fusion
rule:
N—1
oc X Oc = Z e“mP. (38)
a,b=0

For even N, there are four C-invariant anyons:
1, N2, mN2 N2mNi2 | g0 there should be four distinct
types of defects. Since the total dimension of defects must be
N, one finds all defects have quantum dimension %’

To summarize, we find that the C-symmetry defects have
quantum dimension

N, N odd
dye =

v (39)

> N even.
We now compute the TDP in the model. First we will present
analytical calculations in the exactly solvable limit &, = h, =

0, and then use DMRG to study the model with the fields on.

1. Exactly solvable limit

We place the system on a finite cylinder of circumference
L,. Lattice sites are labeled by x,y where x =1,2,..., L,
and y=1,2,...,L,, with periodic boundary condition y ~
y+L,. As will be shown below, the Hamiltonian actually
has degenerate edge states, which complicates the calculation.
We can add additional terms on the boundary to lift the de-
generacy, and there are actually two distinct choices for the
boundary Hamiltonian

H, = — Z(nyy+l +Hec),
y odd

Hy = — Z (Z]Zy1 +He). (40)

y even

Here we suppress the x coordinates. See Fig. 2 for illustra-
tions of the boundary terms. Physically, H,,, condenses e/m
anyons on the boundary. In the following we turn on H, on
the left boundary and H,, on the right boundary, which has the
additional effect of leaving only a unique ground state with a
trivial anyon flux threading the cylinder.

First we determine the reduced density matrix correspond-
ing to an entanglement cut along the y direction. While the
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result is fairly well known, we provide a derivation to be
self-contained. Following Ref. [40], the Hamiltonian can be
written as

H =H, +H, + H,, (41)

where Hj,, are the Hamiltonian terms restricted entirely to the
left and right halves of the cylinder, and H;, contains those
defined on the plaquettes along the cut. Here we define [/ to
be all sites with x < L, /2, and r to be the half with x > L, /2.
We then characterize the ground-state subspace V. of Hj/,,
which can be defined from the algebra of observables com-
muting with Hj,,. In the following we consider the right half
only. Such low-energy observables are necessarily localized
on the two boundaries of the half-cylinder. For the boundary

atx = L,/2 4 1, we find the algebra is generated by
X, X, foralloddy's,
Z, Zy ., foralleveny's. 42)

However, since we have fixed the cylinder ground state to be
in the vacuum sector, the following two constraints must be
imposed:

XiXo... X = DZIZu78 ... 2, Z] =1. (43)

Physically, these two operators are the Wilson loops of m and
e excitations wrapping around the cylinder, respectively. We
can think of the relations (43) as constraints that define the
low-energy Hilbert space, which forbids operators like X, or
Z,, but the products defined in Eq. (42) commute with the
constraints and are thus allowed operators in the theory.

Now we define new Zy spin operators X ; and Z ; for j =
1,2,...,L,/2:

X, =Xo; 1%, 2, 7]

"
1 = ZZJZ

(44)

These new spin operators satisfy
X]N = Zjv =1, [X.X1=1Z.,Z;1=0,

i#j XZj=wZX;, [X.2]1=0,i#] (45
so they describe a chain of Zy spins. It is straightforward to
verify that the constraint ZZZ3T Z4Z; ...Z,Z] =1 is automat-
ically satisfied, and the other constraint becomes

L,/2

[[% =1 (46)

We thus conclude that the boundary Hilbert space is given by
a Zy spin chain subject to the global constraint (46). The di-
mension of the Hilbert space is N-/2~1. A similar analysis can
be carried out for the left half of the cylinder. In the following
we will denote by X,; and Z,;, n = [/r, for the observables
corresponding to the left and right halves of the cylinder.
Now we couple the left and right halves by H;,, which after
projection to the ground-state subspace of H; and H, become

Ly/2
H, = — Z(X,JX” + z,,z,‘mzf Zejn+He).  (47)

j=1
Thus, the ground state must have X;; = X', 7,7/

rj’ lj+1 -
Z, er j+1- In the eigenbasis of X,; and X, ;, one can show that

the (normalized) wave function is given by

1
= 2 HEi ® T e (48)
N7

where 7; is the eigenvalue of X and the sum is restricted to

those configurations with [T/, 2! 7 =1

Tracing out half of the cylmder say the left half, one finds

that
1
pr = mﬂ (49)

Thus, we reproduce a well-known result that the reduced
density operator in a stabilizer model describes a maximally
mixed state with a completely flat entanglement spectrum.

Now we turn to the disorder operator C;, which is C re-
stricted to the left cylinder. It is clear that C; is projected to the
charge conjugation on the boundary Hilbert space:

CX;C =X C2,C) = 2. (50)

In the Ylj eigenbasis, we have C;|{z;}) = |{‘L';}). The average
of C; is given by

Te(Cro1) = —7=TrC. (51)

1
NL /21
At this point we need to distinguish odd and even N. For N
odd, only the state with 7; = 1 is invariant under C;, so TrC; =
1. Thus, we find

Tr(Cipr) = (52)

1
NL/2—1°
In other words,

InN
—In{(C;) = - L,

—InN, (53)
which gives y = InN.

For even N, there are 25/2~! basis invariant under C; where
7; = =1, again subject to the constraint I U= 1. Therefore,

Tr(Cipr) = (54)

1
N/ T
And the TDPis y = In % We find that in both cases, e” agrees
with the quantum dimension of a single charge-conjugation
defect.

So far we have considered the exactly solvable limit. Once
the external fields are turned on, the model is no longer exactly
solvable. However, by adiabatic continuity, we expect that
the boundary Hilbert space, defined by the algebra of “low-
energy” observables, should remain the same. On the other
hand, the density operator in general becomes a Gibbs state of
a local entanglement Hamiltonian:

o o< e (55)

subject to the global constraint (46). In other words, Hp
is a local Hamiltonian that commutes with the global con-
straint (46). Below we consider two examples.

