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Abstract. This paper focuses on a time-varying constrained nonconvex optimization prob-
lem, and considers the synthesis and analysis of online regularized primal-dual gradient methods
to track a Karush-Kuhn—Tucker (KKT) trajectory. The proposed regularized primal-dual gradient
method is implemented in a running fashion, in the sense that the underlying optimization problem
changes during the execution of the algorithms. In order to study its performance, we first derive its
continuous-time limit as a system of differential inclusions. We then study sufficient conditions for
tracking a KKT trajectory, and also derive asymptotic bounds for the tracking error (as a function
of the time-variability of a KKT trajectory). Further, we provide a set of sufficient conditions for the
KKT trajectories not to bifurcate or merge, and also investigate the optimal choice of the parameters
of the algorithm. Illustrative numerical results for a time-varying nonconvex problem are provided.
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1. Introduction. This paper focuses on continuous-time nonconvex optimiza-
tion problems of the form

(1.1) min  ¢(z,t) s.t. f(z,t) € K,
TEX(t)

where t € [0,5] is the temporal index for some S > 0, ¢ : R” x [0,S] — R and
f:R™ % [0,S] — R™ are twice continuously differentiable functions, X'(t) is a closed
convex subset of R™ for each ¢, and K C R™ is a closed and convex cone. The opti-
mization problem (1.1) can be associated with systems governed by possibly nonlinear
physical or learning models, and can capture performance objectives and constraints
that evolve over time. The interdisciplinary nature of time-varying optimization prob-
lems [37] is evident through a number of works in the areas of power systems [42, 24],
communication systems [30, 12], transportation systems [44], robotic networks [17],
and online learning [17, 32] just to mention a few. On the other hand, suitable mod-
ifications of (1.1) can model time-varying data processing problems under streaming
of measurements such as matrix factorization [29] and sparse signal recovery [3].

A common approach in the existing literature is that, with a discretization ¢t =
7Ap for 7 = 0,1,...,T with sampling interval Ay = S/T [37], one can employ the
following running (or online) primal-dual gradient algorithm to track the optimal
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trajectory (z*(t), \*(¢t)) at time instants t = 7Ap for 7 =1,2,...,T:

(1.2a) xr =Pux, (71— a(Ver(ze_1) + Ty, (acT_l)T)\T_l)} ,
(1.2b) Ar = Pro [Ar—1 +na (fr(zr-1) — €Aro1)],

where ¢, () = c(-, 7A7), f-(:) = f(-,7A7r), X; = X(7Ar), and K° denotes the polar
cone of KC; the parameters o > 0 and n > 0 control the step sizes of the primal and
dual updates; the parameter € > 0 controls regularization on the dual variable; and
Px denotes the projection onto the convex set X'. We call this algorithm the Running
Regularized Primal-Dual gradient algorithm (RReg-PD). RReg-PD can be viewed as
an extension of the regularized primal-dual algorithm in [27] to the time-varying
situation, and its performance for convex problems has been partially analyzed in,
e.g., [38, 5].

On the other hand, in many real-world applications such as real-time optimal
power flow [42], wind farm operation [31], transportation systems [6], and data pro-
cessing [29] the objective function c(z,t) and/or the constraint function f(z,t) may
not be (globally) convex in x for each ¢. While studies have shown that RReg-PD
may still work well in practice, its theoretical analysis is still lacking. Moreover, while
[38] shows that the tracking error of RReg-PD will always be bounded provided that
¢(x, t) is uniformly strongly convex in z for all ¢ and that the step sizes are sufficiently
small, how to choose the algorithmic parameters to minimize the tracking error to
improve the tracking performance is still unclear. These issues motivate our work on
theoretical analysis of RReg-PD for possibly nonconvex problems.

Contributions. This paper extends [41] and conducts a comprehensive theoretical
analysis on the performance of RReg-PD for nonconvex smooth problems from the
perspective of its continuous-time limit. Specific contributions include the following.

1. We consider the limiting case where the algorithm can afford an update in
infinitesimal time, i.e., the continuous-time limit of RReg-PD (C-RReg-PD).
We show that the continuous-time counterpart of the discrete-time algorithm
is given by a system of differential inclusions that has been studied in the lit-
erature under the name of perturbed sweeping processes [11, 10]; the discrete-
time algorithm was referred to as the catching algorithm of the perturbed
sweeping processes.

2. We provide sufficient conditions for guaranteeing bounded tracking error of
C-RReg-PD in the situation where the objective ¢(z,t) and the constraint
function f(z,t) are smooth but can be nonconvex. Existing works on regular-
ized primal-dual methods for convex problems [27, 38, 48] only proved that
gradient-based iterative methods approach an approximate Karush—Kuhn—
Tucker (KKT) point; instead, we provide analytical results in terms of track-
ing a KKT trajectory (as opposed to an approximate KKT trajectory), and
our results are applicable to convex and nonconvex problems.

3. We also provide sufficient conditions under which the KKT points for a given
time instant will always be isolated; that is, bifurcations or merging of KKT
trajectories do not happen. We shall also show that these conditions for
isolated KKT trajectories are implied by the sufficient conditions for bounded
tracking error of C-RReg-PD.

4. Finally, we provide qualitative results and discussions on how the algorithmic
parameters can be chosen to achieve good tracking performance in practice.
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1.1. Related work.

Time-varying optimization. Reference [33] is one of the early papers that consider
a time-varying optimization setting similar to this paper, which derived a tracking er-
ror bound of the running gradient descent algorithm for unconstrained convex prob-
lems. Recent years have witnessed considerable advances in time-varying optimization
and online learning. A sample of works include [38, 5], which proposed and analyzed
an online double smoothing method, and [36], which proposed a unified framework
for time-varying convex optimization using averaged operators. Time-varying fixed-
point methods were discussed in [4] for contraction maps with asynchronous updates.
Time-varying projected gradient dynamics were considered in [24], where the analysis
leveraged the notion of temporal tangent cones. Recently, [16] showed that the in-
herent temporal variation of a time-varying optimization problem could reshape the
landscape and result in escaping spurious local minimum; this work was extended to
nonconvex problems with linear equality constraints in [20]. For convex settings, we
refer the reader to additional references collected in the recent tutorial [37].

Dynamic regret of online optimization. There has been abundant research on
the theory of dynamic regret for online optimization [25, 32, 21, 28]. The dynamic
regret is defined as the accumulated losses compared with the sequence of optimal
decisions, and researchers are interested in the asymptotic growth rate of the dynamic
regret. For example, in [32], the authors considered online convex optimization with
uniformly strongly convex and smooth objectives, and showed O(CT) bound for the
dynamic regret, where Cr is the path variation. Reference [21] considered online
optimization with weakly pseudo-convex objectives, and showed O (/T + VT') bound
for the dynamic regret where Vi is the loss variation. The paper [28] proposed a
second-order method for online nonconvex optimization. We note that most works on
online optimization seem to focus on situations with sublinear regret, which is different
from our situation where a linear growth rate can occur and the big-O asymptotic
growth rate is not enough to characterize the performance.

