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ABSTRACT
Ingestion of lead-based ammunition is one of the leading causes 
of the mortality of bald eagles. Their primary source is unretrieved 
carrion contaminated with lead from hunters’ ammunition. Lead 
toxicity can have serious clinical consequences, including 
reduced fertility and consumption. A model with ordinary differ
ential equations describes the dynamics of available contami
nated carrion and the progression of eagles through stages of 
lead poisoning. Nonnegative solutions exist and equilibrium 
points are stable for certain parameter ranges. Sensitivity analysis 
shows that the bald eagle population in the Great Lakes region is 
primarily dependent on the rate of entry of contaminated carrion 
in the environment, more so than on retrieval or on the rate of 
treatment of eagles. Estimates of financial costs of each of these 
three measures show that the most effective measure is to find 
a substitute for lead cartridges.
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1. Introduction

Bald eagles Haliaeetus leucocephalus live in Canada, the United States, and 
Mexico. A 2017 survey by the Wisconsin Department of Natural Resources 
(Woodford et al., 2017) found 526 occupied nesting territories in Wisconsin’s 
Northern Highland Ecological landscape. The Great Lakes region of the 
Midwestern United States contains some of the densest bald eagle nesting 
territories in North America (Woodford et al., 2017).

Apex predators, such as bald eagles, affect ecosystems both directly and 
indirectly through trophic levels. The mesopredator release hypothesis 
explains the ecological phenomenon of increasing populations of mesopreda
tors—such as foxes and coyotes—in the absence of apex predators (Estes et al., 
2011). This population shift may increase predation of small vertebrate spe
cies, or, as in the case of the Yellowstone National Park, reduce predation of 
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elk (Cervus canadensis), resulting in overgrazing of plant life (Farquhar, 2020). 
In the Encyclopedia of Biodiversity, Estes et al. (2001: 864) wrote that “fresh
water lakes provide the best known evidence for trophic cascades [. . .] lake 
systems throughout the world show altered populations of apex predators 
resulted in altered food webs” and describe phytoplankton, herbivores, zoo
plankton-eating predators, and fish-eating predators as the essential organism 
groups in lake ecosystems. Bunnell et al. (2013) described top-down trophic 
cascades in the Great Lakes, beginning with decreases in native top predators 
eating lake trout (Salvelinus namaycush) through overfishing and the intro
duction of parasitic sea lamprey (Petromyzon marinus). Increasing the alewife 
(Alosa pseudoharengus) population gave rise to small zooplankton species, due 
to alewife preferring large zooplankton prey. These alterations in the food web, 
along with accumulating pollution, eventually led to the lake eutrophication in 
the 1970s. Harvey et al. (2012) simulated the top-down influence of both 
resident and overwintering bald eagles in a marine ecosystem to show that 
bald eagles are “capable of influencing community structure through direct 
and indirect trophic effects” (: 907). Bald eagles help maintain ecological 
stability though their interactions as apex predators with other species of the 
Great Lakes ecosystem.

Lodenius and Solonen (2013) evaluated the contamination of the environ
ment of predatory birds. Kramer and Redig (1997), comparing lead toxicity in 
bald eagles admitted to the University of Minnesota Raptor Center between 1980 
and 1995, before and after state and federal bans of lead ammunition in water
fowl hunting, reported that changes in prevalence of lead-exposed or poisoned 
eagles are not statistically significant. Eagles submitted before the bans “were 
more acutely affected and lead poisoning was indicated [. . .] as the primary 
cause of admission” (: 331). After the bans, they found trauma as the main 
reason for admission with blood lead levels suggesting chronic lead exposure.

Eagles with serum lead levels under 0.2 ppm (part per million) are con
sidered lead free, as these levels are considered background; eagles with serum 
lead levels between 0.2 and 0.5 ppm are classified as having subclinical lead 
toxicity; eagles with serum lead levels over 0.5 ppm are classified as having 
clinical lead toxicity (Golden et al., 2016). We also model the subtle, long-term 
damage of eagles with subclinical lead toxicity (Redig et al., 2007b; Hunt, 2012) 
through a reduction in fertility and voracity. Due to the severity of clinical lead 
toxicity (Redig et al., 2007a; Russell and Franson, 2014), eagles with clinical 
lead toxicity, which is the final stage of lead toxicity, either succumb to lead 
poisoning or are retrieved and given therapy and rehabilitation. Hence, we 
assume that all additional mortality of eagles is due to clinical lead toxicity or 
failure of clinical lead toxicity treatment. Eagles with clinical lead toxicity do 
not reproduce, and we assume that they no longer accumulate lead from 
further consumption of contaminated carrion.
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Hallam et al. (1983) used differential equations governing the popula
tion biomass, the concentration of toxicant in an organism, and the 
concentration of toxicant in the environment, coupled by a linear dose– 
response function, to model the effect of a toxicant on a population. Cruz- 
Martinez et al. (2012) and Kramer and Redig (1997) represented bald 
eagles feeding on lead-contaminated offal and unretrieved game during 
firearm hunting seasons but ignored that lead accumulates in the 
environment.

No one has examined the effects of lead toxicity on the population dynamics 
of the bald eagle. This is the gap we address.

We shall forecast that, at the current rate of winter food-source con
tamination, the bald eagle population would reach 36,000 individuals at 
the end of a 25-year period. Removing the source of contamination would 
lead to an increase of 1.2% in their total number. In contrast, changing 
the rate at which wildlife rehabilitation centers retrieve bald eagles for 
treatment would only increase their population by 0.07% during the same 
period of time.

2. Method

2.1. Data

We consider the eight States that surround the Great Lakes of the United 
States: Illinois, Iowa, Indiana, Michigan, Minnesota, Missouri, Ohio, and 
Wisconsin. North central Wisconsin has “one of the highest densities of 
nesting bald eagles anywhere in North America,” with 550 occupied nests, 
which represent 32.7% of the 1,684 occupied nests in the survey covering seven 
areas (Magana et al., 2019). Although most bald eagles live in the northern 
States, eagles migrate and spend winters in States to the south (Shepherd, 
2019). Consequently, we include States to the south of the Great Lakes because 
lead toxicity levels and lead accumulation during the winter are correlated 
with one another (Neumann, 2009; Russell and Franson, 2014; Lindblom et al., 
2017; Simon et al., 2020).

We estimated the total number of occupied bald eagle nests using data from 
the United States Fish and Wildlife Service, the State Departments of Natural 
Resources, and the Center for Biological Diversity (Suckling and Hodges, 
2007; U.S. Fish and Wildlife Service, 2016; Magana et al., 2019; Indiana 
Department of Natural Resources, 2020; U.S Fish and Wildlife Service 
Midwest Region, 2020a). Magana et al. (2019) identified occupied nests 
inhabited by either an incubating adult, eggs, young eaglets, or those being 
repaired. According to the United States Fish and Wildlife Service 2016, bald 
eagles over the age of 4 years constitute 43% of the population and couples of 
adult eagles occupy nests. We estimate the total population size as 
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total population size ¼
2

0:43
� ðtotal number of occupied nestsÞ: (1) 

Figure 1 shows the fit of the total bald eagle population data for the Great 
Lakes region from 1990 to 2007—summarized in Table 1, built using Eq. (1)— 
to an exponential curve. However, because we wish to explore the model 
outside the empirical values specific to the eagle population of the Great 
Lakes, we consider this exponential as the beginning of a logistic curve, 
which leads us to introduce the carrying capacity as a parameter.

Figure 1. Exponential fit of the bald eagle data in the Great Lakes region from 1990 to 2007.