First, we assume Hp = f8 Z (X + H.c.), which may be
a reasonable approximation for the model with a small A,
and h, = 0. First, we compute the partition function Z; =
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TrPye~"=, where P is the projector to the space with ]_[]. X =
1. We write the projector as '

Py = NZHX/k' (56)

The partition function is

| V=l .
Z = N glj[Tr(X;‘e pXj+He))

-1

l N Nl 2mipk 2 LV
=5 L [Ze e ] L 6D
k=0 Lp=0

Then we can evaluate

Tr(PyCe ™) = e 1. (58)

We numerically evaluate (C) for various values of 8, and in
all cases obtain the same TDP as the 8 = 0.

As a second example, we consider what happens when
both h, and h, magnetic fields are turned on. In this case,
the dynamics becomes more complicated. One possibility is
that the entanglement Hamiltonian is tuned to a critical point
described by a Z3 parafermion CFT. More concretely, suppose
that the entanglement Hamiltonian can take the following
form:

Hp = —B Z(Z}Z,-+l +X;+Hc), B>0 (59)
J

which is the critical point of the Z3; Potts model. Suppose
that we restrict ourselves to the CFT Hilbert space. We will
write the partition functions in terms of the characters yx; of
the minimal model M(6, 5), where & labels the conformal
dimension of the primary. In fact, M(6, 5) can be obtained
from the Z5 parafermion CFT by orbifolding the Z, charge-
conjugation symmetry. The partition function of the boundary
CFT in the vacuum sector is given by [39]

Zy = |X0+X3|2+|X§ +Xg|2- (60)

Note that it is different from the modular-invariant partition
function of a genuine (1 + 1)D Z3 parafermion CFT. x; can
be understood as the Z, charge sector. Then the partition func-
tion with Z, symmetry operator inserted in the time direction
can be easily written

1.C
2 = Ixo— 3l + Ixz — xz ™ 61)

Reference [39] showed that there is a single defect sector with
the following partition function:

zot = Ix: + Xgl2 +lxs + X%Iz. (62)
So the field with smallest conformal dimension is nonde-

generate, with h = (35, 5). In other words, p,. = 1. Using
Eq. (29), we conclude that dc = 3 in this case.

2. DMRG results

For systems away from exactly solvable limit and perturba-
tive regime, we employ the DMRG algorithm to compute the
TDP of the Zj3 toric code with both transverse and longitudinal
fields for the Hamiltonian in Eq. (35). The cylinder geometry

-2.0 ('3.)

—In(Up)/1In3

-1
0.0 0.1 0.2 0.3 0.4 0.5 0.6

FIG. 3. DMRG results for the Z; toric code model with cylinder
geometry, (a) ground-state energy e,, (b) entanglement entropy (EE)
SuN, and (c) the negative logarithmic value of disorder operator
—1In |(Ua)| of subsystem A are shown versus the fields h, = h, = h.
The black dots denote the L, — 0 extrapolated values showing finite
value — In 3 in Z; topological ordered phase.

for the DMRG computations is illustrated in the left panel
in Fig. 2, and we have studied cylinders with L, = 16 and
L, =4, 6, 8. Boundary terms are introduced to lift the degen-
eracy as discussed in Sec. IV A 1, shown in Fig. 2 right panels.
We have retained up to D = 512 bond states in the simulations
which ensure the discarded weight is at most 0(107%).

In Fig. 3(a), we show the ground-state energy density e, =
ﬁ(zﬂgsllegs) versus the fields i, = h, = h, where [;) is
the DMRG ground state. The derivative of e, with respect
to h changes abruptly around s, = h, = h, >~ 0.4, indicating
a first-order phase transition from the topologically ordered
phase to the trivial phase around /%, in good agreement with
the previous study [41].

To verify the topological features of both phases, we cal-
culate the bipartite (von Neumann) entanglement entropy
(EE), Syn = —tr(pa In pa), where pa = trg(|¥gs) (Ygs) is the
reduced density matrix of subsystem A and the bipartition is
taken such that the cylinder is cut vertically into two shorter
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cylinders A (the left half) and A (the right half) with length
L, /2 each. As shown in Fig. 3(b), the EE data show clear area-
law behavior with a constant correction, i.e., S,y = aL, — y,
with topological EE y being In 3 in small-4 topological phase
and 0 in large-# trivial phase.

We now calculate the TDP for the charge-conjugation sym-
metry. The disorder parameter is the ground-state expectation
value of the corresponding disorder operator Ux = [T;caCy
[cf. Eq. (36)], which should scale as — In |[(Up)| = &'L, — In 3
[cf. Eq. (53)] in the topologically ordered phase and approach
zero in the trivial phase. In Fig. 3(c), we explicitly show such
behavior in the small-# phase. As h increases, the nonuni-
versal coefficient o’ deviates away from the 2 = 0 value 1"23
the constant correction remains robustly — In 3 throughout the
topological phase. In the topologically trivial large-& phase,
DP indeed extrapolates to zero.

B. Quantum double model

In this section we study the quantum double model of a
finite group G, which can be regarded as a G lattice gauge
theory. The model has a G spin on each edge of the lattice,
which can be thought of as a regular representation of G.
We will not give details of the Hamiltonian, which can be
found in, e.g., Ref. [42]. It is essentially a microscopic re-
alization of a G gauge theory, where the G spins play the
role of G gauge fields. When G = Zy, the model reduces to
the Zy toric code as discussed in the previous section. For a
non-Abelian group G, the quantum double model describes a
non-Abelian topological phase. The topological order of the
quantum double model is denoted as D(G), mathematically
described by the Drinfeld center of the fusion category Vecg
[or the Morita equivalent one Rep(G)] [43]. Physically, D(G)
describes anyons carrying electric and magnetic charges of the
gauge group G.