Parametric optimization. Time-varying optimization is closely related to para-
metric optimization [23, 47, 18], and path-following algorithms have been proposed to
find a sequence of points that approximates the optimal trajectory of (1.1). On the
other hand, path-following algorithms in general incorporate second-order information
so that the generated sequence will converge to the optimal trajectory as the sampling
interval shrinks to zero, and may also incorporate temporal derivatives to accelerate
the convergence; this is different from the algorithm considered in this paper which
only employs first-order spatial derivatives.

Gradient-based methods for nonconver problems. Complexity of gradient-based
methods converging to stationary points for nonconvex problems have been studied
in both the centralized and distributed settings [9, 40]. In addition, some recent
works show that adding appropriate random perturbations in gradient-based methods
enables escaping from saddle points [26, 2]; these works only treat static problems, and
extensions to time-varying settings are still open problems and worth investigation.

Continuous-time gradient flows. The idea of studying discrete-time algorithms by
resorting to their continuous-time limits has a long history, and it is well known that
the gradient flow & = —V f(x) characterizes the limiting behavior of the gradient de-
scent method. For more sophisticated settings, [13, 43] analyzed the convergence of the
saddle point dynamics, [22, 34] considered continuous-time dynamics for distributed
optimization problems, [14] studied primal-dual dynamics for distributed optimization
with time-varying components via contraction analysis, and [39, 35] studied acceler-
ated gradient descent methods from the perspective of discretization of differential
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equations.

Notation. For a twice differentiable real-valued function f, its Hessian at x will
be denoted by V2f(z). For a function f(z,t) that is continuously differentiable in
x, its gradient with respect to x at (u,s) will be denoted by V,f(u,s). If f(z,s)
is twice differentiable with respect to x, its Hessian with respect to = at (u,s) will
be denoted by V2, f(u,s). For a differentiable vector-valued function f, its Jacobian
matrix evaluated at x will be denoted by Js(x). For vector-valued f(z,t) that is
differentiable in z, its Jacobian matrix with respect to z at (u,s) is denoted by
Jt2(u,s).

Given a convex set C, its normal cone at € C, defined by {y : y7(z — z) <
0Vz € C}, is denoted by Ne(x). The projection onto C' will be denoted by Pc.
For a convex cone C, we denote its polar cone by C° = {y : yT2 < 0Vz € C}. We
denote Ry = [0, +00) and R4 = (0,+00). The identity matrix is denoted by I, or
I, € R™*™ when the dimensions need to be specified. We denote the ¢5-norm by || - ||.

2. Problem formulation. As has been introduced in section 1, this paper con-
siders the following time-varying optimization problem:
(1.1) min  c(z,t) s.t. f(z,t) e K.
TEX(t)

Notice that the temporal index t varies in a continuous interval [0, S]. We shall see
that this setting allows us to analyze the C-RReg-PD:

(1.2a) Tr =P, [xT,l -« (VCT(xT,l) + Jy, (:ET,l)T)\T,l)} ,
(12b) )\7- = P}Co [)\7-_1 + no (fT(IIZT_l) — 6)\7-_1)] .

We remind the readers of the notation c.(:) = c¢(-,7Ar), f-(-) = f(-,7Ap), X =
X(TAr), and that K° is the polar cone of K; also recall that o > 0 and n > 0 control
the step sizes of the primal and dual updates. RReg-PD can be derived by applying
one single iteration of the vanilla primal-dual gradient algorithm on a “regularized”
Lagrangian [38], and the parameter e > 0 stems from a strongly concave regularization
term on the dual variable .

For the purpose of theoretical analysis, we decompose the function f(x,t) into a
convex part f¢(x,t) and a nonconvex part f™¢(-,t) as

(2'1) f(x7t) = fc(th) + fnc(x7t)=

where for each t, the function f°(-,t) is convexr with respect to —K in the sense that the

set {f¢(z,t)+y: —y € K} is convex.! Note that if we let K = (—=R%) x {0}™P, then

f(x,t) € K corresponds to p inequality constraints and m —p equality constraints, and

the components of f¢(z,t) comprise p convex functions and m — p affine functions.
We impose the following assumptions regarding the problem (1.1).

Assumption 2.1.
1. For each t € [0,5], the set X(¢) is compact and convex. Moreover, X :
[0, 8] — 2%" is a s;-Lipschitz set-valued map for some x; > 0, i.e.,

dH(X(tl),X(tz)) < I€1|t1 — tgl Vi, ts € [O,S],

where dy denotes the Hausdorff distance.

IEquivalently, we have that for any A € K°, the function AT f¢(-,t) is convex in the ordinary

sense; see [7, section 2.3.5] for more details.
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2. For each t € [0, 5], the functions ¢(x,t), f¢(x,t), and f™¢(z,t) are twice con-
tinuously differentiable over x € R™. In addition, V2, f¢(z,t), V2, fr¢(x,t)
fori=1,...,m and V2_c(z,t) are continuous over (x,t) € R" x [0, S].

3. There exists a Lipschitz continuous trajectory z*(t) = (z*(t),A\*(t)), t €
[0, S], such that for each ¢ € [0, 5],

(2.22) (2% (), A"(1)) € X(t) x £,
(2.2b) Vac(@* (1), 1) + Jpa(z™(8),1)TA*(t) € =N (2" (1),
(2.2¢) A*(t) € Nic(f(2"(8), 1))

The conditions (2.2) are just the KKT conditions of (1.1) for each ¢ € [0,5].
Indeed, [19, Theorem 2A.9] shows that if we assume the following constraint qualifi-
cation condition for every ¢ € [0, S]:

there is no A € K£°\{0} such that
NTf(a*(t),6) = 0 and — Jpo(2"(t),6)" A € Nagy(a*(1)),

where x*(t) is a local optimal solution to (1.1), then there exists an associated optimal
Lagrange multiplier A\*(¢) that satisfies the KKT conditions (2.2) for each ¢ € [0, .5].

(2.3)

Remark 2.2. In general, there can be multiple KKT points of (1.1) that move
in R® x R as time proceeds, which form multiple trajectories that can appear,
terminate, bifurcate, or merge during (0, S). Reference [23] presents a comprehensive
theory of the structures and singularities of KKT trajectories. Reference [18] shows
that strong regularity for generalized equations is a key concept for establishing the
existence of Lipschitz continuous KKT trajectories. Here, we assume the existence of
a Lipschitz continuous trajectory of KKT points over ¢ € [0,.5], and arbitrarily select
one of them when multiple Lipschitz continuous trajectories exist. We denote this
trajectory by z*(t), and focus on this trajectory in most part of our study. How to
deal with KKT trajectories with discontinuities will be left for future investigations.

