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Abstract—Transmissionpowersystemsusuallyconsistof
interconnectedsub-gridsthatareoperatedrelativelyindepen-
dently. Whenafailurehappens,itisdesirabletolocalize
itsimpactwithinthesub-gridwherethefailureoccurs.This
paperintroducesthreeinterfacenetworkstoconnectsub-grids,
achievingbetterfailurelocalizationwhile maintainingrobust
networkconnectivity.Theproposedinterfacenetworksare
validatedwithnumericalexperimentsontheIEEE118-bustest
networkunderbothDCandACpowerflowmodels.

I.INTRODUCTION

Aninterconnectedpowersystemcomprisessub-gridsthat
areusuallyindividuallymanagedbyindependentsystem
operators(ISOs).Itisdesirabletolocalizefailureimpact
withinthesub-gridwherethefailurehappenswhileleaving
othersub-gridsunaffected.Ontheotherhand,transmission
linefailuresareknowntopropagatenon-locally[1],[2].
Historicaldatashowsthatsuccessivefailuresinlargecascades
canbefarawayfromtheprecedingfailure,bothgeometrically
andtopologically[3].
Considerableattentioninrecentyearshasbeengiven
tothetaskofunderstandingcontrolpoliciesandnetwork
structuralpropertiesthatcanlocalizetheimpactoffailures.
Papershavefocusedonactivecontrolactionssuchasload
shedding[4],[5]andcontrolledislanding[6],[7]toprevent
large-scaleblackouts.Researchersalsoinvestigatetherelation
betweenfailurepropagationandtopologicalstructuresof
powernetworks[8],[9].
Wehaverecentlyproventhatnon-cutfailuresarelocalized
ifthesub-gridsareconnectedinatreestructureandthat,
ifsub-gridsareconnectedbymultiplelines,failurescannot
becompletelylocalizedacrosssub-grids[10].Thissuggests
switchingoffcertaintransmissionlinesinordertoleaveonly
onelinebetweeneachpairofsub-grids[11],[12],[13].
However,maintainingatreestructureatthesub-gridlevel
isatoddswiththestandardapproachtoreliabilitybecause
itcreatessinglepointsoffailure.Further,atree-connected
powernetworksignificantlyreducesthepowertransmission
capacitybetweenthesub-grids,increasingthecostofpower
dispatch.Instead,moretraditionally,itisdesirabletohave
multiplelinesbetweensub-gridssoastoensurethereis
nosingle-pointvulnerabilitiesandtoincreasethepower
transmissioncapacity.
Thesecontrastingviewsleadtoanimportantopenquestion:
Isitpossibletoprovablylocalizefailureswithinsub-grids
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whilenotcreatingasinglepointoffailure?
Contributions.Westudythreeinterfacenetworksthatcon-

nectthesub-gridsinawaythatachievesfailurelocalization
androbustconnectivitybetweenthesub-grids.
Specifically,weusethelineoutagedistributionfactors

(LODF)asthemetrictoquantifyfailurelocalizationand
prove,inTheoremsIII.1andIII.2,thattheLODFsare
guaranteedtodecreaseifthesub-gridsareconnectedbya
2×2series(Fig.1b)orparallel(Fig.1c)interfacenetwork.We
furtherprovideanupperboundfortheLODFifthesub-grids
areconnectedbya2×2completebipartitenetwork(Fig.1d)
inTheoremIII.3.Bycarefullydesigningthelinesusceptances
oftheinterfacenetwork,thecompletebipartiteinterface
networkcancompletelyeliminatefailurepropagationtoother
sub-gridswhilekeepingtheimpactonsurvivinglinesinthe
samesub-gridunchanged.
Thelocalizationofourproposedinterfacenetworksis

validatedontheIEEE118-bustestnetworkunderbothDC
andACpowerflowmodels.Allthreeinterfacenetworks
decreasetheLODFforlinesindifferentsub-grids,withthe
completebipartitenetworkachievingthebestlocalization.
Related Work.Therehavebeenextensiveeffortstoward