Table 1. Occupied nesting territories in the Great Lakes region.
Year Total number of occupied nesting territories Total population size

1990 1003 4665
1991 1157 5381
1992 1225 5697
1993 1355 6302
1994 1494 6948
1995 1564 7274
2000 2044 9506
2007 3454 16065
2009 5879 27344
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2.2. Background and assumptions

Based on 58 bald eagle carcasses from Iowa, Minnesota, and Wisconsin, Warner 
et al. (2014) found “no significant difference in liver lead concentrations between 
[male and female eagles]” (: 211). Franson and Russell (2014) diagnosed that 
female eagles were more intoxicated with lead than males (: 1728). For 484 bald 
and 68 golden eagles diagnosed with lead poisoning, they concluded that “more 
than half were characterized as being in emaciated or poor body condition, 
suggesting that most were undergoing chronic poisoning and not obtaining 
adequate nutrition” (: 1728). Warner et al. (2014) obtained a “significant nega
tive correlation between liver lead and body mass for eagle carcasses from the 
Upper Midwest” (: 211). Franson and Russell (2014) found 14.2% bald eagles 
with lead in their stomachs. Likewise, Neumann (2009) reported from x-ray 
analysis of lead-poisoned bald eagles in Iowa that 11.8% have lead remaining in 
their digestive tracts. Cruz-Martinez et al. (2012) also found that 11% of bald 
eagles “had radiographic evidence of metallic foreign objects in their gastro
intestinal tracts” (: 98). However, Stauber et al. (2010) found no evidence of lead 
in the digestive tracts of 67 eagles tested between 1991 and 2008 in the Pacific 
Northwest.

Fallon et al. (2017) provided guidelines for evaluation and treatment, 
suggesting that birds whose blood-lead levels are under 40 mg/dl be released 
back to the wild as soon as possible after capture, while the release or treatment 
of birds with blood-lead levels between 40 mg/dl and 60 mg/dl should be made 
based on the presence of clinical signs of poisoning and relevant biological 
characteristics (for example, breeding status). Birds with blood-lead levels 
higher than 60 mg/dl are potentially lethally poisoned and should be removed 
from the wild for appropriate treatment and later release.

We only consider lead among anthropogenic factors affecting bald eagles. 
Bald eagles scavenge during the big-game hunting seasons (Neumann, 2009; 
National Eagle Center, 2020) and several studies suggest a strong association 
between lead-based ammunition, hunting seasons, and lead toxicity in scaven
ging species. Stauber et al. (2010) reported higher prevalence of lead in blood 
of eagles submitted to the Washington State University Raptor Rehabilitation 
program corresponding to local firearm hunting seasons and inland migration 
of eagles during winter. Warner et al. (2014), based on radiographic imaging of 
offal piles from deer shot with lead ammunition, found that both shotguns and 
muzzleloader rifles produce lead fragments in offal piles (: 211).

Cruz-Martinez et al. (2012), based on data of high lead levels in bald 
eagles from Minnesota, Wisconsin, and Iowa, reported eagle location by 
State as not a significant factor, month of admission as significant, with 
the most significant months being November, December, and January, 
and the highest odds during December, January, February, and March in 
eagles recovered from the rifle zone and in adult individuals. Kramer and 
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Redig (1997) also found the highest rates of eagle admission in November 
and December, which correspond to the deer season in Minnesota and 
Wisconsin.

Based on these, we assume that eagles acquire lead toxicity through the 
consumption of lead-contaminated carrion. We divide the population into 
four disjoint compartments: lead-free eagles, those with one of two stages 
of lead toxicity, and those under treatment for lead toxicity. If treatment 
of clinical lead toxicity is successful, these eagles retain lasting physiolo
gical damage (Fallon et al., 2017) and, in the model, return to the 
compartment of subclinical lead toxicity rather than to that of lead-free 
eagles.

Lead binds to calcium, settling in the bones of eagles over time (Hunt, 2012). 
Lead accumulated within the bones remains stable for long periods of time, but 
during egg formation may remobilize into the bloodstream, accumulating in 
eggshells, and in newborn eaglets (Burger, 1994; Gangoso et al., 2009; 
Vallverdú-Coll et al., 2015; Bruggeman et al., 2018; Gil-Sànchez et al., 2018). 
Therefore, we assume that eagles transfer their lead toxicity to their offspring. 
We also assume that the eagle population is not affected by migration and that 
it grows logistically in the absence of lead.

2.3. Model formulation

(1) Contaminated carrion: total mass CðtÞ at time t

We assume that contaminated carrion increases at the constant annual rate 
Λ and that it is the only source of lead for bald eagles. The rate Λ represents the 
annual amount of unretrieved game containing fragments of spent lead 
ammunition. Eagles may also scavenge uncontaminated carrion; the percen
tage of carrion that is CðtÞ divided by the constant total mass M of available 
carrion. Carrion also decreases at the rate μ1 from natural decomposition. 
These assumptions lead to the dynamic of CðtÞ: 

C0ðtÞ ¼ Λ �
δ1

M
CðtÞSðtÞ �

ωδ1

M
CðtÞLðtÞ � μ1CðtÞ: (2) 

(2) Lead-free eagles: total number SðtÞ at time t

Lead-free (or uncontaminated) eagles increase in number at rate r. Because 
these eagles have little to no lead contamination, their fertility is not affected. 
The total population of eagles in the Great Lakes region is growing logistically 
with a carrying capacity K, as explained after Figure 1. As lead-free eagles 
scavenge contaminated carrion, they acquire lead toxicity (Cruz-Martinez 
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et al., 2012). These eagles acquire subclinical lead toxicity at rate ω1, when all 
available carrion is contaminated with lead. We assume lead-free eagles are 
otherwise healthy, so they die only by other causes, at mortality rate μ2: 

S0ðtÞ ¼ rSðtÞ 1 �
SðtÞ þ LðtÞ þ HðtÞ þ TðtÞ

K

� �

�
ω1

M
CðtÞSðtÞ � μ2SðtÞ: (3) 

(3) Eagles with subclinical lead toxicity: total number LðtÞ at time t

Eagles with subclinical lead toxicity have detectable levels of lead in their 
blood, in the range of 0:2 to 0:5 ppm. They show no clinical symptoms (Golden 
et al., 2016), but suffer physiological damage and have their appetite reduced by 
a factor w. Their scavenging rate is wδ1; where 0<w< 1, and their fertility in the 
model is reduced (Redig et al., 2007b; Hunt, 2012) to vr;where 0< v< 1. Their 
offspring are born into the class of subclinical lead toxicity due to maternal 
transmission of lead (Burger, 1994; Vallverdú-Coll et al., 2015; Bruggeman et al., 
2018; Gil-Sànchez et al., 2018). Inflow to the class of subclinical lead toxicity 
comes both from lead-free eagles, at rate ω1, and from eagles leaving treatment, 
at rate ρ. Eagles leaving treatment suffer lasting damage, as chelation therapy 
does not clean up their serum lead levels; hence, they return to the class of 
subclinical lead toxicity rather than to the lead free class (Fallon et al., 2017). The 
per head outflow rate ω2 from the subclinical lead toxicity class is less than the 
individual inflow rate ω1 into this compartment because subclinical lead toxicity 
reduces appetite and because the amount of lead to be accumulated to move one 
eagle into the class of clinical lead toxicity is larger than the amount of lead 
necessary to move a lead-free eagle into the class of subclinical lead toxicity. 
Therefore we assume these eagles die from other causes, at mortality rate μ2: 

L0ðtÞ ¼ vrLðtÞ 1 �
SðtÞþLðtÞþHðtÞþTðtÞ

K

� �
þ ω1

M CðtÞSðtÞ þ ρTðtÞ
� ω2

M CðtÞLðtÞ � μ2LðtÞ:
(4) 

(4) Eagles with clinical lead toxicity: total number HðtÞ at time t

Eagles with clinical lead toxicity have serum lead levels high enough (> 0:5 
ppm) to show difficulty in flying, gross lesions on organs, or total loss of 
appetite (Hunt, 2012; Fallon et al., 2017). Eagles with subclinical lead toxicity 
acquire clinical lead toxicity at rate ω2 when all available carrion is contami
nated with lead. Eagles with clinical lead toxicity die of lead at rate μ3 and of 
other causes at rate μ2. They may also be retrieved for veterinary care in the 
treatment class, at rate η. They are too sick to be fertile or to feed (thus they no 
longer increase their lead levels): 

H0ðtÞ ¼
ω2

M
CðtÞLðtÞ � ðη þ μ2 þ μ3Þ HðtÞ: (5) 
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(5) Eagles in treatment: total number TðtÞ at time t

The treatment compartment comprises eagles with clinical symptoms of lead 
toxicity. Humans treat clinically lead-poisoned eagles at rate η. Because chelation 
therapy involves its own risks (Redig et al., 2007a; Fallon et al., 2017), it is 
administered until eagles reach a subclinical rather than a background level of 
lead so that, when released, these eagles are not lead free. Eagles in treatment may 
be euthanized (at rate μ4) or die from other causes (at rate μ2). Eagles surviving the 
treatment and declared fit are released in the wild (at rate ρ) (Redig et al., 2007a): 
Figure 2 

T0ðtÞ ¼ ηHðtÞ � ðρ þ μ2 þ μ4ÞTðtÞ: (6) 

The total eagle population size at time t is 

NðtÞ ¼ SðtÞ þ LðtÞ þ HðtÞ þ TðtÞ: (7) 

The model is represented as a flow diagram in Figure 2.

