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The equation of state (EoS) of QCD is a crucial input for the modeling of heavy-ion-collision (HIC) and neutron-star-merger systems. 
Calculations of the fundamental theory of QCD, which could yield the true EoS, are hindered by the infamous Fermi sign problem which 
only allows direct simulations at zero or imaginary baryonic chemical potential. As a direct consequence, the current coverage of the QCD 
phase diagram by lattice simulations is limited. In these proceedings, two different equations of state based on first-principle lattice QCD 
(LQCD) calculations are discussed. The first is solely informed by the fundamental theory by utilizing all available diagonal and non-diagonal 
susceptibilities up to O(µ4

B) in order to reconstruct a full EoS at finite baryon number, electric charge and strangeness chemical potentials. 
For the second, we go beyond information from the lattice in order to explore the conjectured phase structure, not yet determined by LQCD 
methods, to assist the experimental HIC community in their search for the critical point. We incorporate critical behavior into this EoS by 
relying on the principle of universality classes, of which QCD belongs to the 3D Ising Model. This allows one to study the effects of a 
singularity on the thermodynamical quantities that make up the equation of state used for hydrodynamical simulations of HICs. Additionally, 
we ensure that these EoSs are valid for applications to HICs by enforcing conditions of strangeness neutrality and fixed charge-to-baryon-
number ratio.

Keywords: QCD

1 Introduction

The equation of state (EoS) is a fundamental thermodynamic
relationship between state variables, including temperature,
volume, and pressure. This relationship between the pres-
sure, temperature, and volume is defined via statistical me-
chanics, where the pressure is given as the logarithm of the
partition function.

The full equation of state of QCD is still not known from
first-principles lattice simulations due to the limitations of
the method arising from the Fermi sign problem. Currently,
the EoS is available for vanishing and small values of the
baryon chemical potential [1–8]. Lattice QCD results in this
regime cover the same region of the phase diagram as heavy-
ion collisions performed at the Large Hadron Collider (LHC)
and the top energies of the Beam Energy Scan (BES) pro-
gram at the Relativistic Heavy-Ion Collider (RHIC). How-

ever, in order to map out the phase structure of QCD across
the phase diagram, it is important to extend the equation of
state to chemical potentials relevant for the entire range of
BES energies, including the second phase, BES-II. This ex-
perimental program covers a range of center-of-mass colli-
sion energies per nucleon pair,

p
sNN, from 200 GeV down

to 7.7 GeV, along with fixed target experiments resulting in
energies as low as 3.0 GeV. This corresponds to a range in
baryonic chemical potential of up to µB  420 MeV, not
including the fixed target experiments.

An important theoretical framework for understanding
the properties of the medium produced in HICs is hydrody-
namic simulations of strongly-interacting matter, which has
found striking agreement with experimental data by describ-
ing the system as a fluid [9–14]. These hydrodynamic simu-
lations depend on the QCD equation of state as required in-
put. Therefore, in order to provide an interpretation of the
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experimental results across BES energies with hydrodynamic
simulations, the full EoS needs to be extended to relatively
large values of the chemical potential. In my dissertation re-
search, I have developed several different equations of state
to be used in hydrodynamic simulations of heavy-ion colli-
sions in order to provide insight into the exotic, deconfined
matter created in these collisions. The work described in this
chapter is based, in part, on previously published research
from Refs. [15–17].

2 BQS EoS

The phase diagram of QCD that is typically considered in
the context of heavy-ion collisions is within the temperature
and baryonic chemical potential plane. However, the true na-
ture of QCD lies within a more complex phase diagram that
takes into account the dependence on the chemical potentials
of all conserved charges in QCD, namely µB , µS , and µQ.
These are the relevant conserved charge chemical potentials
to be considered since we know that the strong nuclear force
conserves baryon number, electric charge, and strangeness in
all interactions. This four-dimensional hyperplane describing
the phase structure of QCD can be constructed via a Taylor
expansion of the QCD pressure in all three chemical poten-
tials. The necessary Taylor expansion coefficients for this
procedure come from first-principles lattice QCD data on the
susceptibilities of conserved charges [18–20]. All such sus-
ceptibilities were calculated by the Wuppertal-Budapest col-
laboration up to O(µ4

B
) in Ref. [20]. Given this, we calcu-

lated the pressure as a Taylor series of the three chemical po-
tentials, with coefficients taken from lattice simulations, and
constructed the QCD equation of state in a range of tempera-
ture and chemical potential relevant for the BES-II program.

