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ABSTRACT

The class-imbalance issue is intrinsic to many real-world ma-
chine learning tasks, particularly to the rare-event classifica-
tion problems. Although the impact and treatment of imbal-
anced data is widely known, the magnitude of a metric’s sen-
sitivity to class imbalance has attracted little attention. As a
result, often the sensitive metrics are dismissed while their
sensitivity may only be marginal. In this paper, we intro-
duce an intuitive evaluation framework that quantifies met-
rics’ sensitivity to the class imbalance. Moreover, we reveal
an interesting fact that there is a logarithmic behavior in met-
rics’ sensitivity meaning that the higher imbalance ratios are
associated with the lower sensitivity of metrics. Our frame-
work builds an intuitive understanding of the class-imbalance
impact on metrics. We believe this can help avoid many com-
mon mistakes, specially the less-emphasized and incorrect
assumption that all metrics’ quantities are comparable under
different class-imbalance ratios.

Index Terms— class imbalance, model evaluation, super-
vised, ROC

1. INTRODUCTION

One of the intrinsic challenges in forecast problems is the fact
that the events of interest are scarce. This scarcity results in
a large skew in the data, a phenomenon known as the class-
imbalance issue. This phenomenon seeks special treatments
in order to avoid distorted analyses; magnified unfounded pat-
terns and overly optimistic performances. Most of the exist-
ing treatments take place at two different levels. One is car-
ried out at the data level, by changing the class distribution in
order to create a balanced dataset [1, 2]. The other takes place
at the model level, by adjusting the learning cost functions or
the learning strategy [3]. Regardless of the approach taken, a
test dataset should most closely mimic the actual characteris-
tics of the data, including the scarcity of its classes. This takes
us to the challenge of evaluating models’ performance given
skew data. Understanding the impact of skewness of data on
evaluation is crucial as a metric may ‘misjudge’ a model’s
performance due to the imbalance of the data [4]. This raises
two important questions: (1) which metrics are completely
insensitive to the class-imbalance issue, and (2) how can we
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Fig. 1. Construction of the base contingency space inspired
by the ROC space. Each point in this space represents a fam-
ily of relatively identical confusion matrices.

determine, or even better, quantify the sensitivity of a metric.
While there seems to be a deep understanding of the former
in the community (e.g., [5] among many) , the latter seems to
have attracted little attention.

This broad understanding of the impact is not complete
without the ability to measure the magnitude of the impact.
This missing piece of knowledge causes limitations to data-
driven studies as researchers may immediately dismiss a per-
formance evaluation metric due to its known class-imbalance
sensitivity, despite the fact that it might capture the strengths
and weaknesses of their models very well. Since the magni-
tude of this sensitivity is often unknown to the researchers,
they will never know whether the impact of this sensitivity is
negligible or significant. From a different perspective, know-
ing the exact impact is also beneficial for critiquing research
articles. A fair and thorough assessment of a research study
based on the written report is a challenging task. This is pri-
marily due to the existence of several critical factors which
are not explicitly presented to the reviewer. Knowing the sen-
sitivity of the employed evaluation metric(s) can help in this
direction and allows a more accurate and less subjective as-
sessment of the study.

2. BACKGROUND

The Receiver Operating Characteristic (ROC) curve [6, 7] has
been the predominant evaluation metric in almost all quanti-
tative domains. It is simply a mapping of two variables, tpr
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(true-positive rate, tp
p ) and fpr (false-positive rate, fp

n ). The
2D space formed by fpr and tpr as the x and y axes, re-
spectively, is called the ROC space. A very similar space
(with a slight modification as discussed in Sec. 3) is illus-
trated in Fig. 1. A trained, supervised model mi with a spe-
cific returned confusion matrix is mapped to the point de-
fined by its true-positive and false-positive rates, i.e., the point
(fpri, tpri) in this space. There are three special points in
this space which are reserved for trivial classifiers: (0, 0)
represents the all-negative model—the model which classi-
fies all samples as negative; (1, 1) stands for the all-positive
model—the one that classifies all samples as positive; and
(0, 1) points to the perfect model—the one that correctly clas-
sifies all positive and negative instances. The point (1, 0)
would also represent the perfect model if the class labels were
reversed. In addition to these special points, any model whose
corresponding point on the ROC space lies on the main diag-
onal (where tpr=fpr) has no discriminative skill, and there-
fore is called a no-skill model. These geometrical settings
give ROC space the unique interpretability and intuitiveness
that has made it so popular.