understandingthelocalizabilityoffailuresinpowersystems
tonetworktopologicalstructures. Mostpapersfocuson
summarizingempiricalresults.Forexample,[14]observes
theLODFdecreasesasthedistancefromthetrippedline
increases,and[15]definesanotherdistancemetricthatbetter
capturessuchdecay.Thereareonlyafewpaperspresenting
analyticalresultsonfailurelocalization.Atopologicalrepre-
sentationfortheLODFisproposedin[16]andtheauthors
furtherprovethatLODFiszeroifthesub-gridsareconnected
inatreestructurein[10].Thefailurelocalizationoftree
partitioninghasbeenproposedin[17]toreplacecontrolled
islandingasadefensemechanismtoarrestcascadingfailure.
However,apowernetworkwithtree-connectedsub-grids
islesspracticalasitcreatesasinglepointoffailure.In
[18],authorsproposetoconnectthesub-gridsbyacomplete
bipartiteinterface,thenetworkisolator,tosuppressthe
failurespreading.However,theyrequiretheadjacencymatrix
(weightedbylinesusceptance)oftheinterfacenetwork
tobeexactlyrank-1whichcanbedifficulttosatisfyin
practice.Tothebestofourknowledge,thispaperisthe
firsttomathematicallycharacterizetheLODFwithsub-grids
connectedbyinterfacenetworksbeyondtherank-1setting.

II.POWERREDISTRIBUTION

Tobegin,weintroducethelinearizedDCpowerflow
modelandthenillustratehowpowerflowsredistributein
thenetworkafterlinefailures. Wefurthershowhowto



decomposethecomputationofthepowertransferdistribution
factorandderivetheirmonotonicitypropertyintermsofline
susceptances.

A.DCPowerFlow

We modelthepowergridasadirectedgraph G =
(N,E)withasetN = {1,2,...,n}ofnbusesanda
setE={e1,...,em}⊆N×Nofm transmissionlines
connectingthebuses.Anarbitrarydirectionisassignedto
eachtransmissionline,and(i,j)representsthetransmission
linefrombusitobusj. Weassumethelinesarepurely
reactiveandcharacterizedbytheirsusceptances,whichwe
collectinthesusceptancematrixB:=diag(b1,...,bm).
Letp,θ∈Rndenotethepowerinjectionandphaseangle
ateachbus,andletf∈Rm denotethepowerflowalong
everytransmissionline.ThewidelyusedDCpowerflow
equations[19]canbewritteninthefollowingmatrixform:

p=Cf, (1a)

f=BCTθ, (1b)

whereC∈Rn×m istheincidencematrix:

Cie=






1 ifbusiisthesourceoflinee,

−1 ifbusiisthedestinationoflinee,

0 otherwise.

Ifthenetworkisconnected,thepowerinjectionsmustbe
balanced,i.e., i∈Npi=0.DefiningtheLaplacianmatrix
ofthenetworkasL:=CBCT,wecanuniquelydetermine
thelineflowsintermsofthepowerinjections:

f=BCTL†p, (2)

where(·)†denotestheMoore-Penroseinverse.

B.PowerRedistributionAfterLineFailures

Whenalinefailureoccurs,thepowerwillredistribute
overthepost-contingencynetwork,andlineflowscan
bothincreaseordecrease,sometimesevenreversingtheir
directions.Inthepowersystemsliteraturetwosensitivity
factors,thepowertransfer(PTDF)andthelineoutage(LODF)
distributionfactorsarecommonlyusedtocomputethepost-
contingencylineflows[20],[21].Itshouldbenotedthatthese
sensitivityfactorsareindependentofthepowerinjections
andtransmissionlinecapacities.
Specifically,thePTDFDe,̂îjistherelativeflowchange

overlinee=(i,j)whenaunitpowerisinjectedatbusîand
withdrawnfrombusĵ.TheLODFKe,̂eistherelativeflow
changeoverlinee=(i,j)whenlineê=(̂i,̂j)istripped.
Theyaregivenby:

De,̂îj=be(ei−ej)
TL†(êi−êj), (3a)

Ke,̂e=
be(ei−ej)

TL†(êi−êj)

1−b̂e(êi−êj)
TL†(êi−êj)

, (3b)

where{ek}k=1,...,nisthestandardvectorbasis.Itisknown
thatthePTDFandLODFcanberelatedasfollows[22]:

Ke,̂e=
De,̂îj
1−Dê,̂îj

.

Thisexpressionsuggeststhatthepowerredistributionafter
linefailurescanbeemulatedbyintroducingfictitiousinjec-
tionsoverthepre-contingencynetwork[20].Infact,thepower
redistributioncanbeanalyzedoverthepost-contingency
networkaswell.Thefollowinglemma,whichrelatesthe
LODFforthepre-contingencynetworkandthePTDFforthe
post-contingencynetwork,providesanalternativeperspective
tostudytheimpactoftransmissionlinefailures.

LemmaII.1.ConsideranetworkG=(N,E)andanon-
bridgetransmissionlinêefailure1.LetKe,̂edenotetheLODF
forthepre-contingencynetworkG,andlet̃De,̂îjdenotethe

PTDFforthepost-contingencynetworkG̃=(N,E\̂e).We
haveKe,̂e=D̃e,̂îj.

