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SUMS OF RECIPROCALS OF RECURRENCE RELATIONS

HAO CUI, XIAOYU CUI, SOPHIA C. DAVIS, IRFAN DURMIC, QINGCHENG HU, LISA LIU,
STEVEN J. MILLER, FENGPING REN, ALICIA SMITH REINA, AND ELIEL SOSIS

ABSTRACT. There is a growing literature on sums of reciprocals of polynomial functions
of recurrence relations with constant coefficients and fixed depth, such as Fibonacci and
Tribonacci numbers, products of such numbers, and balancing numbers (numbers n such that
the sum of the integers less than n equals the sum of the r integers immediately after, for some
r which is called the balancer of n; If n is included in the summation, we have the cobalancing
numbers, and r is called the cobalancer of n). We generalize previous work to reciprocal sums
of depth two recurrence sequences with arbitrary coefficients and the Tribonacci numbers,
and show our method provides an alternative proof of some existing results.

We define (a,b) balancing and cobalancing numbers, where a and b are constants that
multiply the left-hand side and right-hand side respectively, and derive recurrence relations
describing these sequences. We show that for balancing numbers, the coefficients (3,1) is
unique such that every integer is a (3,1) balancing number, and proved there does not exist
an analogous set of coefficients for cobalancing numbers. We also found patterns for certain
coefficients that have no balancing or cobalancing numbers.

1. INTRODUCTION

The Fibonacci numbers have numerous interesting properties and applications; see for ex-
ample [6]. We take as their definition Fy =0, F; = 1 and F,, = F,,_1 + F,,_2. In addition to
studying these, we examine several generalizations, including the Tribonacci numbers, defined
as T() == 0, T1 = T2 =1 and Tn =1p_1+ Tn—2 + Tn_g.

Ohtsuka and Nakamura [7] derived the following formula for infinite reciprocal sums of
consecutive Fibonacci numbers, where |z | is the greatest integer at most x:

i 1 ) Fao ifniseven and n > 2 (1.1)
F;  |F,2—1 ifnisoddandn > 1. '

k=n
Anantakitpaisal and Kuhapatanakul [1] extended this result to the Tribonacci numbers,

o0

Z i _ Tn - Tn_l lf T—(n+1) < 0 (12)
— Th T, —T,-1—1 if T—(n+1) > 0,
while Komatsu [5] proved a formula for the nearest integer of such sums,
-1
[e.e]
1 1
=) 45| = Tn—Tw (1.3)
T 2
k=n
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Given the results above, it is natural to ask if they hold for other recurrence relations. Bal-
ancing numbers are numbers n such that the sum of the integers less than n equal the sum of
the r integers immediately after, for some r which is called the balancer of n. For example, 6
is a balancing number with balancer 2 because

1+2+3+4+5 = 7+8.
Behera and Panda [2] showed that balancing numbers follow the recurrence relation
B,+1 = 6B, — By_1, (1.4)

with initial terms B = 6 and By = 35, where B,, is the n'® balancing number. The reciprocal
sum of balancing numbers has been proven by [10]:

. -1
1

> — = B,—Bn_1 —1. (1.5)
k=n Bk

If n is included in the summation on the left-hand side we have the cobalancing numbers,
first introduced by Panda in [9], and r is called the cobalancer of n. For the cobalancing
numbers, Panda and Ray [9, 12] showed that

bpt1 = 6by, —bp—1 + 2, (16)
with initial terms b; = 2 and by = 14, where b,, is the n'" cobalancing number.

Remark 1.1. While the cobalancing numbers do not come from a depth two recurrence with
constant coefficients, a trivial modification does. Consider the shifted sequence ¢, = b, — d,
with d to be determined. Then

bost—d = 6(by—d) — (bp_1 —d) +2
bt —d = 6bp—bu_1 +2— 5d
bpt1 = 6b, —bp_1+2—4d, (17)

where by, is the n'™ cobalancing number. Thus if we take d = 1/2 then b, = ¢, + d satisfies a
depth two constant coefficient recurrence relation.

We generalize these definitions to define the (a, b) balancing and cobalancing numbers, where
a, b are constants that multiply the left and right-hand sides.

Definition 1.2. Let a,b € Z* be coprime, the (a,b) balancing numbers are positive integers
n such that the equality

a(l+24---+(n-1) =b(n+1)+n+2)+--+(n+r)) (1.8)
1s satisfied for some positive integer r, and r is called the balancer of n.

Definition 1.3. Let a,b € Z* be coprime, the (a,b) cobalancing numbers are positive integers
n such that the equality

a(l+24+---+m—-1)+n) = b((n+1)+n+2)+ -+ (n+r)) (1.9)
1s satisfied for some positive integer r, and r is called the cobalancer of n.

We find recurrences describing (a,b) balancing and cobalancing numbers, including numer-
ical solutions for cases where a < 7, b < 5, and we derive analytically depth-two recurrence
relations for all (a, b) cobalancing numbers and their corresponding cobalancers with a € {1, 2}.
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Theorem 1.4. All (a,b) cobalancing numbers such that a € {1,2} can be described by a depth
two recurrence plus a constant term of the form

cn = (2m+2)cp—1 — cp—o + m, (1.10)

where m = 2b/a. For any of the depth two recurrences of this form, the sequence of (a,b)
cobalancing numbers starts with ¢, = m, ¢y = 2m? + 3m.

Theorem 1.5. The cobalancers of (a,b) cobalancing numbers such that a € {1,2} can be
described by a depth two recurrence of the form

rm = (2m+2)rp_1 — rp_2, (1.11)

where r,, is the cobalancer of the n' cobalancing number and m = 2b/a. For any of the depth
two recurrences of this form, the sequence of (a,b) cobalancers starts with 1y = 1,179 = 2m+ 2.

We then explore the infinite reciprocal sums of depth two recurrence sequences. Our two
main results on these recurrences that apply to sequences describing cobalancing numbers
are shown below. The proofs are similar to Theorem 2.1 in [I0] which proves the result for
reciprocal sums of balancing numbers. In Theorem we generalize the result to arbitrary
coefficients. Completing the proof required certain restrictions on the coefficients, along with
Lemma B to find the square of the n'? term in the sequence. In the proof of Theorem [[7] we
also consider arbitrary coefficients, and we see a new feature that the square of the n* term
in the sequence depends on the parity of n. We handle it by separating the proof into two
cases; one when n is even, and another when n is odd.

Theorem 1.6. For all recurrences of the form
Cnil = (Cp — Cn_1+ S, (1.12)
where q,5 € Rzg,q > 2,c0 = 0,¢c1 = 5, if s > % and
0 < (g—s)en —2¢p—1+s—1, (1.13)
then for any positive integer n, we have
0 1 -1
<Z —) = ¢p —Cp_1— 1, (1.14)
Ck
k=n
where ¢, is the n'™ term in the sequence.
Theorem 1.7. For all recurrences of the form
Cptl = (Cp+T7Cn_1,

where q,7 € Rg,co =0, 1 =t, and t > 0, we have the following cases.

Case 1: when ¢ > 3 and —1 <r <0, if
()" < e —cpo1 — 1

then for any positive integer n,

(£2)
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THE FIBONACCI QUARTERLY
Case 2: when ¢ > 2 andr >0, if
{t2(—r)”_1 < Cpy1—Cpog — 1 if n is odd
t2(—r)" ! > —cpi1+ e — 1 if nis even,
then for any positive integer n, we have

0 -1 . .
<Zi> B {cn—cn_l—l ifnisoddandn >1

=k Cp — Cp—1 if nis even and n > 2,

where ¢, is the n'™ term in the sequence.

