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Abstract

Let a 1-d system of hyperbolic conservation laws, with two unknowns, be
endowed with a convex entropy. We consider the family of small BV functions
which are global solutions of this equation. For any small BV initial data, such
global solutions are known to exist. Moreover, they are known to be unique among
BV solutions verifying either the so-called Tame Oscillation Condition, or the
Bounded Variation Condition on space-like curves. In this paper, we show that
these solutions are stable in a larger class of weak (and possibly not even BV )
solutions of the system. This result extends the classical weak-strong uniqueness
results which allow comparison to a smooth solution. Indeed our result extends
these results to a weak-BV uniqueness result, where only one of the solutions is
supposed to be small BV , and the other solution can come from a large class.
As a consequence of our result, the Tame Oscillation Condition, and the Bounded
Variation Condition on space-like curves are not necessary for the uniqueness of
solutions in the BV theory, in the case of systems with 2 unknowns. The method is
L2 based, and builds up from the theory of a-contraction with shifts, where suitable
weight functions a are generated via the front tracking method.

1. Introduction

We consider 1-d system of hyperbolic conservation laws with two unknowns

ut + ( f (u))x = 0 t > 0, x ∈ R, (1.1)

where (t, x) ∈ R
+ × R are time and space, and u = (u1, u2) ∈ V0 ⊆ R

2 is
the unknown. The set of states V0 is supposed to be bounded, and we denote V
its interior. Then f = ( f1, f2) ∈ [C(V0)]2 ∩ [C4(V)]2 is the flux function, and
is assumed to be continuous on V0 and C4 on V . For any g ∈ C1(V), let us
denote the vector valued function g′ = Dg. Then, we denote the eigenvalues and
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associated right eigenvectors of f ′ on V as λ1, r1 and λ2, r2, corresponding to the 1
and 2 characteristic families respectively. Throughout the paper, we will make the
following general assumptions on the system:

Assumption 1.1. Assumptions on the system

(a) For any u ∈ V: λ1(u) < λ2(u).
(b) For any u ∈ V , and i = 1, 2: λ′

i (u) · ri (u) �= 0.
(c) There exists a strictly convex function η ∈ C(V0) ∩ C3(V) and a function

q ∈ C(V0) ∩ C3(V) such that

q ′ = η′ f ′, on V. (1.2)

(d) For any b ∈ V , and any left eigenvector � of f ′(b): the function u → � · f (u)

is either convex or concave on V .
(e) There exists L > 0 such that for any u ∈ V and i = 1, 2: |λi (u)| � L .
(f) For uL ∈ V , we denote s → S1

uL
(s) the 1-shock curve through uL defined

for s ∈ [0, suL ) for a constant suL > 0 (possibly suL = +∞). We choose the
parametrization such that s = |uL − S1

uL
(s)|. Therefore, (uL , S1

uL
(s), σ 1

uL
(s))

is the 1-shock with left hand state uL , right hand state S1
uL

(s), velocity σ 1
uL

(s)
and strength s. Similarly, we denote s → S2

u R
(s) to be the 2-shock curve

defined for s ∈ [0, su R ) for a constant su R > 0 (possibly su R = +∞). Thus,
(S2

u R
(s), u R, σ 2

u R
(s)) is the 2-shock with right hand state u R , left hand state

S2
u R
, velocity σ 2

u R
(s) and strength s.

We assume that these curves are defined globally in V for every uL ∈ V and
u R ∈ V .

(g) (for 1-shocks) If (uL , u R) is an entropic Rankine–Hugoniot discontinuity with
shock speed σ , then σ > λ1(u R) (for the definition of entropic Rankine–
Hugoniot discontinuity, see (1.9)).

(h) (for 1-shocks) For any d ∈ V , there exists ε > 0 such that if (uL , u R) (with
uL ∈ Bε(d)) is an entropic Rankine–Hugoniot discontinuity with shock speed
σ verifying,

σ � λ1(uL),

then u R is in the image of S1
uL
. That is, there exists su R ∈ [0, suL ) such that

S1
uL

(su R ) = u R (and hence σ = σ 1
uL

(su R )).
(i) (for 2-shocks) If (uL , u R) is an entropic Rankine–Hugoniot discontinuity with

shock speed σ , then σ < λ2(uL).

(j) (for 2-shocks) For any d ∈ V , there exists ε > 0 such that: If (uL , u R) (with
u R ∈ Bε(d)) is an entropic Rankine–Hugoniot discontinuity with shock speed
σ verifying,

σ � λ2(u R),

then uL is in the image of S2
u R
. That is, there exists suL ∈ [0, su R ) such that

S2
u R

(suL ) = uL (and hence σ = σ 2
u R

(suL )).
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(k) For uL ∈ V , and for all s > 0,
d

ds
η(uL |S1

uL
(s)) > 0 (the shock “strengthens"

with s) (for the definition of the relative entropy, see (3.1)). Similarly, for u R ∈
V , and for all s > 0,

d

ds
η(u R |S2

u R
(s)) > 0. Moreover, for each uL , u R ∈ V and

s > 0, d
ds

σ 1
uL

(s) < 0 and d
ds

σ 2
u R

(s) > 0.

These assumptions are fairly general. The first one corresponds to the strict hy-
perbolicity of the system in V . The second one means that both characteristics
families of the system are genuinely nonlinear in V in the sense of Lax [31]. The
third assumption is related to the second law of thermodynamics. The function η is
called an entropy of the system, and q is called the entropy flux associated with η.
The next two assumptions are less classical. Assumption (d) ensures a contraction
property on rarefaction waves (see Section 4). Assumption (e) provides a global
bound on the speeds of propagation. Assumptions (f) to (k) are now standard for
the a-contraction theory. It was showed in [33] that they are verified for a large
family of systems, including the Full Euler system and the isentropic Euler system.
A typical example of systems verifying the Assumptions 1.1 is the system of isen-
tropic Euler equations for γ > 1:

ρt + (ρv)x = 0, t > 0, x ∈ R,

(ρv)t + (ρv2 + ργ )x = 0, t > 0, x ∈ R.
(1.3)

This is endowed with the physical entropy η(u) = ρv2/2 + ργ /(γ − 1), where
u = (ρ, ρv). For any fixed constant C > 0, we can define the space of states as the
invariant region

V0 = {u = (ρ, ρv) ∈ R
+ × R : −C < w1(u) = v − c1ρ

γ−1
2

� w2(u) = v + c1ρ
γ−1
2 < C}, (1.4)

where c1 := 2
√

γ

γ−1 .
Note that V0 = V ∪ {(0, 0)} where (0, 0) is the vacuum state. It justifies the

precise distinction of V and V0 (see [33,46]). The fact that (1.3) verifies the three
first assumptions of Assumption 1.1 is well-known (see Serre [39] for instance).
We prove in Section 4 that this also verifies assumptions (d) and (e).
We will consider only entropic solutions of (1.1), that is, solutions which verify
additionally

(η(u))t + (q(u))x � 0, t > 0, x ∈ R. (1.5)

More precisely, we ask that for all φ ∈ C∞
0 ([0,∞) × R) verifying φ � 0,

∫ ∞

0

∫ ∞

−∞

[
φt (t, x)η(u(t, x))

+ φx (t, x)q(u(t, x))
]
dxdt +

∫ ∞

−∞
φ(0, x)η(u0(x)) dx � 0, (1.6)

where u0 : R → R is the prescribed initial data for the solution u.
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For σ ∈ R and uL , u R ∈ V0, the function u : R+ × R → V0 defined by

u(t, x) :=
{

uL , if x < σ t,

u R, if x > σ t,
(1.7)

is a weak solution to (1.1) if and only if the triple (uL , u R, σ ) verifies the Rankine–
Hugoniot jump condition

f (u R) − f (uL) = σ(u R − uL). (1.8)

Moreover, the solution (1.7) will be entropic for the entropy η (according to (1.6))
if

q(u R) − q(uL) � σ(η(u R) − η(uL)). (1.9)

When (1.9) holds, (uL , u R, σ ) is an entropic Rankine–Hugoniot discontinuity.
We also restrict our study to the solutions verifying the so-called Strong Trace
Property.

Definition 1.2. (Strong trace property) Let u ∈ L∞(R+×R).We say that u verifies
the strong trace property if for any Lipschitzian curve t → X (t), there exists two
bounded functions u−, u+ ∈ L∞(R+) such that, for any T > 0,

lim
n→∞

∫ T

0
sup

y∈(0,1/n)

|u(t, X (t) + y) − u+(t)| dt

= lim
n→∞

∫ T

0
sup

y∈(−1/n,0)
|u(t, X (t) + y) − u−(t)| dt = 0.

For convenience, we will use later the notation u+(t) = u(t, X (t)+), and u−(t) =
u(t, X (t)−). We can then define the wildest space of solutions that we consider in
the paper:

Sweak = {u ∈ L∞(R+ × R : V0)weak solution to (1.1)(1.5), verifying Definition 1.2}.
(1.10)

Note that this space has no smallness condition.
The aim of this paper is to show the stability of a smaller class of solutions -namely
solutions with small BV norms- when perturbations are taken in the wider space
Sweak . More precisely, for any domainO such thatO ⊂ V , consider the following
class of solutions:

SBV,ε = {u ∈ L∞(R+, BV (R : O)) solution to (1.1) (1.5), with ‖u(t)‖BV (R)

� ε for t � 0}. (1.11)

Our main result is the following theorem:
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Theorem 1.3. Consider a system (1.1) verifying all the Assumptions 1.1. Then, for
any open set O such that O ⊂ V , there exists ε > 0 such that the following is true:
Let u ∈ SBV,ε be a BV solution with initial value u0. Assume that un ∈ Sweak

is a sequence of wild solutions (and thus uniformly bounded in L∞(R+ × R)),
with initial values u0

n ∈ L∞(R). If u0
n converges to u0 in L2(R), then for every

T > 0, R > 0, un converges to u in L∞(0, T ; L2(−R, R)). Especially, u is unique
in the class Sweak .