2.4. Setting the parameters

We assume that eagles consume lead only through scavenging lead-shot car
rion, during the deer-hunting firearm seasons, which are in fall and in winter 
(Wisconsin Department of Natural Resources, 2017). Combining 2009, 2012, 
2013, and 2019 deer harvest reports, we estimate an annual harvest of 900,000 
deer (Missouri Department of Conservation, 2012; Watt et al., 2012; Warner 
et al., 2014). Nixon et al. (2001), Neumann (2009), and Warner et al. (2014) 
agree that 10% to 32% of the deer that are shot are not retrieved by hunters.

With adding poaching and discarded offal, we assume that 32% of hunted 
deer go unretrieved, which corresponds to 280,000 deer per year. For an 
average mass of a deer in Wisconsin of 72 kilograms (Watt et al., 2012), we 
estimate the total annual mass of carrion M to be 20,000 tons.

We use Freed and Yarbrough’s (2008) estimate that 15% of venison donated 
to Wisconsin food pantries was contaminated with lead. We assume that the 
proportion of unretrieved deer is the same, which corresponds to an entry rate 
Λ of contaminated carrion of 3,000 tons per year.

Jennelle et al. (2009) found that a deer carcass in Wisconsin remains in the 
environment for 18 to 55 days during the fall and winter seasons, which allows 
us to estimate the natural decay rate of carrion μ1 ¼ 1 year � 1. According to 
the American Eagle Foundation (2020), a bald eagle consumes between 219 
and 365 pounds of food annually, which is a consumption rate δ1 of 132 kg/yr 
for lead-free eagles. Hunt (2012), Franson and Russell (2014), and Golden et al. 
(2016) mentioned that lead toxicity reduces consumption, but none of these 
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authors quantified that. That is why we assume a reduction factor w ¼ 0:9, 
which leads to the per-head consumption rate wδ1 of eagles with subclinical 
lead toxicity estimated at 118.8 kilograms per year.

Data from Neumann (2009) for Iowa in the years 2007 and 2008 show 
a 9.5% increase in the total number of eagles with subclinical lead toxicity, 
which leads to an estimated rate ω1 ¼ 0:100 at which lead-free eagles become 
ill with subclinical lead toxicity when all carrion they ingest is contaminated. 
Likewise, the annual turnover among eagles with clinical lead toxicity corre
sponds to a rate of ω2 ¼ 0:142 at which eagles with subclinical lead toxicity 
acquire clinical lead toxicity when all carrion is contaminated.

In 2016, the U.S. Fish and Wildlife Service determined the carrying capacity 
of the bald eagle for the entire United States as 227,800 (U.S. Fish and Wildlife 
Service, 2016). In 2009 the Great Lakes Region contained 20% of the country’s 
bald eagle population. Thus we assume that the carrying capacity for the bald 
eagle in the Great Lakes region is 20% of that for the U.S., that is K ¼ 46;000 
individuals.

The Service also calculated the growth rate in the absence of anthropogenic 
factors as r ¼ 0:206 a year, beginning with 2007. Chronic lead toxicity 
damages reproductive organs (Redig et al., 2007a; Fallon et al., 2017), but 
the reduction in fertility has not been quantified. Gil-Sànchez et al. (2018) 
estimated the fertility reduction factor among Bonelli eagles with subclinical 
lead toxicity at v ¼ 0:7. The treatment rate η of eagles with clinical lead toxicity 
depends on human intervention. We use η ¼ 4:0 as the reference value and 
vary this positive parameter to simulate scenarios ranging from no eagles 
being retrieved (η ¼ 0) for treatment to all eagles being retrieved (η ! 1). 
Because bald eagles begin courtship and nest construction, and mate in the 
winter (Warner et al., 2014; Shepherd, 2019; U.S. Fish and Wildlife Service 
Midwest Region, 2020b), we assume that eagles in treatment for clinical lead 
toxicity do not reproduce.

Chelation therapy and rehabilitation take from weeks to months (Redig 
et al., 2007a, 2007b; Fallon et al., 2017). Hence, the recovery rate from therapy 
ρ is set to 1 per year, representing an average duration of treatment of one year. 
This value allows the eagles to skip the mating season (winter). Over a year, 
20% of eagles in treatment are euthanized (Strom et al., 2009; Yaw et al., 2017), 
corresponding to a mortality rate μ4 ¼ 0:223.

3. Analysis

We prove now that the model of Eq. (2) to (7) provides nonnegative solutions 
for all time from any nonnegative initial conditions and that, if the total 
population size is initially below the carrying capacity, then it stays below it 
forever. We also characterize equilibria or long-term behavior and, by varying 
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the rate μ1 of natural decay and the treatment rate η of eagles with clinical lead 
toxicity, quantify the effects of the removal of contaminated carrion or the 
treatment of eagles affected by lead toxicity.

For algebra, we used Mathematica 12.1 (Wolfram Research, Inc., 2020) and 
Maple 2019 (Maplesoft, a division of Waterloo Maple Inc., 2019); for simula
tions, we used Matlab R2019a, R2020a (Mathworks, Inc., 2019; Mathworks, 
Inc., 2020), and R 3.6.1 (R Core Team, 2019). We prepared data using this 
version of R.

3.1. Positivity of solutions

We prove that when Eq. (2) to (6) have nonnegative initial conditions, they 
also have nonnegative global solutions. For lead-free eagles in total initial 
number Sð0Þ > 0 and for the rate ΛðtÞ of entry for contaminated carrion 
a positive constant on the intervals ½n; n þ 0:25� and zero on the intervals 
ðn þ 0:25; n þ 1Þ, for all n 2 Z, entry of contaminated carrion occurs only 
during the big-game hunting season, from mid-October to mid-January. We 
prove that all state variables are strictly positive forever when starting from 
nonnegative initial conditions.

The existence and uniqueness theorem for ordinary differential equations 
(Boyce and DiPrima, 2005, Theorem 7.1.1) ensures that a unique solution 
exists for t 2 ½0;þ1Þ. Eq. (2) guarantees that contaminated carrion CðtÞ is 
strictly positive for t > 0: 

For gðtÞ :¼
δ1

M
SðtÞ þ

wδ1

M
LðtÞ þ μ1; (8) 

and 

GðtÞ ¼

Z t

0
gðsÞ ds; (9) 

we have 

CðtÞ ¼ Cð0Þ exp � GðtÞð Þ þ Λ
Z t

0
exp GðsÞ � GðtÞð Þ ds > 0 (10) 

on the intervals ½n; n þ 0:25� (n 2 Z) because ΛðnÞ> 0. CðtÞ is also strictly 
positive on the intervals ðn þ 0:25; n þ 1Þ (n 2 Z) because Cðn þ 0:25Þ> 0 for 
all n 2 Z. Likewise, Eq. (3) guarantees that SðtÞ is strictly positive 
for 0< t< þ 1: 

SðtÞ ¼ Sð0Þ exp
Z t

0
r 1 �

SðτÞ þ LðτÞ þ HðτÞ þ TðτÞ

K

� �

�
ω1

M
CðτÞ � μ2

� �

dτ
� �

> 0;

(11) 
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as Sð0Þ > 0.
We prove that 

Lð0Þ;Hð0Þ;Tð0Þ � 0 ) LðtÞ;HðtÞ;TðtÞ � 0 for 0 � t � ε (12) 

if ε> 0 is small enough. Assume that Cð0Þ> 0 and Sð0Þ> 0. The continuity of 
C; S; L;H, and T, and Tð0Þ � 0 imply that the term ω1

M CðtÞSðtÞ þ ρTðtÞ in Eq. 
(4) is strictly positive for 0 � t � ε if ε> 0 is small enough. For t 2 ð0; ε�, we 
use the argument in Eq. (2) applied to Eq. (4) to prove that LðtÞ> 0 and 
CðtÞ> 0, to Eq. (5) to show that HðtÞ> 0, and to Eq. (6) to show that TðtÞ> 0 
on ð0; ε�. This establishes the local-in-time conservation of positivity. We now 
show that this is true globally.

