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ABSTRACT: Difference approaches to the study of excited states
have undergone a renaissance in recent years, with the develop-
ment of a plethora of algorithms for locating self-consistent field
approximations to excited states. Density functional theory is likely
to offer the best balance of cost and accuracy for difference
approaches, and yet there has been little investigation of how the
parametrization of density functional approximations affects
performance. In this work, we aim to explore the role of the
global Hartree−Fock exchange parameter in tuning accuracy of
different excitation types within the framework of the recently
introduced difference projected double-hybrid density functional
theory approach and contrast the performance with conventional
time-dependent double-hybrid density functional theory. Difference projected double-hybrid density functional theory was
demonstrated to give vertical excitation energies with average error and standard deviation with respect to multireference
perturbation theory comparable to more expensive linear-response coupled cluster approaches (J. Chem. Phys.2020, 153, 074103).
However, despite benchmarking of local excitations, there has been no investigation of the methods performance for charge transfer
or Rydberg excitations. In this work we report a new benchmark of charge transfer, Rydberg, and local excited state vertical excitation
energies and examine how the exact Hartree−Fock exchange affects the benchmark performance to provide a deeper understanding
of how projection and nonlocal correlation balance differing sources of error in the ground and excited states.

■ INTRODUCTION
The development of new light-based technologies requires
accurate and computationally efficient excited state method-
ologies to model medium and large systems. Examples of
important processes which require an atomistic understanding
of different photochemical pathways include light-harvesting,1,2

biological fluorescence,3,4 and solar cells.5−7 The most popular
methodology for studying the excited states of large systems is
time-dependent density functional theory (TDDFT), which
provides a semiquantitative description of local excitations in
the vertical excitation region.8,9 Despite the utility of TDDFT,
well-known issues include inabilities to describe charge-transfer
states, double-excited states, Rydberg states, and electronic
degeneracies with the ground state.10−13 Numerous improve-
ments to the TDDFT methodology have partially resolved
some issues, including range separated functionals to describe
charge transfer14−16 and inclusion of select double-substituted
determinants to describe conical intersections.17 In addition,
improved accuracy can be obtained using a double-hybrid
TDDFT formalism18−23 or within a wave function formalism
using linear-response coupled cluster singles and approximate

doubles (LR-CC2) or equation-of-motion coupled cluster
singles and doubles (EOM-CCSD) approaches.24,25

Although double-hybrid (DH) approaches increase the
computational scaling of TDDFT approaches to noniterative

N( ),5 they can often rival the accuracy of more expensive
wave function-based approaches26,27 while correcting TDDFT
errors in systems such as singlet−singlet valence excitations in
large organic dyes,28,29 electronic circular dichroism spectra,30

and excited states in polycyclic aromatic hydrocarbons.31

Despite the successes of DH methods, they give an
unsatisfactory description of charge transfer and Rydberg
states,32−35 which can be partially ameliorated through use of
range separation.14,36−39 However, the range separation
parameter is system-dependent,40 and although the exact
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exchange parameter has been investigated for ground state
transition metal complexes,41 there has yet to be a study of
how exact exchange affects the accuracy of charge transfer,
Rydberg, and local vertical excitation energies within a
difference formalism.
In previous work, we have described an alternative double-