In a celebrated paper [20], Glimm showed that for anyO compact subset of V ,
any a ∈ O, and ε small enough, there exists εin > 0 such that if ‖u0 − a‖L∞(R) �
εin and ‖u0‖BV (R) � εin , then there exists a solution u ∈ SBV,ε of (1.1) with
u(0, ·) = u0. After Glimm’s method, currently referred to as the Glimm scheme
or random choice method, there are two other frameworks which can be used to
prove the small BV existence for general hyperbolic conservation laws: the front
tracking scheme (see [3,12]) and the vanishing viscosity method [2].
Uniqueness of these solutions was established by Bressan and Goatin [5] under
the Tame Oscillation Condition. It improved an earlier theorem by Bressan and
LeFloch [6]. Uniqueness was also known to prevail when the Tame Oscillation
Condition is replaced by the assumption that the trace of solutions along space-like
curves has bounded variation, see Bressan and Lewicka [7]. We will refer to this
condition as the Bounded Variation Condition (see Definition 2.2). One can also
find these theories in [3] or [12].
These uniqueness theories, which work for general hyperbolic conservation laws
with n unknowns, all need some a priori assumption on the solutions, such as Tame
Oscillation Condition or Bounded Variation Condition on space-like curves (see
[3]).
Note that any BV function verifies the Strong Trace Property (Definition 1.2).
Hence, any BV solution to (1.1) (1.5) belongs to Sweak . Therefore a consequence
of Theorem 1.3, is that in the case of 2 unknowns, these a priori assumptions are
not needed to obtain the uniqueness result. We formulate this result in the following
theorem:

Theorem 1.4. Consider a system (1.1) verifying all the Assumptions 1.1. Then, for
any open set O such that O ⊂ V , there exists ε > 0 such that the following is true:
Any solution in SBV,ε with initial value u0 is unique among the functions

{v ∈ L∞([0, T ]; BV (R))forallT > 0 and solution to (1.1) (1.5)}
with the same initial value.

As another celebratedwork for small BV solutions of general systems of hyperbolic
conservation laws, the L1 stability has been established in 1990s [4,8,36], or see
[3]. In the L1 stability theory, the perturbations un have to stay in the space SBV,ε.
In contrast, this is not required in our L2 based theory. For this reason, Theorem 1.3
can be seen as a weak-BV stability result, similar to the weak-Strong stability result
of Dafermos and DiPerna.
Indeed, since the work of Dafermos and DiPerna [11,16], it is known that on any
span of time [0, T ]where a solution of the system is Lipschitz in x , the solution is L2
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stable (for L2 perturbations on the initial value) among the large class of solutions
which are bounded weak entropic solutions to the same system. This implies the
well known weak-strong uniqueness principle: as long as a solution is Lipschitz,
it is unique among any other bounded weak solution. To be more precise, let us
denote the two classes of solutions:

ST
reg = {u ∈ L∞([0, T ] × R : V), solution to (1.1), with ‖∂x u(t)‖L∞([0,T ]×R)

� C, for C > 0}
ST

weak = {u ∈ L∞([0, T ] × R : V0) weak solution to (1.1) (1.5)}.
Let O be a compact subset of V , and u be a solution in ST

reg with values in O, and
with initial value u0. The result of Dafermos and DiPerna implies that if (un)n∈N
is a sequence of solutions in ST

weak such that their initial values (u0
n)n∈N converge

in [L2(R)]2 to u0, then (un)n∈N converges in L∞(0, T ; L2(R)) to u. Especially,
it implies the uniqueness of solutions in ST

reg among the bigger class of solutions

ST
weak (weak/Strong uniqueness).

Theorem 1.3 extends this result, in the context of 1-d systems with two unknowns,
going from the Lipschitz space ST

reg to the BV space SBV,ε. Note, however, that
the wild solutions of Sweak need to have the extra strong trace property compared
to solutions of ST

weak . Still, they can be valued in V0, including states for which f
is not differentiable, like the vacuum for the Euler system (1.3).
Our work is motivated by the construction of bounded solutions via compensated
compactness available for 2 × 2 systems (see Tartar [43], DiPerna [17], Chen
[9,15], Lions–Perthame and etc [34,35]). Those systems have Riemann invariants
(see Smoller’s book [42] and Hoff’s paper [22]) w1 and w2, such that

(w1)t + λ1(w1)x = 0, (w2)t + λ2(w2)x = 0.

This provides naturally invariant regions as (1.4).
Strong traces properties were first proved for multivariable conservation laws [45],
see also ([30,37]). The technique was later used to get more structural information
on the solutions (see [13,41]). For systems, the question whether bounded weak
solutions in ST

weak verify the Strong Trace Property is mostly open.
The Euler system (1.3) with γ = 3 is an interesting case. Indeed, it was proved
in [44] that for any initial values in V0, one can construct global solutions with
values in V0 verifying a similar strong property in time. It would be interesting to
investigate whether this property can be extended to the property of Definition 1.2
in this context.
In a parallel program, it has been shown that, considering inviscid limit of Navier–
Stokes equation, instead of weak solution to the inviscid conservation laws, one
can avoid the need of the strong traces property. The case of the inviscid limit of
the barotropic Navier–Stokes equation in the Lagrangian variables is considered
in [23,24]. It is shown that single shocks are stable (and so unique) in the class
of inviscid weak limit of energy bounded solutions to Navier–Stokes equations.
Neither Boundedness of the function, nor the strong traces property are needed in
this context. This result is a first milestone in the program of the authors to show the
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convergence from Navier–Stokes to Euler for initial values small in BV, a major
open problem in the field [3]. Theorem 1.3 is a second major milestone in this
direction. It provides several tools needed in the program to leap from the study of
a single wave solution to general Cauchy data.
The paper is structured as follows:we begin in Section 2with preliminaries linked to
the Bounded Variation Condition along space-like curve needed for the L1 unique-
ness theory. The proof of our result is based on the weighted entropy method with
shifts, and the front tracking method. The main ideas of our proof are presented in
Section 3. This section proves Theorem 1.3 from Proposition 3.2. The rest of the
paper is dedicated to the proof of Proposition 3.2. Section 4 is dedicated to the L2

study of single waves. Themost important one concerns the study of a single shock.
The exact needed version, Proposition 4.1, is proved in a companion paper [21].
The modified front tracking algorithm is introduced in Section 5. The construction
of the weight functions are performed in Section 6. Finally, Section 7 is dedicated
to the proof of Proposition 3.2.

2. Preliminaries

This section gather tools from the L1 theory that will be useful later. Every
result and notion for this section comes from [3]. Our proof uses the L1 uniqueness
result of [7]. Let us write precisely the statement here. Following [3], we introduce
first the notion of space-like curve.

Definition 2.1. (Space-like curves) Let λ̂ be a fixed constant. Then we define a
space-like curve to be a curve of the form {t = γ (x) : x ∈ (a, b)}, with

|γ (x2) − γ (x1)| <
x2 − x1

λ̂
for all a < x1 < x2 < b. (2.1)

In this paper, the value of λ̂ will be determined by Proposition 4.1. Still following
[3], we now introduce the extra condition needed for the classical L1 uniqueness
theorem.

Definition 2.2. (Boundedvariation condition)We say that a functionu ∈ L∞(R+×
R) verifies theBoundedVariationCondition if there exists δ > 0 such that, for every
bounded space-like curve {t = γ (x) : x ∈ [a′, b′]} with

|γ (x1) − γ (x2)| � δ|x1 − x2| for all x1, x2 ∈ [a′, b′], (2.2)

the function x 
→ u(γ (x), x) := uγ (x) is well defined and has bounded variation.

Note that taking constant functions γ shows that these functions u are BV in x .
Let us now state a uniqueness result of [3,7], rephrased in our context.

Theorem 2.3. (From [3,7]) For any d ∈ V , there exists ε > 0 such that for any u0

initial value with ‖u0‖BV (R) � ε and ‖u0 − d‖L∞(R) � ε, we have the following
uniqueness result:
There exists only one solution u of (1.1) (1.5) with initial value u0 and verifying
the Bounded Variation Condition of Definition 2.2.
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Note that Theorem 1.4 replaces the condition of Definition 2.2, by only u ∈
L∞(R+; BV (R)), and Theorem 1.3 by u ∈ Sweak .
Wewill need to prove that a certain limit of solutions to amodified front tracking al-
gorithm inherits the Bounded Variation Condition. Still following [3], we introduce
the following domination principle:

Definition 2.4. (Domination) Given two space-like curves γ : (a, b) → R and
γ ′ : (a′, b′) → R, we say that γ dominates γ ′ if a � a′ < b′ � b and, moreover,

γ (x) � γ ′(x) � min
{
γ (a) + x − a

λ̂
, γ (b) + b − x

λ̂

}
for all x ∈ (a′, b′).

(2.3)

This property implies that γ ′ is entirely contained in a domain of determinacy for
the curve γ . We introduce now the following property:

Condition 2.5. Let C > 0. Let a function ψ ∈ L∞(R+; BV (R)) be piecewise
constant; are say that it verifies the Condition 2.5 with constant C, if it verifies the
following:
Let γ and γ ′ be any two space-like curves with γ dominating γ ′ (Definition 2.4).
Then,

Tot.Var.{ψ; γ ′} � CTot.Var.{ψ; γ }. (2.4)

We will use the following lemma:

Lemma 2.6. Let {ψn}n∈N be a a family of piecewise constant functions uniformly
bounded in L∞(R+, BV (R)). Assume that there exists C > 0 such that for every
n ∈ N, ψn verifies Condition 2.5 for this constant C, and

||ψn(t, ·) − ψn(s, ·)||L1 � C |t − s|, 0 < s < t < T . (2.5)

Then, there exists ψ ∈ L∞(R+ × R) verifying the Bounded Variation Condi-
tion 2.2 such that, up to a subsequence, ψn converges to ψ when n → ∞ in
C0(0, T ; L2(−R, R)) for every T > 0, R > 0, and almost everywhere in R

+ ×R.

This lemma is very similar to [3, Lemma 7.3], where the same result is stated for
classical piecewise constant approximate solutions constructed by the front tracking
algorithm (without shifts). For the sake of completeness, we provide a proof of it
in the appendix.

3. Weighted Relative Entropy and Shifts

Theproof of our result is based on the relative entropymethodfirst introduced by
Dafermos [11] and DiPerna [16]. From the assumption of the existence of a convex
entropy η, we define an associated pseudo-distance defined for any a, b ∈ V0 ×V:

η(a|b) = η(a) − η(b) − ∇η(b)(a − b). (3.1)
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The quantity η(a|b) is called the relative entropy of a with respect to b, and is
equivalent to |a − b|2. We also define the relative entropy-flux: for a, b ∈ R

2,

q(a; b) = q(a) − q(b) − ∇η(b)( f (a) − f (b)). (3.2)

The strength of this notion is that if u is a weak solution of (1.1), (1.5), then u also
verifies the full family of entropy inequalities for any b ∈ V constant:

(η(u|b))t + (q(u; b))x � 0. (3.3)

Similarly to the Kruzkov theory for scalar conservation laws, (3.3) provides a full
family of entropies measuring the distance of the solution to any fixed values b inV .
The main difference is that the distance is equivalent to the square of the L2 norm
rather than the L1 norm. Same as for the Kruzkov theory, (3.3) provides directly
the stability of constant solutions (by integrating in x the inequality). Modulating
the inequality with a smooth function t, x → b(t, x) provides the well-known
weak-strong uniqueness result. Precisely, the relative entropy is an L2 theory in the
following sense:

Lemma 3.1. For any fixed compact set V ⊂ V , there exists c∗, c∗∗ > 0 such that
for all (u, v) ∈ V0 × V ,

c∗|u − v|2 � η(u|v) � c∗∗|u − v|2. (3.4)

The constants c∗, c∗∗ depend on bounds on the second derivative of η in V , and on
the continuity of η on V0.