One of the direct benefits of defining the ROC space is to
help find the optimal value of a model’s parameter θ, e.g., a
biomarker in diagnosis of a disease, or a hyper-parameter of
a classifier. The simplest criterion for approaching this opti-
mality problem is the distance from (0, 1). The model closest
to this point is considered to be the most effective and there-
fore, the corresponding θ is considered optimal. A similar
but less popular criterion is to maximize the distance from the
anti-diagonal line. This makes it possible for different mod-
els to be compared after they are stripped of the success they
achieve by chance. When the vertical distance from the anti-
diagonal line is employed, this criterion becomes a metric that
is previously known as the Youden’s J index [8]. For proba-
bilistic models ROC curve was utilized by setting different
thresholds on the returned probabilities in order to obtain as
many points as needed to form a curve in the ROC space. The
Area Under the ROC Curve (AUC) of different models can
then be used as a proxy for comparing probabilistic models’
overall performance [9, 10, 11]. This idea was expanded to
Volume Under the ROC Surface (VUS) for multi-class prob-
lems [12]. A simpler expansion of this idea was by averag-
ing AUC of all possible pairwise combination of the classes,
known as micro averaging [13]. To overcome one of the
shortcomings of ROC, which is its disregard for any a priori
knowledge about the classification costs when comparing dif-
ferent models, ROC Convex Hull (ROCCH) was introduced,
based on the observation that the optimal model lies on the
edge of the convex hull of the ROC curve [14]. This idea was
also expanded to non-binary problems [15]. As pointed out in
[16], AUC of different models are not comparable because its
value depends on the cutoffs that themselves are related to the
class imbalance of data. The cost space [17] and precision-
recall space [18] are the proposed alternatives to mitigate the

evaluation bias imposed by the class-imbalance of data.
Taking advantage of the intuitiveness of the ROC space,

we devise our new metric that quantifies the sensitivity of de-
terministic metrics to the class imbalance.

3. METRIC SURFACES AND IMBALANCE
SENSITIVITY

Relatively Identical Performances. As we reviewed in
Sec. 2, any given confusion matrix can be mapped to a single
point in the ROC space. This mapping, however, is non-
injective. That is, for an arbitrary point in the ROC space,
represented by a pair (fpr, tpr), there are infinitely many
corresponding binary confusion matrices. The confusion
matrices in each of these families are practically identical
except that they reflect the performance given different sam-
ple sizes and/or different class-imbalance ratios of data. For
performance evaluation, however, only their relative values
are meaningful. This relative form is ⟨ tpp ,

fn
p , tn

n , fp
n ⟩ which,

for a given imbalance ratio r, can be simplified to a function
of only two variables, tpr and tnr, and can be reformulated
as⟨tpr, 1−tpr, r · tnr, r(1−tnr)⟩. Since we want to introduce
our sensitivity metric as a function of the imbalance ratio
(hence independent of the sample size), we define this family
of confusion matrices as follows: given a class-imbalance
ratio r, we say two or more confusion matrices are relatively
identical if and only if they are identical in their relative
forms.
ROC as a Bounded Semi-metric Space. ROC can be seen
as a bounded semimetric space [19]. Recall that a metric
space is a set X that is endowed with a distance metric d.
And d : X2 → R is a distance metric if, and only if, for all
a, b, c∈X the following conditions hold: (1) d(a, b)≥ 0, (2)
d(a, b) = d(b, a), and (3) d(a, b) ≤ d(a, c)+d(c, b). A dis-
tance metric that does not necessarily hold the third condition
(triangle inequality) is called a semimetric. In ROC space, d
can be the Euclidean distance between the points representing
confusion matrices. In literature, using this distance metric,
models’ performance is often measured with their distance
from the perfect model, i.e., (0, 1). In this study however, we
do not explore the effectiveness of different distance metrics.
Instead, we show that ROC’s geometrical setting allows map-
ping of an arbitrary metric (that is derived from a confusion
matrix) to a unique surface in an expansion of this space.

