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ABSTRACT: Metallic nanostructures endowed with optical gain are promising
building blocks for the development of active nanophotonic devices with enhanced
optical responses as well as for exploring novel phenomena such as parity-time
symmetry and nonreciprocity. However, despite their potential, the complexity of
these systems frequently demands the use of simplified gain models, whose range of
applicability is not always clear. Here, tracing our steps toward the basics, we analyze
the optical response of a small active metallic nanoparticle using an intuitive, yet
accurate, semianalytical model that takes into account the inherent nonlinear nature
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of the gain. We evaluate the near- and far-field responses of the active nanoparticle

as a function of both the pump and the probe field strengths. We show that, under weak probe fields, the optical response of the
active nanoparticle is greatly enhanced with increasing pump strength. In contrast, when the probe field is strong enough to deplete
the excited-state population of the gain medium, the nanoparticle becomes passive, irrespective of the pump strength. Our results
help to delineate the limits of applicability of the linear models used to describe the effect of gain in plasmonic nanostructures, thus
paving the way to exploit these systems for the development of new applications.

Bl INTRODUCTION

Thanks to their ability to support localized surface plasmons,
nanostructures with free electrons have emerged as exceptional
platforms to control light at the nanoscale. These excitations
couple strongly to light and confine it in subwavelength
volumes,' thus making the nanostructure that supports them
display very large extinction cross-sections’ and produce
unparalleled near-field enhancements.” Therefore, metallic
nanostructures are being used for a variety of applications:
for example, to improve photocatalysis® and solar energy
harvesting,5 as well as to develop ultrasensitive optical sensors’
and novel cancer therapies.” Nevertheless, the exceptional
optical response provided by localized plasmons comes at the
expense of relatively high levels of nonradiative losses arising
from the metallic nature of the nanostructures that support
them.®

The most natural solution to mitigate these losses consists in
combining the plasmonic nanostructures with elements
capable of providing optical gain.”'* These include, among
others, semiconductor nanocrystals, dye molecules, and rare-
earth ions, which, when externally pumped, can provide gain to
the system.">™"” Importantly, in addition to reducing the
nonradiative losses, and therefore enhancing the response of
the metallic nanostructure,””~** the incorporation of optical
gain has enabled important applications such as the develop-
ment of nanoscale light sources,”** including a wide range of
plasmonic nanolasers,””~>* among which the spaser played a
central role.””** Furthermore, the modulation of the level of
gain provides a mechanism to control the optical response of
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the plasmonic nanostructure, thus opening the door to the
development of active nanophotonic devices.”*

More recently, metallic nanostructures with gain are being
combined with conventional, i.e., passive, metallic nanostruc-
tures, to build systems with parity-time symmetry.”>~*" The
balance between active and passive responses in these systems
results in extraordinary properties such as anisotropic
374 and scattering.”* " Unfortunately, in many
cases, the complexity of the problem under investigation
demands the use of simplified approaches to model the gain.
These approaches usually describe the effect of gain through
the inclusion of a term in the dielectric function with a negative
imaginary part. While such level of description captures many
of the key features introduced by the gain in the response of
the metallic nanoparticle, it omits some important aspects. In
particular, it is not able to describe in a self-consistent way the
nonlinearity associated with the saturation of the gain, which
plays a key role in the response of these systems’'—>° and can
be exploited, for instance, to achieve nonreciprocal optical
responses.’® Although fully numerical approaches can be used
to accurately describe these effects,”””" they are usually
computationally demanding and many times do not offer an
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Figure 1. (a) Schematics of the system under consideration, consisting of a metallic nanoparticle doped with a gain medium. The nanoparticle is
excited by a probe and a pump field. The black point at the right of the particle indicates the location where the field enhancement is calculated. (b)

Energy level diagram for the gain medium.

appropriate level of insight into the relevant physical
mechanisms.