We shall consider the following symmetry transformation:

Ulg) = lp(8)), (63)

where ¢ is an automorphism of the group G. It can be shown
that U is a symmetry of the quantum double model. The
symmetry action of U on the anyons is naturally induced from
the group automorphism ¢. For later use we define

G, ={g € Glo(g) =g}, (64)

and n, = |G,|.

‘We now proceed to calculate the disorder parameter for the
U symmetry. Following a procedure similar to the derivation
in the Zy case, one can show that the boundary Hilbert space
is a one-dimensional G spin chain, restricted to the G-invariant
subspace [44]. More specifically, each site of the spin chain
forms a regular representation of G, with basis {|{g;})};ec-
For each g € G, define a g global symmetry in the spin chain
as

Lel{g;}) = I{gg;})- (65)

We then demand that L, = 1 in the Hilbert space. It is useful
to define a G-invariant basis as follows:

—ﬁD{hgl,...,

heG

g1, 82, -+, 81—1) hgr—1, h}). (66)

Here we only keep g; to gr—1, as gy, is redundant once sum-
ming over the entire G orbit. Put it in another way, we pick
a representative in the orbit with g, = 1. We will refer to
I{g1, &2, --.,&L—1}) as the G-invariant basis.

In the fixed-point ground-state wave function, the reduced
density matrix is the maximally mixed state p = Gl L —r— 1. The

symmetry transformation U naturally restricts to essentially
the same transformation on the spin chain:

Uulg;}) = He(g)}h- (67)
On the G-invariant basis we ﬁnd

Z l{p()e(e)})

gEG
= |— > ligelenh)
geG

= o)} (68)

Tracing over p, only states invariant under ¢ can contribute,
which adds up to né". Thus,

M|{gj —|

o\ L
Uy) =% , 69
(Unm) <|G|> (69)
and we find
G
lnu (70)
ny

Note that |G| /n, is always an integer.

Now let us compute the quantum dimensions of the U
symmetry defects. To this end, suppose that ¢ is an order r
element in Aut(G). Then, we view U as the generator of a
Z, group, and consider gauging the Z, symmetry. Because of
the nontrivial action of U on the gauge group G, we end up
with a new gauge theory with a larger gauge group G i, Z,.
In other words, the gauged topological order is identified as
D(G %, Z,). The U defects are promoted to gauge fluxes once
the global symmetry is gauged. Since an Abelian symmetry is
gauged, the quantum dimension of the gauge flux is the same
as that of the defect.

‘We now need to analyze the anyon content of D(G X, Z,).
Recall that for a general finite group H, anyon types in D(H)
are labeled by a pair ([%], ), where [k] is a conjugacy class
with & being a representative element, and 7, is an irreducible
representation of the centralizer group Cj. Physically, [A] la-
bels the gauge flux and 7, is the gauge charge attached to the
flux. The quantum dimension of this anyon is [[/]| - dim 7},
where |[/]| is the size of the conjugacy class.

Label the group elements of G x, Z, by (g, a) where g €
G, a € Z/rZ. Then the multiplication in g X, Z, becomes

(8, a)(h, b) = (gp“(h), [a + b],). (71)
We have (g, a)~' = (¢%(g"), [—a],). Thus

(g a)1, (g a)" = (gp(e)™", 1. (72)

The conjugacy class of (1,1) is then the quotient of G by the
subgroup G,,. We also need to attach representations to the
conjugacy class [(1,1)]. Choose (1,1) as the representative, the
stabilizer group is isomorphic to G, x Z,, whose representa-
tions can be obtained from those of G, and of Z,. The Z,
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representations are just the Z, gauge charges. We thus con-
clude that U defects are in one-to-one correspondence with
irreducible representations of G,. For an irreducible repre-
sentation 7, the corresponding symmetry defect has quantum
dimension %dimn. In particular, if we choose w = 1 the

identity representation, the quantum dimension is ?, which
is the minimum among all defects. The total dimension of the
defects is

IGI? L0 2

—- ) @imn)? =GP, (73)

n
¥ meRep(Gy)

as expected. Therefore, we find that e” is equal to the minimal
quantum dimension of the U defects in D(G).

C. Spin(2n),

In this section we study TDP of a Z, anyon-permuting
symmetry in Spin(2n); topological phase. There are four
types of Abelian anyons, denoted by 1, ¥, v, and v_ with
topological twist factors 6, = —1, 6,, = ¢t . The theory
can be obtained from coupling fermionic topological super-
conductors with Chern number 2# to a Z, gauge field, where
vy correspond to fermion parity fluxes [29]. Here we will
take the n = 0 theory to be the Z, toric code. It is easy to
see that there is a Z, symmetry that swaps the vy anyons.
Physically, the symmetry can be realized as follows for n > 0:
a topological superconductor with C = 2n is equivalent to
2n identical copies of p + ip superconductors, which has a
SO(2n) symmetry that rotates the layers. A fermion parity flux
through this system binds 2n Majorana zero modes 1, k =
1,2,...,2n. Fixing the local fermion parity ", ... N,
there is a 2"~!-dimensional zero-energy subspace, that forms
a spinor representation of SO(2n) group. The total fermion
parity of the Majorana zero modes can be even or odd, cor-
responding to the two types of fluxes v.. Thus, swapping the
two types of fluxes is equivalent to flipping the fermion parity
of the flux, which can be achieved with the symmetry trans-
formation (—1)™ where N, is the fermion number in the first
layer. Under this transformation, n; — —n; while the other
Majoranas do not transform, so the fermion parity changes
sign. This additional Z, symmetry generated by (—1)™ com-
bines with SO(2n) to form O(2n) group. Recently, a family
of exactly solvable generalizations of Kitaev’s Z, spin liquid
was introduced [45,46], that realizes all Spin(v); topological
phases for any integer v > 1, and notably the O(v) symmetry
is realized exactly in the lattice model.