We assume that Cð0Þ> 0 and Sð0Þ> 0, which implies that CðtÞ> 0 and 
SðtÞ> 0 for t � 0. By contradiction, assume that the solution may take negative 
values. Define �t ¼ infft > 0 : LðtÞ ¼ 0 or HðtÞ ¼ 0 or TðtÞ ¼ 0g. The state 
variables LðtÞ;HðtÞ, and TðtÞ are strictly positive on the interval ð0;�tÞ
and �t � ε> 0.

Because the term ω1
M CðtÞSðtÞ þ ρTðtÞ in Eq. (4) is strictly positive for 

0 � t � �t, there exists a ε1 > 0 such that it is also strictly positive for 
�t � t � �t þ ε1. Hence, by Eq. (4), LðtÞ> 0 on ð0;�t þ ε1� if ε1 > 0 is small enough.

The term ω2
M CðtÞLðtÞ in Eq. (5) is strictly positive on ð0;�t þ ε1�. Hence, by 

Eq. (5), we deduce that HðtÞ> 0 on ð0;�t þ ε1�. Given that the source term 
ηHðtÞ in Eq. (6) is strictly positive on ð0;�t þ ε1�, it follows from Eq. (6) that 
TðtÞ> 0 on ð0;�t þ ε1�. There is a contradiction because Lð�tÞ;Hð�tÞ;Tð�tÞ> 0. 
This proves that, if Cð0Þ> 0; Sð0Þ > 0, Lð0Þ � 0;Hð0Þ � 0, and Tð0Þ � 0, then 
LðtÞ> 0;HðtÞ> 0, and TðtÞ> 0 for t � 0.

3.2. The population size is upper bounded by 1 �
μ2
r

� �
K , if μ2 � r

We sum Eq. (3), (4), (5), and (6) to obtain 

N0ðtÞ ¼ rðSðtÞ þ vLðtÞÞ 1 �
NðtÞ

K

� �

� μ2NðtÞ � μ3HðtÞ � μ4TðtÞ: (13) 

If 0<Nð0Þ< 1 �
μ2
r

� �
K, then NðtÞ< 1 �

μ2
r

� �
K for all t � 0. If there is a t > 0 

such that NðtÞ ¼ 1 �
μ2
r

� �
K, we call ~t the smallest such time, that is, 

Nð~tÞ ¼ 1 �
μ2
r

� �
K, but NðtÞ< 1 �

μ2
r

� �
K for ½0;~tÞ. From Eq. (13), 

N0ð~tÞ ¼ μ2ðSð~tÞ þ vLð~tÞÞ � μ2 1 �
μ2
r

� �
K � μ3Hð~tÞ � μ4Tð~tÞ< � μ3Hð~tÞ

� μ4Tð~tÞ<0: (14) 

By continuity, N0ðtÞ is negative on the interval ð~t � ε;~tÞ on which 
NðtÞ< 1 �

μ2
r

� �
K, forbidding to have NðtÞ ¼ ð1 �

μ2
r ÞK for any t > 0. The 

upper bound for the total population size, 
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N sup ¼ 1 �
μ2
r

� �
K; (15) 

is the effective carrying capacity, corresponding to the logistic equation with 
exponential rate r � μ2, which is the difference between the birth and mortality 
rates.

3.3. Steady states

The steady states of System f(2), (3), (4), (5), (6)g are the zeros of the system of 
linear and quadratic equations: 

Λ �
δ1

M
C�S� �

wδ1

M
C�L� � μ1C� ¼ 0; (16) 

rS� 1 �
S� þ L� þ H� þ T�

K

� �

�
ω1

M
C�S� � μ2S� ¼ 0; (17) 

vrL� 1 �
S� þ L� þ H� þ T�

K

� �

þ
ω1

M
C�S� þ ρT� �

ω2

M
C�L� � μ2L� ¼ 0; (18) 

ω2

M
C�L� � σ1 H� ¼ 0; (19) 

ηH� � σ2 T� ¼ 0: (20) 

The asterisks denote the values at the steady state. We introduce 

σ1 :¼ η þ μ2 þ μ3 and σ2 :¼ ρ þ μ2 þ μ4: (21) 

From Eq. (16), the steady state for the total mass of contaminated carrion is 

C� ¼
δ1

M
S� þ wL�ð Þ þ

Λ
μ1
: (22) 

From Eq. (17), the steady states for the total number of lead-free eagles are 

S� ¼ 0 (23) 

and S� ¼
K ðr � ω1

M C� � μ2Þ

r
� ðH� þ L� þ T�Þ: (24) 

From Eq. (18), (19), and (20), the steady states for the other state variables are 

L� ¼

ω1
M C�S� þ ρT�

ω2
M C� þ μ2 � vr 1 � S�þL�þH�þT�

K

� � ; (25) 
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H� ¼
ω2

M
C�L�

σ1
; (26) 

T� ¼
ηH�

σ2
: (27) 

L� ¼ 0 in Eq. (26) gives H� ¼ 0 and Eq. (27) gives T� ¼ 0. For L� ¼ 0, H� ¼ 0, 
and T� ¼ 0 in Eq. (18), C�S� ¼ 0. Then either C� ¼ 0 or S� ¼ 0. If C� 6¼ 0, 
then C� ¼ Λ

μ1
� 0. At the equilibrium point x�

1, there are no eagles in any class 
and the total mass of contaminated carrion is Λ

μ1
, that is: 

x�
1 :¼ ðC�

1; S
�
1; L

�
1;H

�
1 ;T

�
1 Þ ¼

Λ
μ1
; 0; 0; 0; 0

� �

: (28) 

It corresponds to the rate Λ of entry of contaminated carrion multiplied by its 
average permanence in the environment in the absence of eagles at every stage 
of toxicity—the reciprocal of the rate μ1 of natural decay of contaminated 
carrion.

In case of no entry of carrion into the environment, C� ¼ 0, there are no 
eagles with clinical lead toxicity at equilibrium, that is, H� ¼ 0. From Eq. (20), 
there are no eagles in treatment, that is, T�

2 ¼ 0. The system of Eq. (16) to (20) 
reduces to Eq. (17) and (18), which become 

rS�
2 1 �

S�
2 þ L�

2
K

� �

� μ2S�
2 ¼ 0; (29) 

vrL�
2 1 �

S�
2 þ L�

2
K

� �

� μ2L�
2 ¼ 0: (30) 

Substituting S�
2 ¼

μ2
r � 1
� �

K into L�
2 ¼

μ2
vr � 1
� �

K yields μ2
r ¼

μ2
vr , which 

implies v ¼ 1, which no longer corresponds to a reduction of fertility. In the 
absence of lead-contaminated carrion, if the total population of eagles NðtÞ is 
nonzero, it consists entirely either of lead-free eagles or of eagles with sub
clinical toxicity, giving two equilibrium points: 

x�
2 :¼ ðC�

2; S
�
2; L

�
2;H

�
2 ;T

�
2 Þ ¼ 0;K 1 �

μ2
r

� �
; 0; 0; 0

� �
;

and 

x�
3 :¼ ðC�

3; S
�
3; L

�
3;H

�
3 ;T

�
3 Þ ¼ 0; 0;K 1 �

μ2
vr

� �
; 0; 0

� �
;

where the population size SðtÞ of lead-free eagles grows to its carrying capacity 
K 1 �

μ2
r

� �
and the population size LðtÞ of eagles with subclinical lead toxicity 

grows to its carrying capacity K 1 �
μ2
vr

� �
. The equilibrium x�

3 corresponds to 
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the case where, in the absence of exposure to lead, subclinical lead toxicity 
persists through transmission of lead toxicity from mother to offspring 
(LðtÞ> 0). x�

2 must be such that S� > 0. A necessary and sufficient condition is 
that births exceed deaths, that is, r > μ2 > 0. Likewise, x�

3 must be such that 
L� > 0; which is satisfied when vr > μ2.