hybrid DFT (DH-DFT) approach for modeling excited states
which was found to give results of similar quality to LR-CC2 or
EOM-CCSD despite the lower computational scaling.27 The
difference projected double-hybrid density functional theory
(Δ-Proj-DH-DFT) method uses projection to resolve the
imbalance in the description of dynamic and static correlation
which diminishes the accurate calculation of vertical excitation
energies. Furthermore, reoptimization of orbitals in difference
methods for each electronic state accounts for orbital
relaxation effects in response to electron transitions. The Δ-
Proj-DH-DFT methodology requires self-consistent field
(SCF) reference wave functions for each electronic state of
interest. The orbitals of each SCF solution are optimized using
density functional theory (DFT), where direct use of the
unimproved SCF solutions defines the difference density
functional theory (ΔDFT) approach. In the case where a
double-hybrid functional is used in the SCF optimization, the
resulting solutions give a difference double-hybrid density
functional theory (ΔDH-DFT) approach. While ΔDH-DFT
would be expected to recover a significant portion of the
dynamic correlation, symmetry breaking and subsequent
projection to restore symmetry can recover static correlation.
Projection either can be performed during the variational
procedure leading to a modified set of orbitals or can be
performed after variation on the orbitals obtained without
projection. When projection is applied to the DFT solutions,
the method is known as difference projected density functional
theory (Δ-Proj-DFT), while projection applied to the DH-
DFT solutions is known as Δ-Proj-DH-DFT. It is relevant to
note that DFT suffers from spin contamination to a lesser
extent than Hartree−Fock (HF) wave functions, although for
low-spin open shell systems, any single-reference methodology
will eventually exhibit symmetry breaking.42 In the context of
excited electronic states, the breaking of an electron pair will
always lead to large contributions from contaminating spin
states, while the amount of HF exchange may modulate the
extent of symmetry breaking in the remaining N − 2 electrons.
Correlation generally reduces spin contamination (although
not always43), although the presence of spin contamination is
known to significantly impact the convergence of the Møller−
Plesset perturbation series.44,45

Our previous studies focused only on local excitations and
revealed surprisingly that Δ-Proj-DFT gave significantly worse
performance than ΔDFT. As a result, in this work we examine
a broader class of excitation types, including local, charge-
transfer, and Rydberg states. We investigate how inclusion of
exact exchange affects the relative performance of Δ-Proj-DH-
DFT and underlying methodologies. The goal of this study is
to provide a systematic understanding of how the exact
exchange parameter can be tuned for different excitation types,
as well as establish if the previous failures of ΔDFT are a result
of the functional parametrization. In the remainder of the
article, we first discuss the overall performance of Δ-Proj-DH-
DFT on three types of vertical excitation energies (local,
charge transfer, and Rydberg excitations) and compare the
results with conventional time-dependent double-hybrid
density functional theory (TDDHDFT). The local excitations

tested are a different set to those used in our previous work, so
our goal is to ensure our previous findings are transferrable as
well as provide additional data on the models performance. As
our previous work found insignificant difference between
functionals, we only use the DSDPBEP86 functional
throughout this study. Second, we examine the role of the
HF exchange contribution for improving the description of
difference vertical excitation energies (VEEs), particularly for
Rydberg and charge transfer excitations which from linear-
response TDDFT are known to require nonlocal exchange to
correct for self-interaction error and describe the long-range
component of the exchange−correlation hole. Lastly, we
conclude by describing the successes, limitations, and future
directions of the Δ-Proj-DH-DFT methodology.

■ METHODS
Construction of Projection Operators. The Δ-Proj-DH-

DFT method27 uses projection to recover correlation energy
from a symmetry broken Kohn−Sham (KS) determinant.
Although Δ-Proj-DH-DFT uses a KS determinant, the
formulation is analogous to methods constructed from a HF
determinant, and so in this section, we describe in general
terms the construction of projection operators in the context of
the wave function. Further modifications for projection of KS
based methods are then developed in the following section.
Projectors can be used to recover good quantum numbers
from symmetry-broken approximate wave functions |Φ0⟩ by
removing terms with incorrect S and MS quantum numbers
resulting from spin contamination. Generally, any wave
function (including post-SCF) can be written in terms of the
contributions from eigenfunctions with different S and MS
quantum numbers

c S M,
S M

S M S0 ,

S

S
| = |

(1)

where cS M, S
are expansion coefficients. For spin-adapted wave

functions, all but one of the cS M, S
are zero, while for wave

functions that have spin polarization (collinear and noncol-
linear), only cS M, S

with the same MS are nonzero. In the case
that electron spins are not confined along a common spin axis
(coplanar or noncoplanar), all cS M, S

may be nonzero. If only the
component of the wave function with spin quantum numbers
S′ and MS is desired, undesired components can be removed
by acting on the wave function with the projector PS M, S