For n = 0, it is customary to rename vy as e and m, which
can be thought of as the (bosonic) electric charge and mag-
netic charge of a Z, gauge theory. The symmetry e <> m is
often called the electromagnetic duality (EDM). Analogous
to the construction for Spin(2n); with n > 0, the EDM can be
realized as follows: consider two layers, one forms a p + ip
superconductor and the other p — ip. Together the total Chern
number is 0, so coupling to a Z, gauge field results in a Z,
toric code. Through an almost identical analysis, one can see
that the symmetry (—1)"' permutes the two types e and m
of fermion parity fluxes. This construction also suggests the
Ising CFT as a possible symmetry-preserving edge theory.
In fact, the construction still works if we replace the p + ip

superconductor with one that has an odd Chern number 2r + 1
(and the other layer in the mirror image). In that case, the edge
theory is the nonchiral Spin(2r + 1); CFT.

In all these cases, both 1 and i anyons are invariant un-
der the permutation. Thus, there are two types of symmetry
defects o, which satisfy the Ising-type fusion rules:

or xor=14+Y, o Xvy =0_. (74)

Their quantum dimensions are d,, = /2.

We proceed to compute the disorder parameter for the
v4 <> v_ symmetry. For n > 0, the boundary theory models
are chiral Spin(v); Wess-Zumino-Witten CFTs, which can be
equivalently described as v chiral Majorana fermions coupled
to a Z, gauge field [29,47]. We calculate the disorder param-
eter directly using the chiral CFT and find

In2v2, n=1
y = (75)
In «/5 n>1.

Details of the calculation can be found in Appendix D. To
understand why n = 1 is special, notice that the CFT Spin(2),
is equivalent to U(1)4, whose Z, orbifold is two copies of
Ising CFT. Thus, there are two defect primaries with the same
conformal dimension %, contributing the extra factor of 2 ac-
cording to the general formula. For n > 1 no such degeneracy
of operator spectrum is present.

We can perform a similar calculation for the Z, toric code.
When the edge theory is the (nonchiral) Spin(2r + 1);, we

show in Appendix D that the TDP
y =In2"*+'V2. (76)

Note that the value of y is different for different edge theories.
The factor 2" arises because the defect carries a spinor rep-
resentation of SO(2r 4 1), which begs for the question that
whether the result is robust against perturbations that break
the exact SO(2r 4 1) symmetry of the CFT. In Appendix D
we introduce velocity anisotropy to the Spin(2r + 1); CFT
(i.e., different modes have different velocities), and show that
such anisotropy does not affect the value of y. In fact, even
with such anisotropy, the spinor degeneracy of the defect still
remains, which explains the robustness of y.

For illustration, let us consider the » = 0 case, where the
edge theory is the Ising CFT. The character in the vacuum
sector reads as

Zo= x>+ Iyl (77)

For the definitions of the Ising characters, see Appendix D.
The defect sector partition functions have been obtained in
Ref. [39]. There are two defect types, which will be denoted
as oy, with the following partition functions:

ZI0 = e (X + Xy
Z80 = (1 + xy) X (78)

So, the lowest conformal dimension % is twofold degenerate,

contributing an additional factor of 2. More details can be
found in Appendix D.
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FIG. 4. (a) Wen’s plaquette model with the plaquette term O =
X/Z,X,Z] + H.c., and the edge term S = X Z. The blue-shaded line
denotes the DMRG snakelike path in computation. (b) Illustration of
the partial translation operation ®,.L':‘/12 Tv[” as a disorder operator.

D. Partial translation in Wen’s plaquette model

So far we have only considered onsite symmetries in our
examples. We now demonstrate that the same idea can be
applied to spatial symmetry.

The example we will consider is Wen’s plaquette
model [48,49], which is a slight variation of the Zy toric code
model discussed in Sec. IV A. Consider Zy spins on a square
lattice with the following Hamiltonian:

H=-> (0g+Hc)—hY (X;+Z+Hc), (79
O i

where O = X, Z,X, Z] as denoted in Fig. 4(a). We can see
that the model is in fact unitarily equivalent to the one defined
in Eq. (35), but now is completely invariant under translations
on the square lattice. The e and m excitations are supported on
the two types of plaquettes, thus transformed into each other
by unit translations of the lattice. Since e and m can be viewed
as electric and magnetic charges of an emergent Z, gauge
theory, such a symmetry is called the electromagnetic duality
(EMD).

A lattice dislocation can be thought of as a defect for trans-
lation symmetry [50]. It was shown in Ref. [50] for N = 2 and
further in Ref. [49] that dislocations in the plaquette model
have quantum dimensions +/N. There are N topologically
distinct types of dislocations, labeled by o, which satisfy the
fusion rule

N-1
0y X 0p = Zefnm”, oo x el =09 xmP =0, (80)
n=0

In a planar geometry it is not clear how to apply transla-
tion to a finite region since no finite region can be invariant
under translation. Instead, we consider the cylindrical ge-
ometry, where one can naturally apply translation along the
periodic direction to only half of the cylinder. Below we will
investigate the TDP associated with such partial translations
in Wen’s plaquette model. We first consider the N = 2 case

where the algebra is relatively simple and then generalize to
other N.

1. Exactly solvable limit

We start from the exactly solvable point without any exter-
nal fields. We use the same method as Sec. IV A 1 to calculate
the disorder parameter. In fact, the derivation of the boundary
Hilbert space and the reduced density operator can be rather
straightforwardly adopted here. We find that the boundary
Hilbert space is determined by the following observables:

Si=XiZi, j=1,2,...,L, (81)
with the following constraint imposed:

L,/2 L,/2

[[S5=]]S-1=1 (82)
j=1 j=1

Again, we suppress the x coordinate.

The §;’s satisfy the algebra 3 =1.5;8j41 = —5;415;
(and otherwise commute). The translation symmetry acts in
the obvious way:

LT = Sj. 83)

This boundary Hilbert space can be mapped to the Z, sym-
metric sector of an Ising spin chain:

S2j =17, Sajti E'L’;'Cj+1, (84)
with the global constraint I—[f‘:/f IJ’F = 1. However, now the
translation symmetry acts as the Kramers-Wannier duality,
which is difficult to handle in the spin representation.