3. Continuous-time limit of RReg-PD. In this section, we formulate the
continuous-time limit of the discrete-time RReg-PD algorithm. The hope is that, by
resorting to the continuous-time limit, we can obtain some new insights on RReg-PD.

We first present a precise description of what we mean by “continuous-time limit.”
Let zg = (20, Ag) € X(0) x K° be some fixed initial point. We note that the discrete-
time RReg-PD (1.2) can be abstractly written as

(3.1) zﬁT) =Perar) {291)1 + ar - @( $ )1,7'AT)} , 7=1,...,T, z(()T) = 2,

where

f([ )= [T o= o

for x € R", A € R™, and ¢t € [0,5]. Note that the step size ar can be dependent
on T (but we fix n > 0). We also add the superscript (T') to the iterates 2T 50
that the sequences of iterates generated using different sampling intervals A7 can be
distinguished. We then consider the linear interpolation of (zﬁT))Tzl o defined by

.....

TAT —t [T] + t— (T — ].)ATZ[T]

Tl =
(32) < (t) AT Zr-1 AT T

te [(T — I)AT, TAT]
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for each 7 = 1,2,...,T. We see that for each T' € N, there is a corresponding
continuous trajectory z!71 : [0, S] — R™™ that linearly connects the iterates of (3.1).
We say that a function z : [0, 5] — R™"™ is a continuous-time limit of (3.1) with the
initial point zg, if z[T] has a subsequence z[T* such that

(3.3) Jim ATy = 2(t) vt elo,9],

i.e., z(t) can be viewed as a limiting trajectory when we take Ar to be infinitesimal.

It turns out that the continuous-time limit of discrete-time iterations in the form
of (3.1) has been studied in the literature [10, 11]. Specifically, we have the following
theorem, whose proof is given in Appendix A.

THEOREM 3.1. Let 8 > 0 be arbitrary and fized. Suppose Assumption 2.1 and the
following technical conditions hold:
(i) The gradient Vyc(x,t) is continuous over (z,t) € U5 X(t) % [0,5],
and there exists ko > 0 such that

(3-4) IVoe(z, t)ll < ma(L+[lzl) V(1) € X(t) x [0, 5].

t€0,5]
(ii) The function f(x,t) is continuous, and the Jacobian Js 4(z,t) is bounded
and continuous over (z,t) € Uye(o ) X (¢) %[0, S]. Moreover, there exists some
integrable function 1 : [0,S] — [0,400) such that for each t € [0, 5],

sp [Vl ol <0, sw VL@ <U) Viel..m
zEX (L) zEX(t)
Then given any initial point (x(0), A(0)) = (z0, Xo) € X (0)xK°, we have the following:

1. There exists an absolutely continuous solution to the differential inclusions

(3.5a) *%x(t) = B (Vac(z(t),t) + Jpa(x(t),)TA(1) € Ny (2(2)),
(3.5b) *%)\(t) + 0B (f(x(t),t) — eA(t)) € Nico (A(1)),

and this absolutely continuous solution is also Lipschitz continuous.

2. A continuous-time limit of (3.1) with the initial point zy is given by a Lip-
schitz continuous solution to (3.5), provided that we set the step sizes as
ar = BAr. In addition, the convergence in (3.3) is uniform.

Note that (3.5) can also be compactly written as
d
(3.6) = 7 (0) + B2(2(t), 1) € Neq (2(1)).

This type of differential inclusions is called perturbed sweeping processes [10, 11, 1],
and the discrete-time algorithm (3.1) with ar = SA7 is called the catching algorithm
associated with (3.6).

Remark 3.2. We point out that when the set C(t) is time-varying, the perturbed
sweeping process (3.6) is, in general, not equivalent to the projected dynamical systems

(3.7)
dfisit) = Pl (2(t)) [BP(2(t),t)] or dz(tt) = sl_i}r(r)i Peqw [z(t)—l—s,é’q;(z(t),t)] — Z(t)

In fact the projected dynamical systems in (3.7) may not even have a solution. A
simple example is C(t) = {(z1,72) € R? : 1 > t} with ®(z,¢) = 0. Under the initial
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condition (z1(0),22(0)) = (0,0), (3.6) admits the solution x(t) = t,z2(t) = 0, but
neither formulation in (3.7) has a solution. This is different from the case where C(t) is
static [8]. The work [24] introduced a formulation similar to (3.7) based on the notion
of temporal tangent cones that generalizes tangent cones to time-varying settings.

We shall also refer to the differential inclusions (3.5) as the continuous-time limit
of the discrete-time RReg-PD (3.1), and call it C-RReg-PD for short.

4. Tracking performance. After formulating the C-RReg-PD, we proceed to
conduct theoretical analysis on its performance.

We first clarify how we measure the performance of C-RReg-PD. Let z(t),t €
[0,S], be a trajectory that satisfies the differential inclusions (3.5). We define the
tracking error with respect to a KKT trajectory z*(t) = (x*(¢), A*(¢)) at time ¢ € [0, 5]
by

2

I2(¢) =z @), = \/Hx(t) =@ (@O + a7 A - >0,

where we also introduce the norm || - [, by | z]l;, == v/||z[|? + n~|A||? for z = (z,\) €
R™*™_ The tracking error quantifies the suboptimality of z(¢) in terms of the distance

to the KKT point z*(t). We are interested in the factors that affect the tracking error,
especially the conditions under which a bounded tracking error can be guaranteed,
and how to reduce the tracking error by properly choosing the algorithmic parameters.

Intuitively, it’s natural to think that the faster the KKT point moves, the more
difficult it is for C-RReg-PD to track the KKT point, which leads to larger tracking
errors. We therefore introduce the quantity

_ 2" (t2) — 2" (t)lly
oy = sup{ T—

Ztl,tg c [O,S]7t1 7& tQ}v

which can be considered as an upper bound on the “speed” of the KKT point.

We then introduce some auxiliary quantities for further characterizing (1) the
local convexity and (2) the local nonlinearity of the time-varying problem (1.1). By
“local” we mean that these quantities are determined by the behavior of ¢(z,t) and
f(z,t) within a neighborhood of some specified radius 6 > 0 around the KKT point
2*(t).