Motivated by this, here, we use an intuitive but accurate
semianalytical approach to perform a comprehensive analysis
of the optical response of a small metallic nanostructure with
gain. Our model is based on the combination of the
semiclassical laser equations for the population dynamics of a
4-level system®”®® with the electrostatic solution of the
electromagnetic field of a nanosphere.’’ Using this model,
which captures the intrinsic nonlinearity of the optical gain, we
investigate the far- and near-field response of the active
nanostructure as a function of the strength of the pump and
the probe fields. We find that, for weak probe fields, the
presence of gain results in a great enhancement of the optical
response of the nanoparticle, which grows with the strength of
the pump. On the contrary, under sufficiently strong probe
fields, the excited-state population of the gain medium gets
significantly depleted, thus making the nanoparticle become
increasingly passive, regardless of the strength of the pump.
Our results shed light on the plasmonic response of metallic
nanostructures with gain and illustrate the limits to the
enhancement of their response that can be achieved by the
presence of gain. Therefore, our work facilitates the use of
these active plasmonic nanostructures for the develogment of
new applications, including enhanced optical sensing,”>~** and
the exploration of novel phenomena such as parity-time
symmetry and nonreciprocity.

B METHODS

The system under study is depicted in Figure la. It consists of
a spherical nanoparticle placed in vacuum, with a radius R that
is much smaller than any of the wavelengths relevant to our
problem. The nanoparticle has a plasmonic nature arising from
the presence of free electrons and an active character resulting
from being doped with a gain medium. As we show later, these
assumptions allow us to obtain an analytical solution of
Maxwell's equations. We consider the nanoparticle to be
incoherently excited by a pump field with rate # (green wavy
arrow) and analyze its near- and far-field optical responses with
a probe field of amplitude E, and frequency @ (red wavy
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arrow). Although the system might seem exotic, there are
currently several potential approaches to develop plasmonic
nanoparticles with gain employing known materials, such as
co-doping of transparent conducting oxides®> and semi-
conductor nanocrystals,® as well as exploiting the intrinsic
luminescence of noble metals.”” ™ Nonetheless, the results
that we present in the following are sufficiently general to be
qualitatively extrapolated to more complex, but readily
available, systems such as core—shell nanoparticles.

Unlike many other formalisms based on frequency-domain
methods, here, we resort to a conventional time-domain
approach to capture the nonlinear nature of the gain and then
look for the steady-state solutions. We can distinguish two
different contributions to the total polarization of the active
plasmonic nanoparticle: one corresponding to the free
electrons P, and another from the gain medium P, The
dynamics of the former is described by

P, %)
2 m L. _Et
ot ot 47 (1)

where Aiw,, = 1.8 €V is the plasma energy, I';, = 0.05w,, its
associated damping, and E, is the total field inside the
nanoparticle. These are typical values for transparent
conducting oxides®® or semiconductor nanocrystals.® Indeed,
similar values have been previously used in the context of
active plasmonics.”” To model the gain medium, we use a
conventional 4-level system, sketched in Figure 1b, with a
single radiative transition 2 — 1 of frequency @, and linewidth
2I',. The medium is radiatively pumped through the transition
0 — 3 at a rate . Working with a pump rate instead of a
pump field allows us to be agnostic to the pump intensity and
frequency as well as the absorption properties of the gain
medium. This approximation is justified in homogeneously
broadened 4-level systems, in which the frequency of the pump
field is sufficiently far from @,*”*" The evolution of the
polarization of the gain medium is given by

o°P, oP, )
o + Zlﬂgg + o, Pg = —crgANEt @)
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Figure 2. Polarizability of an active (solid curves) and a passive (dashed curves) plasmonic nanoparticle as a function of probe field frequency @ for
the different values of the pump rate  (columns) and the probe field amplitude E, (rows) indicated in the labels. In all cases, we normalize the
polarizability to the volume of the nanoparticle and use yellow and blue curves to denote respectively its real and imaginary parts. The dotted, solid,

and dashed vertical lines mark the position of w,, @}, and w,,/ V3, respectively (see text for details).