To proceed, it is most convenient to “fermionize” this
Hilbert space as a chain of Majorana operators. In the follow-
ing we define L = L,. The fermionization map is basically the
Jordan-Wigner transformation:

Si=ivivi, 1< j<L Sp=—iYryn. (85)

Here the Majorana operators satisfy {i;, ¥;} = 26;;. The
global constraints after fermionization become

Py g, =1 (86)

The minus sign in Sy is necessary in order to satisfy both
constraints. The dimension of the Hilbert space is D = 25/271
Following essentially the same steps as those in Sec. IVA 1,
one can show that the reduced density matrix is the maximally
mixed state.

The translation symmetry 7, acts on the Majoranas as

V= Vi, 1<j <L, ¥o— =y 87)

This transformation can be implemented by the following
unitary operator:

T,=Bis...Br_11, (88)

where B;; is the exchange operator [51]:

1 - i i i
= ﬂ = e TV, (89)
V2
which acts as B,-jl//iB:fj =, Bijijjj = —1;. Notice that
the overall phase of T, is ambiguous.

B
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We now evaluate the trace of 7, in the maximally mixed
state. Expanding the product of B’s, only two terms con-
tribute: the identity, and the total fermion parity, which is from
Bzg, B45, ey BLll

(=DM oy oy = (=DM oy = 2
(90)

Therefore,
1
KT = B|TrTy|

11
= ————[Tr(1 4 i*/%)|
vz

D
Sl +
1 L
= FZ COS —
2
0, L=4Qk+1)
1
= 2,  L=8k 1)

V2, L=22k+1).

Next, we consider adding nontrivial dynamics to the
boundary theory. The simplest choice is just turning on
-y ].S ; on the boundary, which after fermionization be-
comes the free Majorana chain:

L-1

H== il + iV (92)

j=1

Note that the translation action automatically puts the Ma-
jorana chain in the sector with an antiperiodic boundary
condition. Equivalently, the boundary is described by an Ising
CFT projected to the Z, symmetric sector. We can directly
evaluate the disorder parameter of the translation operator in
the continuum limit (see Appendix D for details), which re-
markably gives the same L dependence |2 cos ”TL| in Eq. (91)
from the maximally mixed state. However, we notice that
the continuum calculation does not capture the additional v/2

[from \/§L71 in the denominator in Eq. (91)].

Notice that if the region M is a half of a cylinder, we also
need to take into account the physical edge of the cylinder. To
lift degeneracy we can turn on a Hamiltonian — ) ;S on the
edge. Assuming T; is not spontaneously broken, it does not
have any nontrivial contribution to the disorder parameter.

2. Zy plaquette model

Let us now generalize the result from Z, plaquette to Zy
plaquette model. We will focus on the case with N an odd
integer. As already shown earlier, the boundary Hilbert space
is a Zy spin chain of length L /2, projected to the Z y-invariant
subspace. We will denote the (effective) Zy spin operators on
the boundary by X; and Z;, and the Zy symmetry is gener-
ated by P = H?:l X;. The translation symmetry becomes the
Kramers-Wannier duality of the Zy spin chain.

Generalizing the derivation in the N = 2 case, it will be
convenient to represent the Zy chain in terms of parafermion

operators [52]:

Jj—1 J
Q-1 :Zjl_[Xk, aZjZZjHXk- (93)
k=1 k=1

It is easy to show that o/]y = 1. More importantly, they obey
nonlocal commutation relations:

ai; = wajo;, 1 <i< j<L (94)
We also have
of o = X;. (95)
Thus, the total Zy charge is given by
L/2
P=]]o}_ e (96)
j=1

The Kramers-Wannier duality of the spin chain becomes the
translation symmetry of the parafermions:

Traj — o). )

To write an explicit form for 7, we define the exchange
operator for a pair of parafermion operators. For i < j, define
a unitary B;; such that [53,54]

Bij 1o = aj, aj — wai'a2-. (98)

~

An explicit expression for B;; is given by

N—1
1 >
B:= — a)—m(n _n)Pn 99
=N ano i ©9

Here m = % One can check that B;; preserves the total Zy
charge P. We provide a derivation of B;; in Appendix C.

With the exchange operator, we can represent the transla-
tion T; as follows:

T, =Bn...BLor 1B 1L, (100)
under which
(101)

So with a fixed P, the unitary Eq. (100) indeed acts as transla-
tion.
Now we are ready to calculate the disorder operator:

aj —>ajy, 1< j<L a— wzale.

(T = — TrASP”w*’"(”L")L/Z
yi= I—1
\/ﬁ D n=0
1 N—1
_ —m(n>—n)L/2
= T Z“’
m n=0
1 N—1
_ —mn*L/2
= =i Z‘“
\/N n=0
L Iveed(™E N (102)
1 Ivsea("E )
\/NL 1 2
For N an odd prime, we find
T 1 {N, L=0(modN) (103)
e \/NLfl \/N, otherwise.

094415-12



TOPOLOGICAL DISORDER PARAMETER: A MANY-BODY ...

PHYSICAL REVIEW B 106, 094415 (2022)
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FIG. 5. For Wen’s plaquette model on cylinder of various cir-
cumference L,, (a) ground-state energy e,, (b) von Neumann
entanglement entropy (EE) Syn, and (c) negative logarithmic partial
translation expectation value — In |(74)|, are shown versus the mag-
netic field 4. (d) Shows the topological entanglement entropy (TEE),
and the topological disorder parameter extrapolated from — In [(7}3 )|
for L, = 6, 10, 14 (denoted as TDP1) and the one for L, =8, 16
(denoted as TDP2), in units of In 2.