S M P

c S M S M S M

,

, , ,

S S M

S M
S M S S S

, 0

,

S

S

S

| = |

= | |
(2)

where normalizes the wave function, and due to the
orthonormality of spin eigenfunctions,

S M S M, ,S S SS M MS S
| =

thus selecting only the desired spin component of the wave
function. In the remainder of this text we deal only with
projection of collinear SCF solutions. One approach to realize
the projection expressed in eq 2 is to diagonalize the
Hamiltonian built from a determinant expansion in the space
of biorthogonal orbital pairs which have nonunit overlap. The
eigenvectors then provide the coefficients that indicate how
each spin-adapted eigenfunction of the Hamiltonian contrib-
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utes to the symmetry-broken wave function. The projected
energy EP can then be obtained from

E
c c E

c c
P I S S S I I I

I S S S I I

( 1)

( 1)

z z

z z

2

2
=

*

*
= +

= + (3)

where the summations only include pure-spin states of the
desired S

2
value and the denominator normalizes the wave

function. While the formalism of eq 3 is useful for conceptually
understanding how projection works, the factorial scaling of
the size of the determinant expansion in terms of the number
of biorthogonal orbital pairs with nonunitary overlap under-
mines its practical utility.
Instead of explicitly constructing and diagonalizing the

Hamiltonian in the basis of the biorthogonal determinant
expansion, Löwdin proposed a projector that, while not
resolving the factorial scaling required to fully project the wave
function, can be used to project only the spin states that most
contaminate the wave function46

P
S K K

S S K K
( 1)

( 1) ( 1)S
K S

N N

1

1/2( ) 2

= +
+ += +

+

(4)

where for collinear systems with spin aligned on the z axis
S S N N( ),z

1
2

= = i.e., the total electron spin projected
along the axis of spin quantization, and Nα and Nβ are the
number of α and β electrons, respectively. In the case of single
excitations where a single electron pair is broken, the S + 1 spin
state contaminates to a far greater extent than any other. As a
result, the projector in eq 4 can be truncated at K = S + 1 and
the resulting projector is known as the annihilation operator

A
S S S

S S S S
( 1)( 2)

( 1) ( 1)( 2)S 1

2

= + +
+ + ++

(5)

Alternatively, the Wheeler−Hill coordinate generator
formulation47,48 leads to a projector that ensures invariance
of the wave function with respect to the axis of spin
quantization

P S d2 1
2

d sin( ) ( )eS M M
S i S

0 S S
y= +

(6)

where d ( )M M
S

S S
is the Wigner small d matrix and ei Sy is the

collective rotation of the angle of spin quantization by an angle
β. The advantage of the approach in eq 6 is that projection of
all contaminating spin states is possible at mean-field cost and
so resolves the factorial scaling or truncation of the Löwdin
projector.
Projection-after-Variation Double-Hybrid Density

Functional Theory. In the Δ-Proj-DH-DFT approach, the
ground and excited states are computed by local optimization
of two SCF solutions representing each state of interest which
are generally symmetry broken. For the excited state, breaking
an orbital pair always results in spin contamination at the SCF
level that requires projection to resolve, while low spin open
shell electronic structure in the ground state will also require
projection. In the current implementation, the projector of eq
5 is used to provide a corrected energy using

E
HA
A

P S

S

0 1 0

0 1 0
=

| |
| |

+

+ (7)

where, as above, the exact nature of |Φ0⟩ depends upon the
specific methodology being used. The projector in eq 5 is
strictly valid only when one electron spin-pair is broken in the
excitation and when the remaining orbitals are closed shell in
both the ground and excited state. However, our previous work
indicated that severe degradation of VEEs does not occur until
S