Solving for C�, H�, and T� in terms of S� and L� in Eq. (16), (19) and (20), 
the equilibrium points for which C� > 0 and L� > 0 are 

C� ¼
Λ

δ1
M S� þ wδ1

M L� þ μ1
; (31) 

H� ¼

ω2
M Λ
σ1

L�

δ1
M S� þ wδ1

M L� þ μ1

 !

; (32) 

T� ¼
η ω2

M Λ
σ1σ2

L�

δ1
M S� þ wδ1

M L� þ μ1

 !

: (33) 

Substituting S� ¼ 0 and Eq. (31), (32), and (33) into Eq. (18), L� is solution to 

c0L�2
þ c1L� þ c2 ¼ 0; (34) 

where 

c0 ¼ vr
wδ1

M
σ1 σ2; (35) 

c1 ¼ vr ððμ1 � wδ1
M KÞ σ1 σ2 þ ω2

M σ2 Λ þ η ω2
M ΛÞ þ μ2

wδ1
M K σ1 σ2; (36) 

c2 ¼ K σ1 σ2 μ1 μ2 þ ω2
M ΛK ðσ1 σ2 � ρηÞ � vrμ1K σ1 σ2: (37) 

If Eq. (34) has nonzero real roots L�
4 and L�

5 (with L�
4 � L�

5, say), these roots 
lead to the two new equilibria: 

x�
4 ¼ ðC�

4; 0; L�
4;H�

4 ;T�
4 Þ and x�

5 ¼ ðC�
5; 0; L�

5;H�
5 ;T�

5 Þ; (38) 

where 

C�
4 ¼

Λ
wδ1
M L�

4 þ μ1
; H�

4 ¼

ω2
M Λ
σ1

L�
4

wδ1
M L�

4 þ μ1

 !

; and

T�
4 ¼

η ω2
M Λ

σ1σ2

L�
4

wδ1
M L�

4 þ μ1

 !

;

and 
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C�
5 ¼

Λ
wδ1
M L�

5 þ μ1
; H�

5 ¼

ω2
M Λ
σ1

L�
5

wδ1
M L�

5 þ μ1

 !

; and

T�
5 ¼

η ω2
M Λ

σ1σ2

L�
5

wδ1
M L�

5 þ μ1

 !

:

Because c0 > 0, Eq. (34) has real roots with opposite signs if and only if 
c2 < 0. This corresponds to the case of a single additional equilibrium point, x�

4, 
which is located in the first orthant. The condition c2 < 0 is equivalent to 

ω2

M
Λ 1 �

ρη
σ1σ2

� �

< μ1ðvr � μ2Þ; (39) 

which is satisfied if and only if, 

μ1 >
ω2
M Λ 1 �

ρη
σ1σ2

� �

ðvr � μ2Þ
; (40) 

because σ1σ2 ¼ ðη þ ðμ2 þ μ3ÞÞðρ þ ðμ2 þ μ4ÞÞ> ρη. Eq. (40) means that the 
smaller equilibrium for the total number of eagles with subclinical lead 
toxicity, L�

5, is negative if the contaminated carrion decays quickly enough. 
The limiting case c2 ¼ 0 makes L�

1 ¼ 0 and x�
4 ¼ x�

1.
On the other hand, Eq. (34) has two distinct real positive roots if and only if 

c2 > 0, c1 < 0, and c2
1 > 4c0c2.

Because we assume that vr > μ2, it follows that c1 < 0 is equivalent to the 
lower bound for the carrying capacity K: 

K >
vrðμ1σ1σ2 þ ω2

M σ2Λ þ η ω2
M ΛÞ

wδ1
M σ1σ2ðvr � μ2Þ

: (41) 

The condition c2 > 0 in Eq. (40) is equivalent to 

μ1 <
ω2
M Λ 1 �

ρη
σ2σ2

� �

ðvr � μ2Þ
: (42) 

Lastly, the condition c2
1 > 4c0c2 is 

ψ1 >ψ2; (43) 

where 

ψ1 ¼ vrðμ1
wδ1

M
Kσ1σ2 þ

ω2

M
σ2Λ þ η

ω2

M
ΛÞ � ðvr � μ2Þ

wδ1

M
Kσ1σ2

� �2

; (44) 

and 
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ψ2 ¼ 4Kvr
wδ1

M
σ1σ2

ω2

M
Λðσ1σ2 � ρηÞ � σ1σ2μ1ðvr � μ2Þ

� �
; (45) 

or equivalently, 

γ1 > γ2; (46) 

where 

γ1 ¼
vrK2

M2 μ1wδ1σ1σ2 þ ω2Λðσ2 þ ηÞω2Λ
� �2

þ ðð1 �
μ2
vr

Þwδ1σ1σ2Þ
2

� �

þ 4K
wδ1

M
σ2

1σ2
2μ1ðvr � μ2Þ; (47) 

γ2 ¼ 2ðμ1
wδ1

M
Kσ1σ2 þ

ω2

M
σ2Λ þ η

ω2

M
ΛÞðvr � μ2Þ

wδ1

M
Kσ1σ2 

þ 4K
wδ1

M
σ1σ2

ω2

M
Λðσ1σ2 � ρηÞ: (48) 

In sum, if the conditions in Eq. (41) and (42) hold with Eq. (43) or (46), then 
the two equilibria x�

4 and x�
5 exist and are distinct of one another.

To find equilibrium points in the positive orthant of R 5, we substitute Eq. 
(31), (32), and (33) into Eq. (17) to obtain the relation between S� and L�: 

σ2 ðσ1ðr ðδ1
M S� þ wδ1

M L� þ μ1ÞðK � L� � S�Þ � K ðμ2
wδ1
M L� þ μ2

δ1
M S�

þΛ ω1
M þ μ1μ2ÞÞ � ω2

M rΛL�Þ � rηΛ ω2
M L� ¼ 0: (49) 

Combining Eq. (17) multiplied by v with Eq. (49), we obtain the expression of 
S� in terms of L� at any equilibrium point where S��0, taking the value: 

S�
6 ¼

Γ
σ1σ2ðð1 � vÞ δ1

M μ2L� � ω1
M ΛÞ

; (50) 

where 

Γ ¼ σ1σ2
wδ1

M
μ2ð1 � vÞðL�Þ

2

þ ðσ1σ2ðð
ω2

M
� v

ω1

M
ÞΛ þ μ1μ2ð1 � vÞÞ � η

ω2

M
ρΛÞL�; (51) 

Substituting Eq. (31), (32), (33), and (50) into Eq. (18) at any equilibrium 
point with S��0 and L��0 yields 

b0L�3
þ b1L�2

þ b2L� þ b3 ¼ 0; (52) 

where 

MATHEMATICAL POPULATION STUDIES 189



b0 ¼ � rμ2 ðv � 1Þ σ2σ1

� � σ1 þ � v þ 1ð Þμ2
� �ω2

M þ ω1
M vσ1

� �
σ2Þ � η v � 1ð Þμ2 � ρ

� �ω2
M

� �δ1
M

2
��

� σ1 �
ω2

M
þ

ω1

M
v þ 1ð ÞÞσ2 þ

ω2

M
ηρÞ

wδ1

M
δ1

M
þ

ω1

M
σ1σ2

wδ1

M

2

Þ

� �

;