This elementary lemma follows directly from Taylor’s theorem (see [33,46]).
For the family of Euler systems, it is well known that the relative entropy provides a
contraction property for rarefaction function t, x → b(t, x), even in multi-D [19].
This is because it verifies Assumption 1.1 (d) (see Section 4).
However, when modulating the inequality with discontinuous functions b with
shocks, the situation diverges significantly from the Kruzkov situation. This is due
to the fact that the L2 norm is not as well suited as the L1 norm for the study of
stability of shocks. However, the method was used by DiPerna [16] to show the
uniqueness of single shocks (see also Chen Frid [10] for the Riemann problem of
the Euler equation). In [46], it was proposed to use the method to obtain stability of
discontinuous solutions. The main idea was that the L2 norm can capture very well
the stability of the profile of the shock (up to a shift), even if the shift itself is more
sensitive [33]. Leger in [32] showed that in the scalar settings, the shock profiles
(modulo shifts) have a contraction property in L2, reminiscent to the L1 contraction
of the Kruzkov theory. It was shown in [40] that the contraction property is usually
false for systems. However, it can be recovered by weighting the relative entropy
[25]. More precisely, consider a fixed 1-shock (ul , ur , s). It was shown that there
exists 0 < a2 < a1 such that, for any wild solutions u ∈ Sweak , we can construct a
Lipschitz shift function h : R+ → R with

d

dt

{
a1

∫ h(t)

−∞
η(u(t, x)|uL) dx + a2

∫ ∞

h(t)
η(u(t, x)|u R) dx

}
� 0. (3.5)
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Note that this formula for a1 = a2, and h(t) = st would imply the contraction
property of the shock for the relative entropy. But the result, to be valid, needs the
weights ai , and the shifts h, giving the name to the method: a-contraction with
shifts.
Let us emphasize that the L2 based a-contraction is not true without the notion of
shifts. This is a major obstruction to consider solutions with several waves. Con-
servation laws have finite speeds of propagation. Therefore, usually, considering a
finite amount of waves is equivalent to studying a single one, at least, as long as
they do not interact. Because of the shifts, it is not obvious anymore in this theory.
The general idea, is that one shift by singularity is needed. Those shifts depend
crucially on the perturbation. It is therefore needed to prevent that these artificial
shifts do not force a 1-shock to stick and holds to a 2-shock, making the whole
process to collapse. This problem was solved in [27], allowing the treatment of
the Riemann problem. The main idea is that the shifts can be constructed based on
perturbed characteristic curves associated to the wild solution.
This article is making the leap going from the stability of the Riemann problem,
to the stability of small BV solutions. Because of the generation of infinitely many
shifts, the estimate (3.5) is significantlyweakened in this case. Ourmain proposition
is the following:

Proposition 3.2. Consider a system (1.1) verifying all the Assumptions 1.1. Let
d ∈ V . Then there exist C, v, ε > 0 such that the following is true:
For any m > 0, R, T > 0, v0 ∈ BV (R) such that ‖v0‖BV (R) � ε and ‖v0 −
d‖L∞(R) � ε, and any wild solution u ∈ Sweak , there exists ψ : R+ ×R → V such
that for almost every 0 < s < t < T :

‖ψ(t, ·)‖BV (R) � C‖v0‖BV (R),

||ψ(t, ·) − ψ(s, ·)||L1 � C |t − s|,
‖ψ(t, ·) − u(t, ·)‖L2((−R+vt,R−vt)) � C

(
‖v0 − u(0, ·)‖L2(−R,R) + 1

m

)
,

The function ψ verifies the Condition 2.5 with constant C.

It would be natural to try to take for the function ψ , the unique BV solution with
initial value v0 of Theorem 2.3. However, functionsψ which verify the proposition
are not solutions to (1.1). Instead, the proposition shows that if the initial value
u(0, ·) is L2 close to a set of small BV functions, then u(t, ·) stays L2 close, for
every time t > 0, to a slightly bigger set of small BV functions.
Despite the finite speed propagation of the equation, there are twomajor difficulties
to obtain this result: one is the shifts, the other is the weights. Let us give an example
of the difficulties the shifts introduce. Consider a piecewise-constant solution ū ∈
SBV,ε to (1.1) (1.5). Until the first time that there is an interaction between the
shocks in ū, we can represent the function ū as

ū(t, x) = ui , forxi + si t < x < xi+1 + si+1t,

where (ui−1, ui , si ) are admissible shocks. For any weak solution u ∈ Sweak , the
general theory of weighted relative entropy with shifts ensure the existence of shifts
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t → hi (t) and a piecewise weighted function

a(t, x) = ai , for hi−1(t) � x � hi (t),

such that, as long as the functions hi (t) do not cross,

d

dt

∫
R

a(t, x)η(u(t, x)|ψ(t, x)) dx � 0, (3.6)

where

ψ(t, x) = ui forhi−1(t) � x � hi (t).

Let t∗ > 0 be such that there are no collisions between any of the wavefronts in
either ū or ψ for t ∈ [0, t∗]. One might then hope to control ||ū(t, ·) − u(t, ·)||L2

by using both (3.6) and by controlling ||ū(t, ·) − ψ(t, ·)||L2 . However, it is difficult
to control ||ū(t, ·) − ψ(t, ·)||L2 . For time t ∈ [0, t∗], the function ψ can be recon-
structed from the function ū via a change of variables. However, if for example after
time t∗ a collision between two waves occurs in ū, but the corresponding waves do
not collide in ψ , then after the local Riemann problem in ū is solved and the clock
restarted, the functions ū and ψ cannot be related through a change of variables.
Furthermore, as in the scalar case, the best control we have on the shifts gets worse
and worse as the strength of the shock (being controlled by the shift) decreases (see
[26, Theorem 1.1] and [29, Theorem 1.2]). This is problematic, because we want
the initial data of the function ψ to approach the initial data for the wild solution
u, and in general the sizes of the shocks in ψ will get arbitrarily small.

The idea then is to give up on trying to control ū − ψ or the shifts. Instead,
we construct an artificial function ψ which stays L2 close to u while sharing the
structural property of ū (the smallness in BV ). If we now consider a sequence of
such solutions un such that the initial values converge to the initial value of ū, we
can transfer, at the limit, the structural property from the ψn functions to the limit
u. This implies that u belongs to SBV,ε and still verifies the Bounded Variation
Condition, and so is equal to ū by the uniqueness theorem (Theorem 2.3).
Note that this strategy was first introduced in [28] in the scalar case with convex
fluxes. The paper [28] gives a new proof for the uniqueness of solutions verifying
a single entropy condition. Previous proofs of this result were obtained by Panov
[38] and De Lellis, Otto, and Westdickenberg [14]. Their proofs were based on
the link between conservation laws and Hamilton-Jacobi equations, and it seems
difficult to extend them to the system case where no such relation exists.
The strategy is now to construct the function ψ of Proposition 3.2 which stays
L2 close to u, while enjoying the small BV property of ū. We construct it via
the front tracking method, from the initial value of ū0, but with the propagation
of discontinuities following the shifts {hi } (which depend on the weak solution
u). A key point is that the BV estimates obtained from the front tracking method
do not depend on the propagation of these fronts. We can then control the BV
norm of ψ . Note that ψ is not a solution to the equation (1.1) since the Rankin-
Hugoniot conditions are not verified anymore. It cannot be easily compared to ū
either since the waves can interact in a different order. We remark that although



Geng Chen, Sam G. Krupa & Alexis F. Vasseur

we limit ourselves in this paper to 2 × 2 systems with genuinely nonlinear wave
families, the front tracking algorithm we use works for general n × n systems with
either genuinely nonlinear or linearly degenerate wave families. In particular, in
this paper, we have incorporated non-physical waves (also known as pseudoshocks)
into our modified front tracking algorithm. The use of non-physical waves is not
required for the 2 × 2 case, but it is necessary for applying the front tracking
method to general n × n systems. The only constraint to restrict our study to 2× 2
systems, is the difficulty to apply the a-contraction theory to intermediate families of
discontinuities. It is however probable that this should be doable for some systems.
Therefore, we made the choice to use the general n × n framework for future use.
The last difficulty is due to the weight function a. In order to obtain the contraction
property (3.6), we have constraints on the variations of the weights ai −ai−1 which
depend both on the size and the family of the shock (ui−1, ui , si ). This means
that the weight function has to be reconstructed at each collision time between
two waves. The variations of the weight function has to be controlled precisely to
ensure that it stays bounded away from 0. The construction of the weight is closely
related to the front tracking method, and the control of its BV norm mirrors the
BV control on the function ψ itself.
For this procedure, a key refinement of the a-contraction for a single shock is
provided by the companion paper [21]. This shows that the size of variation of the
weight |ai − ai−1| can be chosen proportionally to the strength of the associated
shock wave |σi | ≈ |ui−1 − ui |. This property was first showed in the class of
inviscid limit of Navier–Stokes [23,24]. Surprisingly, the proof based directly on
the inviscid model is very different, and quite delicate.
We finish this section showing how Proposition 3.2 implies Theorem 1.3.

Proof of Main Theorem (Theorem 1.3). For each d ∈ O, consider εd > 0 such that
both Proposition 3.2 and Theorem 2.3 are valid. The union (over d) of the balls
Bεd/2(d) cover the compact O, so there exists a finite subcover. Denote ε > 0 the
smallest of the εdi /2 for this finite subcover.
By passing to a subsequence if necessary,we assume that

∣∣∣∣u0
m − u0

∣∣∣∣
L2 � 1

m . From
Proposition 3.2 (with u0 playing the role of v0) we have a sequence of functions
ψm (for all m ∈ N), uniformly bounded in L∞(R+, BV (R)). Moreover ψm verify
Condition 2.5 and (2.5) uniformly, and they verify for all time t > 0 that

||ψm(t, ·) − um(t, ·)||L2(R) � 2

m
. (3.7)

From Lemma 2.6, there exists ψ ∈ L∞(R+ × R) verifying the Bounded Vari-
ation Condition (Definition 2.2) such that for every T > 0, R > 0, ψm con-
verges in C0(0, T : L2(−R, R)) to ψ . Together with (3.7), um converges in
L∞(0, T : L2(−R, R)) to ψ . Since the convergence is strong and um verifies
(1.1) (1.5), the limit ψ is also solution to (1.1) (1.5), with initial value u0. From
Theorem 2.3, it is the unique solution verifying Definition 2.2.
Applying the result to the constant sequence un = u, the fixed BV function with
initial value u0 from the hypotheses of the theorem, shows that u is also this unique
solution. Therefore ψ = u. This ends the proof of Theorem 1.3. The rest of the
paper is dedicated to the proof of Proposition 3.2. ��
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4. Relative Entropy for the Riemann Problem

We first state the refined a-contraction property of shocks for the weighted
relative entropy with shifts. This result is proved in [21]. Note that the constant L
is defined in Assumption 1.1 (e).