The Taylor series of the pressure in terms of the three
conserved charge chemical potentials is written as:

P (T, µB , µQ, µS)

T 4
= (1)

X

i,j,k

1

i!j!k!
�BQS

ijk

⇣µB

T

⌘i

(
µQ

T

j
⇣µS

T

⌘k

.

The first term, i = j = k = 0, corresponds to the pressure
itself as calculated on the lattice, and the subsequent Taylor
expansion coefficients are the conserved charge susceptibil-
ities with appropriate factorial coefficients corresponding to
the order of the susceptibility. The susceptibilities are sim-
ply the derivatives of the QCD pressure with respect to the
various conserved charge chemical potentials:

�BQS

ijk
=

@i+j+k(P/T 4)

@(µB

T
)i@(µQ

T
)j@(µS

T
)k

����
µB ,µQ,µS=0

. (2)

Since the temperature range of the lattice calculations is
not enough to cover the entire hydrodynamical evolution of
the system from the creation of the hot, dense quark-gluon
plasma (QGP) to hadronization, we continued the results as
a function of temperature by smoothly merging each coeffi-
cient at low temperature to the Hadron Resonance Gas (HRG)
model results. At high temperatures, we imposed a smooth
approach to the Stefan-Boltzmann limit. We were then able to
parametrize these coefficients in order to obtain a smooth de-
scription of each one over the entire temperature range from
30  T  800 MeV. The parametrization utilized are shown
in Eq. 3 for the quantity �B

2 and in Eq. 4 for all other suscep-
tibilities.

�B

2 (T ) = e�h1/x
0�h2/x

02
· f3 · (1 + tanh(f4x

0 + f5)). (3)

In both equations, x = T/154MeV, x0 = T/200MeV.

�BQS

ijk
(T ) =

ai0 + ai1/x+ ai2/x
2 + ai3/x

3 + ai4/x
4 + ai5/x

5 + ai6/x
6 + ai7/x

7 + ai8/x
8 + ai9/x

9

bi0 + bi1/x+ bi2/x
2 + bi3/x

3 + bi4/x
4 + bi5/x

5 + bi6/x
6 + bi7/x

7 + bi8/x
8 + bi9/x

9
+ c0. (4)

By utilizing the Taylor expansion shown in Eq. (1) and
our parametrized coefficients, we obtained the pressure and
calculated all other EoS quantities from thermodynamic rela-
tions.

In Fig. 1 , the dependence of the normalized pressure,
entropy density, energy density, baryonic, strangeness, and
electric charge densities on the temperature is shown, along
lines of constant µB/T = 0.5, 1. These curves were calcu-
lated for two choices of the chemical potential constraints.
The first is phenomenologically relevant for HICs, where
hnSi = 0, hnQi = 0.4hnBi (solid black lines). These con-
ditions of strangeness neutrality and fixed baryon-to-electric-
charge densities are the conditions realized by the experimen-

tal situation. The other choice was given for µS = µQ = 0
(dashed red lines), which only considers the dependence of
the EoS on T and µB .

The thermodynamic quantities that are less sensitive to
the chemical composition of the system, namely the pressure,
entropy, and energy density, do not show large discrepancies
between the two scenarios in this temperature range, for all
three values of µB/T . On the other hand, when realistic con-
ditions of strangeness neutrality and fixed baryon-to-electric-
charge densities are imposed on the global chemical compo-
sition of the system, the baryon density, for one, is largely
affected. In this case, it is substantially decreased, while for
the electric charge density, the opposite effect is visible, as
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it is heavily enhanced. Finally, the strangeness density is
restricted to be exactly zero. The behavior of the densities

shows the substantial effect of the conditions that were im-
posed on the chemical potentials.