We also investigate further the floor and nearest integer of infinite reciprocal sums of every
other Tribonacci number, and then generalize the results to the reciprocal sums of every n'®
Tribonacci number. In addition, we explore the alternating sum of Tribonacci numbers and
sum of generalized Tribonacci numbers. The main result we obtained on Tribonacci numbers
is as follows.

Theorem 1.8. Let m be a positive integer. For large enough n, we have that

oo -1
(Z ! ) = T — Thm, (1.15)

=0 Tn—i—mk

where {j} denotes the closest integer to j.

We then prove several interesting results for specific cases of (a, b) balancing and cobalancing
numbers.

Theorem 1.9. If a and b are relatively prime integers, then (3,1) is the only choice of (a,b)
for which every positive integer n is an (a,b) balancing number.

Theorem 1.10. Coefficients (a,b) do not exist such that every positive integer n is an (a,b)
cobalancing number.

Theorem 1.11. For all coefficients (a,b) such that a = 16y> + 16y + 3 and b = 1, where y
s a positive integer, the only cobalancing number will be n = y with corresponding cobalancer
r=4y? + 3y.

Finally, we define square balancing numbers as positive integers n such that the sum of the
squares of integers less than n equal the sum of the squares of r integers immediately after,
for some positive integer r which is called the square balancer of n. If n is included in the
summation, we have the square cobalancing numbers, and r is called the square cobalancer of
n. We then explore interesting patterns for (a,b) square balancing and cobalancing numbers.

2. RECURRENCES FOR (A,B) BALANCING AND COBALANCING NUMBERS

Using the code attached in Appendix [B we found recurrence relations for many (a,b)
balancing and cobalancing numbers and their corresponding balancers and cobalancers. Inter-
estingly, the (1,1) balancers are equivalent to the (1,1) cobalancing numbers, and the (1,1)
cobalancers are equivalent to the (1,1) balancing numbers, except for the inclusion of 1 as the
first cobalancer, but not as the first balancing number.
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The tables below contain recurrences for (a,b) balancing and cobalancing numbers and
their corresponding balancers and cobalancers. We write a generalized depth d recurrence

with constant coefficients x,_1,Z,_o9,...,Z,—_q plus a constant term x as
Cn = Tp—-1Cn—1 + Tp—2Cn—2 + -+ Tp—dCn—d + rg — (wn—la Tp—25-+-3Tn—d @) (21)
or (Tp—1,Tp—2,...,Ty_q) if xg = 0.

Note that the constant term xy will appear underlined if it is nonzero.

Although (1,1) balancing and cobalancing numbers can both be described by depth two
recurrences, we found that (a,b) balancing and cobalancing numbers can be described more
generally by depth five recurrences that follow interesting patterns. Similarly, the correspond-
ing balancers and cobalancers can also be generally described by depth five recurrences.

b

1 2 3 4 5
T (1,34,-34,-1,0) (1,98,-98,—1,1) | (1,194, —194, —1,1) | (1,322, —322, —1,1) | (1,482, —482, —1,1)
2| (1,194, 194, —1,1) | (1,34, 34, —1,1) (1,62, 62, —1,1) | (1,98, 98 —1,1) | (1,142, —142, —1,1)
3 (1,2,-2,-1,1) Undetermined (1,34,-34,—-1,1) (1,254, —254,—1,1) Undetermined
¢z (1,322,-322,-1,1) (1,194, —-194, —-1,1) Undetermined (1,34,-34,-1,1) Undetermined
5| (1,98,—98,—1,1) (1,898, —898,—1,1) Undetermined Undetermined (1,34,-34,—-1,1)
6 | (1,254,—-254,—-1,1) (1,2,-2,-1,1) (1,194, —-194, —-1,1) Undetermined Undetermined
7 (1,34,-34,-1,1) (1,1154,—1154, —1,1) Undetermined Undetermined Undetermined
TABLE 1. Depth Five Recurrences for (a, b) Balancing Numbers and Balancers.
b
1 2 3 4 5
11((1,34,-34,—-1,1) | (1,98,—-98,—1,1) | (1,194, —194,—1,1) | (1,322,—-322,—1,1) | (1,482, —482,—1,1)
2| (1,14,-14,-1,1) | (1,34,-34,—-1,1) (1,62, —62,—1,1) (1,98,—-98,—1,1) (1,142, —142,—-1,1)
a 3 None (1,34, 347 1,1) | (1,34,-34,—-1,1) | (1,254,—254,—1,1) Undetermined
4| (1,18,-18,-1,1) | (1,14, —-14,-1,1) Undetermined (1,34,—-34,-1,1) (1,42,—42,-1,1)
51 (1,10,-10,-1,1) | (1,30, 30 —1,1) (1,98,—-98,—1,1) Undetermined (1,34,-34,-1,1)
6| (1,16,—16,—1,1) None (1,14, -14,-1,1) (1,34,-34,-1,1) (1,178, —178,—-1,1)
71 (1,34,—-34,—1,1) | (1,34,-34,—-1,1) Undetermined Undetermined Undetermined

TABLE 2. Depth Five Recurrences for (a,b) Cobalancing Numbers and Cobal-
ancers.

From Table [I we see that most (a,b) balancing and cobalancing numbers in this range
can be described by depth five recurrence relations of the form (1, K, —K, —1,1), where K is
a positive integer. The (a,b) balancers and cobalancers can be described by the exact same
recurrences as the corresponding balancing and cobalancing numbers, although the initial
values in the sequences are different. One notable exception in Table 2 is for (3, 1), for which
there are no cobalancing numbers and is therefore marked “None.” For several other sets of
coefficients we were unable to find enough terms to determine a recurrence relation for the
sequence, and these were marked “Undetermined.” This became a more significant issue for
larger values of @ and b for which the balancing and cobalancing numbers are often more
spread out.

Some recurrence relations are the same for equivalent coefficients (a, b) between balancing
and cobalancing numbers. Interestingly, when the recurrence relations differed for a given set
of coefficients, we found that the recurrences for balancing numbers and their balancers were
of the form (1, K? -2 — (K 2 2) ,—1, 1), while the recurrences for cobalancing numbers and
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their cobalancers were of the form (1, K,—K,—1,1), for some positive integer value of K.
However, the set of coefficients (1,1) was unique because the terms in the balancing and
cobalancing sequences, or the sequences for the balancers and cobalancers, were equivalent.

The first two rows of Table 2 can also be written as equivalent depth two recurrences plus
a constant term for (a,b) cobalancing numbers.

b
1 2 3 4 )
a|l (67_172) (107_174) (147_17§) (18 7§) (227_17m)
2 (47_171) (67_172) (87_173) (10 74) (127_17§)

,—1
,—1

TABLE 3. Depth Two Recurrences for (a,b) Cobalancing Numbers

From Table [ there is a more noticeable pattern in the recurrence relations. Following the
proof technique used in [2] and [11] to derive the recurrence formulas for (1, 1) balancing and
cobalancing numbers, we prove the following theorem.

Theorem [1.4] All (a,b) cobalancing numbers such that a € {1,2} can be described by a depth
two recurrence plus a constant term of the form

cn = (2m+2)ep_1 — o +m, (2.2)

where m = 2b/a. For any of the depth two recurrences of this form, the sequence of (a,b)
cobalancing numbers starts with ¢, = m, ¢y = 2m? + 3m.