Before we proceed, we need to make a small tweak in the
ROC space to introduce symmetry. We alter ROC’s x axis
(representing fpr) with tnr (i.e., 1−fpr). In other words, we
flip the ROC space horizontally. Although the flipped ROC
remains topologically identical to ROC, this transformation
plays a critical role. Because the origin of this space (i.e.,
(0, 0)) and the perfect model (i.e., (1, 1)) do not share an axis
any more, and the perfect model is placed farthest from the
origin, the flipped ROC can be expanded to higher dimensions
addressing multi-class evaluation. By adding more dimen-
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Fig. 2. The metric surface of f1 score visualized in the con-
tingency space. On the left, a contour plot is used to illustrate
the surface whereas on the right, the surface’s 3D structure is
visualized for comparison.

sions, the perfect model remains at the farthest place relative
to the origin, which preserves the desirable spatial character-
istic of the space. This is not possible in the ROC space. We
call this flipped space the base contingency space (illustrated
in Fig. 1).
Contingency Space and Metric Surfaces. Deterministic
performance evaluation metrics (e.g., accuracy, fβ score) are
functions, µ : [0, 1]2 → R, that convert relatively identi-
cal confusion matrices (points in [0, 1]2) to single values (in
R), and therefore provide easy-to-interpret quantities. Con-
sidering the base contingency space as the domain of such
functions, and by re-scaling the range of these functions to
[0, 1], we can form a 3D space [0, 1]3 in which each metric
µ can be represented uniquely by the surface it forms. We
refer to this 3D space as the Contingency Space, and call the
surface corresponding to each metric a metric surface.

In Fig. 2, an example of such a metric surface is illus-
trated. The one on the left is the contour plot of the surface
representing precision in the contingency space, and the one
on the right is its actual 3D visualization. The color tones in
the contour plot represent the third dimension, i.e., the mod-
els’ performance measured by the given metric. All plots in
this paper are generated with the Python plotting library, mat-
plotlib v3.1.2 [20].
Imbalance Sensitivity. Performance metrics are often sen-
sitive to the class-imbalance ratio. The bivariate distribution
of models’ performance, imposed by an imbalance-sensitive
metric, changes as the imbalance ratio in the data changes.
The introduced contingency space captures this sensitivity
very well. Fig. 3 provides an example of such a change for
the metric f1 score. In this figure, two surfaces are shown.
The upper one corresponds to f1 score with a 1:1 balance,
whereas the lower one is generated with an imbalance ratio
of 1:49. As we increase the imbalance ratio the surface warps
quite drastically. As evident in this example, the f1 score
under this imbalance condition assigns high values only to
models with very high tnr values. For not-too-high values of
tnr, on the other hand, the values of tpr seem almost irrele-
vant to the f1 score’s evaluation. For a balance case, however,
both tpr and tnr values have roughly equal weights in de-

Fig. 3. Two metric surfaces of f1 score are visualized in the
contingency space. The top surface is formed assuming the
imbalance ratio of 1:1, and the bottom surface is formed as-
suming the imbalance ratio of 1:49.

termining models’ performance in terms of f1 score. The
difference between the two surfaces can only be attributed to
the class-imbalance ratio. Inspired by this observation, we
can quantify the degree of which a metric is sensitive to the
class imbalance of data.

Let {Di}ni=1 denote a set of n subsets of the dataset D,
each with an arbitrary imbalance ratio. Suppose the model m
performs identically across all n subsets. That is, it classi-
fies a fixed percentage of the positive and negative instances
correctly for all subsets, yielding identical confusion matri-
ces for all n cases. We say a metric µ is imbalance ag-
nostic if it returns a constant value as the model’s perfor-
mance for all n subsets. We shall formulate this condition
by µ(m(Di))

n
i=1 = C, where C ∈ R is a constant, and both

m and µ are considered to be functions; m takes in a dataset
and returns a confusion matrix, and µ takes in a confusion
matrix and returns a numeric evaluation that reflects m’s per-
formance.