1. A (0) for local converxity: Let L™(z, A\, t) == c(x,t) + AT f*¢(z,t) denote the
“nonconvex part” of the Lagrangian for ¢t € [0, S]. We define

1
(4.1)  Hgne(u,t) = / V2L (x* (t) + Qu, N (t), 1) db),
0

3

1
(4.2) ﬁfic(u,t)::/o2(1—O)Vil.f,»c(x*(t)+9u,t)d0, i=1,...m

The matrix Hzne(u,t) can be interpreted as the averaged Hessian of £m¢
around z*(t) along the vector u, and similarly H ye(u,t) can be viewed as the
(weighted) averaged Hessian matrix of the convex part of the ith constraint
along the vector u.
We now introduce
(4.3)
. . - 1 m
Am(8) = tel[%,fS] u:\llifl\lfié, Amin (H’C"U(u’t) ts ZiZl
™ (t)+ueX(t)

X (O H e (u,t))
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Roughly speaking, A,,(d) characterizes how convex the problem (1.1) is in
the neighborhood of the optimal point of radius 0. In the special case where
c(+,t) is p-strongly convex for all ¢ for some p > 0, we have A, (6) > p.

2. My.(8) for local nonlinearity: This quantity is defined by

4.4 M,.(6) = sup sup \/ n A2 (H gne(u,t)).
) ) t€[0,5]  wilul<s, 2 (e, 1)
™ (t)+ueX(t)

Here the matrix H sne(u,t) is defined by

1
H o (u,1) ::/ 20N, fro(a* (1) + Ou,t)db,  i=1,...,m.
0

We point out that the quantity M,,.(d) characterizes the local nonlinearity of
the nonconvex part of the constraints in the neighborhood of z*(t) of radius
J.

Finally, we denote

My = sup [[A*(¢)],
t€(0,5]

i.e., the maximum magnitude of the optimal dual variable during the period [0, S].
We are now ready to present our results on the tracking performance.

THEOREM 4.1. Suppose there exist § >0, 8 >0, n >0, and € > 0 such that

(4.5) B to, < 674(8,m,€) — /neMy,
where
(4.6) ~v(9,1m,€) = min {A,,(0),ne} — géMm(é).

Let z(t) be a Lipschitz continuous solution to (3.5) with ||z(0) — z*(0)|, < 6. Then
for allt €10, 5],

ﬁ_lan + /meMy
v(8,m,€)

- B oy + \/eMy
+ e BrGme)t ( 2(0) — 2*(0)| — i )
I20) - ()], - 2

12(t) = 2" () |ly <
(4.7)

Proof. For notational simplicity, we shall frequently use z = (x, A) to denote the
trajectory of C-RReg-PD and z* = (z*, \*) to denote the KKT trajectory, where we
suppress their dependence on ¢.

To begin our proof, we notice that the first differential inclusion (3.5a) implies

0> (2" —2)T (=& — BVLL™ (2, N, t) — BT pe o (2, 6) TN + BT pne 4 (2, 1) (A* = X)),
and by the KKT condition (2.2b),

0> (z—a*)T (=BVLL (2%, A", t) — BJpe (2", 8)TA").
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By multiplying the previous two inequalities by —1, summing them up and adding
(x — 2*)T% on both sides, we get
(x—29)Td < — Bz —a*)7 [Vo L™z, N, t) — Vo L7(x*, X", t)
+ Jpew(@, )X = Jpe o (@, )TN + Tpne o (2,6)T (A = A*)]
= — Ble =) [Brne(t) (x — a*) + Jpneo(@, 1) (A = AY)
+ Jpeo(@, )TN = Jpe o (2%, 6)T N,
where we denote Bpne(t) := Hpne(x — x*,t). Next, by the second differential inclu-

sion (3.5b), .
0>\ =N (= X+nB(f(z,t) —eN),

and by the KKT condition (2.2c), we see that 0 > 776(/\ — )\*)Tf(x*, t). Similarly, by

multiplying these two inequalities by —1, summing them up, and adding (A — A*)T A
on both sides, we get

A=A < B = A)T (@, t) — f(2*,1)) — nBe||A = A|| = nBe(A — A7) T A%,

By taking the time derivative of 1|z — 2* H% and using the previous bounds, we get
(4.8)
1d

2 dt

I,

Iz — z*||$] =(xz—a*) i +n (A= /\*)T).\ —(z=29)T [ U_llm} z*
< = Bz — a*) Bene (t)(z — ) — Bel|A = A2
— Bz — ") (Jpe (@, t)TA{E) — Jpe u(z*, 1)TAY)
= B — ) e (5T (A= X7) + B (f( ) — £, 1) (A= X)
— BN (A= X) + oy lz — 2%
Note that for the third to the fifth terms on the the right-hand side of (4.8), we have
— (@ —2")T (Jpeu(@, )TN = Jpe o (z*, 1) A7)
— (@ =2 Tpre o(@, )T (A= N) + (f(x,8) — f@", 1)) (A= \7)
= = AT (fo(a" 1) = f(2,1) = Jpeu(@, )(z" — x))
N (S t) = flatt) = Tpe(a® ) (z — 27))
= (=AUt ) = ) = Ty o )@ — ).

Furthermore, the convexity of f¢ with respect to —K and the fact A € K° imply
that AT f¢(,t) is a convex function (in the ordinary sense), which further leads to
NE(fe(zr,t) — flz,t) — Jpe o(z,t)(z* — z)) > 0. In addition,

1

N (@) = @, 8) = Tpeala® D(a—a")) = (@=a)7 (3327 NiBpe(®)) (@—a"),

where we denote Bye(t) := Hye(x — 2*,t). Plugging them into (4.8) leads to
(4.9)

1d m
——|lz — 2*”727 < =Bz — x*)T(Bﬁnc(t) + % Zi:l )\foic(t))(x —z¥) — ﬁeH)\ — )\*||2

- B()\ - A*)T(fnc(x*vt) - fnc(xat) - Jf”c,x(x,txm* - {E))
- ﬂeA*T()\ = X) +oyllz =2y
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To further analyze the right-hand side of (4.9) and bound ||z — 2*||,;, we need to
partition the time domain [0, S] into small intervals. Let x; be the Lipschitz constant
of z(t) with respect to the norm || - ||,;, and define

We note that A > 0 under the given conditions. We shall prove by induction that

B~ toy, + V/neMy }
V(8,m, €)

(4.10) I2() = z*(@)ly < mM{IIZ(O) =27 (0)ly ,

for t € [(k — DA, kA] N[0,S] foreach k =1,..., (S’/A]
Obviously, (4.10) holds for t = 0. Now assume that (4.10) holds for t = kA for
some k. We then have

20— (Ol < 200 — 28, + 263 = = ()], + |+ () — =0
< (k1 +0,)A + Hz(k}A) — z*(kA)Hn <0

n

forany t € [k‘A, (k+ 1)5] N[0, S], where the second inequality follows by the definitions
of k1 and o,,. Thus, we can use the definition of M,.(d) and the mean value theorem
of calculus to get