Proposition 4.1. Consider a system (1.1) verifying all the Assumptions 1.1. Let
d ∈ V . Then there exist constants α1, α2, λ̂ and C, ε > 0, with α1 < α2 and
λ̂ � 2L, such that the following is true:

Consider any shock (uL , u R) with |uL − d| + |u R − d| � ε, any u ∈ Sweak ,
any t̄ ∈ [0,∞), and any x0 ∈ R. Let σ be the strength of the shock σ = |uL − u R |.
Then for any a1 > 0, a2 > 0 verifying

1 − 2Cσ � a2
a1

� 1 − Cσ

2
if (uL , u R) is a 1-shock

1 + Cσ

2
� a2

a1
� 1 + 2Cσ if (uL , u R) is a 2-shock,

there exists a Lipschitz shift function h : [t̄,∞) → R, with h(t̄) = x0, such that
the following dissipation functional verifies

a2
[
q(u(t, h(t)+); u R) − ḣ(t) η(u(t, h(t)+)|u R)

]
− a1

[
q(u(t, h(t)−); uL) − ḣ(t) η(u(t, h(t)−)|uL)

]
� 0 (4.1)

for almost all t ∈ [t̄,∞).
Moreover, if (uL , u R) is a 1-shock, then for almost all t ∈ [t̄,∞):

− λ̂

2
� ḣ(t) � α1 < inf

v∈B2ε(d)
λ2(v).

Similarly, if (uL , u R) is a 2-shock, then for almost all t ∈ [t̄,∞):

sup
v∈B2ε(d)

λ1(v) < α2 � ḣ(t) � λ̂

2
.

Integrating (3.3) with b = uL for x ∈ (−∞, h(t)), integrating (3.3) with
b = u R for x ∈ (h(t),∞), summing the results, and using (4.1) together with the
strong traces property Definition 1.2 provides the contraction property (3.6) in the
case of a single shock as long as,

a2/a1 is between 1 + C

2
(−1)iσ and 1 + 2C(−1)iσ,

when (uL , u R) is a i-shock. It shows that the variation of the a function has to be
negative for a 1-shock, positive for a 2-shock, and can be chosen with strength of
the same order as the size of the shock. The estimates on ḣ show that we keep a
finite speed of propagation, and that a shift of a 1-shock cannot overtake the shift
of a 2-shock if it started on its left. This is important because when we introduce
shifts into the solution to a Riemann problem with two shocks, both shock speeds
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move with artificial velocities. We need to ensure that the positions of the shocks
do not touch at some time after the initial time to preserve the property of classical
solutions to the Riemann problem, where shocks born from a solution to a Riemann
problem will never touch.
We need a similar control for approximations of rarefactions via the front tracking
method.We begin to show that, under theAssumption 1.1 (b)(d), the real rarefaction
has a contraction property without the need of shift.

We use the self-similar variable y to write ū(y) vL � y � vR for a rarefaction
wave for (1.1), such that (x, t) 
→ ū(x/t) is a rarefaction fan solution to (1.1)
connecting the left state ū(vL) to the right state ū(vR).

Lemma 4.2. Consider a system (1.1) verifying all the Assumptions 1.1. Let ū(y)

vL � y � vR be a rarefaction wave for (1.1). Then for any u ∈ Sweak and every
t > 0 we have (in the sense of distributions)

d

dt

∫ vRt

vL t
η(u(t, x)|ū(x/t)) dx � q(u(t, vL t+); ū(vL )) − q(u(t, vRt−)|ū(vR))

−vLη(u(t, vL t+)|ū(vL )) + vRη(u(t, vRt−)|ū(vR)).

Remark 4.3. We generalize the result and proof known for Euler. For one possible
reference for this, see [46].

Proof. Following [11] or [46] we have that for any u ∈ Sweak and any v ∈ ST
reg:

∂tη(u|v) + ∂x q(u; v) + ∂x {η′(v)} f (u|v) � 0.

The relative flux is defined analogously to the relative entropy. For a, b ∈ V0 × V ,
we define it as:

f (a|b) = f (a) − f (b) − ∇ f (b)(a − b).

Since ū is a rarefaction, for all y, ū′(y) is a right eigenvector of f ′(ū(y)), and so from
Assumption 1.1 (b): ū′(y) ·λ′(ū(y)) > 0. For v(t, x) = ū(x/t), ∂xv = 1

t ū′(x/t) =
r is also a right eigenvector of f ′(ū(y)) = f ′(v) with the same property from
Assumption 1.1 (b):

r · λ′(v) > 0. (4.2)

Denote � = ∂x {η′(v)} = η′′(v)∂xv = η′′(v)r . For v fixed, since η′′ is positive

� · r = r T η′′(v)r > 0. (4.3)

Since η′′(v) f ′(v) is symmetric

�T f ′(v) = r T η′′(v) f ′(v) = η′′(v) f ′(v)r = λ(v)η′′(v)r = λ(v)�.

Hence � is a left eigenvector of f ′(v).
From Assumption 1.1 (d), we have that � · f is either convex or convave. Let

r(u) be a right eigenvector of f ′(u) for the same family. Using that � is a left
eigenvector of f ′(v), we get

�T ( f ′(u) − f ′(v))r(u) = � · r(u)(λ(u) − λ(v)).
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passing to the limit u goes to v, and taking the value along r = r(v) we find:

� f ′′(v)(r, r) = (λ′(v) · r)(� · r) > 0

thanks to (4.2) and (4.3). Hence, � · f is convex, and

u → ∂x {η′(v)} f (u|v) is non-negative for all u ∈ V0. (4.4)

Finally

∂tη(u|v) + ∂x q(u; v) � 0.

Integrating in x between vL t and vRt , and using the Strong Trace Property (Defi-
nition 1.2) gives the result. ��
We can now give the control needed for the error due to the approximation of the
rarefaction via the front tracking method.

Proposition 4.4. There exists a constant C > 0 such that the following is true. For
any ū(y) vL � y � vR rarefaction wave for (1.1), denote

δ = |vL − vR | + sup
y∈[vL ,vR ]

|uL − ū(y)|, ū(vL) = uL , ū(vR) = u R .

Then for any u ∈ Sweak , any vL � v � vR, and any t > 0 we have:
∫ t

0
{q(u(t, tv+); u R) − q(u(t, tv−); uL) − v (η(u(t, tv+)|u R)

−η(u(t, tv−)|uL))} dt � Cδ|uL − u R |t.
Proof. Consider the quantity

D = d

dt

{∫ vt

vL t
η(u(t, x)|uL ) dx +

∫ vRt

vt
η(u(t, x)|u R) dx −

∫ vRt

vL t
η(u(t, x)|ū(x/t)) dx

}
.

The dissipation due to the shocks of u cancels out. More precisely, we now show
the following inequality:

D � q(u(t, tv+); u R) − q(u(t, tv−); uL ) − v (η(u(t, tv+)|u R) − η(u(t, tv−)|uL )) .

(4.5)

First, note the equalities

∂t (η(u(t, x)|ui ) − η(u(t, x))) + ∂x (q(u(t, x); ui ) − q(u(t, x))) = 0, i = L , R,

(4.6)

and the inequality

∂t (η(u(t, x)|ū(x/t)) − η(u(t, x))) + ∂x (q(u(t, x); ū(x/t)) − q(u(t, x)))

= −∂x {η′(ū(x/t))} f (u|ū) � 0, (4.7)

where the equality in (4.7) comes from following the classical proof of weak-strong
stability [12, p. 122-5], and the inequality in (4.7) follows from (4.4).
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Thus,

D = −v (η(u(t, tv+)|u R) − η(u(t, tv−)|uL))

+
∫ vt

vL t
∂t (η(u(t, x)|uL) − η(u(t, x))) dx

+
∫ vRt

vt
∂t (η(u(t, x)|u R) − η(u(t, x))) dx

−
∫ vRt

vL t
∂t (η(u(t, x)|ū(x/t)) − η(u(t, x))) dx

Then, from (4.6) and(4.7),

� −v (η(u(t, tv+)|u R) − η(u(t, tv−)|uL))

−
∫ vt

vL t
∂x (q(u(t, x); uL ) − q(u(t, x))) dx

−
∫ vRt

vt
∂x (q(u(t, x); u R) − q(u(t, x))) dx

+
∫ vRt

vL t
∂x (q(u(t, x); ū(x/t)) − q(u(t, x))) dx

= −v (η(u(t, tv+)|u R) − η(u(t, tv−)|uL)) −
∫ vt

vL t
∂x q(u(t, x); uL) dx

−
∫ vRt

vt
∂x q(u(t, x); u R) dx +

∫ vRt

vL t
∂x q(u(t, x); ū(x/t)) dx

= q(u(t, tv+); u R) − q(u(t, tv−); uL) − v (η(u(t, tv+)|u R)

−η(u(t, tv−)|uL)) ,

which proves (4.5).
Integrating in time gives that
∫ t

0
{q(u(t, tv+); u R) − q(u(t, tv−); uL )

−v (η(u(t, tv+)|u R) − η(u(t, tv−)|uL ))} dt �
∫ t

0
D dt

�
∫ vt

vL t
η(u(t, x)|uL ) dx +

∫ vRt

vt
η(u(t, x)|u R) dx −

∫ vRt

vL t
η(u(t, x)|ū(x/t)) dx

�
∫ vt

vL t

(
η(ū(x/t)) − η(uL ) + η′(ū(x/t))(u − ū(x/t)) − η′(uL )(u − uL )

)
dx

+
∫ vRt

vt

(
η(ū(x/t)) − η(u R) + η′(ū(x/t))(u − ū(x/t)) − η′(u R)(u − u R)

)
dx

� Cδ|uL − u R |t.
��

For the sake of completeness, we conclude this section by proving that Assump-
tions 1.1 (a) to (e) are always verified for the isentropic Euler system 1.3. Recall
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that Assumptions (f) to (k) are standard for the a-contraction theory. In [33] they
are verified for a large family of systems, including the Full Euler system and the
isentropic Euler system.

Lemma 4.5. Consider the system (1.3), with state set (1.4). Then Assumptions 1.1
(a)-(e) are verified.

Proof. The properties 1.1 (a), (b), (c) arewell known (see [39] for instance). Denote
the flux function f (ρ, ρv) = (ρv, ρv2 + ργ ), and the conservative quantities
(u1, u2) = (ρ, ρv). Then

f1(u1, u2) = u2, f2(u1, u2) = u2
2

u1
+ uγ

1 .