where AN = N, — N is the density of the population inversion
between the levels involved in the radiative transition and o, =
10" cm® s72 is the field-matter coupling factor.”” The
dynamics of the population densities of the different levels
N, (i =0, .., 3) satisfies”

dN.
—3 = —7,N; + P(N, — N;)

dt
sz 1 dPg
—2 =y N,—7N, + —E-—°%
g e T hre he, " dt
dN, N 1 E dp,
ar oM ho, ' dt

g

dN,
—2 =N, - P(N, - Ny)

dt (3)

Notice that the sum of the population densities of all of the
levels equals N,, which is assumed to be constant. Furthermore,
¥ represents the decay rate of the transition i — j, which
includes both radiative and nonradiative contributions. The
last term in the second and third rows of eq 3 accounts for the
stimulated emission processes that arise from the interaction
between the polarization of the gain medium P, and the total
electric field E, inside the nanoparticle. Notice that, in the case
of a radiative decay, our semiclassical model does not capture
the contribution of the spontaneously emitted photon to the
electric field. In our calculations, we assume fiw, = 1.0 eV, I, =
0.1wg ¥y = 10° 57", y3, = 730 = 107 7%, and N, = 10" cm™,
which are compatible with gain media such as rare-earth ions
and dye molecules.

The total field E, that appears in eqs 1—3 corresponds to the
sum of the probe field E, and the field produced by the two
components of the polarization P, and P,. Since we assume
that the size of the nanoparticle is much smaller than the

relevant wavelengths, we can exploit the electrostatic
approximation to solve Maxwell’s equations. Within this limit
and using Gaussian units, the total field inside the active
nanoparticle is uniform and given by (see the Supporting
Information)

4

E, = 3(Pm+Pg)+EO @)
Furthermore, given that the pump is assumed to be incoherent
and the constituents of the gain medium are randomly
oriented, all of the elements in the preceding equation are
parallel to E;. This allows us to simplify the notation by
considering the fields and polarizations as scalars and to
decompose each of them as F(t) = fe™™" + f*e'", with f being a
slowly varying complex function, f* its complex conjugate, and
@ the frequency of the probe field. Using this decomposition
and substituting eq 4 into eqs 1—3, we arrive at a set of
coupled second-order differential equations that can be readily
solved to obtain the transient or time-dependent response of
the active plasmonic nanoparticle (see the Supporting
Information). Nevertheless, here, we are interested in finding
the steady-state solution of the problem, with the twofold
purpose of getting better insight into the behavior of the
system and a direct comparison with the results of usual
frequency-domain approaches. Under these conditions, and
assuming E, to be constant and real, the steady-state (SS)
solution of the two components of the polarization is

N 3 pSS
PSS — O 4;zE0 Pg
m 2
3 % - w? - ZiFma) (5)
AN (P - E,)
pSS — g 3~ m
g 2 2 4 SS .
w, — " — ?UgAN - 21Fga) (6)
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all of the information regarding the population of the states
within the steady-state population inversion density AN®®
because this quantity is what drives the polarization associated
with the gain medium. Equations 5—7 effectively describe a
single-mode plasmonic nanostructure with a homogeneously
broadened gain. Furthermore, these equations form a system of
coupled nonlinear equations that does not have a general
analytical solution. However, it can be readily solved by
converting it into a two-dimensional root-finding problem (see
the Supporting Information).

B RESULTS AND DISCUSSION

The optical response of the active plasmonic nanoparticle upon
excitation by the probe field is fully characterized by its
polarizability a. This quantity, which can be expressed as the
ratio between the total dipole moment induced in the
nanoparticle and the incident field, reads