While it might seem that an arbitrary metric does return
a constant value as m’s performance on all Dis, majority of
the metrics in fact do not pass this condition. Accuracy is the
most popular example of this kind. It is a function of the class-
imbalance ratio. An example of an imbalance-agnostic met-
ric, on the other hand, is recall ( tpp ). Since it only measures
the relative frequency of true positives, it is not a function of
the imbalance ratio and therefore, it is imbalance agnostic.

Given the above definition, it should now be clear that
metric surfaces of imbalance-agnostic metrics have a unique
characteristic which is that they do not warp at all as the im-
balance ratio increases. With this intuition, we can now quan-
tify a metric’s sensitivity to the class imbalance by the mag-
nitude its surface warps as a function of the imbalance ratio.

Let C1(µ) and Cr(µ) denote the surfaces formed by the
metric µ, with the class-imbalance ratios 1:1 and 1:r (r ̸=1),
respectively. The class-imbalance sensitivity of µ, denoted
by srµ, is defined as the volume confined between C1(µ) and
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Fig. 4. Class-imbalance sensitivity of different performance evaluation metrics measured using the introduced contingency
space and the surfaces metrics form in this space.

Cr(µ). Since this volume depends on the imbalance ratio r,
class-imbalance sensitivity becomes conveniently a function
of r. This is very useful as in many rare-event analyses, some
potentially useful metrics are excluded only because they are
not completely insensitive to the imbalance ratio. However,
the imbalance ratio of the data might be small and therefore
it may impact a sensitive metric only marginally. Knowing
the degree of sensitivity as a function of the imbalance ratio
makes a strong argument for avoiding such exclusions.

Note that the upper bound for the class-imbalance sensi-
tivity is the volume of the (bounded) contingency space itself,
which is equal to 1. Therefore, the class-imbalance sensitiv-
ity is desirably limited to the range [0, 1). Also, it is worth
mentioning that we can re-define the imbalance agnostic con-
cept using this measure; a metric is imbalance agnostic if, and
only if, ∀r∈R+, srµ = 0.

The plots of imbalance sensitivity for a few determinis-
tic performance metrics are shown in Fig. 4. The metrics
accuracy ( tp+tn

p+n ), precision ( tpp′ ), recall ( tpp ), and f1 score
(2 · pre·rec

pre+rec ) need no explanation as they are very popular
across many domains. In these formulas, p and n are the total
number of positive and negative instances, and p′ represents
the total number of instances classified as positive (whether
correctly or incorrectly). tss measures the difference between
the probability of detection and the probability of false alarm,
i.e., tss= tp

p − fp
n [21]. The updated Heidke skill score (hss)

[22] quantifies models’ performance by comparing their per-
formance with the random-guess model, and is formulated
as hss = 2((tp·tn)−(fn·fp))

p(fn+tn)+n(tp+fp) . Both tss and hss are popu-
lar metrics for rare-event classification tasks such as weather
forecasting. Youden’s J index, is defined as tp·tn−fn·fp

(tp+fn)·(fp+tn)

[8]. Recall’s sensitivity is indeed zero, in line with what we
discussed above. Similarly, tss and Youden’s J index are im-
balance agnostic. Precision appears to be the most sensitive
one in our list, followed by f1 score, accuracy, and hss, re-
spectively.

Our proposed sensitivity measure reveals an interesting
fact that sensitivity of metrics has a logarithmic growth. We
have observed this pattern in several other metrics as well
(e.g., Gilbert’s success ratio [23], Doolittle index [24]). We
know that using imbalance sensitive metrics, two models’ per-
formance are comparable if, and only if, the imbalance ratios

of the data used for evaluation of the models are identical.
What we further learn from this logarithmic behavior is that
the sensitivity impact becomes less and less severe as the im-
balance ratios increases, and therefore, the sensitive metrics
become comparable again.
Computational Complexity Analysis. The time complexity
of the class-imbalance sensitivity measure is constant. This
can be broken down into two parts; representation of surfaces
and computation of the volume confined between them. A
metric surface can be represented by a square matrix with
constant number of rows/columns, hence O(1). To compute
the imbalance sensitivity, we approximate the confined vol-
ume by the Riemann Sum i.e., srµ =

∑t
i=1

∑t
j=1 |c1ij(µ)−

crij(µ)|. Again, since the size of these surfaces are irrelevant
to the sensitivity of their corresponding metrics, this part is
also O(1).