FIGURE 1. Normalized pressure, entropy density, energy density, baryonic, strangeness and electric charge densities are shown as functions
of the temperature along the µB/T = 0.5 (top panel), µB/T = 1.0 (bottom panel). In all plots, the solid black curves indicate the case
hnSi = 0 and hnQi = 0.4hnBi, whereas the dashed red ones indicate the case µS = µQ = 0 [15].

Furthermore, we make a comparison between these two
cases of constraints on the chemical potentials for the isen-
tropic trajectories. The isentropic trajectories are shown in
Fig. 2 for selected values of s/nB , which correspond to colli-
sion energies of

p
sNN = 200, 62.4, 27, 14.5 GeV [21]. For

a fluid with a very small viscosity such as the QGP [22, 23],
these isentropic trajectories show the path of a heavy-ion-
collision system through the phase diagram. It is important
to note that the system takes quite different paths through
the phase diagram in the case of strangeness neutrality ver-

sus vanishing strangeness and electric charge chemical poten-
tials. As previously discussed, the entropy is not as strongly
affected by the constraints on the conserved charge chemi-
cal potentials as the densities are. This is the reason that the
isentropic curves are pushed to larger values of µB , corre-
sponding to smaller values of the baryon number, in the case
of strangeness neutrality for a given isentrope. This is very
impactful for the initial stages of HICs, which is another ac-
tive research endeavor.

4VQM� 3FW� .FY� 'JT� 3 040907
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FIGURE 2. Isentropic trajectories in the (T, µB) plane, for s/nB = 420, 144, 70, 30, corresponding to collision energies
p
sNN =

200, 62.4, 27, 14.5 GeV, respectively. The solid gray lines correspond to hnSi = 0, hnQi = 0.4hnBi while the dashed red lines to
µS = µQ = 0 [15].

3 BES EoS

In order to study the effect of a critical point that could po-
tentially be observed in the BES-II program at RHIC on QCD
thermodynamics, we utilized the 3D Ising model to map such
critical behavior onto the phase diagram of QCD. The 3D
Ising model was chosen for this approach because it exhibits
the same scaling features in the vicinity of a critical point as
QCD, in other words, they belong to the same universality
class [24, 25]. The mapping of the critical behavior onto the
QCD phase diagram is, however, not universal, which is to
say that there are no strict mapping parameters that exist a

priori between the Ising phase diagram and the one for QCD.
We, thus, proceeded by implementing the non-universal map-
ping of the 3D Ising model in such a way that the Taylor
expansion coefficients of our final pressure match the ones
calculated from lattice QCD, order by order. This ensures
that our EoS matches the one from first-principles at µB = 0.
The prescription for implementing critical behavior into the
QCD EoS based on universality arguments is summarized in
the following step-wise procedure.

1. Define a parametrization of the 3D Ising model near
the critical point via the parameters R and ✓, consis-
tent with what has been previously shown in the litera-
ture [16, 26–29]:

M = M0R
�✓

h = h0R
��h̃(✓)

t = R(1� ✓2).

(5)

The magnetization M , the magnetic field h, and the
reduced temperature t along with the free energy make
up the 3D Ising model equation of state. The critical

scaling of the EoS is contained entirely in the behav-
ior of R, in that it is the parameter for which the crit-
ical exponents appear. Those critical exponents in the
3D Ising model have the following values: ↵ = 0.11,
� = 0.326, and � = 4.8 [26]. Additionally, R and ✓
can be understood as mapping the distance and angle
displaced from the critical point, respectively. The nor-
malization constants for the magnetization and mag-
netic field are M0 = 0.605 and h0 = 0.364, respec-
tively. The magnetic field h is proportional to a poly-
nomial in odd powers of ✓: h̃(✓) = ✓(1 + a✓2 + b✓4),
where a = �0.76201, b = 0.00804.

The pressure in the Ising model is defined by the
parametrized Gibbs’ free energy up to a minus sign:

PIsing = �G(R, ✓)

= h0M0R
2�↵(✓h̃(✓)� g(✓)),

(6)

where

g(✓) = c0 + c1(1� ✓2) + c2(1� ✓2)2 + c3(1� ✓2)3,

c0 =
�

2� ↵
(1 + a+ b),

c1 = �
1

2

1

↵� 1
((1� 2�)(1 + a+ b)� 2�(a+ 2b)),

c2 = �
1

2↵
(2�b� (1� 2�)(a+ 2b)),

c3 = �
1

2(↵+ 1)
b(1� 2�).