SS SS
P + P
EO

a=V

(8)

where V = 47R*/3 is the volume of the nanoparticle. We begin
our analysis by calculating the polarizability of a passive
plasmonic nanoparticle, for which both £ = 0 and Pgs = 0.
The corresponding results are shown in Figure 2 as a function
of the probe field frequency @ and normalized to V. We use
yellow and blue dashed curves to display respectively the real
and imaginary parts of the polarizability. Notice that, because
the polarizability of the passive plasmonic nanoparticle does
not depend on the probe amplitude E,, the dashed curves of all
of the panels of Figure 2 are the same. Furthermore, for # = 0
and Pgs = 0, eq 8 admits a simple analytical solution that
coincides exactly with the usual expression for the polarizability
of a small spherical nanoparticle, @ = R*(e — 1)/(e + 2) with
e=1-wl/(0* + 2iwl). Examining the dashed curves in
Figure 2, we observe that, as expected, the polarizability of the
passive plasmonic nanoparticle displays a resonance approx-
imately located at @, /~/3, which corresponds to the localized
plasmon of the nanoparticle."

The incorporation of gain introduces important differences.
To make our results as agnostic to the material parameters as
possible, we characterize the level of gain through the pump
rate $, normalized to the laser threshold value #;. The latter
denotes the pump rate for which the system transits into a
lasing emission regime. The use of $, normalized to %, to
characterize the level of gain not only allows us to perform
meaningful comparisons between different systems but also
prevents us from pumping the nanoparticle above its laser
threshold, where the assumptions behind eqs 5—7 do not hold.
This is in contrast to other simplified models, such as those
based on the inclusion of a term in the dielectric function with
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a negative imaginary part, for which it is not always possible to
accurately determine the laser threshold of the system. As a
consequence, the level of gain is oftentimes increased beyond
that threshold, even though doing so may break some of the
approximations behind the model.'® To calculate $,, as well as
the laser frequency @), we perform a linear stability analysis of
the differential equations governing the dynamics of the active
plasmonic nanoparticle”' in the absence of probe field E, (see
the Supporting Information).

The solid curves in Figure 2 show the real (yellow curves)
and imaginary (blue curves) parts of the polarizability of the
active plasmonic nanoparticle for different values of the pump
rate P (columns) and the probe field amplitude E, (rows).
The panels in the top row display the results for a probe field
E, = 10° V/m, which is not strong enough to deplete the
excited-state population of the gain medium. Under these
conditions, which are usually denoted as small-signal regime,
the response of the nanoparticle is expected to be linear with
respect to E, and to increase with the gain. For a small level of
gain, P = 0.10P,, (top left panel), the polarizability is very
similar to the passive case, except for a small redshift of the
plasmon frequency and a slight increase in its strength. In
contrast, as the pump rate increases to $ = 0.70%; (top
middle panel) and then approaches the threshold value
P = 0.95P,, (top right panel), the linewidth of the plasmon
resonance becomes increasingly narrow and its strength grows
to reach a 20-fold increase with respect to the passive case.
These results are in good agreement with previous theoretical
and experimental observations in loss compensated systems
and can be attributed to the effective reduction of the metallic
nonradiative losses induced by the gain, which results in a
much stronger plasmonic response. Furthermore, as $ grows,
the spectral position of the plasmon resonance converges
toward the laser frequency ) where the amplification
produced by the gain is more effective.

The response of the active plasmonic nanoparticle suffers
important changes when the amplitude of the probe field is
increased beyond the small-signal regime. The rise of E,
produces an increase in the polarization of the free electrons
and the gain medium. As a consequence, the population of
level 2 gets depleted at a larger rate, thus reducing the value of
AN®*® and, hence, the effect of the gain. This scenario is
analyzed in the panels of the bottom row of Figure 2. There,
we plot the polarizability of the active plasmonic nanoparticle
for a probe field Ey = 10°> V/m. For the smallest value of P
under consideration (bottom left panel), for which the effect of
gain is not significant, the plasmon resonance barely changes
with respect to the results for E, = 10° V/m (top left panel).
However, as the pump rate grows, the differences between the
results for E, = 10° V/m and E, 10> V/m become
increasingly large. In particular, while, for E; = 10° V/m, there
is a huge enhancement of the polarizability when P approaches
the threshold value (cf. top middle and top right panels), for E,
= 10° V/m, the enhancement is very modest. Importantly, in
this case, the polarizabilities for # = 0.70%,, (bottom middle
panel) and P = 0.95%,, (bottom right panel) are very similar.
This is the manifestation of a saturation effect, which has its
origin in the nonlinear nature of the gain and the depletion
effect that the probe field has on the population inversion of
the gain medium. Even though the pump rate is increased from
0.70%, to 0.95%,, the response of the nanoparticle does not