Proof. By the definition for cobalancing numbers with coefficients (a,b), for a cobalancing
number n we have

a<w> _ b<(n—|—7“)(n—|—r—|—1) (n+1)n> 2.3

2 2 2
a
Z(n—l—l)n = (m+r)n+r+1)—(n+1)n
%nz—l—%n = P44 2r+n+r—ni-n
0 = 7‘2—1—(271—1—1)7“—%712—%11
v @ —(2n+1)+ /A +49H)n2 + (4 +45)n+1
2 )

where the negative solution of 7 is omitted due to the range of r. We will use the following
two lemmas to complete our proof of Theorem [I.41

Lemma 2.1. The smallest (a,b) cobalancing number for a € {1,2} and b € Z" is 2b/a with

cobalancer 1.
2b (2b
£ (22 4]
a<1_|_..._|_2_b> — G<M>
a 2

22
- Ty
a

- u(2), »
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we have that 2b/a is a cobalancing number with cobalancer 1. Since by Equation (2.3), the
value of r is uniquely determined by n for fixed a and b, and r strictly increases as n increases,
if there exists a cobalancing number ¢ < 2b/a, its cobalancer must be less than 1 which
contradicts the possible range of the cobalancer. Hence 2b/a must be the smallest cobalancing
number. (]

Lemma 2.2. Let

flz) = <%b+1>$+g\/<4+4%>$2+<4+4%)$+1+2. (2.5)

If x is an (a,b) cobalancing number with a € {1,2} and b € Z*, then there is no cobalancing
number y such that x <y < f(x).

Proof. Since the derivative of f,

o) = 2Vb (2z + 1) (b + a) 4 2bv/4ba? + 4az? + 4ax + 4bx + b N
a/4bx? + dax? + dax + 4bx + b
for non-negative x, f strictly increases for x of that range. Hence the range of f(x) over
non-negative z is [f(0), 00) = [2b/a, 00). Also, since f is bijective and = < f(z) for all x > 0,
f~1, which is defined over [2b/a, o), exists and is strictly increasing with f~!(z) < z.
By Lemma 2] for a cobalancing number z, we have x > 2b/a. Thus let u = f~!(z), then

f(u) =z and
2b b b
u = <E+1>$—a\/<4+4%>x2+<4—|—4%>x+1+a. (2.7)

Note that u is an integer if a € {1,2}. We will show that u is also a cobalancing number
by showing that its cobalancer, given by Equation (2.3)),

1 >0 (2.6)

o —(2u+1)+\/(4+42%)u2+(4+4%)u+17 (2.8)
is an integer. Since f(u) = x we have
2b b a a b
_ _ _ 2 _ —
r = <a+1>u+a\/<4+4b>u +<4+4b>u+1+a, (2.9)
and thus
b a a b 2b
_ e 2 _ — ==
a\/(4+4b>u +<4+4b>u+1 = (a +1>u
DN 2 a — N
\/<4+4b>u +<4+4b>u+1 (0 —w) ¥ —2u—1. (2.10)

Substituting Equation (2.7) for u, we get

\/<4+4%)u2+<4+4%)u+1: <\/<4—|—4%)$2—|—<4+4%)$+1—(2$+1)> 1.

(2.11)

Hence

_(2u—|—1)—2u—1—(23:—|—1)—|—\/(4+4%)$2+(4+4%)$+1

2
= —(2u+1)+r, (2.12)
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where r is the cobalancer of x, so ' must be an integer.
We define the sequence (¢,) by ¢g = 0 and ¢, = f(c,—1). Suppose for contradiction there
exists a cobalancing number ¢ between ¢; and ¢;11. Thus we have

c; < d < Ci+1

Ci—1 < f_l(C/) < ¢
cie < fTHI) < ¢

co < fU) < e (2.13)

By our previous result, f~¢(¢/) must also be a cobalancing number. However, Equation (2.13)
contradicts Lemma 2.1}, hence our assumption is false and the sequence starting with ¢; = 2b/a
determined by f are the only cobalancing numbers. O

We now continue our proof of Theorem [[L4l From Equations (Z7) and ([2.9]) we have that

2b b a a b
— - _ - 2 - _
Cnp1 = (a +1> Cn + a\/<4+4b) 2+ <4+4b>cn—|—1—|— =, (2.14)
and
2b b a a b
n_:—1n——<44—244—n1—, 2.1
Cni <a+>c a\/ +az) @+ (4447 ) ot 142 (2.15)
where ¢, is the n'!" cobalancing number. Adding both equations gives
2b 2b
Cntl+Cno1 = 2 (— + 1> cp + —. (2.16)
a a
Let m = 2b/a. Then,
1 = (2m+2)c, — cp_q + m. (2.17)
O

The depth two recurrences are more useful than the depth five recurrences which do not
describe how the sequences begin, and can only be used to determine the sequence after the
initial terms are indicated. The corresponding cobalancers can also be expressed as depth two

b
1 2 3 1 5
a|1](6,—1) ] (10,—1) | (14, —1) | (18, —1) | (22, —1)
214, 1) [ (6,—1) | (8,—1) [ (10,-1) | (12,—1)

TABLE 4. Depth Two Recurrences for (a,b) Cobalancers.

recurrences but without the constant term. Their recurrence relations are described by the
following theorem.

Theorem The cobalancers of (a,b) cobalancing numbers such that a € {1,2} can be
described by a depth two recurrence of the form

o= (2m+2)rp_1 —Tn-2, (2.18)

where 1, is the cobalancer of the n*® cobalancing number and m = 2b/a. For any of the depth
two recurrences of this form, the sequence of (a,b) cobalancers starts with ry = 1,79 = 2m—+2.
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SUMS OF RECIPROCALS OF RECURRENCE RELATIONS

Proof. From Equation (2I2) we have 2¢, + 1 = r,41 — rp, and hence ¢,, = W Substi-
tuting this result into Theorem [[4], we get

42 7 ;"H -1 (m—+1)(rp41 —rn—1) — In =Tt 72 T;_l -1 +m
(rnt2 —Tnt1) = (2m+2)(rpe1 —rn) — (rp — T—1). (2.19)

We now use induction to prove that r, = (2m + 2)r,—1 — rp—o.
Base Case: When n = 3,

ryg = 4m? + 8m + 3
= (@2m+2)?-1
= (2m+2)rqg —ry. (2.20)
Induction Step: Assume our result holds when n = k, hence
e = (2m+2)rg_1 — rp_o. (2.21)
By Equation (219 we have
Tit1 — Tk = (2m + 2)(rg — rp—1) — (rk—1 — Th—2), (2.22)
and adding Equations (221)) and (Z22]) gives
Thy1 = (2m+2)r, — 11, (2.23)

which proves our result for n = k+ 1. This only holds for a € {1,2} since we used results from
Theorem [[.4] which required this condition. O

The (a,b) balancing numbers and balancers, however, could only be generally expressed by
the depth five recurrences given above for a larger range of a.

3. RECIPROCAL SUM OF SEQUENCES

3.1. Reciprocal Sums of (a, b) Cobalancing Numbers. We now derive formulas for re-
ciprocal sums of depth two recurrences, which we then apply to the recurrences for cobalancing
numbers we found above.

Theorem For all recurrences of the form
Cn+1 = (Cp — Cp—1+ S,
where q,5 € Rzg,q > 2,c90 = 0,¢1 = 5, if s > % and
0 < (¢g—s)en —2¢p-1+s—1,
then for any positive integer n, we have

~1
00
1
<Z _> = Cp — Cp—1 — 17

k=n ¥
where ¢, is the n'™™ term in the sequence.
Proof. We begin by proving the following lemmas.
Lemma 3.1. For a recurrence relation in the form described in Theorem 1.8, for alln > 1,

ci = Cp+1Cn—1 + SCn. (3.1)
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Proof. We prove by induction that Equation (BI]) holds for all n > 1.