Note that f1 is linear in u, and f2 is convex. Hence, for any vector � (left eigenvector
of f ′(v) or not):

� · f = �1 f1 + �2 f2

is convex if �2 � 0, and concave if �2 � 0. This proves 1.1 (d).
The eigenvalues of f ′ are given by the formula λ± = v ± √

γργ−1 (see [39]). But
from (1.4), |v| � C , and c1ρ(γ−1)/2 � 2C . This shows 1.1 (e).

��

5. Modified Front Tracking Algorithm

In the proof of Proposition 3.2, the function ψ will be defined through a mod-
ification of the front tracking algorithm. For an excellent introduction to the front
tracking algorithm, we refer the reader to Chapter 14 of Dafermos’s book [12] and
also the succinct paper of Baiti–Jenssen [1]. These two references, together, make
an excellent introduction.

For completeness, we include here a brief description of the front tracking
algorithm as we use it. In this paper, we do not make use of any of the convergence
properties of the front tracking algorithm or related analysis. We use instead the
fact that the algorithm gives a sequence of functions with uniformly bounded total
variation.

In this paper, we base our modified front tracking algorithm on a version of
the front tracking scheme which is amenable to general n × n systems. We do
this for future applications of our theory to systems with more than two conserved
quantities. However, we remark that there is a simplification of the front tracking
algorithm when the focus is restricted to the class of 2× 2 systems of conservation
laws.

For the construction of the ψ we are about to give, the modification to the front
tracking algorithm (as presented in Baiti–Jenssen [1]) consists in changing the
velocity of the shocks. The shocks move with an artificial velocity dictated by the
shift functions of Proposition 4.1, instead of moving with the Rankine–Hugoniot
speed. Thus, performing analysis on our version of the front tracking algorithm is
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nearly identical to performing analysis on the front tracking algorithmwhen shocks
move with Rankine–Hugoniot speed.
We now give the details of the construction of ψ , following Baiti–Jenssen [1]. The
main idea is to take a piecewise-constant approximation of the initial data, solve
(approximately) all of the local Riemann problems within the class of piecewise-
constant functions, until a time when two of the Riemann problems interact. Then,
the procedure is repeated: the local Riemann problems are again solved, etc.

The key point is to show that the number of wave-fronts (i.e., curves of discon-
tinuity in time-space) remains finite, so this inductive process does not terminate
in finite time. This is done by using two different Riemann solvers: an accurate
Riemann solver is used to continue the solution in time after the interaction of two
wavefronts when the product of the two strengths of the wavefronts is large. With
the accurate solver, the number of wave fronts in the solution might increase. On
other hand, when the product of the two strengths of the colliding wavefronts is
small, a simplified Riemann solver is used which will prevent an explosion in the
number of wavefronts. The key is that the accurate Riemann solver will only need to
be used a small number of times, keeping the number of wavefronts in our solution
finite.

Recall that given a Riemann problem with two constant states u− and u+
sufficiently close, a solution with at most three constant states, connected by either
shocks or rarefaction fans, can always be found. More precisely, there exist C2

curves σ 
→ Ti (σ )(u−), i = 1, 2, parametrized by arclength, such that

u+ = T2(σ2) ◦ T1(σ1)(u−), (5.1)

for some σ1 and σ2. We define u0 := u− and

u1 := T1(σ1)(u0), (5.2)

u2 := T2(σ2) ◦ T1(σ1)(u0). (5.3)

We use the convention that, when σi is positive (negative) the states ui−1 and ui

are separated by an i-shock (i-rarefaction) wave. Further, the strength of the i-wave
is defined as |σi |.

For given initial data v0, let ψ0
ν be a sequence of piecewise-constant functions

approximating v0 in L2 on (−R, R). (We will choose ν later such as to give us
the required ψ = ψν .) Let Nν be the number of discontinuities in the function ψν

and choose a parameter δν controlling the maximum strength of the (approximate)
rarefaction fronts.

We now introduce the two Riemann solvers. One will be used when the product
of the strengths of the colliding waves is large, the other will be used when the
product of the strengths is small or one of the incoming waves is non-physical (also
known as a pseudoshock).

5.1. The Riemann Solvers

TheRiemann solverswill usenon-physical waves (also knownaspseudoshocks).
These are waves connecting two states (let’s call them u− and u+), and traveling
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with a fixed velocity λ̂ > 0 defined in Proposition 4.1. Therefore, it is greater than
all characteristic speeds on V and greater than the speed of the shifts (which have a
uniform bound on their speeds). We define this non-physical wave to have strength
|σ | := |u− −u+| and we say it belongs to the third wave family. Remark that since
all non-physical waves travel with the same speed λ̂, they cannot interact with each
other.

Assume that at a positive time t̄ , there is an interaction at the point x̄ between two
waves of families iα, iβ and strengths σ ′

α, σ ′
β , respectively, with 1 � iα, iβ � 3. Let

σ ′
α denote the left incoming wave. Let u−, u+ be the Riemann problem generated

by the interaction, and let σ1, σ2 and u0, u1, u2 be defined as in (5.1). Finally, we
can now define the accurate and simplified Riemann solvers.

(A) Accurate solver: If σi < 0 then we let

pi := �|σi |/δν� , (5.4)

where �s� denotes the smallest integer number greater than s. For l = 1, . . . , pi

we define

ui,l := Ti (lσi/pi )(ui−1), xi,l(t) := x̄ + (t − t̄)λi (ui,l). (5.5)

On the other hand, if σi > 0, we define pi := 1 and

ui,l := ui , xi,l(t) := hi (t). (5.6)

Here, hi is the shift function coming from Proposition 4.1. Within the context of
Proposition 4.1, we take uL = ui−1 and u R = ui .

Then, we define the approximate solution to the Riemann problem as follows:

va(t, x) :=

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

u−, if x < x1,1(t),

u+, if x > x2,p2(t),

ui , if xi,pi (t) < x < xi+1,1(t),

ui,l , if xi,l(t) < x < xi,l+1(t) (l = 1, . . . , pi − 1).

(5.7)

Note that, thanks to the two last properties of Proposition 4.1, we have : xi,pi (t) <

xi+1,1(t) for all t > 0, so the function is well defined.
(B) Simplified solver: for each i = 1, 2 let σ ′′

i be the sum of the strengths of the
strengths of all incoming i-waves. Define

u′ := T2(σ
′′
2 ) ◦ T1(σ

′′
1 )(u−). (5.8)

Let va(t, x) be the approximate solution of the Riemann problem (u−, u′) given
by (5.7). Remark that in general u′ �= u+ and thuswe are introducing a non-physical
front between these states. Hence, we define the simplified solution as follows:

vs(t, x) :=
{

va(t, x), if x − x̄ < λ̂(t − t̄),

u+, if x − x̄ > λ̂(t − t̄).
(5.9)

Notice that by construction, the simplifed solution to the Riemann problem
contains at most two physical waves and an additional non-physical wave. Thus,
by strategically employing the simplified solver for small collisions, we can prevent
an explosion in the number of wavefronts.
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5.2. Construction of the Approximate Solutions

Given ν we construct the approximate solution ψν(t, x) as follows. At time
t = 0 all of the Riemann problems in ψ0

ν are solved accurately as in (A) (the
accurate solver). By slightly perturbing the speed of a wave if necessary, we can
ensure that at each time we have at most one collision, which will involve only two
wavefronts. Suppose that at some time t > 0 there is a collision between two waves
from the iαth and iβ th families. Denote the strengths of the two waves by σα and
σβ , respectively. The Riemann problem generated by this interaction is solved as
follows. Let εν be a fixed small parameter which will be chosen later.

• if |σασβ | > εν and the two waves are physical, then we use the accurate solver
(A);

• if |σασβ | < εν and the two waves are physical, or one wave is non-physical,
then we use the simplified solver (B).

By the following Lemma, for any εν this algorithm will yield an approximate
solution defined for all times t > 0.

Lemma 5.1. (From [1, Lemma 2.1]) The number of wavefronts in ψν(t, x) is finite.
Hence, the approximate solutions ψν are defined for all t > 0.

This Lemma is stated and proved in [1, Lemma 2.1] for piecewise constant front
tracking solutions where shocks move according to Rankine–Hugoniot. We do not
repeat the proof here, because using shifts in the front tracking algorithm (instead
of Rankine–Hugoniot speeds) does not impact the proof. The proof is identical.

We introduce the total variation of ψν as

L(t) =
∑

|σi | = TV(ψν)(t),

namely the sum of the strengths of all jump discontinuities that cross the t-time line.
Clearly, L(t) stays constant along time intervals between consecutive collisions of
fronts and changes only across points of wave interaction.

A j-wave and an i-wave, with the former crossing the t-time line to the left
of the latter, are called approaching when either i < j , or i = j and at least one
of these waves is a shock. We recall then the definition of the potential for wave
interactions

Q(t) =
∑

i, j :approaching waves
|σi ||σ j |,

where the summation runs over all pairs of approaching waves, with strengths |σi |
and |σ j |, which cross the t-line. Let us summarize some well known fact of the
front tracking method which are still valid in our situation.

Proposition 5.2. There exists κ > 0 such that for any ε small enough, the following
is true.
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The functional L(t) + κ Q(t) is decreasing in time. Moreover, for any time t
where waves with strength |σi | and |σ j | interact the jump of Q at this time verifies
that

�L(t) + κ�Q(t) � −κ

2
|σi ||σ j |.

Furthermore, there exists a constant C > 0, such that, for every ν > 0, T > 0

‖ψν‖L∞(0,T,BV (R)) � 2ε,

||ψν(t, ·) − ψν(s, ·)||L1 � C |t − s|, 0 < s < t < T,

The function ψν verifies the Condition 2.5 with constant C.

Proof. The definitions of the functional Q and L do not depend on the propaga-
tion speed of the waves, as long as one verifies the rules that only approaching
waves can interact in the future, and (after interaction) interacting waves will not
be approaching anymore in the future. These two rules are still valid, thanks to the
separation of wave speeds by families in Proposition 4.1. Therefore, the evolution
rule of L(t) and Q(t) after each collision depends only on the Riemann solvers
which are identical to the real front tracking algorithm. Thus we recover the es-
timates involving �Q(t) and �L(t) in the exact same way as the original front
tracking method (see [3]).
This estimate shows that L(t) + κ Q(t) is a non increasing function in time. We
have also that Q(t) � εL(t). Thus for every time t > 0

L(t) � L(t) + κ Q(t) � L(0) + κ Q(0) � (1 + κε)ε,

which provides the uniform BV bound for ε small enough.
As in [3, (7.79)], we have that

||ψν(t, ·) − ψν(s, ·)||L1 � O(1)|t − s|
(
sup

τ∈R+
L(τ )

)
[maximum speed]

� C |t − s|,
since the maximum speed is uniformly bounded by λ̂ defined in Proposition 4.1.
The proof of the last statement is identical to [3, Lemma 7.3], since it depends only
on the interaction rules, and on the finite speed of propagation.