improve significantly.
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Figure 3. Absolute value of the polarizability of an active (solid colored curves) and a passive (dashed black curves) plasmonic nanoparticle as a
function of the probe field frequency, w, for different values of the probe field amplitude, E, (see the color bar). We consider three different pump
rates: P = 0.10%;, (a), P = 0.70%,, (b), and P = 0.95P;, (c). The vertical lines follow the same notation as in Figure 2.

In order to gain more insight into the saturation effect
caused by the increase of the probe field, we plot, in Figure 3,
the absolute value of the polarizability for different probe field
amplitudes E,, ranging from 10° to 10° V/m. We consider the
three different pump rates that we analyzed in Figure 2.
Examining these results, we observe that, for all of the values of
P, the polarizability of the nanoparticle becomes broader and
its value decreases globally as E, becomes larger. At the same
time, the position of the peak converges toward w,,/~/3. All of
these trends are consistent with a gradual decrease in the effect
of the gain, which becomes more pronounced the larger the
value of P gets. For E, > 10* V/m, the polarizability becomes
indistinguishable from that of the passive system, which is
shown by the dashed black curves. Although the value of E; at
which saturation happens depends on the particular choice of
parameters, the trend described in Figure 3 is general. We can
thus conclude that the increase in the level of gain results in
larger enhancements of the response of the active plasmonic
nanoparticle, but this comes at the price of suffering a stronger
saturation effect that occurs at smaller values of the probe field
amplitude.

Even though the polarizability contains all of the information
to characterize the optical response of the active plasmonic
nanoparticle, it is not a quantity that can be directly measured.
To make our study more general, we extend our analysis to the
near-field intensity enhancement and the extinction cross-
section. These are two quantities that are usually employed to
characterize respectively the near- and far-field response of a
plasmonic nanostructure.”” We define the near-field intensity
enhancement 7 as the ratio between the field intensity
produced by the nanoparticle and the probe field intensity.
We evaluate 7 at a point located a distance d from the center of
the nanoparticle in the direction perpendicular to the
polarization of the probe field, as indicated in the schematics
of Figure la. Under these conditions, we have (see the
Supporting Information)

v [P+ Pgs‘z

n=—
d6 |E0|2

On the other hand, the extinction cross-section is given by72
SS SS
o P + P
0 = 41—V Im{ ——&
¢ 0

Figure 4 shows 5 and o, as a function of either the pump rate
P or the probe field E,. In the first case, we consider three
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Figure 4. Near-field intensity enhancement # (a, b) and extinction
cross-section G,y (c, d) of the active plasmonic nanoparticle plotted as
a function of P (a, ¢) and E, (b, d). We normalize # and o,y to the
values of the respective quantities for a passive nanoparticle 7, and
G- As indicated by the legend, the solid, dashed, and dotted curves
in (a) and (c) correspond to E, = 10° V/m, E; = 10° V/m, and E, =
10° V/m, respectively, while in (b) and (d), we use P = 0.95F,. In
all of the panels, the yellow, blue, and red curves denote the results
calculated respectively at w,, @, and w,,/ J3.

different values of Eq: 10°% 10° and 10° V/m, as indicated by
the legends. In the second case, we set the pump rate at
P = 095F,;. We perform the calculations at the three

characteristic frequencies of the system Wy W), and w,,/ J3,
as indicated by the top legend. To make the results more
general, we normalize # and o, to the corresponding results
for the passive plasmonic nanoparticle, which we denote as 7,
and 6, respectively.