Base Case: When n = 1, both sides of Equation B.1]) gives s, so (B.0)) is true for n = 1.

Induction Step: Suppose Equation (B.I)) is true for n = k. Then,

Cht2Ck + SChe1 = (qCry1 — C + 8)cp + SCpp1

= q2C% — qcCr—1 — (Cpy1Cp—1 + s¢1) + 25qc, + scp — scp_1 + s
= qzci — qcpcg—1 — (qep, — cp—1 + 8)cp—1 + 25qcy, — scp—1 + s

(QQCk — qCip—1 + qs — ¢k + S)ck + SCrt1
q2ci — qCkCr—1 — Ci + ckqs + cps + S(QCk —Cp—1+ 3)
q2ci — qCkCr—1 — Ci + 2sqci + scp — Sscp_1 + 52

= q2ci — 2qcicp—1 + ci_l — 2scp—1 + 2sqcy, + 2

= (qex —cp—1 + s)2

2
Crt1-

Thus, Equation (31) holds for n = k + 1, completing the proof.

Lemma 3.2. For all recurrences of the form

Cn+1

= qc¢p — Cp—1 t S,

where ¢, s €ER, s >0, g > 2, and cg = 0,c; = s, we have

lim
n—00 Cp,

1
= 0.

—Cn—1

(3.2)

Proof. The limit in question must be non-negative since ¢; > ¢;—1. This is proved inductively
by noticing that ¢; > ¢g and if ¢, > ¢;,—1, then ¢,41 > 2¢, — ¢p—1 + 5 > ¢ + 5 > ¢, Then

. 1
0 < lim
n—oo C'I’L b CTL—I

IN

IN

IN

1
lim
n—00 ((] - 1)Cn—1 —Cp—2t+ S
. 1
lim
n—00 Cp_1 —Cp—2+ S
1

lim

n—oo (q — 1)cp—g — Cp_g + 2s

1
lim
n—oo c1 — Cg + (’I’L — 1)8
1
lim —
n—00 NS
0.

We now use these results to prove Theorem Let s > % and

0 < (¢g—8)en —2¢p—1 +s—1.

10

(3.3)

VOLUME, NUMBER
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Note that
1 1 . Cn—1
Cn—Cn-1 Cn C2 — CnCp1
Cpn—1
= 3.4
Cn—l(cn-i-l - Cn) + scn ( )
1
< —
Cpn+1 — Cp
Therefore we have that
1 1 1
< +— (3.5)
Cp — Cp—1 Cn4+1 — Cn Cn
and 1 1 1
< + (3.6)
Cn+1 — Cn Cn4+2 — Cpn+1 Cn+1
and ) ) 1
< + . (3.7)
Cpn42 — Cptl Cn+3 — Cp4t2 Cn+2
Adding inequalities (3.5]), (B.6) and ((B.7)), we have
1 1 1 1 1
— < =% + + . (3.8)
Cp — Cp—1 Cn Cn+1 Cn+2 Cn+3 — Cp4-2

Continuing the pattern and noting that the rightmost term converges to 0 as n approaches
infinity by Lemma [B:2] we obtain

Cp — Cp—1

1 = 1
—_— < —. .
» a3)
k=n
Next, suppose for contradiction that
1 1 1

< + —. 3.10
Cp—Cn—1— 1 Cntl—Cn—1 ¢y ( )

Note that ¢, — ¢,—1 —1 > 0. This can be proven inductively by using the recurrence relations
and the fact that ¢ > 2. For the base case we get co —c; — 1> 2s —1 > 0 since s > % Then,
the inductive step gives us ¢, —¢,-1 —1>¢p1 — €9+ s—1> s > 0. Thus, we have

1 A Cnt1 — 1
Cn —Cp_1 — 1 Cnt1Cn — C2 — Cp,
CnCn+1 — CEL — Cp < Cn+41Cn — Cn — Cpt1Cp—1 + Cp—1 —Cpg1 + 1
CEL > Cn+41Cn—1 — Cn—1 + Cn+1 — 1
Cn+1Cn—1+8Ch, > CpgiCn—1 —Cp—1+Cpy1—1
0 > Cntl — 8Cp —Cp—1 — 1
0 > (¢g—8)en—2¢p-1+s—1, (3.11)
which contradicts Equation (B8.3]). Thus
S (3.12)
Cp—Cn—1— 1 Cn  Cpy1—Cp—1
Continuing the pattern, we obtain
1 =1
PR— o (3.13)
k=n
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1
and we obtain the non-strict inequality because lim ——— = 0, which can be shown
n—oo Cp — Cp—1 — 1

by following the proof of Lemma Combining inequalities (8.9]) and ([B.I3)), we have

o0

1 1 1
— < - < —_— 3.14
Cp — Cn—1 ;:%Ck T oep—Cp1—1 (8:14)
Therefore
[ee] 1 -1
(Z —) = ¢p—Cpg — 1, (3.15)
C
k=n
which completes the proof. O

Corollary 3.3. For (a,b) cobalancing numbers with a € {1,2}, for any positive integer n we

have
o] 1 -1
< E _> = Cp —Cp—1— 17 (316)

c
k=n k
where ¢, is the n'" cobalancing number.

Proof. By Theorem [I.4] (a,b) cobalancing numbers with a € {1, 2} satisfy recurrence relations
of the form

1 = (2m+2)c, — cpoq +m, (3.17)
where m = 2b/a, and the sequences start with ¢; = m, ca = 2m? + 2m. Note that although
the initial conditions are slightly different from those described in Theorem [L@] the sequences
are simply shifted so we can extend them to include ¢y = 0. It is simple to check that these
recurrences satisfy the conditions in Theorem [[L6, and the result directly follows. O

Theorem [I.7] For all recurrences of the form
Cpntl = (Cp+T7Cp_1,

where q,7 € Ryg, cg =0, ¢y =t, and t > 0, we have the following cases.

Case 1: when ¢ > 3 and —1 <r <0, if
tz(_T)n_l < g1 — -1 — 1,

then for any positive integer n,

(£2)

Case 2: when ¢ > 2 andr >0, if

(=) < 1 — o1 — 1 ifnis odd
(=)t > —cpy1 41— 1 if nis even,

Cp — Cp—1 — 1.

then for any positive integer n, we have

o -1
(Zi> B {cn—cn_l—l if nisodd and n > 1

i Ck Cn — Cp_1 if n is even and n > 2,
where ¢y, is the n'™™ term in the sequence.

12 VOLUME, NUMBER
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Proof. We begin by proving the following lemma.
Lemma 3.4. For a recurrence relation in the form described in Theorem [1.77, for alln > 1,
ci = Cpi1Cn_1 —l—t2(—7‘)"_1. (3.18)

Proof. We prove by induction that Equation (B.I8]) holds or all n > 1.

Base Case: When n = 1, the left side of Equation (B.I8)) is #2, and the right side is
(0)(qt) + t? = t2. Both sides are equal so Equation ([BI8) is true for n = 1.