�

(53) 

b1 ¼ σ2
2σ1

2ðμ2ððvω1
M � ω2

MÞr � μ2ðω1
M � ω2

MÞÞðv � 1ÞKδ1
M

2

þðð� ððK wδ1
M � vμ1 � μ1Þω1

M þ ω2
M μ1Þðv � 1Þμ2 þððv � 1Þω1

M � ω2
MÞΛ

vω1
M � ω2

M

� �
Þr þK wδ1

M
ω1
M μ2

2ðv � 1ÞÞδ1
M � ð2 μ1ðv � 1Þμ2 þððv � 1Þω1

M
� ω2

MÞΛÞr wδ1
M

ω1
MÞþΛη2rρ2ω2

M
2 δ1

M þσ1σ2ð2 δ1
M

ω1
M rΛμ2ðv � 1Þσ2 þηðKρμ2

�ðv � 1Þðr � μ2Þ δ1
M

� �2
þ2ω2

M ððv � 1Þðω1
M Λþρμ1

2 Þμ2 þððv � 1
2Þ

ω1
M � ω2

MÞ

�ΛρÞr δ1
M � wδ1

M
ω1
M rρΛÞ;

(54) 

b2 ¼ ððσ1 ð v ω1
M � ω2

M

� � δ1
M � wδ1

M
ω1
MÞK � ððv � 1Þω1

M � ω2
MÞμ1

� �
r þ μ2K

�

ðððv � 2Þω1
M þ ω2

MÞ δ1
M þ wδ1

M
ω1
MÞ
�
Λ � μ2μ1ððK δ1

M þ μ1Þr � K δ1
M μ2Þ

ðv � 1ÞÞ þ ω1
M

ω2
M rΛ2Þσ2 þ ðΛr ω1

M þ ρððK δ1
M � μ1Þr � K δ1

M μ2ÞÞ

Ληω2
MÞσ2σ1

ω1
M ;

(55) 

and 

b3 ¼ Λ Λ
ω1

M
� μ1 r � μ2

� �� �ω1

M
2
σ2

2σ1
2K: (56) 

We thus have found the equilibrium points with S��0 given by Eq. (50) and L�

as a root of Eq. (52). This could, in principle, lead to three additional equili
brium points. However, the computation shows that two roots of the cubic of 
Eq. (52) are complex conjugates so that there is a single real solution L� that, 
together with Eq. (50), leads to the last equilibrium: 

x�
6 ¼ ðC�

6; S
�
6; L

�
6;H

�
6 ;T

�
6 Þ; (57) 

where 

C�
6 ¼

Λ
δ1
M S� þ wδ1

M L� þ μ1
; H�

6 ¼

ω2
M Λ
σ1

ð
L�

δ1
M

S� þ
wδ1

M
L� þ μ1Þ;

and 

T�
6 ¼

ηω2Λ
Mσ1σ2

L�

δ1
M S� þ wδ1

M L� þ μ1

 !

: (58) 

We have seen that all the coordinates of x�
4 in Eq. (38) are positive if L�

1 > 0, 
except for S� ¼ 0. Likewise, all coordinates of x�

5 are positive if L�
2 > 0, except 

for S� ¼ 0.

190 C. BRASIC ET AL.



The equilibrium x�
6 is biologically relevant as long as S� > 0 and L� > 0. The 

complicated coefficients of Eq. (52) prevent us from deriving the algebraic 
constraints implying the existence of x�

6 with positive coordinates. We must be 
content with simulations to prove its existence.

3.4. Local stability of steady states

The Jacobian matrix is 

Jðx�Þ ¼

� L� wδ1
M � S� δ1

M � μ1 � δ1
M C� � wδ1

M C� 0 0

� ω1
M S� Υ1 � rS�

K � rS�

K � rS�

K

� ω2ML� þ ω1
M S�

ω1
M KC�� rvL�

K Υ2 � rvL�

K
� rvL�þKρ

K

ω2
M L� 0 ω2

M C� � σ1 0

0 0 0 η � σ2

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
A

;

(59) 

where 

Υ1 :¼
r
K

K � N� � S�ð Þ �
ω1

M
C� þ μ2

� �
and 

Υ2 :¼
rv
K

K � N� � L�ð Þ �
ω2

M
C� þ μ2

� �
: (60) 

The Jacobian evaluated at x�
1 is 

Jðx�
1Þ ¼

� μ1 �
δ1
MΛ
μ1

�
wδ1
M Λ
μ1

0 0

0 r� μ2ð Þμ1�
ω1
M Λ

μ1
0 0 0

0 ω1Λ
μ1

rv� μ2ð Þμ1� ω2Λ
μ1

0 ρ

0 0 ω2Λ
μ1

� σ1 0

0 0 0 η � σ2

0

B
B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
C
A

: (61) 

The first two diagonal coefficients are eigenvalues: 

λ1 ¼ � μ1 < 0; (62) 

λ2 ¼
μ1ðr � μ2Þ � ω1

M Λ
μ1

; (63) 
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which are both negative if and only if 

r � μ2 <
ω1
M Λ
μ1

: (64) 

The remaining eigenvalues are the roots of the characteristic polynomial of the 
3 � 3 remaining minor of Jðx�

1Þ, given by 

� p1ðλÞ ¼ a0λ3 þ a1λ2 þ a2λ þ a3; (65) 

where 

a0 ¼ μ1; (66) 

a1 ¼ μ2 � rv þ σ1 þ σ2
� �

μ1 þ Λω2; (67) 

a2 ¼ μ1σ1σ2 þ ðσ1 þ σ2Þðμ1ðμ2 � rvÞ þ
ω2

M
ΛÞ; (68) 

a3 ¼ � σ1σ2 � Λω2 þ μ1 rv � μ2
� �� �

� Ληρω2: (69) 

We use Routh’s (1877) test to determine necessary and sufficient conditions 
for the stability of x�

1. We need ai > 0; i ¼ 0; 1; 2; 3, and a1a2 > a0a3 to ensure 
that all the eigenvalues have negative real parts. a1 > 0 if and only if 

rv � μ2 < σ1 þ σ2 þ

ω2
M Λ
μ1

: (70) 

a2 > 0 if and only if 

rv � μ2 <
σ1σ2

σ1 þ σ2
þ

ω2
M Λ
μ1

; (71) 

which follows from Eq. (70), because σ1σ2 � 4σ1σ2 � ðσ1 þ σ2Þ
2. Finally, 

a3 > 0 if and only if 

rv � μ2 < 1 �
ηρ

σ1σ2

� � ω2
M Λ
μ1

; (72) 

which subsumes Eq. (70).
The last condition, a1a2 > a0a3, is equivalent to 

ðσ1 þ σ2Þðμ2
1σ1σ2 þ μ1

ω2

M
ΛÞ þ

ω2

M
2
Λ2ð1 þ σ1 þ σ2Þ

þ μ1
ω2

M
Λρη> ðrv � μ2Þμ1

ω2

M
Λð1 þ σ1 þ σ2Þ; (73) 

that is, 
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rv � μ2 <

ω2
M
M Λ
μ1

þ
ðσ1 þ σ2Þðμ2

1σ1σ2 þ μ1
ω2
M ΛÞ þ μ1

ω2
M Λρη

μ1
ω2
M Λð1 þ σ1 þ σ2Þ

: (74) 

This restriction is weaker than Eq. (72), which implies condition Eq. (73).
In summary, the equilibrium point x�

1 is locally asymptotically stable if 
ω1
M Λ
μ1

þ μ2 < r< 1 �
ηρ

σ1σ2

� � ω2
M Λ
vμ1

þ
μ2
v
: (75) 

This means that the per head birth rate r of lead-free eagles needs to belong to 
the interval 

ω1

M
Λ
μ1

þ μ2; 1 �
ηρ

σ1σ2

� �
ω2

M
Λ

vμ1
þ

μ2
v

� �

; (76) 

which must be non-empty. A sufficient condition for this is, for example, 

v< 1 �
ηρ

σ1σ2
; (77) 

which is v< 0:8566 using the parameter values displayed in Table 2. The 
corresponding range for r in order that x�

1 be locally asymptotically stable is 
approximately ð426; 000; 428; 571Þ, outside the realm of nature.