Proof.Withoutlossofgenerality,decomposethematrices
C=[Cê,C−ê]andB=diag(b̂e,bl),l=êcorreponding
tothetrippedlinêeandthesurvivinglines−̂e:=E\̂e.
Forclarity,weuse(̃·)todenoteallvariablesrelatedtothe
post-contingencynetwork.TheDCpowerflowequationsfor
thepre-andpost-contingencynetworksthusrewriteas:

p=CBCTθ=b̂eCêC
T
êθ+C−êB−êC

T
−êθ, (4a)

p=C−êB−êC
T
−êθ̃. (4b)

Subtracting(4b)from(4a),weget

C−êB−êC
T
−ê(̃θ−θ)=b̂eCêC

T
êθ=Cêf̂e.

Bydefinition,theLODFcanbecomputedas

Ke,̂e=
f̃e−fe
f̂e

=
beC

T
e(̃θ−θ)

f̂e
=
beC

T
eL̃
†Cêf̂e
f̂e

=D̃e,̂îj.

Weremarkthattheaboveresultholdsalsointhecaseof
multiplelinefailures.ConsiderasetÊoflinesthataresi-
multaneouslydisconnectedandsupposethepost-contingency
networkremainsconnected.ThegeneralizedLODFKÊe,̂e
[20]isdefinedasthesensitivityofrelativeflowchangeover
thesurvivinglinee∈E\Êwithrespecttoatrippedline
ê=(̂i,̂j)∈Ê.ItequalsthePTDFforlineewiththepair
ofbuseŝi,̂jofthepost-contingencynetwork.
LemmaII.1suggeststhattheimpactofatransmissionline
ê=(̂i,̂j)failureisequivalenttothepowerflowswhenthe
pre-contingencyflowf̂eisinjectedatbuŝiandwithdrawn
frombuŝjoverthepost-contingencynetwork.Thispost-
contingencyperspectiveallowsustoconvertthecalculation
ofLODFintothecalculationofPTDF,relatingthefailure
impactdirectlytothenetworktopology.

C.DecompositionofthePTDF

Apowergridusuallyconsistsofseveralinterconnected
sub-gridsanditisofinteresttodecomposethecalculation
ofPTDFaccordingly.Inthissection,weintroducesuch
adecompositionforcertainnetworkstructures.Specifically,
supposeaconnectednetworkG=(N,E)canbedecomposed

1Anon-bridgelineisatransmissionlinewhosedeletiondoesnotincrease
thenetwork’snumberofconnectedcomponents.Otherwiseitisabridge.



intotwosub-grids:G1=(N1,E1)andG2=(N2,E2)such
that:

•Thelinesetsdonotoverlap:E1∩E2=∅,E1∪E2=E;
•Thebussetsoverlapwithonly2buses:N1∩N2={s,t},
N1∪N2=N.

Givenapairofbusesi,jofthenetworkG(notnecessarily
adjacenttoeachother),wedefineeffectivesusceptance
betweeni,jtobe

b
(e)
ij =

1

(ei−ej)TL†(ei−ej)
. (5)

Theeffectivesusceptancesummarizesthenetworkeffect
betweenapairofbusesbyasingleline[23].
ThefollowingpropositiondemonstrateshowDe,̂îj,the

PTDFforlineeandapairofbuseŝi,̂jindifferentsub-grids,
canbedecomposed.

PropositionII.2.ConsideranetworkGanditsdecomposi-
tionG1,G2.Let̂G1=(N1,E1∪(s,t))beagraphbyadding
afictitiousline(s,t)tothesub-gridG1,withsusceptance
equalingtheeffectivesusceptancebetweenbusess,tofthe
sub-gridG2:

b
(e)
st =

1

(es−et)TL
†
2(es−et)

,

whereL2istheLaplacianmatrixofG2.Foranypairof
buseŝi,̂j∈N1andanylinee∈E2,thePTDFDe,̂îjcanbe
computedas:

De,̂îj=D̂(s,t),̂îj·̄De,st,

whereD̂(s,t),̂îjisthePTDFforthefictitiousline(s,t)and

thepairofbuseŝi,̂jofĜ1,and̄De,stisthePTDFforline
eandthepairofbusess,tofG2.

Proof(sketch).SinceaDCpowernetworkisalinearnetwork
andthesub-gridsareonlyjoinedbybusessandt,the
effectofG2canbeequivalentlyrepresentedasafictitious
transmissionline(s,t)withtheeffectivesusceptancebetween
busess,tofthesub-gridG2.UsingKronreduction[24],we
candecomposethePTDFasabove.