Figure 4a,b displays the results for the near-field intensity
enhancement #. It is well-known that the localized plasmons of
metallic nanoparticles can produce large enhancements of the
field in the vicinity of the nanostructure.” As expected, the
addition of gain results in an increase of 7. However, such an
increase is largely dependent on the amplitude and frequency
of the probe field. Following the results of Figures 2 and 3, the
largest value of #/n, is expected to happen for the smallest E,
and for frequencies close to @), where the effect of the gain is
more effective. This is confirmed by the blue solid curve in
Figure 4a, which shows that, for Ey = 10° V/m and @ = w,, n/
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7, reaches a value of ~600 as the pump rate approaches
0.95%F,,. At the other frequencies under consideration (yellow
and red curves), the growth of 7 with # is less pronounced.
Similarly, the increase of E, to 10* and 10° V/m results in a
drastic reduction of #/#,, which is again the manifestation of
the saturation effect discussed above. The saturation is more
evident in Figure 4b, where we plot /7, directly as a function
of E, for P = 0.95%;,. We observe that, while, for @ = wy, /1,
starts to decrease at E, ~ 10' V/m, this happens at larger
values of E, for the other frequencies under consideration. In
these cases, the use of the available gain is less efficient, and
therefore it is necessary to reach larger values of E; to
substantially saturate the population inversion.

Another important property of localized plasmons is that
they produce remarkable extinction cross-sections, usually
larger than the geometrical cross-section of the metallic
nanostructure that supports them.” Figure 4c analyzes the
evolution of 6,,/0..o with P. The results follow the same
trends discussed above for 7/#,. Specifically, the largest values
Of G4/ Gey o Occur for the smallest E; under consideration at @,
reaching a value of ~20 for # = 0.95F;,. Interestingly, at @,

and o,/ V3, the normalized extinction cross-section first
grows and then decreases below one when the pump rate
approaches P = 0.95%;,. This means that in these cases the
active plasmonic nanoparticle extinguishes less than the passive
system. We attribute this behavior to the narrowing of the
spectral response of the active plasmonic nanoparticle caused
by the increase in the level of gain, which counteracts the
global enhancement of the response. As we did for #/#,, in
Figure 4d, we analyze explicitly the dependence of 6,/
with E, for P = 0.95F;. At w,, the results show again the
effect of saturation. In particular, 6,,/0. starts to decrease
when E, reaches ~10' V/m and saturates to one for E, ~ 10*
. and w,,/ J3, the normalized cross-
section displays a nonmonotonic dependence on E; This
behavior is, again, a consequence of the interplay between the
narrowing and the global enhancement of the response of the
active plasmonic nanoparticle produced by the gain.

V/m. In contrast, at @

Bl CONCLUSIONS

In summary, we have developed an intuitive yet accurate
semianalytical model based on the combination of the
semiclassical laser equations for the population dynamics of a
4-level system with the electrostatic solution of the electro-
magnetic field of a nanosphere. Using this model, we have
systematically studied the optical response of a small active
plasmonic nanoparticle as a function of both the pump and
probe fields. Despite its simplifying assumptions, this model
captures the intrinsic nonlinearities associated with the gain for
any strength of the probe field and any pump rate below the
laser threshold. We have shown that for weak probe fields the
response of the active plasmonic nanoparticle, characterized
through its polarizability, is greatly enhanced as the pump rate
approaches the laser threshold. In particular, the linewidth of
the plasmon resonance is remarkably reduced, its peak value is
greatly enhanced, and its resonant frequency shifts toward the
laser frequency ;. All of these effects are the direct
consequence of the reduction in the nonradiative losses caused
by the presence of gain. This naturally leads to the
enhancement of the near- and far-field optical responses of
the nanoparticle, which we have illustrated by analyzing the
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near-field intensity enhancement # and the extinction cross-
section 0.