��
For every time r > 0, we denote byP(r) the set of i corresponding to non-physical
waves. For the same reasons, the following lemma is unchanged from [1, Lemma
3.1]:

Lemma 5.3. (From [1, Lemma 3.1]) If

lim
ν→∞ εν

(
Nν + 1

δν

)k

= 0, (5.10)
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for every positive integer k, then the total strength of non-physical waves in ψν

goes to zero uniformly in t as ν → ∞:

sup
r∈[0,T ]

∑
i∈P(r)

|σi | → 0, when ν → ∞.

Lemma 5.3 is based on [1, Lemma 3.1], where the result is given for piecewise-
constant front tracking solutions with shocks moving with Rankine–Hugoniot
speed. A proof is also provided in [1]. The proof of our Lemma 5.3, where shocks
move according to shift functions, is identical.

6. The Weight Function a

For any pairwise interaction between two small (shock or rarefaction) waves,
one has the following estimates (see [3,20,42]) (see Figure 1):

Proposition 6.1. Call σ ′, σ ′′ the strengths of two interacting wave-fronts, and let
σ1, σ2 be the strengths of the outgoing waves of the first and second family. σ takes
positive sign on a shock and negative value on a rarefaction front.

Then there exists a constant C0 (uniformly valid for u ∈ Bε(d)) such that

• If both σ ′ and σ ′′ belong to the first family, then

|σ1 − (σ ′ + σ ′′)| + |σ2| � C0 |σ ′σ ′′|(|σ ′| + |σ ′′|). (6.1)

If σ ′′ is a 1-wave and σ ′ is a 2-wave, then

|σ1 − σ ′′| + |σ2 − σ ′| � C0 |σ ′σ ′′|. (6.2)

• If both σ ′ and σ ′′ belong to the second family, then

|σ1| + |σ2 − (σ ′ + σ ′′)| � C0 |σ ′σ ′′|(|σ ′| + |σ ′′|). (6.3)

Remark that Bε(d) is in the context of Theorem 2.3.
Here we can always choose ε small enough, partically smaller than the ε of

Proposition 4.1, and such that

C0ε � 1. (6.4)

We now define the following measure μ(t, ·) as a sum of Dirac measures in x :

μ(t, x) = −
∑

i :1−shock

σiδ{xi (t)} +
∑

i :2−shock

σiδ{xi (t)}

= −
∑

i :1−wave

(σi )+δ{xi (t)} +
∑

i :2−wave

(σi )+δ{xi (t)}.

The weight function is then defined as

a(t, x) = 1 + C

(
L(t) + κ Q(t) +

∫ x

−∞
μ(t, z) dz

)
, (6.5)
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where the constant C is defined in Proposition 4.1.
Note that the function a is piecewise constant, with discontinuities only along shock
curves. In particular it is constant across rarefaction curves and pseudoshock curves.
We show that the function a has the following properties.

Proposition 6.2. There exists C0 > 0, such that for every ε > 0 small enough,

|a(t, x) − 1| � C0ε.

For every time without wave interaction, and for every x such that a 1-shock σi is
located at x = xi (t),

1 − 2C |σi | � a(t, xi (t)+)

a(t, xi (t)−)
� 1 − C

2
|σi |. (6.6)

For every time without wave interaction, and for every x such that a 2-shock σi is
located at x = xi (t),

1 + 1

2
C |σi | � a(t, xi (t)+)

a(t, xi (t)−)
� 1 + 2C |σi |. (6.7)

For every time t with a wave interaction, and almost every x:

a(t+, x) � a(t−, x). (6.8)

Proof. Note that ‖μ(t)‖M � L(t), and

L(0) + κ Q(0) = O(ε).

Since L(t) + κ Q(t) is decreasing, this means that

|a(t, x) − 1| = O(ε),

so for ε small enough, 1/2 < 1/a(t, x(t)−) < 2. Now

a(t, xi (t)+)

a(t, x(t)−)
− 1 = 1

a(t, x(t)−)
(a(t, xi (t)+) − a(t, x(t)−)) = 1

a(t, x(t)−)
C |σi |α,

with α = 1 if the shock σi is a 2-shock, and α = −1 if it is a 1-shock. This shows
(6.6) and (6.7).
Consider a time t with a wave interaction. From the definition of the a function,

sup
R

(a(t+, x) − a(t−, x)) � C

(∫
R

|μ(t+) − μ(t−)| dx + (�L(t) + κ�Q(t))

)
.

(6.9)

Assume that the waves interacts at x = x0. The interacting wave fronts are σ ′
σ ′′ leading to outgoing waves σ1, σ2. We study μ(t+) − μ(t−) by considering
separately all the possible kind of interactions.
If the interaction involves a pseudoshock, then the strengths of the shocks are
not affected, so μ(t+) − μ(t−) = 0, and since �L + κ�Q � 0, we have also
a(t+, x) − a(t−, x) � 0 for every x ∈ R.
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If the simplified solver is used, then

μ(t+) − μ(t−) = δ{x0}[(σ ′ + σ ′′)+ − (σ ′)+ − (σ ′′)+] � 0.

We still have a(t+, x) − a(t−, x) � 0 in this case.
It remains to consider the cases involving the accurate solver. They correspond to
the three cases of Proposition 6.1.
(i) If σ ′′ is a 1-wave and σ ′ is a 2-wave. Using the definition of μ to justify the first
equality below, the fact that y → (y)+ is Lipschitz with constant 1 for the second
inequality, (6.2) for the third inequality, and Proposition 5.2 for ε small enough to
get the last inequality, we have:

|μ(t+) − μ(t−)| = δ{x0}|(σ2)+ − (σ1)+ − ((σ ′)+ − (σ ′′)+)|
� δ{x0}|(σ2)+ − (σ ′)+| + |(σ1)+ − (σ ′′)+|
� δ{x0}(|σ2 − σ ′| + |σ1 − σ ′′|)
� δ{x0}C0 |σ ′σ ′′|
� −(�L(t) + κ�Q(t))δ{x0},

where we choose κ > 2C0. Remark also that we used (6.4). However using (6.9)
and the fact that �L(t) + κ�Q(t) < 0, gives that

sup
R

(a(t+, x) − a(t−, x)) � 0.

(ii) The cases (6.1) and (6.3) are similar. Let us do (6.1) in detail. Both σ ′ and σ ′′
belong to the first family. In this case,

|μ(t+) − μ(t−)| = δ{x0}|(σ2)+ − (σ1)+ − (−(σ ′)+ − (σ ′′)+)]|
� δ{x0}(|(σ2)+| + |(σ1)+ − (σ ′)+ − (σ ′′)+|)
� δ{x0}(|(σ2)| + |(σ1)+ − (σ ′)+ − (σ ′′)+|)

We need to separate cases depending on the nature of the incoming waves, and the
kind of Riemann solver used.
(ii)-1 If σ ′ and σ ′′ are rarefactions, then σ1 is also a rarefaction, and

|(σ1)+ − (σ ′)+ − (σ ′′)+| = 0.

(ii)-2 If σ ′ and σ ′′ are shocks, then σ1 is also a shock, and

|(σ1)+ − (σ ′)+ − (σ ′′)+| = |σ1 − σ ′ − σ ′′|.
(ii)-3 Finally, if one of σ ′ and σ ′′ is a shock, let say σ ′, and the other a rarefaction,
let say σ ′′. Then

|(σ1)+ − (σ ′)+ − (σ ′′)+| = |(σ1)+ − σ ′| � |σ ′′ − (σ1)−| + |σ1 − σ ′ − σ ′′|
� −(�L(t) + κ�Q(t)),

since |σ ′′ − (σ1)−| � −�L(t) + C0ε|σ ′||σ ′′|.
Gathering all the cases, we obtain

sup
R

(a(t+, x) − a(t−, x)) � 0.

��
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7. Proof of Proposition 3.2

This section is devoted to the proof of Proposition 3.2. In our front-tracking
procedure, we are stopping and restarting the clock every time there is a collision
between waves (when the waves initiated from distinct Riemann problems). Weak
solutions u to (1.1) naturally lies in C0(R+; W −1,∞(R)). Note that the formulation
of the entropy inequality (1.6) holds with a boundary term for t = 0, and this
classically implies that u is continuous in time at t = 0 with values in L1

loc(R).
Because L1

loc(R) is a strong topology, it implies that η(u) is also continuous at
t = 0 in the same topology in x . However, because η(u) verifies only Inequality
(1.5), η(u) does not share this regularity in time for t > 0. Therefore η(u) is well
defined only almost everywhere in time. However, this technicality of stopping
and restarting the clock at any time t is not a real issue, and its resolution can
be formalized with the use of approximate limits as follows. For a reference on
approximate limits, see [18, p. 55-57].

Lemma 7.1. (A technical lemma on stopping and restarting the clock (from [28,
Lemma 2.5])) Let u ∈ L∞(R+×R) be a weak solution to (1.1)with initial data u0.
Further, assume that u is entropic for the entropy η, i.e. verifies (1.5) in the sense of
distribution. Assume also that u verifies the strong trace property (Definition 1.2).
Then for all v ∈ V0, and for all c, d ∈ R with c < d, the approximate right- and
left-hand limits

ap lim
t→t0±

∫ d

c
η(u(t, x)|v) dx (7.1)

exist for all t0 ∈ (0,∞) and verify that

ap lim
t→t0−

∫ d

c
η(u(t, x)|v) dx � ap lim

t→t0+

∫ d

c
η(u(t, x)|v) dx . (7.2)

Furthermore, the approximate right-hand limit exists at t0 = 0 and verifies

∫ d

c
η(u0(x)|v) dx � ap lim

t→t0+

∫ d

c
η(u(t, x)|v) dx . (7.3)

The proof of Lemma 7.1 follows exactly the proof of [28, Lemma 2.5]. For this
reason, we do not include a proof here.
We gather in the following lemma useful simple properties of the relative quantities:

Lemma 7.2. For anyO open subset ofV withO ⊂ V , there exists a constant C > 0
such that

|q(a; b)| � Cη(a|b), ∀(a, b) ∈ V0 × O,

|q(a; b1) − q(a; b2)| � C |b1 − b2|, ∀(b1, b2) ∈ O2
, a ∈ V,

|η(a|b1) − η(a|b2)| � C |b1 − b2|, ∀(b1, b2) ∈ O2
, a ∈ V.
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Proof. Consider an open set O′ such that O ⊂ O′ and O′ ⊂ V . Since both f, q ∈
C0(V0) and f ′ ∈ C0(O), q(·; ·) is uniformly bounded on V0 × O. Moreover,
from Lemma 3.1, η(·, ·) is bounded above and below uniformly on (V0 \O′) ×O.
Therefore there exists a constant such that the first equality holds for those values.
But from the definition in (3.2), q(b; b) = ∂1q(b, b) = 0 for all b ∈ V . So using
Lemma 3.1, and the fact that q ′′ ∈ C0(O′) we have that there exists a constant C
such that

|q(a; b)| � C |a − b|2 � C

c∗ η(a|b), f or(a, b) ∈ O′ × O.