4. CONCLUSION AND FUTURE WORK

In this study, we introduced the contingency space using
which any metric that is derived from the confusion matrix
can be mapped to a unique surface. If a metric’s surface does
not transform as the class-imbalance ratio changes, the metric
is not sensitive to the imbalance of data. Otherwise, if the
surface warps, the degree of the impact is proportional to the
degree of this change. As our future work, we believe track-
ing the learning progress of a model on the surface of each
metric provides richer context for the performance evaluation
analysis. Moreover, the contingency space is expandable to
higher-dimensional spaces which could be directly used as a
metric that measures models’ performance without having to
aggregate multiple binary evaluations. We hope that the pro-
posed measure assists researchers in finding the appropriate
metrics they need for evaluation of their models.
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[12] César Ferri, José Hernández-Orallo, and Miguel Angel
Salido, “Volume under the roc surface for multi-class
problems,” in European conference on machine learn-
ing. Springer, 2003, pp. 108–120.

[13] David J. Hand and Robert J. Till, “A simple generalisa-
tion of the area under the ROC curve for multiple class
classification problems,” Mach. Learn., vol. 45, no. 2,
pp. 171–186, 2001.

[14] Foster Provost and Tom Fawcett, “Robust classification
for imprecise environments,” Machine learning, vol. 42,
no. 3, pp. 203–231, 2001.

[15] Ashwin Srinivasan, “Note on the location of optimal
classifiers in n-dimensional roc space,” 1999.

[16] David J. Hand, “Measuring classifier performance: a
coherent alternative to the area under the ROC curve,”
Mach. Learn., vol. 77, no. 1, pp. 103–123, 2009.

[17] Chris Drummond and Robert C Holte, “Explicitly repre-
senting expected cost: An alternative to roc representa-
tion,” in Proceedings of the sixth ACM SIGKDD inter-
national conference on Knowledge discovery and data
mining, 2000, pp. 198–207.

[18] Jesse Davis and Mark Goadrich, “The relationship
between precision-recall and ROC curves,” in Ma-
chine Learning, Proceedings of the Twenty-Third Inter-
national Conference (ICML 2006), Pittsburgh, Pennsyl-
vania, USA, June 25-29, 2006, William W. Cohen and
Andrew W. Moore, Eds. 2006, vol. 148 of ACM Inter-
national Conference Proceeding Series, pp. 233–240,
ACM.

[19] Wallace Alvin Wilson, “On semi-metric spaces,” Ameri-
can Journal of Mathematics, vol. 53, no. 2, pp. 361–373,
1931.

[20] J. D. Hunter, “Matplotlib: A 2d graphics environment,”
Computing in Science & Engineering, vol. 9, no. 3, pp.
90–95, 2007.

[21] AW Hanssen and WJA Kuipers, On the Relationship
Between the Frequency of Rain and Various Meteoro-
logical Parameters. (With Reference to the Problem of
Objective Forecasting.), Koninklijk Nederlands Meteo-
rologisch Instituut, 1965.

[22] Christopher C. Balch, “Updated verification of the
Space Weather Prediction Center’s solar energetic par-
ticle prediction model,” Space Weather, vol. 6, no. 1,
pp. S01001, Jan. 2008.

[23] Grove Karl Gilbert, “Finley’s tornado predictions.,”
American Meteorological Journal. A Monthly Review of
Meteorology and Allied Branches of Study (1884-1896),
vol. 1, no. 5, pp. 166, 1884.

[24] MH Doolittle, “Association ratios,” Bull. Philos. Soc.
Washington, vol. 7, pp. 122–127, 1888.

55

Authorized licensed use limited to: Georgia State University. Downloaded on March 17,2023 at 22:33:57 UTC from IEEE Xplore.  Restrictions apply. 