In contrast, our model shows as well that the increase in the
strength of the probe field leads to a saturation behavior that
eventually cancels the effect of the gain. This saturation
behavior is caused by the associated increase in the
polarization of the free electrons and the gain medium,
which depletes the population inversion at a higher rate, thus
reducing the gain. In other words, as the probe field strength is
increased, the active nanoparticle becomes gradually passive,
irrespective of the pump rate. This behavior highlights the
necessity of taking into account saturation effects when
studying loss-compensated or gain-assisted plasmonic systems,
both from theoretical and practical points of view. Importantly,
the range of probe field strengths, in which our active
nanoparticle transits toward the saturation regime, is of the
same order of magnitude as those used experimentally to probe
the optical response of loss-compensated plasmonic sys-
tems.””* Therefore, when using simplified models to describe
the effect of gain, it is important to carefully verify the validity
of the approximations because their predictions could lead to
an overestimation of the effect of gain. In that sense, our results
help to establish the limits of applicability of these models and
provide guidelines to improve them.

Since the main goal of adding optical gain to a plasmonic
nanostructure is arguably to mitigate its losses and thus
improve its optical response, saturation might be seen as an
unwanted effect to be avoided. However, it also provides a
mechanism to achieve nonlinear behaviors as well as new
opportunities for the development of all-optically controlled
active nanophotonic devices. As shown in Figure 4, the near-
field intensity enhancement as well as the extinction cross-
section shows a gradual change of more than 1 order of
magnitude with the probe field. Therefore, the nanoparticle
behaves effectively as a system that can be reversibly and
controllably switched between “on” and “off” states. This
effect, which is expected to happen in more complex active
plasmonic nanostructures, can be exploited, for instance, to
develop actively modulated parity-time symmetric waveguide
couplers,”* metasurfaces,” and plasmonic lattices,* or as
sigmoid-like nonlinear activation functions in parity-time-
symmetric optical neural networks.”” Our results shed light
on the behavior of active plasmonic nanostructures and
provide the basic understanding needed to exploit these
systems to explore novel phenomena such as parity-time
symmetry and nonreciprocity.
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Solution of Maxwell’s equations for a small nanoparticle

We consider a spherical nanoparticle with a radius R excited by an electric field Eq. As-
suming that the size of the nanoparticle is much smaller than the wavelength of the electric
field, we can exploit the electrostatic approximation to calculate the total field inside the

nanoparticle®! (in Gaussian units) as

4
Et = —?WP + EO.

Here, P represents the total polarization of the nanoparticle, which, in this limit, is uniform.
In our particular case, P corresponds to the sum of the polarization due to the free electrons
P,, and the polarization of the gain medium P,. Notice that this expression does not
depend on the frequency of the external field and therefore applies to both frequency and
time domains.%? Within the same limit, the total field at a point r = rf outside of the
nanoparticle is given by

|
Et:E0+g[3r(r'P)—P],

where p =V (P,, + P,) is the total dipole moment of the nanoparticle.

Time-domain equations for the response of the active plasmonic

nanoparticle

Starting from Equations (1)-(3) of the main text, assuming that all of the vectors are parallel
to Eg, and using the decomposition F(t) = fe ™! + f*e™! with f being a slowly varying

complex magnitude, we obtain

. . w2 w2 w2
Py + P (=2iw + 2T) + Py, (—; —w? - 2ime) == P+ 2 Eo, (S1)
m

. 4 4
P, + B, (—2iw + 2T,) + P, (wg —w? — 2w — %agAN) — 6,AN (ng - E0> . (S2)
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where we use dots to denote time derivatives. Similarly, the equations describing the dy-

namics of the population densities of the different levels read

N3 = —7y32N3 + P(Noy — N3),

) 2 47 R - 4 .
Ny = '732N3 - '}/21N2 + %Re { <E0 — ?Pm> (Zng + Pg) _ ?ngg } 7

g

: 2 47‘(‘ . % v 47‘( o
Ny = 21Nz = 1001 = ——Re { (ED - ?Pm> (iwP; + By) = S by } ,

g

No = 710N1 - P(No - N3)7

where the terms that depend on the probe field and polarizations have been averaged over

a period.