(4.11) 1f"(x,t) + Jpneo(@,t) (@™ — ) — f*(2", )] < M"T@)

%112
[l — 27|
for t € [kA, (k+ 1)&] N[0, S]. Moreover, by Young’s inequality,
1 w112 —1 %2 1 * (12
<5 (Ville =211 + i A= 3 |") = 3vallz = =1l

Combining (4.11) and (4.12) with (4.9), we get, for ¢ € [kA, (k + 1)A] N[0, 5],

(4.12) o —2*[| [|]A = A*

(4.13)
1d i
szlz—="1
< —Ble—a)" (Bm(t) + % Zi:l A;‘Bfic(t))(a: —z*) = Be||r = A
MnC 6 * * * * *
4 B0 2 = e = Bex T (A= ) + gz — 2l

2
< 5 (min{An(0). ek = YLOM(0)) = =1 + 8 (5720 + Viehs) Iz = = I

where the definitions of A,,(§) and My and ||z — z*|| < § are employed in the second
step. By the condition (4.5), we can apply Corollary B.2 (see Appendix B) and get

-1
—z" —67(B.0) (t=kA) Ryt (kA)|| - Pon VM
l2(8) =27 ()l < 777" (Hz(kA) z (kA)Hn ~(3.1,€)

te [kA, (k+1)A]l N[0, S].

(4.14) B0, + el

v(8,7, €)
Now, if Hz(k;A) —z* (kA) Hn is less than or equal to (ﬁ_lo,7 + \/?]eM,\)/W((S, 7, €), then
(4.14) directly implies that
B~ o, + V/neMy
v(0,¢ve)

2(t) — 2* ()|, < te [kA, (k+1)A]n(o,S9],
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while if [|z(kA) — z*(kA) Hn is greater than (8710, + \/7eMy)/v(,n,€), then (4.14)
and (4.10) with ¢t = kA imply

12(8) = 2 (O)lly < [|2(kA) = 2" (kD)]],, < 12(0) = 2*(0)l,

for t € [k ,(k + )A] [0,S]. We can now conclude that (4.10) holds for ¢ €
[kA, (k + 1)5} [0, S]. By induction, (4.10) holds for all ¢ € [0, 5], and particularly,

llz(t) — 2" ()|, <o vt € [0, 5].

This implies that (4.13) holds for all ¢ € [0,.5], and by applying Corollary B.2 to the
whole time domain [0, S], we get the desired bound on ||z(t) — 2*(t)||,- 0

Basically, Theorem 4.1 guarantees bound tracking error of C-RReg-PD provided
that the algorithmic parameters are chosen to satisfy (4.5). However, we note that
the right-hand side of (4.5) may be negative, meaning that the condition of Theorem
4.1 may never hold no matter how slowly the KKT point moves. To resolve this issue,
we provide the following theorem.

THEOREM 4.2. Suppose there exists § > 0 such that
(4.15) A (8) > My M, (9).

Then the set of all tuples (B,n,€) € Ri+ such that (4.5) holds is nonempty and open.
Proof. Define f5: RY, — R by fs(8,n,€) = 6v(d,n,€) — /neMy — B~ o, and let

20, (5) \ 2 A (0)
w=(ang) o

We then have f5(83,7m0,€) = 3 (Am(8) — MaM,.(6)) — B~toy,,. Since Ap,(5) >
MM, (0), we can find sufficiently large Sy so that fs(5o, 70, €0) is positive.

We then show that f{l(R++) is open. First, we consider the map s — o4-2 and
show that it is convex and continuous over s € (0, +00). Indeed, let ¢1,t2 € [0,.5] with

t1 # to be given, and define

I ()= ()l (1) = ()] + 52 A (22) = A ()

s;ty,t =
olstnta) = it 1]

for s € (0,+00). Obviously, v(s;t1,ts) is a convex function of s € (0,+00). Then
since 0,2 is the supremum of v(s;t1,t2) over {(t1,t2) € [0,5]% : t1 # ta}, 0,2 is also
a convex function of s € (0,400). As o,-2 is defined on an open subset of R, we can
conclude that o,-2 is also a continuous function of s € (0, 400).

As a consequence, the function n — o, is continuous, and therefore the set
f5 1(R3,) is an open subset of R3 .. |

By combining these two theorems, we get the following corollary.

COROLLARY 4.3. Suppose (4.15) holds for some § > 0. Then there exist § > 0,
1 >0, and € > 0 such that the bound (4.7) holds for any Lipschitz continuous solution
to (3.5) whenever the initial point satisfies ||z(0) — 2*(0)||,, < 0. Moreover, all such
parameter tuples (8,m,€) form a set that has a nonempty interior in R?H.

We now provide some discussions on Theorems 4.1 and 4.2.
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1. Eventual tracking error bound. The bound on the tracking error in (4.5)
consists of (1) a constant term and (2) a term that decays exponentially with
time ¢ (the condition (4.5) implies (d,7n,€) < 1). We call the constant term

B_lan + /meMy

(4.16) 2.0

the eventual tracking error bound, which can be further split into two parts:

(a) The first part 3=, /v(d,n, €) is proportional to o, the maximum
speed of the KKT point. In time-varying optimization, such terms are
common in the tracking error bound [15, 42, 36, 32].

(b) The second part \/neMy/v(0,n, €) is proportional to My, the maxi-
mum magnitude of the optimal dual variable A*(¢). This term represents
the additional error introduced by dual regularization. We mention that
this term cannot be eliminated by setting e = 0, as this would make
v(8,n, €) negative, violating the condition (4.5).2

2. Interpretation of Theorem 4.2 and the condition (4.15). Theorem 4.2 provides

a sufficient condition for guaranteeing the existence of algorithmic parameters
such that the tracking error bound in Theorem 3.1 will apply; such algorith-
mic parameters (3,7,¢) will be called feasible algorithmic parameters. The
openness of the set of feasible parameters then indicates that the choice of
algorithmic parameters is robust to small perturbations.
Loosely speaking, the condition (4.15) can be interpreted as requiring that
the problem (1.1) should be sufficiently convex around the optimal trajectory
to overcome the nonlinearity of the nonconvex constraints. We further give
two examples for which (4.15) holds:

(a) When f™¢(z,t) = 0 and ¢(+,t) is p-strongly convex for all ¢ for some
w > 0, we have A, (6) > p and M,.(6) = 0 for all § > 0. There-
fore, (4.15) automatically holds for any § > 0, and (4.5) can be satisfied
for any parameter tuple (8,7, €) by choosing ¢ to be sufficiently large.
Theorem 4.1 then implies bounded tracking error of C-RReg-PD. This
can be regarded as the continuous-time analogue of the results in [38].
However, we should emphasize that [38] only shows bounded tracking
error with respect to an approzimate KKT point, while our result estab-
lishes bounded tracking error with respect to a true KKT trajectory.