This proves the first inequality of the lemma.
From the definition of q(·; ·) in (3.2), denoting h = q −η′ f ∈ C1(O), we have for

every (a, b1, b2) ∈ V0 × O2
:

|q(a; b1) − q(a; b2)| = |h(b2) − h(b1) + [η′(b2) − η′(b1)] f (a)|
� sup

O
(|h′| + |η′′|)(1 + sup

V0

| f |)|b2 − b1|.

The proof of the last statement is similar. ��
We now prove Proposition 3.2. First we fix the value v to be bigger than both
λ̂ and the constant C of Lemma 7.2. Take 0 < ε < 1/2 small enough such that
Theorem 2.3, Proposition 4.1, and Proposition 5.2 hold true. For any initial value
v0, and wild solution u ∈ Sweak , we consider the family of solutions ψν of the
modified front tracking method. We want now to choose a particular ψν (which for
simplicity we will simply denote ψ). Fix T, R > 0, and p ∈ N. First we ensure
that the initial value verifies that

‖v0 − ψν(0, ·)‖L2(−R,R) � 1

p
.

This fixes Nν . Then we fix δν = 1/(pT ). Thanks to Lemma 5.3, we can choose εν

such that

sup
r∈[0,T ]

∑
i∈P(r)

|σi | � 1

pT
.

This fixes a particular ψν We denote by ψ this particular solution to the modified
front tracking method,

ψ := ψν.

In partically, thus verifies that

‖u(0, ·) − ψ(0, ·)‖L2(−R,R) � ‖v0 − u(0, ·)‖L2(−R,R) + 1

p
, (7.4)

T δν sup
t∈[0,T ]

L(t) � 1

p
, (7.5)
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T sup
r∈[0,T ]

∑
i∈P(r)

|σi | � 1

p
. (7.6)

Proposition 5.2 provides three of the four properties of Proposition 3.2. It remains
only to show the control in L2 of ψ(t, ·) − u(t, ·). Recall that as in Section 5, for
every time r > 0, we denote by P(r) the set of i corresponding to non-physical
waves.
Consider two successive interaction times t j < t j+1 of the front tracking solution
ψ . Let the curves of discontinuity between the two times t j < t j+1 be h1, . . . , hN

for N ∈ N such that

h1(t) < · · · < hN (t) (7.7)

for all t ∈ (t j , t j+1). We only work on the cone of information, so we define for all
times t

h0(t) = −R + vt, (7.8)

hN+1 = R − vt, (7.9)

where v > 0 is the speed of information and verifies |q(a; b)| � vη(a|b) for all
a ∈ V0 and b within the range of ψ . Note that the constant v exists by the first
statement in Lemma 7.2.

Note that there are no interactions between wave fronts in ψ and the cone
of information (coming from h0 and hN+1). For any t ∈ [t j , t j+1], note that on
Q = {(r, x) : t j < r < t, hi (r) < x < hi+1(r)}, the function ψ(r, x) = b is
constant. Moreover, by construction, the weight function a(r, x) is also constant
on this set. Therefore, integrating (3.3) on Q, and using the strong trace property
of Definition 1.2, we find that

ap lim
s→t−

∫ hi+1(t)

hi (t)
a(t−, x)η(u(s, x)|ψ(t, x)) dx

� ap lim
s→t j

+

∫ hi+1(t j )

hi (t j )

a(t j+, x)η(u(s, x)|ψ(x, t j )) dx

+
∫ t

t j

(F+
i (r) − F−

i+1(r)) dr,

where

F+
i (r) = a(r, hi (r)+)

[
q(u(r, hi (r)+); ψ(r, hi (r)+)) − ḣi (r)η(u(r, hi (r)+)|ψ(r, hi (r)+))

]
,

F−
i (r) = a(r, hi (r)−)

[
q(u(r, hi (r)−); ψ(r, hi (r)−)) − ḣi (r)η(u(r, hi (r)−)|ψ(r, hi (r)−))

]
.

We sum in i , and combine the terms corresponding to i into one sum, and the
terms corresponding to i + 1 into another sum, to find that

ap lim
s→t−

∫ R−vt

−R+vt
a(t−, x)η(u(s, x)|ψ(t, x)) dx
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� ap lim
s→t j

+

∫ R−vt j

−R+vt j

a(t j+, x)η(u(s, x)|ψ(t j , x)) dx

+
N∑

i=1

∫ t

t j

(F+
i (r) − F−

i (r)) dr,

where we have used that F+
0 � 0 and F−

N+1 � 0 thanks to the first statement of
Lemma 7.2, the definition of v, and the fact that ḣ0 = −v = −ḣN+1.
We decompose the sum into three sums, one corresponding to the shock fronts, one
for the rarefaction fronts, and one for the pseudoshocks. Thanks to Proposition 4.1
and Proposition 6.2, for any i corresponding to a shock front,

F+
i (r) − F−

i (r) � 0, for almost every t j < r < t.

Denote R the set of i corresponding to approximated rarefaction fronts. Then for
any i ∈ R by construction, a(hi (r)+, r) = a(hi (r)−, r). and fromProposition 4.4,
and (7.5),

∑
i∈R

∫ t

t j

(F+
i (r) − F−

i (r)) dr � Cδν(t − t j )
∑
i∈R

|σi | � Cδν(t − t j )L(t)

� C

pT
(t − t j ).

Consider now the case when i ∈ P(r). Recall that pseudoshocks travel with
supersonic (greater-than-characteristic) speed λ̂ > 0. Thus, we must have that for
almost every time r :u(r, hi (r)+) = u(r, hi (r)−). This is because ifu(r, hi (r)+) �=
u(r, hi (r)−), then the shock

(
u(r, hi (r)−), u(r, hi (r)+), λ̂

)
would be traveling

with speed greater than any of the eigenvalues of D f , a contradiction.
More precisely, assume u(r, hi (r)+) �= u(r, hi (r)−). Then, by [33, Lemma

6], we know that
(
u(r, hi (r)−), u(r, hi (r)+), λ̂

)
is a shock verifying the Rankine–

Hugoniot condition with velocity λ̂ (see (1.8)).
Assume the shock

(
u(r, hi (r)−), u(r, hi (r)+), λ̂

)
is entropic (see (1.9)). As-

sumption 1.1 (i) and (e) then imply λ̂ < λ2(u(r, hi (r)−)) � L , a contradiction to
the definition of λ̂. If the shock

(
u(r, hi (r)−), u(r, hi (r)+), λ̂

)
is not entropic, then

the same argument applied to the shock(
u(r, hi (r)+), u(r, hi (r)−), λ̂

)
(which is entropic) will then yield a contradiction.

By construction of the a function, we know that a does not have a jump across
pseudoshocks, so we have also a(r, hi (r)+) = a(r, hi (r)−). Therefore, thanks to
the second and third estimates of Lemma 7.2,

F+
i (r) − F−

i (r) � C |ψ(r, hi (r)+) − ψ(r, hi (r)−)| = C |σi |.
Then, from (7.6) we get that

∑
i∈P(r)

∫ t

t j

(F+
i (r) − F−

i (r)) dr � C(t − t j )
∑

i∈P(t)

|σi | � C(t − t j )

pT
.
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Gathering all the families of waves, we find that

ap lim
s→t−

∫ R−vt

−R+vt
a(t−, x)η(u(s, x)|ψ(t, x)) dx

� ap lim
s→t j

+

∫ R−vt j

−R+vt j

a(t j+, x)η(u(s, x)|ψ(t j , x)) dx + C(t − t j )

pT
.

Consider now any 0 < t < T , and denote 0 < t1 < · · · < tJ the times of wave
interactions before t , t0 = 0, and tJ+1 = t . Using the convexity of η, Lemma 7.1,
and (6.8) we find that

∫ R−vt

−R+vt
a(t, x)η(u(t, x)|ψ(t, x)) dx −

∫ R

−R
a(0, x)η(u(0, x)|ψ(0, x)) dx

� ap lim
s→t+

∫ R−vt

−R+vt
a(t, x)η(u(s, x)|ψ(t, x)) dx −

∫ R

−R
a(0, x)η(u(0, x)|ψ(0, x)) dx

�
J+1∑
j=1

(
ap lim

s→t j
+

∫ R−vt j

−R+vt j

a(t j −, x)η(u(s, x)|ψ(t, x)) dx

−ap lim
s→t+j−1

∫ R−vt j−1

−R+vt j−1

a(t j−1−, x)η(u(s, x)|ψ(t, x)) dx

⎞
⎠

�
J+1∑
j=1

(
ap lim

s→t j
−

∫ R−vt j

−R+vt j

a(t j −, x)η(u(s, x)|ψ(t, x)) dx

−ap lim
s→t j−1

+

∫ R−vt j−1

−R+vt j−1

a(t j−1−, x)η(u(s, x)|ψ(t, x)) dx

)

�
J+1∑
j=1

(
ap lim

s→t j
−

∫ R−vt j

−R+vt j

a(t j −, x)η(u(s, x)|ψ(t, x)) dx

−ap lim
s→t j−1

+

∫ R−vt j−1

−R+vt j−1

a(t j−1+, x)η(u(s, x)|ψ(t, x)) dx

)

�
J+1∑
j=1

C
(t j − t j−1)

T p
� C

t

T p
� C

p
.

Using that |a − 1| < 1/2 and (7.4), we get that, for every 0 < t < T ,

∫ R−vt

−R+vt
η(u(t, x)|ψ(t, x)) dx � 2‖v0 − u(0, ·)‖2L2(−R,R)

+ C

p
.