As for x�
2, the Jacobian is 

Jðx�
2Þ ¼

Θ1 0 0 0 0

�
ω1
M K r� μ2ð Þ

r μ2 � r μ2 � r μ2 � r μ2 � r
ω1
M K r� μ2ð Þ

r 0 � μ2 1 � vð Þ 0 ρ

0 0 0 � σ1 0

0 0 0 η � σ2

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
A

; (78) 

where 

Θ1 :¼ � K
δ1

M
� μ1

� �

þ K
δ1μ2
Mr

: (79) 

Its eigenvalues are 

λ1 ¼ � σ2 < 0; (80) 

λ2 ¼ � σ1 < 0; (81) 
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λ3 ¼ μ2ðv � 1Þ< 0; (82) 

λ4 ¼ μ2 � r< 0; (83) 

λ5 ¼ �
μ1 þ δ1

M Kðr � μ2Þ

r
< 0: (84) 

The equilibrium x�
2 is locally asymptotically stable. Likewise, for x�

3, 

Jðx�
3Þ ¼

Θ2 0 0 0 0

0 μ2 1� vð Þ

v 0 0 0

�
ω2
M K rv� μ2ð Þ

rv μ2 � rv μ2 � rv μ2 � rv μ2 � rv þ ρ
ω2
M K rv� μ2ð Þ

rv 0 0 � σ1 0

0 0 0 η � σ2

0

B
B
B
B
B
B
B
B
B
B
B
B
@

1

C
C
C
C
C
C
C
C
C
C
C
C
A

; (85) 

where 

Θ2 :¼
Kμ2wδ1

Mrv
� K

wδ1

M
þ μ1

� �

: (86) 

Table 2. Lexicon of parameters.
Symbol Description Unit Value (reference)

v Fertility reduction of eagles with subclinical 
toxicity

1 0:70 (Gil-Sànchez et al., 2018)

w Consumption rate reduction of eagles with 
subclinical toxicity

1 0:90 (assumed)

M Total mass of available carrion kg 2:00 � 107 

(Missouri Department of  
Conservation, 2012; Watt et al., 2012; 
Warner et al., 2014)

K Carrying capacity of the Great Lakes region for 
bald eagles

1 4:60 � 103 

(U.S. Fish and Wildlife Service, 2016)
Λ Rate of entry of contaminated carrion into the 

environment
kg/yr 3:00 � 106 

(Freed and Yarbrough, 2008)
δ1 Consumption rate for lead-free eagles kg/yr 1:32 � 102 (National Eagle Center, 2020)
μ1 Rate of decay for contaminated carrion 1/yr 1:00 (Jennelle et al., 2009)
μ3 Mortality rate of eagles from clinical lead toxicity 1/yr 2:74 (Golden et al., 2016)
μ4 Mortality rate from failure to treat lead toxicity 1/yr 0:22 (Strom et al., 2009)
μ2 Mortality rate of eagles from other causes 1/yr 0:03 (National Eagle Center, 2020)
ω1 For all carrion contaminated, subclinical 1/yr 0:14 (Neumann, 2009)

lead-intoxication rate 1/yr
ω2 For all carrion contaminated, clinical 1/yr 0:10 (Neumann, 2009)

lead-intoxication rate
r Birth rate for lead-free eagles 1/yr 0:21 (U.S. Fish and Wildlife Service, 2016)
ρ Rate of recovery from treatment 1/yr 1:00 (Redig et al., 2007a,b;

Fallon et al., 2017)
η Retrieval rate from clinical toxicity for treatment 1/yr 4:00 (variable; 0 � η< þ 1)
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with eigenvalues 

λ1 ¼ � σ2 < 0; (87) 

λ2 ¼ � σ1 < 0; (88) 

λ3 ¼ �
μ2ðv � 1Þ

v
> 0; (89) 

λ4 ¼ � ðrv � μ2Þ< 0; (90) 

λ5 ¼
� wδ1

M Kðrv � μ2Þ � rvμ1

rv
< 0: (91) 

Because λ3 > 0, x�
3 is an unstable equilibrium.

For the equilibria x�
4, x�

5, and x�
6, determining the asymptotic stability 

analytically is more difficult. Our simulations performed with parameter 
values corresponding to bald eagles, show that x�

4 and x�
5 are unstable and x�

6 
is locally asymptotically stable.

4. Simulations

We simulate the system to forecast the ecosystem made of carrion and bald 
eagles in the Great Lakes region at the 25-year horizon. We also assess the 
effects of the parameters for which there are no reliable estimates (v, w, and 
μ1) and of those depending on human intervention (rate Λ of entry of 
contaminated carrion and treatment rate η of eagles with clinical lead 
toxicity).

We modify Eq. (2), leading to the model: 

C0ðtÞ ¼ Λf ðtÞ � δ1
CðtÞ
M

SðtÞ � wδ1
CðtÞ
M

LðtÞ � μ1CðtÞ; (92) 

S0ðtÞ ¼ rSðtÞ 1 �
SðtÞ þ LðtÞ þ HðtÞ þ TðtÞ

K

� �

� ω1
CðtÞ
M

SðtÞ � μ2SðtÞ; (93) 

L0ðtÞ ¼ vrLðtÞ 1 �
SðtÞþLðtÞþHðtÞþTðtÞ

K

� �
þ ω1

CðtÞ
M SðtÞ þ ρTðtÞ

� ω2
CðtÞ
M LðtÞ � μ2LðtÞ;

(94) 

H0ðtÞ ¼ ω2
CðtÞ
M

LðtÞ � ðη þ μ2 þ μ3Þ HðtÞ; (95) 

T0ðtÞ ¼ ηHðtÞ � ðρ þ μ2 þ μ4Þ TðtÞ; (96) 
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where the parameters are the same as in Eq. (2) to (6) and, for n 2 N 0, 

f ðtÞ ¼
1; n � t � n þ 0:25;
0; n þ 0:25< t< n þ 1:

�

(97) 

In Eq. (97), the function f allows a switch reflecting the seasonality of the 
entry rate Λ of contaminated carrion. The annual big-game firearm 
hunting season takes place between the dates n in mid-October and n þ

0:25 in mid-January.
To estimate the rate μ1 of natural decay of carrion, we use Jennelle et al. 

(2009) who reported deer gut piles for 3 weeks to 3.5 months. We vary μ1 
within the range [0, 24] year � 1, the upper limit corresponding to a mean 
presence of carrion of 1

24 of a year, or 15 days and a half. We use the value 
μ1 ¼ 0 to show the worst-case scenario in which the carrion does not decay 
but is entirely consumed by eagles.

Over the 25 years of the simulation, we find that the lead-free population is 
unaffected and that 1,430, or 20%, more eagles show subclinical toxicity for 
μ1 ¼ 0 compared to μ1 ¼ 24. This number is 830, or 12%, for μ1 ¼ 1 com
pared to μ1 ¼ 24.

After 25 years, when carrion is reduced from complete contamination to 
zero contamination, the total eagle population increases from 33,300 to 36,000, 
an 8.1% increase, and the total number of eagles with subclinical toxicity 
decreases from 13,700 to 7,300. In the more realistic case of reducing the 
current 15% contaminated carrion to 0, the effect on the total population after 
25 years is an increase of 420 eagles (5.8%) accompanied by a decrease of 1,400 
eagles with subclinical toxicity (−16%).

We vary the treatment rate η of eagles with clinical lead toxicity in the 
interval ½0; 100�. After 25 years, the difference between η ¼ 0 (never treated) 
and η ¼ 100 (3.65 days from acquiring clinical toxicity to treatment) results in 
a 1% increase in the total population, or 35,400 for η ¼ 0 and 35,760 for 
η ¼ 100. Between η ¼ 1, which corresponds to a delay of 1 year between 
acquiring clinical toxicity and treatment, and η ¼ 10, corresponding to 
a delay of 5 weeks, the difference is only 30 birds, or 0:1%.