(b) We still suppose f™(z,t) = 0, i.e., the constraints are convex, but
for the cost function ¢, we only assume that V2_c(z*(t),t) is positive
definite for each ¢. In this case, we have A,,(0) > 0 and M,,.(6) = 0 for all
6 > 0. Then, by Assumption 2.1 and Berge’s maximum theorem, it can
be shown that A,,(d) is a continuous function defined over § > 0. Thus
there exists § > 0 such that A,,(d) > 0. Consequently, by Corollary 4.3,
there exist § > 0, n > 0, and € > 0 such that C-RReg-PD enjoys
bounded tracking error whenever ||z(0) — 2*(0)||,, < 6.

4.1. Isolation of the KKT trajectory. In section 2, we remarked that there
could be multiple trajectories of KKT points, and in Theorem 4.1, the tracking per-
formance of C-RReg-PD was analyzed with respect to one of these trajectories that
is arbitrarily chosen. On the other hand, if the KKT trajectory z*(¢) bifurcates into

2However, this does not mean that RReg-PD or C-RReg-PD would not work by setting € = 0.

We leave theoretical explanation for the ¢ = 0 case as future work.
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two or more branches at some time ¢ € [0, S] and these branches become far away
as time proceeds, then it appears that we are not able to identify from Theorem 4.1
which trajectory the algorithm will track. Fortunately, as the following theorems
show, under certain conditions, such possibilities will not occur.

THEOREM 4.4. Suppose for some § >0 and n > 0,
(4.17) A (8) — 7775Mm(5) > 0.

Then there is no KKT point in the set {z = (x,\) : 0 < ||z — 2*(t)||, <9, = # a*(t)}
for each t € [0, S].
In particular, (4.17) holds if the condition (4.5) holds for some & < 2n~'/2M),.

The proof of Theorem 4.4 is given in Appendix C. Some discussions are as follows.

1. Theorem 4.4 shows that if the condition of Theorem 4.1 holds for some § <

2n~1/2M,, then within the neighborhood 0 < |z — z*(t)|,, < 6, there does

not exist a KKT point whose primal variable is different from z*(t). This

implies that merging or bifurcation of KKT trajectories does not occur when

the condition of Theorem 4.1 holds within a sufficiently small neighborhood
around the KKT point.

2. We mention that Theorem 4.4 does not exclude the possibility that at time
t, there exists AT # A\*(t) such that (z*(¢),A") is also a KKT point of (1.1)
and ||(z*(t), A1) — (x*(t), A*)[], < 4, unless we also assume that the optimal
dual variable associated with 2*(¢) is unique at time ¢. A typical constraint
qualification that guarantees the uniqueness of the optimal Lagrange multi-
plier is the linear independence constraint qualification (LICQ) [45], which
cannot be directly used in our setting as the set X'(¢) is not explicitly specified
by inequalities, but can be possibly checked if we can express x € X (t) by a
group of inequality constraints.

5. Choice of parameters. In this section, we provide some brief discussions
on the choice of the algorithmic parameters.

First, we note that the eventual tracking error bound decreases monotonically
as [ increases, which appears to suggest that 5 should be as large as possible. On
the other hand, we point out that, in practice, since the original RReg-PD (1.2) is
implemented in discrete time, a large 8 will then lead to a large step size ar = BAr
that can lead to oscillations or instability. A rigorous discussion on the choice of g
can be complicated and is out of the scope of this paper.

We now assume that § > 0 is given and fixed. The following theorem suggests a
way to choose the regularization parameter € based on 7, whose proof is in Appendix D.

THEOREM 5.1. Denote

Ay (8,8) = {(n,€) > 0: B oy < 5v(8,m,€) — /neMy} .

Let 6§ > 0 and 5 > 0 be fized such that o, (6, 8) # @. Then, we have the following:
1. For any fized n > 0, the choice € = A, (9)/n minimizes the eventual tracking
error bound (4.16) over {e: (n,€) € A, (0,5)}.
2. There exists n* > 0 such that (n*, A (0)/n*) minimizes the eventual tracking
error bound (4.16) over o,(4, ).

Theorem 5.1 suggests that we can choose € such that the product ne approximates
the local convexity of the problem (1.1). In practice, if we have some prior knowledge
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0 0.5 1 15 2 0 0.5 1 1.5 2 0 0.5 1 15 2
t t t

F1G. 1. The trajectories z(t) = (x1(t), z2(t), A(t)) and z*(t) = (x7(t), x5 (t), \*(t)).

of the functions ¢(x,t) and f(z,t), so that some rough estimate of A,,(d) is available,
one can then use this prior information for choosing € based on n. After fixing the
relation between e and 7, the choice of 1 can then be determined by carrying out a
parameter sweep.

On the other hand, we should also point out that the choice ne = A, (d) is
based on analyzing the eventual tracking error bound (4.16), which is a conservative
estimate of the real tracking error. Nevertheless, the analysis presented here will still
be of value and can serve as a guide for choosing the parameters in practice. In
section 6, we will provide some numerical justification for this choice.

6. Numerical examples. In this section, we test the performance of C-RReg-
PD on a numerical test case. As Theorem 3.1 shows, we can simulate the C-RReg-PD
dynamics by the discrete-time iteration (1.2) with @ = SAyp for a sufficiently small
Ar.

The time-varying optimization problem of the test case is formulated as

l(x_r(t))T [ 3/2 1/2} (w—r(t)) + 1 — cos(8|lz—r(t)]])

veR (1) ~1/2 3/2 39
2
t
s.t. Mm@ —sin(nt) z1 — x9 <0,

where
cos(2mt)

X(t) = {x eR?: ) <1~ isin(4ﬂt)} )= [sin(??rt)}

for each ¢ € [0,2]. It can be checked that the objective function and the inequality
constraint are nonconvex over z € R? for each t € [0,2], but we have A,,(5) > 1
and M,.(6) = 1/5 for any § > 0. We simulate both the discrete-time RReg-PD and
C-RReg-PD. We fix 8 = 50 for C-RReg-PD, and let a = SA7r for the discrete-time
RReg-PD. The initial point is (x1(0),z2(0), A(0)) = (0.9,0,0).

Figure 1 shows the trajectory of C-RReg-PD z(t) = (z1(t),z2(t), A(t)) and a
locally optimal trajectory z*(t), where we set n = 30 and ¢ = 1/7. We can see
that C-RReg-PD is able to track the optimal trajectory with reasonable bounded
tracking error; the average and maximum tracking error are given by 0.0468 and
0.1712, respectively.