This determines the singular part of the pressure, which
carries the critical features, in this EoS mapped to
QCD. Furthermore, because QCD is symmetric about
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µB = 0, we required that PIsing is also matter-
antimatter symmetric. Thus, we performed the calcu-
lations in a range of µB spanning positive and negative
values in order to symmetrize the pressure and all ther-
modynamic quantities. Additionally, the equations de-
fined here were derived from a renormalization group
approach and are subject to the following constraints
on the parameters: R � 0, |✓| ✓0 ⇠ 1.154, where |✓0|
correspond to the zeros of h̃(✓) [26, 30].

2. Choose the location of the critical point and map the
critical behavior onto the QCD phase diagram via a lin-
ear map from {T , µB} to {t, h}:

T � TC

TC

= !(⇢t sin↵1 + h sin↵2) (7)

µB � µB,C

TC

= !(�⇢t cos↵1 � h cos↵2) (8)

where TC , µB,C are the coordinates of the critical
point, and ↵1,↵2 are the angles between the axes of the
QCD phase diagram and the Ising model ones. Finally,
! and ⇢ determine the strength of the contribution of
the Ising phase diagram in this mapping: ! determines
the overall scale of both t and h, while ⇢ determines
the relative scale between them.

3. As previously established in Ref. [16], we reduced the
number of free parameters from six to four, by assum-
ing that the critical point sits along the chiral phase
transition line, and by imposing that the t axis of the
Ising model is tangent to the transition line of QCD at
the critical point:

T = T0 + T0

✓
µB

T0

◆2

+O(µ4
B
). (9)

In this study, we maintained consistency with the origi-
nal EoS development of Ref. [16] by utilizing the same
parameters. As in Ref. [16], we assumed the transition
line to be a parabola, and utilized the curvature param-
eter  = �0.0149 from Ref. [31]. Given this map-
ping, the critical point can be chosen to be anywhere
along the chiral phase transition line. With this in
mind, this equation of state is presented with a choice
of critical point location relevant for the BES-II pro-
gram. For this work, the critical point was mapped
onto the QCD phase diagram at (TC ' 143.2 MeV,
µB,C = 350 MeV), the angular parameters are orthog-
onal ↵1=3.85°, ↵2=93.85°, and the critical-region-size
parameters are !=1 and ⇢=2. However, it is impera-
tive to note that this choice of parameters has only an
illustrative purpose and that we do not make any state-
ment about the position of the critical point or the size
of the critical region. As this framework does not serve
to yield a prediction for the critical point, but rather
to provide an estimate of the effect of critical features

on heavy-ion-collision systems, those using the open-
source program are left to determine their preferred
choice of parameters and test the effect on observables.
In particular, we note that by varying the parameters !
and ⇢ it is possible to increase or decrease the effects
of the critical point [16, 32]. Hopefully, experimental
data from the BES-II will allow us to constrain the pa-
rameters and narrow down the location of the critical
point.

4. Calculate the Ising model susceptibilities and match
the Taylor expansion coefficients order by order to lat-
tice QCD results at µB=0. This construction ensures
that our EoS reproduces the one from first-principles
where available. The Taylor expansion of the pressure
in µB /T as calculated on the lattice can be written as:

P (T, µB)

T 4
=

X

n

c2n(T )
⇣µB

T

⌘2n
. (10)

Thus, the background pressure, or the non-Ising pres-
sure is, by construction, the difference between the lat-
tice (LAT) and Ising contributions:

T 4cLAT
2n (T ) = T 4cNon�Ising

2n (T )+T 4
C
cIsing2n (T ). (11)

5. The full Taylor-expanded pressure, including its criti-
cal and non-critical components, is calculated as:

P (T, µB) = T 4
X

n

cNon�Ising
2n (T )

⇣µB

T

⌘2n
+PQCD

crit (T, µB),

(12)
where PQCD

crit = T 4P Ising
symm is the critical contribution to

the pressure that has been mapped onto the QCD phase
diagram as described in steps 1 and 2.