Steady-state solution

Equations (5)-(7) of the main text correspond to the steady-state (SS) solution for Equa-
tions (S1)-(S3), and form a system of coupled nonlinear equations that does not have a
general analytical solution. The key to making the solution more tractable from a computa-
tional point of view is to explicitly decompose the polarizations into their real and imaginary

parts. By doing so, Equations (5) and (6) of the main text become

2 /3 3 :
pSsr _ _ Win/ pssr_ 2 p _ pSsi
m N%+ﬂ% g A 0| M1 g Ha |,

54
PSS Wil/3 PSS 3 E pSsi (54)
m __N%‘i'#% g g0 po + g
o AN 4 4 4
Pgss,r: {( Wpssr_Eo) (Wl__WUgANss> WPssl 1’
(m — —agANSS) + 3 3 3 3
: ANSS 4 A 4
Pgss,l _ Og [( WPssr Eo) Ty 4 — P851 <7T1 _ _WUgANSS)]
(m — —agANSS) + 73 3 3 3
(S5)
while
.4 . .
AN = 11 + vyw [EOPgSS” — % (BT PS — ijﬂpg&r)} . (S6)
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In these expressions, we have introduced the following definitions:

2 2
[lewm/?)—w7
/~L2:2me7

2 2
lewg—w,

o = 2Iw,
SP N,
Yo+ P (24222 + )

732

V=

2 |, SP

Va1 "o+ P <2+2%+S>

Vg

We could subsequently substitute Equations (S4) and (S6) into (S5) to obtain a rather
convoluted system of two coupled equations, which would only depend on P;* and PS5,
While such an approach is feasible, it is more convenient to directly solve the system of
Equations (S4)-(S6) by converting it into a two-dimensional root-finding problem where the
root is (Py5*, PYS1). Once PY®* and PJ®* are found, we substitute them into (S4) to obtain

PS5r and P51 and, with them, AN using Equation (S6).

Laser threshold and frequency

The laser threshold and frequency are fundamental properties of any laser system and, as
such, have been treated extensively in the literature. 557 In principle, they can be determined
by analyzing the complex poles of the optical response of the system. Here, we instead follow
the lead of previous works on dynamical instabilities, and calculate the laser threshold pump
rate Py, and the laser frequency w, of the active nanoparticle by performing a linear stability
analysis on the system of equations formed by Equations (S1)-(S3).

In absence of a probe field, there is a trivial steady-state solution for these equations,
namely Py® = P35 = 0, AN = 1y (¢f. Equations. (5)-(7) in the main text). At threshold,

this trivial solution becomes unstable and the system evolves towards a nontrivial steady-
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state solution with P55 £ PgSS # 0. To find the conditions for which the trivial solution
becomes unstable, we try P, = 0P,e!* and P, = 6Pge”, where 0P, and 6P, are con-
stants representing infinitesimally small perturbations. Substituting these expressions into
Equations (S1) and (S2), we have
w? w?
2+ T (=2iw+20y) + | 2 —w? = 2iTw | | 0Py = ——26P,,
3 3
(S7)

4 4
[FQ +I' (—2iw + 2T) + <w2 w? — 2ilw — ?ﬂagul)} 0P, = ?ﬁagyléPm.

.

When the system is at threshold, the perturbations must neither increase nor decrease, so,

accordingly, I' = 0. Then, the equations above reduce to the following linear system:

0Py 0
A = ,
0P, 0
with the matrix A being
w2 /3 —w? — 2%l w w2 /3
—%”Ugul wg —w? — 2w — %”Ugyl

Then, to find the laser threshold pump rate Py, and frequency wi, we search for the values
of 11 and w that make the real and imaginary parts of det{A} simultaneously zero. To
that end, we employ, again, a two-dimensional root-finding algorithm. Once we know these

solutions, we calculate Py, as

_ V1710
SNy —v1 (24 2710/732 + S)

Pin
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