3. DMRG results

Similar as in Sec. IV A 2, for the system away from exactly
solvable limit and perturbative regime, we perform DMRG
simulations to compute the TDP of Wen’s plaquette model
with both transverse and longitudinal fields in the Hamiltonian
in Eq. (79). In the DMRG calculations, we fix the length of the
cylinder to L, = 16, and vary the circumference from L, = 4
to 16, with maximal D = 2048 bond states kept which ensures
sufficiently small truncation errors € ~ 1075,

The numerical results are shown in Figs. 5 and 6. The
ground-state energy e,, entanglement entropy (EE) Sy, the
disorder operator (7,) for partial translation, and their ex-
trapolated values are shown in Figs. 5(a)-5(d), respectively.
To examine the topological order in the small-k cases, we

~

\S}

—InKTx) / In2

|
)

0 4 8 12 16
Ly

FIG. 6. For Wen’s plaquette model on cylinder with three differ-
ent fields 7 =0, 0.1, 0.5, (a) entanglement entropy (EE) is shown
versus circumferences L,. For the unperturbed case & = 0, EE’s are
well extrapolated to —In2 (— In V/2) for even (odd) circumferences,
as Ly, — 0. For h = 0.1 and 0.5, only even L, is considered and the
corresponding EE’s are extrapolated to — In 2 and 0. (b) The negative
logarithmic value of DP, — In [(T)|, is shown versus circumferences
L,. For h = 0, it is extrapolated to —In2 for L, = 6, 10, 14, and to
—% In2 for L, = 8, 16. For h = 0.5, DP extrapolates to 0.

consider the finite-size scaling of entanglement entropy (EE)
data in Figs. 5(b) and 6. In Fig. 6(a), EE’s versus L, are shown
for h = 0 and 0.1, and the data are well extrapolated to — In 2
(—In+/2) for even (odd) circumference as L, — 0. That is,
the system possesses a finite topological entanglement en-
tropy (TEE) for those /s, confirming their topological ordered
nature. On the other hand, the EE data for 7 = 0.5 are extrap-
olated to 0, as expected for the topologically trivial phase. In
Fig. 5(d), we have performed such extrapolation for all the
h’s concerned and for the even circumference cases. It shows
that at around 4 >~ h. TEE undergoes a change from —In2
to 0. We also note that, when performing the EE calculations
on odd-circumference cylinders for small 4, the EE data are
extrapolated to — In /2 instead of — In2. Physically, this is
because an odd-circumference cylinder is in the EMD defect
sector, so the TEE increases by In V2.

The results of DP and TDP for partial translation are
more intricate. For TDP, we find that it clearly vanishes in
the trivial phase [cf. Fig. 6(b)]. However, inside the topo-
logical phase, one needs to classify {L,} into three classes,
L, =4Q2k+1), 8k, 2(2k + 1) with k € Z. For the first class
of L, =4(2k + 1), i.e., circumference being odd multiples
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of 4, we always get zero values for TDP in the vicinity of
h = 0. For the second (third) cases, TDPs have finite values,
which are extrapolated to % In2 (In2) as L, — 0 as shown in
Fig. 6(b). These results are fully consistent with the discus-
sion in Sec. IVD 1, in particular, Eq. (91), as well as that in
Appendix D. In Fig. 5(d), we show the extrapolated values of
TDP [TDPI for L, = 2(2k + 1) and TDP2 for L, = 8k] as a
function of A. It is clearly seen that y ~In2 for the TDP1
cases and y =~ %an for the TDP2 cases in the vicinity of
h = 0. In Fig. 5(c), we also note that as a function of & the
(logarithmic) disorder parameters always show peaks around
the transition point ..

V. CONCLUSION AND DISCUSSION

In this work we introduce a topological invariant for (2 4
1)D gapped phases with global symmetry. We show that the
ground-state expectation value of the disorder operator for a
connected region M exhibits the following scaling form:

(Um ()| & dge™®1M1, (104)

where d, is a quantized invariant determined by both the
quantum dimensions of U(g) symmetry defects as well as
their local degeneracy. When the entanglement Hamiltonian
can be approximated by a (1 + 1)D CFT, we derive a precise
formula for d,. We also study a wide range of examples, in
particular in lattice models such as Zy toric code and Wen’s
plaquette models, with both CFT and non-CFT entanglement
Hamiltonian, to demonstrate the validity of Eq. (104) and the
relation between d, with quantum dimensions of U, defects.

In all our calculations we have reduced the disorder pa-
rameter to the thermal expectation value of a global symmetry
transformation in a (1 4+ 1)D system in the high-temperature
limit. Therefore, our result can also be interpreted as a univer-
sal invariant of the (1 + 1)D system with global symmetry. It
is an interesting question to establish the result directly in a
(1 + 1)D theory, especially beyond CFT.

In this work we focus on (2 + 1)D gapped phases as the
symmetry defects are well understood. It will be interesting to
understand what happens in higher dimensions. For instance,
the quantum double model studied can be easily generalized
to arbitrary dimensions and in fact the result does not really
depend on spatial dimension. There are also generalizations
of electromagnetic duality symmetry in higher dimensions,
such as the duality group of U(1) gauge theory in (3 + 1)D
or Zy 2-form gauge theory in (4 4+ 1)D [55]. Disorder pa-
rameters in these examples should also reveal topological
corrections related to quantum dimensions of defects. Like the
(2 + 1D case, the disorder parameter can be expressed as a
thermal average of the global symmetry transformation in the
entanglement Hamiltonian. Assuming that the entanglement
Hamiltonian is qualitatively similar to the boundary Hamilto-
nian, similar questions can be raised for “duality” symmetry
in the boundary theory, when there is self-duality.
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APPENDIX A: TDP ON A CYLINDER

In this Appendix we calculate TDP when the region is
a half of the cylinder, with boundary along the periodic di-
rection. We will also assume that there is an anyon flux a
through the cylinder. Apparently, a has to be invariant under
the symmetry, otherwise the disorder parameter vanishes. The
reduced density operator is given by