Weremarkthatthisresultisinfactaspecialcaseofthe
Kronreduction[24]forlinearnetworks.

D. MonotonicityofthePTDF

ThenextresultdescribesthedependenceofthePTDFfor
alineeonitssusceptancebeandnetworktopology.

PropositionII.3.ConsideraconnectednetworkG.Forany
lineeandanypairofbuseŝi,̂j,theabsolutevalueofPTDF
De,̂îjcanbeexpressedas:

|De,̂îj|=
T1be

T2be+T3
, (6)

whereTi≥0isaconstantindependentofthesusceptancebe
fori=1,2,3.Moreover,T3=0ifandonlyifeisabridge
ofG
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Fig.1. Twosub-grids(a)areinterconnectedby(b)series,(c)paralleland
(d)completebipartiteinterfacenetworks.

Proof.ThePTDFcanbecomputedasaquotientofdifferent
spanningtreesofthenetwork,asshowninTheorem4in[10].
Specifically,thenumeratorinvolvesasubsetofspanning
treesthatmustpassthroughlinee.Thedenominatorinvolves
allspanningtrees,includingthosethatpassthroughlinee,
accountedforinthetermT2be,andthosethatdonot,giving
risetothetermT3.Therefore,T3=0ifandonlyifeisa
bridge.

ThisprovesthattheabsolutevalueofPTDFforalineis
monotonicallyincreasinginitssusceptanceifthelineisnota
bridge.Thismonotonicityresultisalignedwiththeintuition
thatlineswithlargeradmittances(thussmallerimpedances)
tendto“attract”morepowertoflowthrough.

III.FAILURELOCALIZATION

Thesub-gridsthatmakeupaninterconnectedpowersystem
operaterelativelyindependentlyanditisdesirabletolocalize
theimpactoffailurewithinthesub-gridtopreventlarge-
scaleblackouts.Failuresinpowersystems,however,are
knowntopropagatenon-locally.Real-worlddatashows
thatatransmissionlinefailurecanleadtoanotherline
failurefarawayfromtheinitialfailure[3].Arecentstudy
investigatestheblockdecompositionofthepowernetworks
anddemonstratesthatnon-cutfailuresarelocalizedifthe
sub-gridsareconnectedinatreestructure[10].Inpractice,
however,designingapowersystemwithtree-connected
sub-gridscreatesbridgesandthusintroducessingle-point
vulnerabilities.Therefore,itiscrucialtolocalizefailures
whilemaintainingconnectivityofthegrid.

Inthissectionweconsiderapowernetworkwithtwo
interconnectedsub-gridsG1,G2joinedbytwobusessand
tandproposethreeinterfacenetworks,asshowninFig.1.
Incontrasttothetree-connectedsub-gridsproposedin[11],
ourdesigndoesnotdecreasetheconnectivityorintroduce
anysinglepointoffailureintotheoriginalnetwork. We
showthatallthreeinterfacenetworkscanachievefailure
localizationbycarefullydesigningthesusceptances.Note
thatthepaperfocusesontheinterfacenetworksofthepower
gridwheresub-gridsarejoinedbytwobuses.Largerinterface



networksrequirespecialtopologicalstructuresofthesub-
gridstoguaranteefailurelocalization.Forthisreasonwe
leavethisasachallengingtopicforfuturework.
ToquantifythebenefitoftheinterfacenetworksinFig.1,

wecomparetheLODFKe,̂eoftheoriginalnetworkand
thatofthemodifiednetworkwithvariousinterfacenetworks.
Thetrippedlineêandthemonitoredlineeareindifferent
sub-grids.Withoutlossofgenerality,weassumethat̂e∈G1
ande∈G2.Weassumebusess,tarenotdirectlyconnected
(i.e.,notadjacenttoeachother)intheoriginalnetworkto
simplifyourdiscussion. Weusethesuperscript(·)(m)to
denotevariablescorrespondingtothemodifiednetwork.

A.SeriesInterfaceNetwork

Wefirstintroducethe2×2seriesinterfacenetworkwhere
wesplitthebusess,tandconnect(s,s)and(t,t)as
additionaltransmissionlines,asshowninFig.1b.Intuitively,
theseriesinterfacenetworkincreasesthetopologicaldistance
betweenthetrippedlineêandthemonitoredlinee.Itisthus
likelytoreducethefailureimpactacrossthesub-grids.As

characterizedbythefollowingtheorem,theLODFK
(m)
e,̂e for

themodifiedgridwithaseriesinterfacenetworkisguaranteed
todecreaseundermildconditions.