Induction Step: Suppose Equation (3.I8)) is true for n = k. Then

Chaack + 2 (=) = (qepsr + rep)er + 2 (—r)F
(Pcp + qrep—_1 + reg)ep + t2(—r)F
= ¢S+ qrepep— —r(=c2 + 2 (—r)F

= ¢’ + qrerci—1 + reppach—1

= (]26% + 2qregcg—1 + 7‘26%_1

= (qox + T‘Ck—l)2

= . (3.19)
Thus, Equation ([BI8]) holds for n = k + 1, completing the proof. O

Lemma 3.5. For a recurrence relation in the forms described in Theorem [1.7, we have

1
lim — = 0.
n—o0 Cn — Cn—l
Proof. We use strong induction to show that for all n € N we have ¢, —c¢,,—1 > nt, first focusing
on the case when ¢ > 3 and r > —1.
Base Case: By definition, ¢y — ¢g = t.

Induction Step: Suppose for all i € {2,---k}, that ¢;—1 — ¢;_2 > (i — 1)t. Note from our
inductive hypothesis it follows that the terms in the sequence ¢, strictly increase until ¢, and
¢; >t forallie{l,---k}. Then,

Cky1 — Ck (g —1)cp + reg—
2k — cp—1
ck +nt

(n+1)t,

AVARAVARLY]

finishing our induction. The same result follows easily when ¢ > 2 and r > 0. Therefore

. 1 o1
lim < lim —
n—00 Cp — Cp—_1 n—oo Nt
< 0
(3.20)
and the limit must be non-negative, so the result follows. O
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We now use these results to prove Theorem [L71 We will first prove Case 2, and note that
Case 1 will follow when we consider the case when n is odd. Let
2(=r)" ! < g1 —cuo1— 1 ifnis odd, and (3.21)
t2(—r)"_1 >  —cp+1 +cp—1—1 if nis even.
n—

First we consider the case when n > 1 and n is odd. Note that, since t?(—r)"~! is positive

when n is odd,

v 1 e
Cn—Cn1  Cn 2 —cpenot
= ol (3.22)
Cn—1(Cny1 — cn) +t2(—r)n—1 ’
1
< —
Cn+1 — Cn
Therefore we have that
1 1 1
< F— (3.23)
Cn — Cp—1 Cn+1 — Cnp Cn
and ) ) )
< + (3.24)
Cn+1 — Cp Cn+2 — Cp+1 Cn+1
and ) \ )
< + . (3.25)
Cn+2 — Cn+1 Cn+3 — Cn42 Cn+2
Adding inequalities ([B3.23]), (3.24) and (3.25)), we have
1 1 1 1 1
_— < —+ + + . (3.26)
Cp — Cp—1 Cn, Cn+1 Cn+2 Cn+3 — Cpy2

Continuing the pattern and noting that the rightmost term converges to 0 as n approaches
infinity by Lemma [B.5] we obtain

1 1
— < —. 3.27
Cp — Cp—1 kz_: Ck ( )
Next, suppose, for contradiction,
1 1 1
< +—. (3.28)
Cp—Cp—1— 1 Cntl —Cn—1 ¢
Then we have
1 c —1
< n+1 -
Cp— Cp—1— 1 Cn+1Cn — C;, — Cp
CnCnt1l — Co—Cn < Cn41Cp — Cp — Cng1Cne1 — Cn1 + Cpe1 + 1
G > Cpg1Cno1— Cno1+ g1 — 1
Cn+1Cn—1 + t2(_7')n_1 > Cn41Cn—1 — Cp—1 +Cpg1 — 1
0 >  cpy1—cCng — (=) -1, (3.29)
which contradicts Equation (8:2I]). Thus
1 1 1
—_— > -t —. (3.30)
Cp—Cp—1— 1 Cn  Cpy1—Cp—1
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Continuing the pattern, we obtain
1 1
- > -, 3.31
Cp—Cn—1— 1 _kz_;ck ( )

where we retain the non-strict inequality because lim ———————— = 0 which can be shown
n—0 Cp — Cp—1 — 1

by following the proof of Lemma Combining the two inequalities, we have
1 1 1
— < - — 3.32

Therefore

o -1
<Z l) = Cp—Cno1— 1, (3.33)

k=n

which completes the proof for odd value of n.

Next we consider the case when n > 2 and n is even. Note that, since t2(—r)" ! is negative
when n is even,

1 1 . Cn—1
Cn—Cne1 Cn 2 4 enen1
= ol (3.34)
Cn—1(Cpt1 — cn) + 2(—r)n1 '
1
2D —.
Cn41 — Cn
Therefore we have that
1 1 1
> + — (3.35)
Cp — Cp—1 Cn+1 — Cn Cn
and
1 1 1
> + (3.36)
Cn+1 — Cn Cn4+2 — Cpn+1 Cn+1
and
1 1 1
> + . (3.37)
Cn+2 — Cn+41 Cn+3 — Cn+42 Cn+2
Adding inequalities (3.35]), (3.30) and (3.37), we have
1 1 1 1 1
_ > —+ + + . (3.38)
Cp — Cp—1 Cn Cn+1 Cn+42 Cn43 — Cp4-2
Continuing the pattern, we obtain
1 =1
_ > —. (3.39)
Cp — Cp—1 b Ck
=n
Next, suppose, for contradiction,
1 1 1
> + —. (3.40)
Cn — Cp—1+ 1 Cn+1 — Cn + 1 Cn
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Then we have
1 Cn+1 +1
Cn — Cp—1+1 Cng1Cn — €2 +Cp

CnCntl — Co+Cn > Cnp1Cn+ Cn — Cug1Cno1 + Cnp1 — Cpo1 + 1
Ci < Cn+1Cn—1 — Cnt1 + Cp—1 — 1
Cnp1Cn—1 (=11 < cpricn1 — g1 Feno1 — 1
0 < —cpp1tepg — (=)t 1, (3.41)
which contradicts Equation (8:2I]). Thus
1 1 1
_ < — — (3.42)
Cn — Cp—1+ 1 Cn Cn+1 — Cp + 1
Continuing the pattern, we obtain
1 1
— < — 3.43
Cn—Cp—1+1 kZ:;L Ck ( )

L 7 converges to 0 as n approaches infinity.

since by a similar proof to Lemma [3.5], P ——
-

Combining the two inequalities, we have

1 1 1
_— < _ < —. 3.44
Cp—Cp—1+1 Z:;L Ck Cn — Cn—1 ( )
Therefore
-1
ii _ Jep—cp1—1 ifnisodd and n > 1 (3.45)
=k ) en—cne if n is even and n > 2, '

which completes the proof for Case 2.

For Case 1, note that since t2(—r)"~! > 0 when r < 0, we simply need to repeat the steps
we made for the cases when n is odd in Case 2 since it has been already covered. Thus, when
q >3 and r > —1, for all n we have

%o -1
<Z i) = ¢y —Cp—1 — L.

k=n
U

Corollary 3.6. For cobalancers corresponding to (a,b) cobalancing numbers with a € {1,2},
for any positive integer n, we have

. -1
<Z i) = ¢, —Cp_1— 1 (3.46)

C
k=n k

where ¢, is the n'™® cobalancer, c1 = 1, and co = (%b + 2).

Proof. By Theorem [[L5 cobalancers corresponding to (a,b) cobalancing numbers with a €
{1,2} satisfy recurrence relations of the form

1 = (2m+2)e, — cp-1, (3.47)
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where m = 2b/a, which corresponds with Case 1 of Theorem [[C71 We know from Theorem
that ¢; = 1, thus for all n, we have

2 < (Cn—i-l - Cn) + (Cn - Cn—l)
1 § Cn+1 — Cp—1 — 1. (348)

It follows that co = 2m+2, and although the initial conditions are slightly different from those
described in Theorem [I.6] the sequences are simply shifted so we can extend them to include
co = 0. Then these recurrences satisfy the conditions in Case 1 of Theorem [I.7], and the result
directly follows. O

Remark 3.7. Theorem[I.7 also covers several other interesting depth two recurrence sequences
such as the Fibonacci sequence, which was proven using a different method by Ohtsuka and
Nakamura [7], and the Pell sequence.