(AD)

Here & and &, are the effective correlation lengths on the left
and right edges. Importantly, the left (physical) edge has & =
oo, while the right edge, which is the entanglement cut, is at a
finite but high temperature £, [56]. We note a similar geometry
has been used in the computation of entanglement spectrum
in (2 + 1)D quantum many-body systems [57]. The disorder
parameter is then given by

é &
Try,Uge™ TH Try Use™ TH:
(Ug(M)) = : :

(A2)

§ r
TrHae_TlH/ TI'Hae_STH’
The left edge, being at the zero temperature, is dominated by
the ground-state contribution in the sector a. Since the sector
‘H; is invariant under the transformation, we may assume that
the symmetry acts on the highest weight states as a unitary
matrix, whose trace is xz(g):

IH]

B
Try, Uge™ 7™ xa(8)

Tr%e—sT'Hf pa(0)’

(A3)

Here, p,(0) is the degeneracy of the highest weight space.
For the right entanglement edge, we again use modular
transformation to evaluate the partition function:

i&, _&
Zflﬂ*g)<7) = Try U™ H
Mg 1) i
- ysirzen(5)
bg &

2y
ol DI LR CY

bgeA,
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and the denominator

, il
Trq.Laei%H" = ZSahZ;,(ﬁ—) ~ 540- (AS)
b r

We thus find
(1,9

_ Xxa(®) Sa.bg _2rhe
(Us0)) = 2= > oo (a8

beeAg

APPENDIX B: QUANTUM DIMENSION OF GENONS

We compute the dimension of Og directly from the fusion
rule using Verlinde formula

.= Y N o adada, ... da,

Alyenny ay
j : 2 : Saleazx .. Sa,,x
- Sn_z da| da'; da,,
ay,...da, X Ox

n
=> 85D (Z SOHSM>
X a
= S5 "D"
= D2, (B1)
APPENDIX C: EXCHANGE OPERATOR

FOR PARAFERMIONS

For two Zy parafermions «; and «;, suppose they sat-
isfy ajop = wapay. Assume N is an odd integer. Define the
Zy charge P, = afoeg, and consider unitary operators of the
form [54]

N—1
1 —WLV!Z n n
By = i gw tanpn (C1)

First we prove Bj; is a unitary. We can work in the eigenbasis
of Pj», setting P, = w:

1

N-1
2
B, = 2 ™ +(k+q)n

\/N n=0
1 N—1
- w—m[nz—m’l(k-&-q)n]

NS
n=0
1 N-1

- =27 m 7 k)P
V>
n=0

N-—1
1
__a(k+q)? § —mn® (C2)
= w R w .
v N n=0

Since a = (4m)~', ie., 4ma = 1(modN). The remaining
Gauss sum can be evaluated in closed form:

1 = 7"17[2 m
= 75 =en(5)- (C3)

where

{1, N =1mod4 ()
= i, N =3mod4.

It is sufficient for our purpose to know that the Gauss sum
evaluates to a phase factor. Thus, we have shown that By, is a
unitary.
Now we compute BlzalB}LZ. First we notice
-1
P]g()l] = a;fazotl =w ()t]P]z. (CS)

Therefore, we have

N-1
1 2
B]zOl]Blz = — Za)fmn +anInZOl]BTz
Y N n=0
1 N-1
2
=a)— Zw_mn +qn“’_nplnzBJlrz
N2
n=0
;!
2
= — Z @M k=n gt
VN 5
n=|
12 2
— a1|gm|2wa(k+q 1) w a(k+q)
— O{lwa[Z(kJrq)fl] — wa(qul)alpfza. (C6)
Setting g = m = 27" = Y+ we obtain
Blz(xlBTz = Ol]Plz = ). (C7)

APPENDIX D: CFT ANALYSIS
1. Ising and Spin(v); CFTs

In the following t denotes the complex parameter of a 2D
torus, and ¢ = ™7 First, define the partition functions for a
free Majorana fermion

[o.¢]
_L _
ZAA(I) = TrquLO B =q 1/48 1_[(1 +qn+1/2)’
n=0

Zap(t) = Trns (—1)Vgh ™5 = g7 VS [ ] = 172,
n=0
L e A

Zn(1) = = Treg 7 ,E)(l +q"). (D)
Here, P (A) means periodic (antiperiodic) boundary condition
in the spatial or temporal direction.

The chiral Majorana theory is closely related to the Ising
CFT. In fact, the latter can be obtained from coupling the
Majorana fermion to a Z, gauge field.” More generally, by
coupling v copies of chiral Majorana fermions one obtains the
Spin(v); CFT.

When v is odd, Spin(v); has three primaries, which will be
labeled as 1, v, and o. The corresponding characters are

1 1
X" = E(ZXA +Z3p); Xx(pV) = E(ZXA —Z3p);

) 1 v
= —Z. (D2)

N

2Technically, applying the Gliozzi-Scherk-Olive (GSO) projection.
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Note that the v = 1 case is actually the Ising CFT. We will
suppress the superscript in this case, i.e., X(l) = y, fora =
1,¢,0.