TheoremIII.1.IfG1andG2areconnectedbyaseries

network,then|K
(m)
e,̂e|≤|Ke,̂e|,withequalityifandonly

ifthereisnopathconnectingbusessandtinthepost-
contingencynetworkofG1.

Proof.WithLemmaII.1andPropositionII.2,wecanwrite
theLODFfortheoriginalnetworkas:

Ke,̂e=D̂(s,t),̂îj·̄De,st.

Weuse D̂(s,t),̂îjtodenotethePTDFforthefictitiousline

(s,t)ofthepost-contingencysub-gridof̂G1,withsusceptance

beingtheeffectivesusceptanceb
(e)
st ofthesub-gridG2.̄De,st

representsthePTDFforlineeofthesub-gridG2.
Forthe modifiednetworkG(m),letG

(m)
1 = G1 and

G
(m)
2 =(N2∪{s,t},E2∪{(s,s),(t,t)}).TheLODFcan
bedecomposedsimilarlyas:

K
(m)
e,̂e =D̂

(m)

(s,t),̂îj
·̄D
(m)
e,st.

NotethatD̄
(m)
e,st = D̄e,stsinceline(s,s)and(t,t)are

bridgesofG
(m)
2 .Theeffectivesusceptanceforthefictitious

lineb
(m)
st =(1/bss +1/btt+1/b

(e
st)
−1 <b

(e)
st,sowe

have|̂D
(m)
(s,t)| ≤|̂D(s,t)|fromPropositionII.3.Therefore

weconclude|K
(m)
e,̂e|≤|Ke,̂e|,withequalityifandonlyif

thefictitiousline(s,t)isabridgeinthepost-contingency
networkofĜ1.

Whennopathinthepost-contingencynetworkof G1
connectsbusess,t,theLODFremainsthesameasthat
oftheoriginalnetwork.Inparticular,theLODFwillonly
dependonthestructureofG2andequalthePTDFofthe
monitoredlineeforthebusess,tinG2.Otherwise,the
LODFstrictlydecreasescomparedwiththatoftheoriginal
network.

Weremarkthatmanyempiricalstudiesshowthatthe
LODFdecreasesasthedistancefromtheinitialfailure
increases[14],[9].TheoremIII.1providestheoreticalsupport

forsuchobservations.Furthermore,theLODFK
(m)
e,̂e isanon-

decreasingfunctioninthesusceptanceoflines(s,s)and
(t,t).Therefore,wecandesigntheseriesinterfacenetwork
toachievedifferentlevelsoffailurelocalizability.

B.ParallelInterfaceNetwork

Wenowconsidertheparallelinterfacenetworkwherewe
connectthebusessandt,asshowninFig.1c.Effectively,the
line(s,t)providesanalternativepathtoredistributepower
withoutpassingthroughtheothersub-gridG2.Thereforewe
expectthelinefailurestobelessimpactfulontheother
sub-grid.Indeed,thefollowingtheoremshowsthattheLODF
isguaranteedtodecreaseafterconnectingbusess,t.

TheoremIII.2.IfG1andG2areconnectedbyaparallel

network,then|K
(m)
e,̂e|<|Ke,̂e|.

Proof.SimilartotheproofofTheoremIII.1,wecanwrite
theLODFfortheoriginalnetworkandmodifiednetworkas:

Ke,̂e=D̂(s,t),̂îj·̄De,st, K
(m)
e,̂e =D̂

(m)

(s,t),̂îj
·̄D
(m)
e,st,

wherewedefineG
(m)
1 =G1,G

(m)
2 =(N2,E2∪{(s,t)}).

FromPropositionII.3,wehave

|̂D(s,t),̂îj|=
T1b

(e)
st

T2b
(e)
st+T3

,|̂D
(m)

(s,t),̂îj
|=

T1b
(m)
st

T2b
(m)
st +T3

,

whereb
(m)
st =x+b

(e)
st withxbeingthesusceptanceofthe

parallelline(s,t).Ontheotherhand,asimplecircuitanalysis

showsthatD̄
(m)
e,st=

b
(e)
st

b
(m)
st

D̄e,st.

Therefore,wecanconcludethat

|K
(m)
e,̂e|=

T1b
(m)
st

T2b
(m)
st +T3

·
b
(e)
st

b
(m)
st

|̄De,st|

=
T1b

(e)
st

T2b
(m)
st +T3

|̄De,st|

<
T1b

(e)
st

T2b
(e)
st+T3

|̄De,st|= |Ke,̂e|.