4.1. Sensitivity analysis

The sensitivity index ε of a state variable u with respect to a parameter p is 

εp ¼ lim
δp!0

δu
juj

δp
jpj

¼
jpj

juj

@u
@p

¼
jpj

juj
up: (98) 

It is the percentage of change in the state variable corresponding to a 1% 
increase in the parameter.
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4.1.1. The sensitivity of contaminated carrion
The mass C of contaminated carrion is highly sensitive to the entry rate Λ and 
to the rate μ1 of natural decay of carrion, but not to the rate of retrieval η for 
treatment. Increasing Λ by 1% increases C by 1%. In contrast, a 1% increase in 
η results in a negligible effect on C. Increasing μ1 by 1% makes the amount of 
contaminated carrion decrease by 1.41%.

4.1.2. Sensitivities of population sizes in each class
Increasing the rate Λ at which contaminated carrion enters the environment by 
1% results in a decrease in the total number S of lead-free eagles by 0.1% after 
25 years (Figure 3), because, lead-free eagles consume contaminated carrion and 
are intoxicated sooner. This is more consistent with the sensitivity of the total 
number L of eagles with subclinical lead toxicity with respect to Λ: Increasing Λ 
leads to more eagles with subclinical lead toxicity as more lead-free eagles get 
subclinical lead toxicity in the same amount of time, while eagles with subclinical 
lead toxicity, also consuming more contaminated carrion, take longer to develop 
clinical lead toxicity. To summarize, a 1% increase in the rate Λ of entry of 
contaminated carrion results in a 0:10% decrease in the total number S of lead- 

-1

0

1

1.00

-1.41

0.00

-0.15
-0.1
-0.05

0
0.05 -0.10

0.09

-0.02

-0.2

0

0.2

0.23

-0.21

0.06

-1

0

1

0.97

-1.15 -0.49

-1

0

1 -1.10

1.15 0.43

parameter

Sensitivity of the total number:

parameter

parameter

parameter

parameter

of lead-free eagles of eagles with sub-clinical lead toxicity

of eagles with clinical lead toxicity of eagles in treatment

Sensitivity of the mass of 
contaminated carrion

Figure 3. Sensitivity indices of the state variables with respect to the rate Λ of entry of contaminated 
carrion, the rate μ1 of natural decay, and the rate η of retrieval for treatment at time t ¼ 25 years.
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free eagles, in a 0.23% increase in the total number L of eagles with subclinical lead 
toxicity, a 0.10% increase in the total number H of eagles with clinical lead toxicity, 
and a 1.15% increase in the total number T of eagles in treatment (Figure 4).

Figure 4 shows that a 1% increase in the rate μ1 of natural decay causes 
a 0.1% increase in the total number S of lead-free eagles, a decrease in the total 
number L of eagles with subclinical lead toxicity by 0.2% and a decrease by 
1.1% in the total number H of eagles with clinical lead toxicity and in the total 
number T of eagles in treatment. As the contaminated carrion decays faster, 
lead-free eagles eat less contaminated carrion, thus reducing the total number 
of eagles with subclinical lead toxicity who also eat less contaminated carrion. 
Even though eagles with clinical lead toxicity no longer consume carrion, their 
number decreases because fewer eagles with subclinical lead toxicity develop 
clinical lead toxicity. Decreasing the total number of eagles with clinical lead 
toxicity reduces the total number of eagles that need treatment for clinical lead 
toxicity.

An increase in the per head treatment rate η of eagles with clinical lead 
toxicity by 1% leads to a decrease in the total number S of lead-free eagles of 
0.02%, a decrease in the total number H of eagles with clinical lead toxicity of 
0.5%, an increase in the total number L of eagles with subclinical lead toxicity 
of 0.06%, and an increase in the total number T of eagles in treatment of 0.4% 
(Figure 3). This is consistent with the fact that treated eagles with clinical lead 

Figure 4. Total population size at time t ¼ 25 years with respect to the rate Λ of entry of 
contaminated carrion and the rate μ1 of natural decay.

198 C. BRASIC ET AL.



toxicity never fully recover: They keep a subclinical lead toxicity; they will 
never be totally rid of lead. This explains both the decrease in the total 
numbers S of lead-free eagles and H of eagles with clinical lead toxicity and 
the increase in the total number L of eagles with subclinical lead toxicity.

Figure 4 shows the combined effect of varying the rate Λ of entry of 
contaminated carrion and the rate μ1 of natural decay on the bald eagle 
population, where the height of the surface represents the total population 
size N of eagles.

The Water and Forestry Department could collect carrion, for example, 
thus increasing the rate of decay of carrion. However, at the current value of 
3,000,000 kg/yr (at the front right edge of the surface in Figure 4), increasing 
the rate μ1 of natural decay from its likely value in the range of 1–20 thousand 
tons per year for the rate Λ of entry of contaminated carrion has less effect 
than from a low value, such as 0.1–0.2, where the curve is steep. These values 
0.1 to 0.2 correspond to a case when carrion keeps contaminating for 5 to 
10 years, whereas empirically it only contaminates for several weeks to three 
months.

Even though the rate Λ of toxic entry could be forced down to 0 by law, it is 
seldom done because of its political cost, while increasing the rate μ1 of natural 
decay of toxic substance is too expensive. Even without banning lead ammu
nition, reducing its use by two-thirds of the current value to 1,000 tons 
per year would increase the population size of eagles to 34,400 and make the 
action of μ1 of secondary importance (the μ1-curve for the rate Λ ¼ 1 of entry 
of contaminated carrion on the surface of Figure 4 is almost horizontal).

5. Conclusion

We have considered logistic growth for the subpopulation of lead-free eagles 
and for the one of eagles with subclinical lead toxicity as well as the mother-to- 
offspring transmission of lead toxicity. Usual epidemic models are inadequate 
because the lead toxicity is not contagious. We also considered the mass of 
contaminated carrion as responsible for the eagles’ transition through the 
stages of the disease. The model describes vector or parasitic diseases for 
which the total vector or parasite population is not structured by disease 
stage, because the vector or parasite in this model is always infected. The 
vector therefore always occupies the same state “infected.”

We simulated the consequences of the reduction in fertility, reduction in 
consumption, and acquisition of clinical lead toxicity, all due to chronic 
exposure to lead on the population of eagles.

We showed that the total population size depends much on the proportion 
of contaminated carrion but little on retrieval for treatment.
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We considered deaths due to lead toxicity but ignored deaths due to injury 
resulting from the vulnerability induced by chronic lead toxicity, such as 
ocular and neurological lesions that affect flight ability and orientation 
(Neumann, 2009; Franson and Russell, 2014; Russell and Franson, 2014; 
Fallon et al., 2017).

We thus underestimate the damage caused by lead toxicity among bald 
eagles.

Eggshells harbor lead, and thus attest to mother-offspring transmission of 
lead to newborn eaglets (Burger, 1994; Vallverdú-Coll et al., 2015; Bruggeman 
et al., 2018). However, what is true for eggshells is not necessarily true for 
newborns. We could modify the model of Eq. (2) to (6) in this direction, with 
a probability that the eggshell represents the eaglet but at the cost of some 
complication.

We have found that the most effective way to reduce lead toxicity is to 
reduce the rate Λ of entry of contaminated carrion. This requires hunters to 
switch to lead-free ammunition. Copper ammunition is an alternative that 
may have little adverse effect in raptors, based on a laboratory study using 
kestrels as surrogates for raptors (Franson et al., 2011). A copper cartridge, in 
2020 dollars, costs $0.20 more than a lead cartridge. Because hunters fire a test 
round and allowing for two shots per animal hunted, this amounts to $0.60 per 
deer hunted, for a total of $540,000 for the 900,000 deer hunted per year. This 
cost is offset by savings in the capture and treatment of eagles with chronic 
lead toxicity. Even without this compensation, the projected increase in the 
eagle population of 2,700 eagles over 25 years amounts to $5,000 per eagle, 
a very small price to pay for this natural treasure.

We also found that the population depends much on the rate μ1 of natural 
decay of carrion, especially for large values of the rate Λ of entry of contami
nated carrion. This means that increasing μ1 by removing contaminated 
carrion is inefficient. This would work if the carrion decayed more slowly, as 
we showed by pushing the model out of the empirical values in Figure 4.
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