3.2. Reciprocal Sums Related to Tribonacci Numbers.

3.2.1. Reciprocal Sums of Every n'" Tribonacci Numbers.

Lemma 3.8. According to [3], the Binet formula for Tribonacci numbers is

T, = Aa"+ Bp"™ + CH", (3.49)
where o, 3,7 are the three roots of the equation x*> — 2> —x —1 =0, and
B 1
—a?+4a—1
1
B=—sf——
Rt 4p—1 (3.50)
_ 1
-2 +4y -1

Our starting point is the following result, proved by Komatsu in Section 2, Lemma 1 of [5].
Lemma 3.9. For any positive integer n,
T, —cs-a"| < a-d", (3.51)
where ¢4 = 0.33622811699, a = 0.51998,d = 0.7373527 and

. _ V19+3V33+ V19 -3v33 + 1
B 3

~ 1.839286755.

This result allows us to compute the closest integer to the reciprocal sum of every m'™

Tribonacci number, assuming our initial index is sufficiently large.

Theorem [I.8 Let m be a positive integer. For large enough n, we have that

0o —1
<Z ! ) = T, — Tn—my

k=0 Tn—l—mk

where {j} denotes the closest integer to j.
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Proof. We first show that
-1
1
> — = Ton — Tn—m (3.52)

T,
k>n mk

for large enough n. Note that this identity can be applied to prove the identity
From lemma [3.9] we have that

1
T—mk C40émk _|_O(dmk)

_ 64;% +0 <<%>mk> . (3.53)

It follows that

%>M> . (3.54)

2t) - (e (ool
- = o (5))

= Thon — T + O(d™). (3.55)

Once n is sufficiently large, the error term O(d™") is less than 1/2, leaving us the desired
formula. Another proof that we will present in a moment will show that the formula also
holds for smaller n.

Note that in the proof of Theorem[I.8], the starting index can be changed to any non-negative
integer, and the proof is still valid. Thus, this concludes the first proof of the theorem. O

Therefore,

We could also prove the formula without using big-O notation by working directly with
complex numbers.

Alternate Proof of Theorem We wish to show that

o -1
(Z L ) = T — Them, (3.56)

k=0 Tn—l—mk
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in another way. Let p, be

_ B(g\" C 7)”
o= <a> + (a . (3.57)
We can therefore express the reciprocals of the Tribonacci numbers as
1 1
T, Aa"+ Bpn+ Cyn
! 1
Ao B "C
“ 1+ 3 <§) +%(2)
1 1
= . . 3.58
Aa™ 1+ p, ( )

We expand the above, using the infinite geometric series formula with ratio —p,,, and obtain

1 1

_ 2 .3, .4
T = G LmPatpipi bt ). (3.59)
Let £, = p, — p2 +p2 — pt + -+ then, since |p,| < 2‘%( > ‘ = 2‘31)‘0@ < 0.16,
1 1B - [B]"
[n| = |pnl 1—p, < 1.20py| < 2.4Ta" (3.60)
for all n > 3.
Thus,
o0 1 -1 o0 -1
_ n+mk
(Sr) - (Samr i)

B 1 -1 . _ 24IBJI8" a?m
= \don —agn=m —In) > wherelan| < —p o o — A
Aa™ — AqT™
— (Aa™ — Aa™™) gy,
:Aan—AOén_m—l-(AOén—Aan_m)(Tn+7’721+742+7’i+"')7

(3.61)
where r, = (Aa™ — Aa"™) q,,. Since

2.4|B||B|" a?m
Aan a2m _ |5|m — : ’

| = (Aa™ = Aa"™™) |gn| < Aa"|ga| < (3.62)

for all n > 5, we have that

o -1
1
( E ) = Aa" — Aa"T" + s, (3.63)

where

lsn| < Aa"‘rn+r%+rz+ri+---‘ < 1.03Aa™|r,| < 2.5|B||B|" - (3.64)

a2m _ |ﬁ|m :
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Thus
o -1
Tn = Tnem = = BB =BT 0y = Oy = sy
() - oy
< BB = Cy" T+ BB — Oy + sy
< BT = O 4 |BBT = O
a2m
+ 2.5B|18|" - ————. 3.65
’ H ‘ a2m _ |ﬁ|m ( )

Denote f (z) = |Bp* — Cy*|(x € Z). It is clear that f (x) € R. We will separate the values
of x into 2 cases. When zx is 0,

f(0) =~ 0.3966482802. (3.66)
When n > 1,
If(z)] = 2IR(BB%)| < 2|B||B|® < 2|BJ|8)* ~ 0.3834086631. (3.67)
Thus we have that
max |f(x)] = |f(0)| =~ 0.3966482802. (3.68)
and hence for z > 0,
1BS" —Cy'| < [B-Cl. (3.69)

Therefore, we have that

0o —1

1 —-m n—m n n

Tn—Tn—m—<ZT+ k) < |BE"™ — Oy + BB — Oy
k:(] n-+—m

a2m

25/B||B|" - ——————
+250BIIBI" - g g

o?

< 1B Cl+2ABIS" +251BI8" - 5 (3.70)

A

|B—C|+2|B||g°
2

[0
+25|B||8]° » ——
|B||5] 1B

for alln > 9

~ 0.4836979971
< 0.5.

Thus, for all n > 9 we have that

oo -1
(Z ! ) = Ty —Them (n>m). (3.71)

k=0 Tn—i—mk

The cases when n < 9 can be checked by brute force. There are 36 cases in total, and only
the case (n,m) = (1,1) does not satisfy the result above. O
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Theorem 3.10. Forn > k,
-1

=1
=0 Tn-l—kp
T2 -, T, _
— n+kp n+kptkintkp—k .
_ Tn Tn_k lf Zp 0 Tn+kp(Tn+kp_ n+kp7k)(Tn+kp+k_Tn+kp) < 07
B _ _ Tn+kp_Tn+kp+an+kp7k
Tn Tn_k 1 lf Zp 0 Tn+kp(Tn+kp_ n+kp7k)(Tn+kp+k_Tn+kp) > O
(3.72)
Proof. We have
Tn Tn - Tn—k Tn—l—k - Tn Tn—l—k - Tn Tn (Tn - Tn—k)
_ T3 = ToiiTo
Tn (Tn - Tn—k) (Tn—l—k - Tn)7
1 1 1 T2 — T T
_ — R D ik n—k . (3.73)
T - Tn k Tn Tn—l—k - T T (Tn < Tn—k) (Tn—l—k - Tn)
Modifying (B.73]) for T =T, and so on we find
e Z 3 ntip = Tty 4Tty (3.74)
T, Tn . T ‘

iy 2= Tnvtp (Tntp = Trtkp—t) (Tntkprk — Trkp)

Therefore, the relatlonshlp between the reciprocal sum and T,, — T}, depends on whether the
last term of (3.74]) is positive or negative. Since Theorem [[.8 provides the nearest integer of
the reciprocal sum, we can now determine its floor. O

We can also prove a result for the alternating reciprocal sum.

Theorem 3.11. For very large n, we have that

AN .
kz: = (-1 (Tmn—j+Tmn—j—m) (3.75)

— Tkm—j
where j € Z and 0 < j < m.