WeremarkthattheLODFKe,̂eismonotonicallydecreasing
inthesusceptanceoftheparallelline(s,t). Wecanthus
increasethesusceptanceofline(s,t)toimprovethefailure
localizability.Ontheotherhand,theLODFfortheparallel
line(s,t)increasesasthesusceptanceincreasesaccording
toPropositionII.3.Thusweneedtosystematicallydesign
thesusceptanceoftheline(s,t).

C.CompleteBipartiteNetwork

Wenowintroducethe2×2completebipartiteinterface
networkwithtwobusesoneachside,wherewesplitthebuses
s,tandconnect(s,s),(s,t),(t,s)and(t,t)respectively.
Thisdesignissimilartothe Wheatstonebridgeincircuit



analysisliterature. Weshowinthefollowingtheoremthat
theLODFforlinesacrosssub-gridscanbeupperbounded.
Inparticular,theimpactoffailurescanbecompletely
eliminatedundertheconditionbssbtt = bstbts,where
bpqdenotesthesusceptanceofline(p,q). Weremarkthat
thisspecificinterfacenetworkhasbeenproposedin[18]as
thenetworkisolatorandshowntoprovidelocalizationifa
rank-1conditionholdsontheweightedadjacencymatrixof
theinterfacenetwork.Therank-1conditionisequivalentto
bssbtt=bstbtsforthe2×2completebipartitenetwork.
Ourresultgeneralizesthefailurelocalizationpropertiesofa
networkisolatortothecaseinwhichtherank-1condition
doesnotholdforthefour-nodebipartitenetwork.

TheoremIII.3.IfG1andG2areconnectedbyacomplete

bipartitenetwork,then|K
(m)
e,̂e|≤

|bssbtt−bstbts|
(bss+bst)(btt+bts)

where

bpq isthesusceptanceforline(p,q).Inparticular,if

bssbtt=bstbts,thenK
(m)
e,̂e =0.

Proof.Wehave

K
(m)
e,̂e =D̂

(m)

(s,t),̂îj
·̄D
(m)
e,st,

where G
(m)
1 = G1 andG

(m)
2 =(N2∪{s,t},E2∪

{(s,s),(t,t),(s,t),(t,s)}).SincethePTDFisguaranteed

tobewithin[−1,1],wefirstbound|̂D
(m)

(s,t),̂îj
|by1andfocus

onthesecondterm.Moreover,wecanfurtherdecompose
G2intoG

1
2=({s,s,t,t},{(s,s),(t,t),(s,t),(t,s)})and

G22=(N2∪{s,t},E2).Therefore,wehave

|K
(m)
e,̂e|≤|̄D

(m)
e,st|=|̂D

1
(s,t),st|·|̄D

2
e,st|≤|̂D

1
(s,t),st|.

Nowallweneedistoprovideanupperboundforthe
righthandside, whichisthePTDFforthefictitious
line(s,t)witheffectivesusceptance b(e) forĜ12 =
({s,s,t,t},{(s,s),(t,t),(s,t),(t,s),(s,t)}). Wecan
computethePTDFasin(3a):

D̂1(s,t),st=b
(e)(bssbtt−bstbts)/

[(bssbstbts+bssbstbtt+bssbtsbtt+

bstbtsbtt)+(bssbst)(bts+btt)b
(e)]

Therefore,weconcludeanupperboundfortheLODF:

|K
(m)
e,̂e|≤|̂D

1
(s,t),st|≤

|bssbtt−bstbts|

(bss+bst)(btt+bts)
.

Notethatthebounddependsonlyonthesusceptanceof
thetransmissionlinesforthecompletebipartitenetwork,
andhence,isvalidforeverypairofthetrippedlinêeand
themonitoredlineeindifferentsub-grids.Inpractice,the
actualLODFunderthecompletebipartiteinterfacenetwork
isusuallymuchlowerthanthetheoreticalboundduetothe
internalconnectivityofthenetwork.Therefore,thecomplete
bipartitenetworkcanprovidestrongfailurelocalization.
Weremarkthatthecompletebipartiteinterfacenetwork

canbedesignednotonlytoeliminatetheimpactoutsidethe
sub-gridwherethefailurehappens,buttomaintainthesame
levelofrobustnesswithinthesub-grid.Specifically,asstated

inthefollowingtheorem,theLODFremainsthesameasthe
originalnetworkifthelinesareinthesamesub-grids,while
theLODFiszeroifthelinesareindifferentsub-grids.