Next, we fix n = 30 and vary ¢, and the results are shown in Figure 2a. It can
be seen that for € > A,,(0)/n, the tracking error increases as € increases. However,
for € < A (8)/n, the tracking error still decreases as e decreases, which is contrary
to the analysis in section 5. We suspect that this is due to some artifact in the
analysis of the eventual tracking error bound for very small e. Nevertheless, the
choice € = 1/n = A, (0)/n gives almost indistinguishable tracking error compared to
smaller values of €, which suggests that it is still a good choice in practice.
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Fic. 2. Tracking error for different choices of parameters.

We then fix € = 1/5 and run parameter sweeps for n and g, where we fix 8 = 50
for the sweep of 1 and fix 7 = 30 for the sweep of 8. We also add simulation of the
discrete-time RReg-PD with sampling interval A7 = 1 x 1073 and step size a = BAr.
The results are shown in Figures 2b and 2c. Some observations and discussions are
as follows:

1. For C-RReg-PD, the tracking performance improves as we increase 3, which
is expected from the (eventual) tracking error bound (4.16). On the other
hand, the tracking error decreases monotonically as we increase 7; this is
contrary to the second part of Theorem 5.1, and we again suspect that this is
due to some artifact in our analysis for small e. Improvement of the tracking
error bound will be an interesting future direction.

2. For the discrete-time RReg-PD, when n and [ are below certain thresholds,
the tracking performance is very close to C-RReg-PD. This suggests that
the study of C-RReg-PD can indeed provide insights on the performance of
the discrete-time RReg-PD algorithm. But if n or § is chosen to be too
large, then there can be a significant gap of the tracking errors between the
discrete-time and the continuous-time algorithms. Recalling that @ = SAT
and na = nBAr are the step sizes of the primal and the dual updates, the
observed phenomenon is expected as Theorem 3.1 indicates that we can use
C-RReg-PD to approximate the discrete-time RReg-PD only when the step
sizes are small.

7. Conclusion and future direction. In this paper, we studied the regularized
primal-dual gradient method for time-varying nonconvex optimization by analyzing its
continuous-time counterpart. We derived sufficient conditions that guarantee bounded
tracking error for the continuous-time algorithm. We also studied conditions under
which the KKT trajectories will be isolated, and investigated the optimal choice of
algorithmic parameters. Implications of these analytical results were discussed, and a
numerical example was presented to illustrate the performance of the proposed algo-
rithm. Some possible generalizations and directions to explore include: (1) studying
how to handle jumps in the KKT trajectory z*(t), (2) investigating other metrics for
evaluating the tracking error, to see whether weaker conditions for bounded tracking
error can be derived, (3) adapting techniques for escaping saddle-points for gradient
methods in the time-varying setting, and (4) investigating classes of problems for
which the conditions of bounded tracking error can be verified and the algorithmic
parameters can be tuned more easily.
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Appendix A. Proof of Theorem 3.1. Theorem 3.1 follows from the following
lemma on perturbed sweeping process and the catching algorithm [10, 11].

LEMMA A.1. Suppose U : RP x [0,S] — R? and C : [0, 5] — 2%°, and that
1. C is k1-Lipschitz, and for each t € [0,5], C(t) is closed and convez,
2. W is continuous when restricted to the setJ,c (o 5 C(t) X [0, 5], and there exists
some k2 > 0 such that ||V (z,t)[| < rk2(1 + [|2])) for all (2,t) € U0, C(1) X
[0, S].
Let zg € C(0) be arbitrary, and for each T € N, define zg)7 T7€{0,1,2,...,T}, by

Z(()T) = 2o, ZS_T) = PC(TAK) [27(_7:)1 + ArW (27(_7:)177'AT)} ,
where Ar := S/T, and fort € [0,5], define

TAT — tng)l + t— (T — ].)ATZ(T)

T4\ —
(A1) AT = T T T

ift € [(t — 1)Ar,7Ar]. Then, if we keep S constant and let T — oo, the sequence
(z[T])TeN defined in (A.1) has a convergent subsequence, and any convergent subse-
quence converges uniformly to a Lipschitz continuous z(t),t € [0, S], that satisfies

(A.2) z(0) =20 and — %Z(t) + W(2(t),t) € New(2(t)) Vte0,5] ae.

It is straightforward to see that Theorem 3.1 follows from Lemma A.1 by letting
U(z,t) = BP(z,t) and checking each of the conditions of Lemma A.1.
1. C is kq-Lipschtz as X is kq-Lipschtz.
2. W is obviously continuous on {J;¢(y g X' () % [0, 5]. Moreover,

10Ol < B UIVac(@, Ol + 152z, O A + 0B [1f (@, ) + nsellAll

Let Zaux € Uyepo,5) X(t) be arbitrary, and

tel0,S]

@:deﬁthmweU X@xwﬂ}

Ky = sup ||f(zaux, )|,
te[0,5]

both of which are finite. Then ||f(z,t)]] < k4 + k3(||z]] + ||Taux||]), and by
(3.4) and noticing that ||z| < ||z|| and ||A] < ||z||, we get

[V (z,t)[| < B(r2(L+ [|2]]) + rsllzll) + 1B (ka+rs(l|z] + [Zauxll)) + nBel|z]
< 51+ lz]])
for some k5 > 0.
By Lemma A.1l, the sequence of trajectories defined by (A.1)—and consequently

(3.2)—then has convergent subsequences each of which converges to some Lipschitz
continuous solution to (A.2).

Appendix B. Auxiliary results for the proof of Theorem 4.1. We first
provide the following Gronwall-type lemma.
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LEMMA B.1 (see [46]). Let I be a closed interval with zero as left endpoint. Let
u(t) be a continuous nonnegative function that satisfies u(t) < ug + fg w(s)uP(s)ds,
where w(t) is a continuous nonnegative function on I. Then for 0 < p < 1, we have

1/(1-5)

< (7 +1-p) [ uts)as)

Based on Lemma B.1, we derive a corollary that can be directly used in our proof.