Proof. Again, it suffices to show that
-1

> CLf = (=1)"(Ton + Tinn—m)- (3.76)
i>n Tem
Using (3.53),
)Y () +o (- (&) .
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It follows that

(S52) - Gt o))
- S (1o (2)7)

= (=)™ (cad™ + 4™ ™) + O(—d™)
= (=1)"(Toan + Trun—m) + O(d™).

Again, once n is large enough, the O(d"™") term is less than 1/2, as desired.

3.2.2. Reciprocal Sums of Sums of Tribonacci Numbers.

According to [AK, Lemma 1.(ii)],

n

T, T, -1
Somo= o
k=1

We can use their result to derive the following identity.

Theorem 3.12. When n is sufficiently large, we have that

-1
= 1 o Tmn+2 P Tmn - Tmn—m+2 - Tmn—m
> = .
ST 2

k=n

Proof. According to equation (B.78]),

[e.e] e}

1 2
Z mk Z T T . —1
p— Zi:l E h—n mk-+2 + Lok

o0

2
Z c4amk+2 + O(dmk+2) + C4amk + O(dmk) -1

k=n
oo

2
- ; caa™k (1 4+ a?) + O(dm*)

=n

o0

2
imaami(1+a?) (1+0 (™))

_ (3) N 1
c4 k:namk(1+a2)+0<(%)mk>'

Next, note that

2\ — 1
<a> kz:;z k(1 +a?)+ 0 ((%)m’“>

(3.78)

(3.79)

(3.80)

(3.81)
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Therefore,

o0 _1 m mn —
(Sotn) = ((2) sty (o (™))
— % ca™™(1 +aoj)(am— 1) <1+0 <<g>m">>> )
1
9
T

N

(64(amn+2 + oM amn—m—i—Z + amn—m) + O(dmn))

mn—+2 + Tmn - j;mn—m+2 - Tmn—m + O(dmn)

and the O(d™") term is less than 1/2 when n is sufficiently large, completing the proof. [

We immediately obtain the following.

Corollary 3.13. For large enough n and any integer j < mn, we have that

-
k=n Z:il ! E 2

3.2.3. Reciprocal Sums of Generalized Tribonacci Numbers.

-1
o

In this section, we discuss sums of generalized Tribonacci numbers. However, due to conver-
gence issues, we only discuss generalizations to some constant coefficient recurrences of depth
three. If we were to generalize the result to all generalized Tribonacci numbers, the proof
would be much more difficult.

Definition 3.14. Given integers p,q,r, X, Y, Z, let {G,} be the sequence with initial terms
Go =p, G =9¢q Gy =r (3.84)
and satisfying the recurrence
G, = XGp1+YGpo+ ZGy_3 (3.85)
for alln > 3.
Let a, 8,7 be the three roots to the equation
$3—Xs*-Ys—7Z =0 (3.86)
where |a| > |B| > ||, the General Binet formula for G,, says that
Gn = Ad" + Bp" 4+ Cy" (3.87)

if there are three distinct roots to the corresponding characteristic polynomial associated to
the recurrence relation[]

Remark 3.15. If the first 3 numbers are the same as the standard Tribonacci sequence (Ty =

0,77 =0,Ty = 1), using Go, G1, G2 to solve for the coefficients, we get

1f there are repeated roots there are trivial modifications, multiplying the exponential terms by a polynomial
of degree one less than the multiplicity.
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B 1-8—7v
4= G e-p
_ 1—-v—«
B = G56-a
B 1-8—«
C = e

Theorem 3.16. If
(1) « is a triple root (that is, « = 3 =),
(2) o= B are two real roots and |y| < 1, and
(3) « is a real root and |B|,|y| < 1,

then forn >k

1 —1
S| s 1
pﬂGM@ F“A+B+Cmﬂm

B (( B +C)1(a" - a"—k)>_1
G — G-

h

For case 2, we have
1 1
(A+ B)a" + Cy»
1 1
' C
(A+B)a 1+ 555 (3)"

) m@*()%»

_ 1 "
> W+O<W>‘

D)
3

Y= "FY +0(™)

(3.88)

(3.89)

(3.90)

(3.91)

(3.92)
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completing the proof.

For case 3, the proof is very similar to Theorem [L.8l O
4. COEFFICIENTS SUCH THAT EVERY INTEGER OR NO INTEGERS ARE BALANCING
NUMBERS

Theorem If a and b are relatively prime integers, then the set of coefficients (a,b) = (3,1)
are the only (a,b) coefficients for which every integer n is a balancing number.

Proof. By the definition for balancing numbers with coefficients (a,b), we have

a((n—21)n> _ b<(n+7‘)(7;+7‘+1) B (n‘zl)n> (4.1)
%(n—l)n = (n+r)n+r+1)—(m+1n
r?+ (2n 4+ 1)r + (—%n2+%n> =0

—2n4+1) £ /(A +49)n2+ (4 —-4%)n+1
5 :

T =

Since r must be an integer, let

\/<4+4%>n2+(4—4%)n+1 = m, (4.2)

where m is an integer for all n. Then

(4+49)n2+(4—43>n+1 = m2,

b b
Let m = an + 1, where « € R. Then
<4+4%) n? + (4—4%)n+1 = (zn+1)?
= 2?n? +2n+ 1.

By matching corresponding terms we get

22 = 444~
and "

2 = 4 — 45.

Adding both equations gives

soxr=—4and z = 2.
If x = —4, then
(—4)? = 4+4%
3 = % (4.3)

Since a and b must be relatively prime, a = 3 and b = 1.
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If x = 2, then
(27 = 4+47
0 = 4%. (4.4)

The values a and b must be greater than zero, so this does not give any additional solutions.
Therefore, (3,1) is the only set of coefficients where a and b are relatively prime such that
every integer n is a balancing number. Plugging in @ = 3 and b = 1 into Equation ([4.1]) gives
r =mn— 1, so for coefficients (3,1) the balancer will always be one less than the corresponding
balancing number. O

Theorem [I.10] Coefficients (a,b) do not exist such that every integer n is a cobalancing
number.

Proof. By the definition for cobalancing numbers with coefficients (a,b) and Equation (Z3]),
we have

—(2n+1)+ /(A +49)n> + (4 +4%)n+1

_ 4.5
Since r must be an integer, let
a a
\/<4+4E>n2+(4+4g)n+1 = m, (4.6)
where m is an integer for all n. Let m = xn + 1, where € R. Then
<4+4%) n? + (4+4%) n+l = (zn+1)
= 2n®+2an+ 1.
By matching corresponding terms we get
2 = 4+4-
and “
We find that x = 0 or x = 2. If x = 2, we have
22 = 4+4%
0 = 4%. (4.7)
As a and b are nonzero, this does not yield any solutions for a and b. If x = 0, we have
a
0 = 4+44-.
M
a
- = -1 4.8
: (18)
Substituting this result into the last equation of (4.5]), we get
—(2n+1) V02 +0n+1
T =
2
r = —-nor —n-—1, (4.9)
which is in contradiction with the range of r. Therefore there are no sets of coefficients (a, b)

such that every integer n is a cobalancing number. O
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Theorem [LI1] For all coefficients (a,b) such that a = 16y* + 16y + 3 and b = 1, where
Yy 1s a positive integer, the only cobalancing number is n = y with corresponding cobalancer
r =4y + 3y.

Proof. Let a = 22 — 1, where x = 4y + 2 and y is a positive integer. Then by Equation (@3],

—(2 1 4x2n2 + 422 1
. (2n + 1) +V4x2n? + 422n + (4.10)
2
since r € ZT, we have v4x2n2 + 422n + 1 = m, where m is a positive integer.