TheoremIII.4.ConsideranetworkGconsistingoftwosub-
gridsG1,G2joinedbytwobusessandt,andthemodified
networkwiththe2×2completebipartiteinterfacenetwork.
Supposetheeffectivesusceptancesbetweenbusessandtfor

thetwosub-gridsG1,G2isb
(e)
1 andb

(e)
2 respectively.Ifthe

susceptancesofthelinesinthecompletebipartitenetwork
satisfiesthefollowingcondition:

btt<min(b1,b2)orbtt>max(b1,b2),

bss=
b1b2
btt
,bst=

b2(b1−btt)

b2−btt
,bts=

b1(b2−btt)

b1−btt
,

thenwehave

K
(m)
e,̂e =

Ke,̂e,ifthelinese,̂eareinthesamesub-grid,

0,ifthelinese,̂eareindifferentsub-grids.

Proof(sketch).Thisresultcanbeprovedusingthefactthat
theeffectivesusceptancebetweenbuses(s,t)and(s,t)
remainsthesameiftheconditionsaresatisfied.

D.Comments

Ourtheoreticalanalysisinthissectionfocusesonnon-
bridgelinefailureswherepost-contingencypowerinjections
areassumedtoremainconstant.Inpractice,however,the
injections mightchangeduetothereal-timeautomatic
controlsofthepowergrid.Thesituationiseven more
complicatedwhenislandingoccursforbridgelinefailures.
Thedetailedmodelingisbeyondthescopeofthispaper.
Nevertheless,thethreeinterfacenetworksarecapableof
betterlocalizingtheimpactofinjectionfluctuations,which
canbeseenthroughasimilaranalysisofthePTDF.
Next,weconsiderthesensitivityfactorsPTDFandLODF

inthissection,whichareindependentofthepowerinjections
andtransmissionlinecapacities.Thesetwofactorsareknown
toonlydependonthetopologicalstructureofthepowergrid.
Therefore,ouranalysisshedslightonhowthepowergrid
canbeoptimizedbypossiblyre-designingthenetwork.There
areseveralpracticalissuestoconsider:howtooptimallyand
economicallymodifytheexistinggrid,howtoincorporateline
capacitiesandpowerinjectionpatternsintothedesign,and
howtojointlyoptimizethetopologyandautomaticcontrol
algorithms.Weleavetheseasfutureresearchdirections.

IV.CASESTUDY

Inthissection,weevaluatethefailurelocalizationperfor-
manceofthethreeinterfacenetworksstudiedintheprevious
sectionfortheIEEE118-bustestnetwork.Westartwiththe
DCmodel,andthenextendittotheACmodel.

A.ExperimentalSetup

WesplittheIEEE118-bustestnetworknetworkintotwo
sub-gridsconnectedbyfourtie-linesasshowninFig.2.Note
thatthesub-gridsarenotconnectedbythecutverticesas
inFig.1a.Thereforewemodifythetie-linesconnectingthe
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(a)Seriesinterfacingnetwork
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(b)Parallelinterfacingnetwork (c)Completebipartitenetwork

Fig.2. Twosub-gridsareconnectedby4bluelinesintheoriginalIEEE118-busnetwork.(a)Twodashedlinesareswitchedofftocreatetheseries
interfacenetwork.(b)Onepurplelineisaddedtocreatetheparallelinterfacenetwork.(c)Twopurplelinesareaddedtocreatethecompletebipartite
network.

sub-gridstocreateinterfacenetworksasfollows.Foraseries
interfacenetwork,weswitchoffthetwodashedbluelines
andkeepthetwosolidbluelinesasinFig.2a.Aparallel
interfacenetworkisbuiltontopoftheseriesnetwork,where
weaddthepurplelineasinFig.2b.Thecompletebipartite
interfacenetworkisachievedbyconnectingtheend-points
ofsolidbluelinesasthesolidpurplelinesinFig.2c. We
thencalculatetheLODFasametrictoquantifythefailure
impactforeachinterfacenetwork.

B.ExperimentalResults

a)DCModel:Westartwithevaluatingfailurelocal-
izationundertheDCpowerflowmodel.TheDCLODFis
well-definedandcanbecomputedas(3b)ifthetrippedline
doesnotdisconnectthenetwork.
Wefirstcomparethefailurelocalizabilityacrossthesub-
gridsundervariousinterfacenetworks.Specifically,we
computetheLODFforallpairsoftrippedlineseand
monitoredlines êindifferentsub-gridsanddemonstrate
thecomplementarycumulativedistributionfunction(CCDF)
oftheabsoluteLODFinFig.3a.Notethatthex-axisisin
logarithmicscaleandwesettheLODF|Ke,̂e|≤10