Choosing p big enough such that C/p < 1/m gives the result.
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Appendix A. Proof of Lemma 2.6

For any R > 0, Consider B−1 = L1(−R, R), B0 = L2(−R, R), B1 = BV (−R, R). These
Banach Spaces are nested into each other, and B1 is injected in B0 compactly. Moreover,
the ψn are uniformly bounded in L∞(0, R; B1) and, from (2.5), {∂tψn}n∈N is uniformly
bounded in L∞(0, R; B−1). Therefore, thanks to the Aubin Lions lemma, {ψn}n∈N is pre-
compact in C0(0, R; L2(−R, R)). Therefore there exists a subsequence, still denoted {ψn},
and ψ ∈ L∞(R+ ×R) such that ψn converges to ψ in C0(0, R; L2(−R, R)) for all R > 0.
Obviously, the convergence holds also in L2((0, R) × (−R, R)). Then, by a diagonal ar-
gument, we can re-extract a subsequence such that the convergence holds for almost every
(t, x) ∈ R

+×R. The functionψ still verifies ‖ψ‖L∞(R+;BV (R)) � C . Thus, we can choose
a representative of ψ that is right-continuous (in x).
It remains to show that ψ verifies the Bounded Variation Condition of Definition 2.2 for
δ := 1

λ̂
. Let γ , and a′, b′ be a space-like curve as in Definition 2.1. We will now show that

the function x 
→ ψ(γ (x), x) has bounded variation. Let any points Pi = (γ (xi ), xi ) be
given, with x0 < x1 < · · · < xm . At each time ti = γ (xi ), we know that ψn(ti , ·) will
converge to ψ(ti , ·) almost everywhere. Due to ψ(ti , ·) being right-continuous for each i ,
for any ε > 0 we can find x ′

i ∈ [xi , xi + ε] such that

|ψ(ti , x ′
i ) − ψ(ti , xi )| < ε, lim

n→∞ ψn(ti , x ′
i ) = ψ(ti , x ′

i ), (A.1)

λ̂|ti − ti−1| < x ′
i − x ′

i−1, λ̂tm < b − xm , λ̂t0 < x0 − a (A.2)

for constants a and b to be chosen momentarily.
Define γ ′ to be the polygonal line with vertices at the points P ′

i := (ti , x ′
i ) and also define

γ̄ to be the constant map γ̄ (x) = 0 for all x ∈ (a, b), where a and b are from (A.2).
Then, by choosing a and b such that a′ − a > 0 is suitably large and b − b′ > 0 is suitably
large, the properties (A.1) and (A.2) imply that γ̄ dominates γ ′ (as in Definition 2.4).

http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
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Since ψn verifies uniformly the property of Condition 2.5, from (2.4), we have that

m∑
i=1

|ψ(ti , xi ) − ψ(ti−1, xi−1)| � 2mε +
m∑

i=1

|ψ(ti , x ′
i ) − ψ(ti−1, x ′

i−1)| (A.3)

� 2mε + lim sup
n→∞

(Tot. Var.{ψn; γ ′}) (A.4)

� 2mε + C lim sup
n→∞

(Tot. Var.{ψn(0, ·); (a, b)}). (A.5)

Recall then that the total variation of ψn(0, ·) on the interval (a, b) is uniformly bounded
in n. Then, since ε > 0 and the points Pi were arbitrary, we conclude that ψ verifies the
Bounded Variation Condition (Definition 2.2).

References

1. Baiti, Paolo, Jenssen, Helge Kristian: On the front-tracking algorithm, 1998
2. Bianchini, Stefano, Bressan, Alberto; Vanishing viscosity solutions of nonlinear

hyperbolic systems, 2005
3. Bressan, Alberto.: Hyperbolic Systems of Conservation Laws, Oxford Lecture Se-

ries in Mathematics and its Applications, Oxford University Press, Oxford, 2000, 20,
ISBN=0-19-850700-3, The one-dimensional Cauchy problem

4. Bressan, Alberto,Crasta, Graziano, Piccoli, Benedetto.: Well-posedness of the
Cauchy problem for n × n systems of conservation laws, 2000

5. Bressan, Alberto, Goatin, Paola: Oleinik type estimates and uniqueness for n × n
conservation laws, 1999,

6. Bressan, Alberto: LeFloch. Philippe, Uniqueness of weak solutions to systems of
conservation laws, 1997

7. Bressan, Alberto, Lewicka, Marta: A uniqueness condition for hyperbolic systems
of conservation laws, 2000

8. Bressan, Alberto, Liu, Tai-Ping, Yang, Tong: L1 stability estimates for n × n
conservation laws, 1999

9. Chen, Gui Qiang: Convergence of the Lax-Friedrichs scheme for isentropic gas dy-
namics. III, 1986

10. Chen, Gui-Qiang, Frid, Hermano,Li, Yachun: Uniqueness and stability of Riemann
solutions with large oscillation in gas dynamics, 2002

11. Dafermos, Constantine M.: The second law of thermodynamics and stability, 1979
12. Dafermos, Constantine M.: Hyperbolic Conservation Laws in Continuum Physics,

Fourth, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of
Mathematical Sciences], Springer-Verlag, Berlin, 2016, 325, ISBN: 978-3-662-49449-
3; ISBN: 978-3-662-49451-6

13. De Lellis, Camillo,Otto, Felix,Westdickenberg, Michael: Structure of entropy
solutions for multi-dimensional scalar conservation laws, 2003

14. De Lellis, Camillo, Otto, Felix, Westdickenberg, Michael: Minimal entropy
conditions for Burgers equation, 2004

15. Ding, Xia Xi, Chen, Gui Qiang, Luo, Pei Zhu: Convergence of the Lax-Friedrichs
scheme for isentropic gas dynamics. I, II, 1985

16. DiPerna, Ronald J.: Uniqueness of solutions to hyperbolic conservation laws, 1979
17. DiPerna, Ronald J.: Convergence of the viscositymethod for isentropic gas dynamics,

1983
18. Evans, Lawrence C., Gariepy, Ronald F.: Measure Theory and Fine Properties

of Functions, Revised, Textbooks in Mathematics, CRC Press. FL, Boca Raton, 2015,
ISBN: 978-1-4822-4238-6

19. Feireisl, Eduard, Kreml, Ondrej, Vasseur, Alexis F.: Stability of the isentropic
Riemann solutions of the full multidimensional Euler system, 2015



Uniqueness and Weak-BV Stability

20. Glimm, James: Solutions in the large for nonlinear hyperbolic systems of equations.
Comm. Pure Appl. Math. 18, 697–715, 1965

21. Golding, William M., Krupa, Sam G., Vasseur, Alexis F.: Sharp a-contraction
estimates for small extremal shocks, 2020, Arxiv

22. Hoff, David: Invariant regions for systems of conservation laws, 1985
23. Kang, Moon-Jin, Vasseur, Alexis: Contraction property for large perturba-

tions of shocks of the barotropic Navier–Stokes system, 2017 Dec, arXiv e-prints,
eprint=1712.07348, To appear in Journal of the European Mathematical Society

24. Kang, Moon-Jin,Vasseur, Alexis: Uniqueness and stability of entropy shocks to the
isentropic Euler system in a class of inviscid limits from a large family of Navier–Stokes
systems, 2020, arXiv:1902.01792, To appear in Inventiones Mathematicae

25. Kang, Moon-Jin, Vasseur, Alexis F.: Criteria on contractions for entropic disconti-
nuities of systems of conservation laws, 2016

26. Krupa, Sam G.: Criteria for the a-contraction and stability for the piecewise-smooth
solutions to hyperbolic balance laws, 2019 Apr, arXiv e-prints, eprint=1904.09475, To
appear in Communications in Mathematical Sciences

27. Krupa, Sam G.: Finite time stability for the Riemann problem with extremal shocks
for a large class of hyperbolic systems, 2019 May, arXiv e-prints, eprint=1905.04347

28. Krupa, Sam G., Vasseur, Alexis F.: On uniqueness of solutions to conservation laws
verifying a single entropy condition, 2019

29. Krupa, Sam G., Vasseur, Alexis F.: Stability and uniqueness for piecewise smooth
solutions to Burgers–Hilbert among a large class of solutions, 2019 Apr, arXiv e-prints,
1904.09468, To appear in SIAM Journal on Mathematical Analysis

30. Kwon, Young-Sam., Vasseur, Alexis.: Strong traces for solutions to scalar conser-
vation laws with general flux, 2007

31. Lax, Peter David: Hyperbolic systems of conservation laws. II, 1957
32. Leger, Nicholas: L2 stability estimates for shock solutions of scalar conservation laws

using the relative entropy method, 2011
33. Leger, Nicholas, Vasseur, Alexis F.: Relative entropy and the stability of shocks

and contact discontinuities for systems of conservation lawswith non-BV perturbations,
2011

34. Lions, P.-L., Perthame, B., Tadmor, E.: Kinetic formulation of the isentropic gas
dynamics and p-systems, 1994

35. Lions, Pierre-Louis, Perthame, Benoît, Souganidis, Panagiotis E.: Existence and
stability of entropy solutions for the hyperbolic systems of isentropic gas dynamics in
Eulerian and Lagrangian coordinates, 1996

36. Liu, Tai-Ping, Yang, Tong: L1 stability for 2× 2 systems of hyperbolic conservation
laws, 1999

37. Panov, E. Yu.: Existence of strong traces for quasi-solutions of multidimensional con-
servation laws, 2007

38. Panov, Evgueni Yu.: Uniqueness of the solution of the Cauchy problem for a first
order quasilinear equation with one admissible strictly convex entropy, 1994 May

39. Serre, Denis.: Systems of Conservation Laws. 1, Cambridge University Press, Cam-
bridge, 1999. Hyperbolicity, Entropies, Shock Waves. Translated from the 1996 French
original by I. N. Sneddon

40. Serre, Denis, Vasseur, Alexis F.: L2-type contraction for systems of conservation
laws, 2014

http://arxiv.org/abs/1902.01792


Geng Chen, Sam G. Krupa & Alexis F. Vasseur

41. Silvestre, Luis.: Oscillation properties of scalar conservation laws, 2019
42. Smoller, Joel.: Shock Waves and Reaction-Diffusion Equations, Grundlehren der

Mathematischen Wissenschaften [Fundamental Principles of Mathematical Science],
Springer-Verlag, New York-Berlin, 1983, 258

43. Tartar, L.: Compensated Compactness and Applications to Partial Differential Equa-
tions, 1979, Nonlinear Analysis and Mechanics: Heriot-Watt Symposium, Vol. IV, Res.
Notes in Math., 39, Pitman, Boston, Mass.-London, 136–212

44. Vasseur, Alexis F.: Time regularity for the system of isentropic gas dynamics with
γ = 3, 1999

45. Vasseur, Alexis F.: Strong traces for solutions ofmultidimensional scalar conservation
laws, 2001

46. Vasseur, Alexis F., Recent results on hydrodynamic limits, 2008

G. Chen
Department of Mathematics,

University of Kansas,
Lawrence

KS
66049 USA.

e-mail: gengchen@ku.edu

and

S. G. Krupa
Max Planck Institute for Mathematics in the Sciences,

04103 Leipzig
Germany.

and

S. G. Krupa
School of Mathematics,

Institute for Advanced Study,
Princeton

NJ
08540 USA.

e-mail: Sam.Krupa@mis.mpg.de; skrupa@ias.edu

and

A. F. Vasseur
Department of Mathematics,

The University of Texas at Austin,
Austin
TX

78712 USA.
e-mail: vasseur@math.utexas.edu

(Received December 4, 2021 / Accepted July 21, 2022)
© The Author(s) (2022),

corrected publication 2022


	Uniqueness and Weak-BV Stability for 2times2 Conservation Laws
	Abstract
	1 Introduction
	2 Preliminaries
	3 Weighted Relative Entropy and Shifts
	4 Relative Entropy for the Riemann Problem
	5 Modified Front Tracking Algorithm
	5.1 The Riemann Solvers
	5.2 Construction of the Approximate Solutions

	6 The Weight Function a
	7 Proof of Proposition 3.2
	Acknowledgements.
	References