By definition, we have

r = 4y +2, (4.11)
where y is an integer. Then
a = (4y+2°2-1
a = 16y*+ 16y + 3.

We can also substitute into our equation for r.

—(2n + 1) + V4a2n? + 422n + 1

r =
2
 —(2n+ 1)+ 44y +2)%n% + 4(4y + 2)>n + 1
r = 5 .
Again, since r is a positive integer,
VAMAY +2)2n2 +4(4y +2)2n+1 = m, (4.12)

where m is an integer.
Suppose y = n. Then Equation (£12]) simplifies to

V64nt +128n3 —80n2 +16n+1 = m
VEn2+8n+1)2 = m
sn?+8n+1 = m. (4.13)

The above equation shows that all values of n, where n > 1, provide a solution for r» when
y = n. The value of n uniquely determines 7, so for each (n,r) there can only be one possible
set of corresponding coefficients (a,b), where a and b are relatively prime. As y determines a
and b = 1, we have found all the sets of coefficients. Since we have found solutions for all n,
this is an exhaustive list; note y = 0 cannot yield any additional solutions.

Since this is an exhaustive list for all n values, we can set y = n and find

—(2n+1) + /(8n% + 8n + 1)2
2
—(2n+1) + (8n% + 8n + 1)?
2
= 4n? + 3n. (4.14)

Since for each value of y (which uniquely determines the coefficients), there is only one solution
n = y (other than the case y = 0), then for each set of coefficients under these conditions,
there will only be one cobalancing number.

Therefore, for coefficients @ = 22 — 1 and b = 1, when 2 = 4y + 2 and y = 1,2, 3, ..., the
only cobalancing number will be n = y with a corresponding cobalancer r = 4y + 3y. O
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Conjecture 4.1. For coefficients a = 2% — 1, where x is congruent to 0,1, or 3 mod 4, and
b =1, the results from the code in Appendiz[Bl suggests that

Vaz2n2 +422n=1 = m (4.15)

has no integer solutions (x,n,m) where x > 1 and n > 1, so the Diophantine equations
corresponding with these cases have no solutions within the specified bounds. Note that the
proof of Theorem [I11] covers the case for x congruent to 2 mod 4.

Case 1: x =0 mod 4:

The Diophantine equation 4(4y)?n? + 4(4y)?n + 1 = m? has no solutions where n > 1.

Case 2: x =1 mod 4:

The Diophantine equation 4(4y +1)?n?+ 4(4y +1)®n+1 = m? has no solutions where n > 1.
Case 4: x =3 mod 4:

The Diophantine equation 4(4y + 3)?n®+ 4(4y + 3)?n+1 = m? has no solutions where n > 1.

5. (A,B) SQUARE BALANCING AND COBALANCING NUMBERS

Definition 5.1. The (a,b) square balancing numbers are positive integers n such that the
equality
a(P+22+-+(n-17) =b((n+1)*+m+2>*+ -+ (n+r1)? (5.1)
s satisfied for some mon-negative integer r, and r is called the square balancer of n.
Note that our definition of square balancing numbers differs from Panda’s definition of

higher-order balancing numbers in [8], since we chose to include the trivial solution (n,r) =
(1,0).

FicURE 1. This 120 x 120 grid shows the frequency of square balancing num-
bers for given coefficients, starting with (a,b) = (1,1) in the top left corner.
Values of a increase downwards and values of b increase rightward. Coefficients
that are not relatively prime are skipped, and are marked in white. Light gray
indicates only one square balancing number, which must be the trivial solution
(n,r) = (1,0). Red indicates that there exists a second solution, and black in-
dicates that a third solution exists. We did not find any instances with greater
than three balancing numbers.
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Panda conjectured in [8] that there does not exist any (1,1) square balancing numbers
other than the trivial solution (n,r) = (1,0). The results of our code in Appendix [Bl support
this conjecture, and suggest that for each (a,b), there exists no more than three (a,b) square
balancing numbers (this includes the trivial solution). Based on Figure [I, however, we did not
find any correlation between coefficients (a,b) and the existence of solutions (n,r).

Definition 5.2. The (a,b) square cobalancing numbers are positive integers n such that the
equality

a(P+22+-+n°) = b((n+1)*+(n+2>+ -+ (n+r1)?)
is satisfied for some mon-negative integer r, and r is called the square cobalancer of n.

(5.2)
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FIiGURE 2. This 120 x 120 grid shows the frequency of square cobalancing
numbers for given coefficients, starting with (a,b) = (1, 1) in the top left corner.
Values of a increase downwards and values of b increase rightward. Coefficients
that are not relatively prime are skipped so that the pattern is more noticeable.
White indicates that no square cobalancing numbers were found, and black

indicates that one solution exists. We did not find any instances with greater
than one square cobalancing number.

The results of our code in Appendix [B] suggest that for each (a,b), there is no more than
one (a,b) square cobalancing number. Based on Figure 2 certain values of (a,b) containing
a solution follow a distinct pattern, while the remaining values seem to have no correlation
with the existence of solutions. The pattern is periodic and symmetric, repeating itself after

every 42 values for a and 6 values for b. For each set of coefficients (a, b) with a corresponding
solution (n,r) contained in the pattern, “T_b = m, where m is an integer, and either n = r or
n=r—1.

6. FUTURE WORK

e We found that many (a, b) balancing and cobalancing numbers and their balancers and
cobalancers can be expressed as depth five recurrences of the form (1, K, —K,—1,1).

Is it possible to express all (a,b) balancing and cobalancing numbers in this form, and
is there a generalized formula for the recurrence for any coefficients (a, b)?
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e We proved Theorem for ¢ > 2, but we suspect that the Theorem should hold for
any nonzero real number ¢. In particular, we would need to prove that Lemma
holds for all g € R.

e Can we find a generalized formula for A2 for a recurrence of the form A,; =
qA, + rA,_1 + 8?7 This would help further generalize the formulas for reciprocal
sums.

e When do coefficients (a, b) have no balancing or cobalancing numbers? We found cases
for both, but they are likely not exhaustive.

e Finally, there is much to explore regarding square (a,b) balancing and cobalancing
numbers. Do coefficients (a, b) exist with greater than three square balancing numbers
or greater than one square cobalancing number? Can we prove that the pattern we
found for square cobalancing numbers continues for all (a,b)? Does a similar pattern
exist for square balancing numbers?
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APPENDIX A. (A,B) BALANCING NUMBERS INTERESTING CASE

Theorem A.1. There do not exist any (8,1) balancing numbers.

Proof. Plugging a = 8 and b = 1 into Equation (4.1]) gives

—2n—14++v36n2 —28n +1
5 )

For r to be an integer, the equation 36n2 —28n +1 = y? (where y is also an integer) must have
an integer solution for n. Solving the Diophantine equation yields the following four solutions
in the form of (n,y): (0,1),(1,—3),(0,—1),(1,3). Since n # 0, the only solution for n is n = 1.
Evaluating Equation (Al with n =1 gives

(A1)

—3++9

T g

2
r = =3,0. (A.2)
However, since r > 0, there do not exist any balancing numbers with coefficients (8,1). O

APPENDIX B. MATHEMATICA CODE

Throughout this paper, we use results from code written in Mathematica, available at
e https://bit.ly/3JvaocG

e https://bit.1ly/3LONIWu.

The program contains code for finding recurrences describing sequences of (a,b) balancing
and cobalancing numbers. There is also code to find (a,b) square balancing and cobalancing
numbers which we used to create Figures [Il and
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