−8as
zero.Theverticaldashedlinerepresentsthetheoreticalbound
oftheLODFforthecompletebipartitenetwork.Weobserve
thatallthreeinterfacenetworksreducetheLODFacrossthe
sub-grids.Fortheoriginal118-busnetwork,thereareroughly
10%pairsoflineswiththeabsoluteLODFgreaterthan0.01,
whilethosecasesarenegligible(1%)withtheseriesinterface
network.Asexpected,addingaparallelinterfacenetwork
ontopoftheseriesnetworkfurtherdecreasestheLODF.
Thecompletebipartiteinterfacenetworkachievesthebest
localizationperformance,eventhoughthesusceptancedoes
notsatisfytherank-1conditiontocompletelylocalizethe
failurewithinthesub-grid,i.e.bssbtt=bstbts.
Itiscrucialtoanalyzetheimpactwithinthesamesub-grid

wherethelinefailurehappensaswell.InFig.3c,weshow
theCCDFoftheabsoluteLODFforthepairsoftrippedline
andmonitoredlinewithinthesamesub-grid. Weobserve
thatthedistributionsofLODFwithinthesub-gridforthe
series,parallelandcompletebipartiteinterfacenetworksare
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verysimilar,alllowerthantheoriginalnetwork.Therefore,
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(a)DCLODFforlinesindifferentsub-grids.
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(c)DCLODFforlinesinthesamesub-grid.

(d)ACLODFforlinesinthesamesub-grid.

Fig.3. TheCCDFofLODFformonitoredlineeandtrippedlinêeunder
DC(a,c)andAC(b,d)models.(a,b)e,̂eareindifferentsub-grids.(c,d)e,̂e
areinthesamegrid.



introducingtheproposedinterfacenetworksproperlywillnot
decreasetherobustnessforthesub-gridsagainstfailures.
Weremarkthatthetwosub-gridsofIEEE118-bus
networkdoesnotfollowthedefinitionoforiginalnetwork
inSectionIII:theyareconnectedbyfourtie-linesinstead
ofonlytwobuses.Nevertheless,theLODFforthemod-
ifiednetworkswithallthreeinterfacenetworkdecreases.
Itsuggestsabroaderrangeofapplicabilityandstronger
failurelocalizabilityfortheinterfacenetworks.This,however,
requiresaproperselectiononwhichtransmissionlinesto
keep,andweleaveitasafuturedirectiontoexplore.
b)ACmodel:Wefurtherevaluatethelocalization

performanceunderACmodel.Sincethereisnoclosed-
formexpressionforACLODF,wecalculatetheLODF
directlyusingthedefinition.Specifically,weadopttheline
parametersandthenominalpowerinjectionsfrom[25]as
thepre-contingencyoperatingstatus.Foreverynon-bridge
transmissionlinêe,wecomputethepost-contingencyflow
withACpowerflowequationswhenlineêtrips,assuming
thatthepost-contingencyinjectionsremainthesame.The
LODFisthuscomputedasKe,̂e=

∆fe
f̂e
,where∆feisthe

flowchangeoverlineeandf̂eisthepre-contingencyflow
overlineê.
TheCCDFofLODFforallpairsofthemonitoredline
andthetrippedlineareshowninFig.3bandFig.3d. We
noticethatthenetworkinwhichthesub-gridsareconnected
byanyofthethreeinterfacenetworksachieveshigher
failurelocalizabilitysimilarlytotheDCmodel.Itshouldbe
notedthattheLODFisnotzeroforthecompletebipartite
networkundertheACmodel,evenwhenthesusceptances
aredesignedtosatisfytherank-1condition.Nevertheless,
allinterfacenetworksreducefailureimpactacrosssub-grids,
whilemaintainingsimilarrobustnesswithinthesub-grid.

V.CONCLUSION

Inthispaper,weproposethreeinterfacenetworksconnect-
ingsub-gridstoachievestrongerfailurelocalizationwhile
maintainingrobustnetworkconnectivity.Boththeoretical
analysisandcasestudiesvalidateourproposedmethod.There
areanumberofimportantdirectionsforfutureexplorationof
thistopic.Themostimportantandchallengingextensionis
toconsiderlargerinterfacenetworks.Inthispaper,wehave
considered2×2interfacenetworks,butlargernetworkshave
thepotentialtoprovidemorerobustconnectionsbetween
sub-grids.However,itisdifficulttoensurelocalizationof
failureswithlargerinterfacenetworks,andcharacterizingthe
LODFforlargernetworksischallengingwithoutassuming
veryspecifictopologicalproperties.
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