6. Merge the full reconstructed pressure from the previ-
ous step with the HRG pressure at low temperature in
order to smooth any non-physical artifacts of the Tay-
lor expansion. For this smooth merging, we utilized a
hyperbolic tangent:

PFinal(T, µB)

T 4
=

P (T, µB)

T 4

1

2

h
1 + tanh

⇣T � T 0(µB)

�T

⌘i

+
PHRG(T, µB)

T 4

1

2

h
1� tanh

⇣T � T 0(µB)

�T

⌘i
,

(13)

where T 0(µB) acts as the switching temperature and
�T is the overlap region where both terms contribute.
We performed the same merging as in the original de-
velopment of the EoS, and therefore, utilized the func-
tional form of the switching temperature to be parallel
to the QCD transition line with an overlap region of
�T=17 MeV.

7. Calculate thermodynamic quantities as derivatives of
the pressure. Such quantities were obtained from the
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pressure according to the following relationships:

nB

T 3
=

1

T 3

✓
@P

@µB

◆

T

,
�2

T 2
=

1

T 2

✓
@2P

@µ2
B

◆

T

,

S

T 3
=

1

T 3

✓
@P

@T

◆

µB

,
✏

T 4
=

S

T 3
�

P

T 4
+

µB

T

nB

T 3
,

c2
S
=

✓
@P

@✏

◆

S/nB

.

(14)

The Equation of State created as a result of the procedure
detailed here is shown in Figs. 3 - 5. The Taylor-expanded
pressure is shown in the left panel of Fig. 3, while the deriva-
tives of the pressure (see Eq. (14) for definitions) are shown
in the subsequent plots. In particular, the right panel of Fig. 3
shows the baryonic density, the two panels of Fig. 4 show the
energy density and entropy density, while Fig. 5 shows the
speed of sound. These quantities are calculated via Eq. (14).

The location of the critical point is indicated on each of
these graphs to guide the reader to the critical region. As
expected, the pressure is a smooth function of {T, µB} in
the crossover region with a slight kink for chemical poten-
tials larger than µB,C . The derivatives of the pressure help
to reveal the features of criticality, with an enhancement with
increasing order of derivatives. This intensification of crit-
ical features is due to the dependence on increasingly large
powers of the correlation length, ⇠.

In Fig. 6, we present the isentropic trajectories in the
QCD phase diagram for this framework, similarly to what is
shown in Fig. 2 for the BQS EoS. If the isentrope passes
through the critical region, it exhibits a disturbance where
there is a jump in both the entropy and the baryon density.
Fig. 6 shows the comparison between the new isentropes with

conditions of strangeness neutrality and the previous ones
from Ref. [16]. While both exhibit features of the critical
point, their trajectories through the phase diagram are quite
different in the two cases, consistent with other EoS’s that in-
clude strangeness neutrality conditions [15, 33]. Strangeness
neutrality pushes the trajectories to larger µB for the same
value of T , which was also seen in Fig. 2. Since the isen-
tropes can be understood to represent the path of the heavy-
ion-collision system through the phase diagram in the ab-
sence of dissipation, we note that these plots, in particular,
show the importance of incorporating strangeness neutrality
into the EoS.

4 Conclusions

The frameworks for equations of state that incorporate the
relevant constraints on the conserved charge conditions for
heavy-ion collision systems can readily be used in hydro-
dynamic simulations of heavy-ion collisions. The programs
for the EoSs can be found at the following repositories
[34,35]. These conditions of strangeness neutrality and fixed
baryon-number-to-electric-charge ratio were achieved in a
purely first-principles-based approach and also for the phe-
nomenologically motivated, criticality containing EoS from
the BEST collaboration, the BES EoS. Not only do these
EoSs probe a slice of the QCD phase diagram covered by
the experiments, but they are also consistent with fundamen-
tal Lattice QCD results in the regions where they are avail-
able. Furthermore, we have shown that the ideal trajecto-
ries through the phase diagram, as given by fixed values of
entropy per baryon number, s/nB , are vastly different in
the case of strangeness neutrality as compared to vanishing
strangeness and electric charge chemical potentials, which
affects the initial conditions in HICs.
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