COROLLARY B.2. Let v(t) be a nonnegative absolutely continuous function satis-
Jying %%(vz(t)) < av(t) — bv?(t) for almost all t € [0, 5], where a > 0 and b > 0 are
constants. Then

() < e~Pu(0) + %(1 Y
Proof of Corollary B.2. Define u(t) = e2#*v?(t). Then it can be checked that

u(t) = Qﬁezﬁtvz(t)—&—ezﬁt@ < 26?2 (1) +2e*P (av(t) — Bui(t)) = 20’ \Ju(t)

for almost all ¢ € [0, S]. Therefore, by Lemma B.1,
t 2 o 2
u(t) < (\/u(()) + a/ ePs ds) = (x/u(O) + B(eﬂt _ 1)> ,
0

and by the definition of u(t), we get the desired result. 0

Appendix C. Proof of Theorem 4.4. We shall frequently denote z(t) =
z = (z,A) and 2*(t) = z* = (x*,\*), where the dependence on t is suppressed for
simplicity. Suppose for some t € [0, S], there is another KKT point z* = (x*,\T)
satisfying 0 < [|zT —2*||,, < § and & # z*. By (2.2b), we have 0 > (z 7 —2*)T (- V,
Lre(z* A%, 1) — Jpe o(a*,8)TA") and

0> (2" —a ™)' (= VoL (at, N 1) = Jpe o (2T, ) TAT + Tpne o (2, 6)T (A = AT)).

Thus,

0>zt —a9)7 (Vo L@, A%, 1) — Vo £ (2%, A, 1)

+ Jpe o (@) AT = Jpe o (2, )TN () 4+ Tpne o (2, 6)T (AT = A7)
= (@t —2") " Bene(at —a*) + (27 — 2*)T (Jpeu(@t, 6)TAT = Jpe o (2%, 1)A¥)
+ (@ = 2) Tpne o (2T, 8)T (AT = X¥),
where Brne := Hpne(zt — 2%,t). Also, by the complementary slackness condition,
AT =M (f(at,t) — f(a*, 1) = =ATT f(z*,t) — X*T f(z*,t) > 0. Therefore,
0> (z7 — )T Bpne(a™ —2%) + (7 — )7 (ch,m(1‘+, H)Tat — Jpe (2", t)/\*(t))
* T * *
+ (AT = X)) (Jprep(@ ) (@™ —a*) — (flat,t) — f(z*,1))).

Notice that

(xt — x*)T (ch,gﬁ(er,t)T)\+ - ch@(:c*,t)/\*)
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+ (A=A (e a(at (@t — ) = (1) — f,1))
= T (o ) — fat ) = Tpew(at (" —at))
+A*T(fc( 1) = o) = Jpea(a” D)@t - a7))
( )T (et ) + Tpee o 0)(@" = a) = 7", 1)
(G By (@ —a)
< YT ()4 T D ) — 50,

where we denote Bye := H e(xt — 2*,t). Therefore,

0> —a")" (Bewe + 33 NBye) (a* — )
- (A=) (et >+wa<:c+,t><x*—x*)—f"%xw)
> A (O)]lat — 2" — M"C Mnc® it — o2 A+ = 7|

v

(An®) - ?wfm(é)) o — a2

However, if (4.17) holds, the right-hand side of the above inequality is then positive,
leading to a contradiction.
Now we prove that (4.17) holds if (4.5) holds for some § < 2n~/2M,. We have

min {A,, (), ne} < %(Am(é) + ne), and so A, (8) > 2min {A,,(0),7e} — ne. On the
other hand, (4.5) implies that

min{A (8), 7€} > Y 5M,e(8) + 57 (57 0y + /M) > Y 6Mc(8) + 57 /el
Since § < 27)’1/2M)\, we have 5*1\/776M>\ > ne/2, and so
A (8) > 2 (@wnc(é) + 671 ieMy ) = e > 0 5 M e 6).

This completes the proof. 0
Appendix D. Proof of Theorem 5.1. Given 4, 3, denote

6*107, + /meMy

= _ 51
7(677176) ’ 91(7776) = 5’7(6777,6) \//ﬁeM)\ B oy

go(n,€) =

for n > 0,e > 0. Obviously, go(n,€) is just the eventual tracking error bound, and

90(777 6) <4dif 91(7% 6) > 0.

First, let 7 > 0 be fixed. Then g; (1, €) is a continuous function of €, is monotonic
when € < A,,,(9)/n, and is decreasing when € > A,,(6)/n. Thus, the set .. = {¢ > 0:
(n,€) € p,(0,8)} = {e>0:g1(n,€) > 0} is an open interval. We then have

0 (SMyMne(8)/4+ B o)
(ne — /6 Mnc(5)/4)*

NALLEN
A (0) — /10 Mne(8)/4 = 20, €€ I.N(Nn(6)/n,+00).

<0, e € L.N(0,A,(0)/n),

9
5c90(n,€) =

Therefore, € = A,,(d)/n minimizes the eventual tracking error bound over {e > 0 :
(1.€) € (6. 8)).
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We now define the functions

B7lo, 2 + 2Am (8) M)y
Am (8) — 2718 Mpc(8) /47

Jo(x) = go(x72,2%An(8)) = gi(x) = g1 (272, 2° A (9))

for z € (x;,+00), where z; = %”g)). Then a minimizer z* of go(z) leads to a

minimizer (n*,€*) = (2, 2*%A,,(8)) of go(n, €), and we need only prove that go(z)
has a minimizer over (z;, +00).

Since o,-2 is a convex and nondecreasing function of = (see the proof of The-
orem 4.2), it is absolutely continuous and admits a weak derivative u(x) which is
nonnegative and nondecreasing in . Then we see that go(z) is also absolutely con-
tinuous, whose weak derivative is given by

. B a o st A ()M SM,e(s
B (@) + A (5) M — S s )

A (0) — 2= 10 Mo () /4

Dg()({IJ) =

Lo,—2 is equal to

_ * * 2 * * 2
Sup{(x 2|z (ta) — a* (b1 + 1A (t2) — A* (t0)[1)*/? ty,ty € 0,5, 4 #tz},

Since 2~

[tz —t1]

we see that 1o ,—2 is nonincreasing in . Then we can easily verify that

B leto, > 4+ Am(85) M)y
a:(Am(é) — J?illsMnc((s)/él)

is a strictly decreasing function of x, as the numerator is nonincreasing in x and
the denominator is positive and strictly increasing in x for > 0M,,.(9)/(4A,,(9)).
Moreover, we have

. ~1 B7lz7lo, 2 + A (8) My 6 Mpe(6)
;pgrfoo (ﬂ u(x) + Am(d)MA o Z(Am (6) — z= 16 Mpc(6)/4) 4 )
=B7" lim u(z)+ Aw(6)My > 0,

Tr—r+00

lim_ (ﬁ_lu(x) + A (0) My

B 571x7101_2 + Am (0) My 5Mnc(6)) _
(A (0) — 2-10Mpe(8)/4) 4 =T

Therefore, there exists x* € (x;,+00) such that Dgo(z) < 0 for z € (x;,2*) and

Dgo(z) > 0 for x € (z*,+00). We then see that go(x) has a minimizer z* over

(z1, +00), which completes the proof. d
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