The corresponding conformal dimensions are h; =

0, hy = 7 hy = 1—"6. The modular S and T matrices of the
theory read as
1 1 V2
1 .
s=3| 1 1 V2|, Ty = 8ape™™ 2. (D3)
V2o =V2 0
For v even, Spin(v); has four primaries, labeled as

1, ¥, vy, v—, with conformal dimensions h; =0, hy =

1 _ v
3 hy, = 3 The characters are

X" =323 + Zip), X,;,v) = 3(Zia

1
3 — Z3p).
vy _ 1
sz EZIL;A

(D4)

2. EDM disorder parameter

At the level of bulk topological order, Spin(v); can be
viewed as a Z, gauge theory coupled to fermionic matter.
For even v, the two fermion parity vortices vy are completely
symmetric and there is a Z, symmetry that swaps the two. In
the chiral CFT, such a symmetry can be realized as the fermion
parity of one of the chiral Majorana fermions. Without loss of
generality, let us choose it to be (—1)™. We now calculate the
disorder parameter for this symmetry:

1 1
(1) = v Ns%( 1yViglo5
MZAA(T)ZAp(T)' ™" 4 Zap(1)Zan(T)" 1]
_2
x1(7)
_n@n'” )(r)v—)xw(f)x(“ (e 2 )
X (T)
iB

Now for a purely imaginary T = -, we use modular trans-
formations to find the asymptotic forms of the characters for

small 8 < [:
A il
Xa(T) = Xb:sahXb<E>-

Then, we can expand the character

(D6)

X"(Z) Zpb(m)e T & py0)e F 0,
m=0

D7)

J

Applying the approximation to Eq. (D5) and keeping only the
most relevant terms, we find

(=1 W=D (LY, (i
(1 ~ e @0 + 1 G0 ()

)
Xi (ﬂ)
Zﬁef%, v=2
o (D8)
\/Ee_@, v > 2.

We now turn to a different but closely related example, that
is, an internal EDM symmetry in a Z, toric code. When the
symmetry is present, the boundary of the Z, toric code must
be gapless. One family of possible boundary theories is the
Spin(2n + 1); CFTs, and the n = 0 case is the Ising CFT.
These CFTs can all be represented as (nonchiral) Majorana
fermions coupled to a Z, gauge field. The EDM is realized as
“chiral” fermion parity, say (—1)"x.

First let us write the vacuum character for the CFT, from
GSO projection of the Majorana fermions:

1+ (=N

Ly =Tns————— g w g

1
=3[ @ + [ @f ]

D9)

To calculate the disorder parameter for (—1 YWe | we need

1+ (_1)NL+NR

TrNS 5 (_1)NR LO*@@ 0*@
le”)(r)] @ (D10)
Putting together we have
1 v i 2
a1 (D) = (%

)|
(1)) = o
X+ g (I

Wiy

%\/E (U)( )xo (E{|)

()

+c.c. .
~ 22

(D11)

Here we used the fact that p,(0) = 2" (i.e., the dimension of
the spinor representation) for Spin(2n + 1); CFT.

Next we consider what happens if velocity anisotropy be-
tween the 2n + 1 Majorana fermions is introduced, so the
boundary theory is no longer a CFT. In the following denote
v = 2n + 1. The entanglement Hamiltonian is now assumed
to be

(D12)

- , -0 1
i=1

where L(()i) is the Hamiltonian for the ith chiral Majorana
fermion:

(=DM =

Under modular S transformation,

Zan(T) = Zaa(—1/7), Zap(t) = Zpa(—1/7).

T2 ZaaG) [Tz Zar(z) + [Ty Zar(x) [T~ Zaa(zi)
[Ty 1Zap(t)? + [Ty 1Zaa(ti)? ’

(D13)

(D14)
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Plugging in t; = ’ﬂl , we have
(1) — T2 Zaa () TTizs Zea () + Tz Zea () TTI 1ZAA(EZ) D15
[T 1Zea(5)17 + T 1Zaa () 12
[
Using  Zaa = xo + xy> Zoa = v2X,, and the expan- Thus, we have
sion (D7), we find 1 14 (—1)Vet+Ne '
(T) = ZTrNs—+( 2) T (mP-nt)
nl v 1
((_1)NR> %2n+1\/§e*72i:1ﬁj_ (D16) o o
T+ )| — T+ 7

So, the TDP is not affected.

3. Partial translation

We now calculate the disorder parameter for partial transla-
tion in Z, toric code, assuming that the boundary theory is an
Ising CFT. First, we need to understand how the lattice trans-
lation is represented in the field theory. After fermionization,
the Hamiltonian of a critical Majorana chain of length L reads
as

H =" "sinky;[y — Eo, (D17)
k

where k = 2”“71 for n =0,1,.

condition, and Ey =

— 1 for NS boundary
T We now deﬁne Yk >~ Vi, Vrr =
Yn—y for small k, then at low energy the Majorana fermion
theory can be approximated by

H =) k(W Y+ Vpvw) —E,  (DI3)
k

where the constant Ey = 2n +5r + O(L%).

The translation operator T acts on the lattice Majorana
operators as T : ¥; — ;1. In the momentum space, T be-
comes

Ve — Yk, Yre — —e Y, (D19)
which can be more compactly written as
T = (—1)eiL, (D20)

Here P = Ly — Ly is the CFT momentum.

14 (=1)" +2e%
14 (=1)" — 2%

V21 = (=11

xin 1
ST"S = e 24 —
4

The prefactor then evaluates to |2 cos =

(@ + 1xy (O

Now, for a purely imaginary t with Im 7 > 0, we use modular
transformations to find the asymptotic forms of the characters
for small g8 [22]:

1 1
Xa(f + Z) = ZSabXb<__C + l)
b L
- Z(STL>abxb( ’Ll)
_"_

L

. 11
= Z(ST S)ab Xb L) (D22)
b

Therefore,

1,8 1
xa( 7 ) Z(ST S)ahxh<——+ﬁ—L) (D23)

and then after expanding the character we have

L O S (U 2}
BL L

Note that the expansion is only valid for SL « 1.
We have a similar estimate for the denominator:

( ) Zsabxb( ) Zsabe G (D25)

for L/B > 1, which is obviously satisfied if SL < 1.
In each case, the leading term is b = 1 with h; = 0, so we
finally obtain

[(STES)1|* — |(STLS)¢1|28_%
IS111? + ISy1]?

The modular transformation S7"S takes the following form:

(D24)

@-1)

(T) =

(D26)

L (=1 =2e% V201 = (1)1
L+ (=1 425 V201 = (=1)]
VA= (=11 201+ (=1)]

D27)

| showing the same L dependence as the lattice model calculation.
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