2
closely approaches (S + 1)(S + 2), which is indicated by

an increase in S
2
upon annihilation. An additional source of

error is the inability of symmetry breaking and projection to
describe more than a single correlation mechanism, in which
natural orbitals from several different symmetry-broken SCF
solutions are required to capture the static correlation.49,50

In the case where |Φ0⟩ is a HF or KS determinant, inserting
eq 5 into eq 7 yields the projected SCF energy EPSCF

E HPSCF
0 0 1= | | + (8)

where

S

S S S( 1)( 2)ijab

ij
ab

ij
ab

1

2
0

2| =
| | |

+ + (9)

is the correction to the SCF solution, in which ij
ab| are

determinants obtained from double substitution of electrons
with respect to |Φ0⟩, with indices i, j, k, ... referring to occupied
orbitals and a, b, c, ... referring to virtual orbitals. In the case of
second-order Møller−Plesset perturbation theory (MP2), the
projected energy EPMP2 is

E HPMP2
0 0 1 1= | | + + (10)

where 1| is obtained by Gram−Schmidt orthogonalization of
the first order correction

H

ijab

ij
ab

ij
ab

ijab
1

0| =
| | |

(11)

where ε is the orbital energy and Δijab = εa + εb − εi − εj, with
,1| yielding

i

k

jjjjjjjj
y

{

zzzzzzzz
S t S S S

S
1

( 1)( 2)ijab ij
ab

ij
ab

ijab ij
ab

1 1

0
2 2

0
2 2

| = |

+
| | { + + }

| | | |
(12)

where tij
ab are the MP2 amplitudes

t
ij ab

ij
ab

ijab
=

(13)

Owing to the singularities in tij
ab due to the small orbital

energy gaps in the denominator, which is particularly acute
when performing MP2 corrections to excited states (and with
low amounts of exact exchange in the case of DH-DFT), we
have further investigated the use of regularized amplitudes tij

ab

51

t t (1 exp )ij
ab

ij
ab

ijab
2= { } (14)

which goes to zero as Δijab → 0 and where λ is a parameter that
controls the regularization strength. The regularized ampli-
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tudes are used in both |Φ1⟩ and 1| components of the DH-
DFT functional.
Using a double-hybrid Kohn−Sham density in eq 10, the

projected double-hybrid density functional theory (PDH-
DFT) energy can be written as

E H ( )PDH
0 0 1 1= | | + + (15)

where γ is the parameter than governs the amount of MP2
correlation in the double-hybrid functional. The exchange−
correlation components of eq 15 can be written as

E a E a E bE

c E E E

(1 )

( )
xc
PDH

x x
GGA

x x
HF

c
GGA

c
PT

c
PT

c
Proj2 2

= + +

+ + + (16)

where the first three terms are standard exchange and
correlation terms from hybrid DFT, the fourth and fifth
terms are the MP2 correlation terms, which can be broken into
same-spin (σσ) and opposite-spin (αβ) components, and the
final term is the projection contribution accounting for
symmetry breaking in the reference Kohn−Sham orbitals.
The coefficients ax, b, c, and γ are free parameters which can be
fitted to a training set. An advantage of projection is that it
does not increase the number of empirical parameters in the
functional. As a result, in our previous work, we were able to
examine the use of three functionals (PBEQIDH, B2PLYP,
and DSDPBEP86), along with MP2, without having to
determine a suitable parameter for the projection term.
Although a significant improvement was found upon use of a
Kohn−Sham reference, there was no significant difference in
the performance of different functionals. However, all func-
tionals tested used a large amount of HF exchange, with ax
between 0.53 and 0.69, which raised the question about
whether the apparent failure of Δ-Proj-DFT observed in our
previous study resulted from a combination of suboptimal
parameters. In addition, high HF exchange character leads to
greater symmetry breaking of the reference and so may
overemphasize the importance of projection.
Computational Details. In order to ascertain the role of

HF exchange on the accuracy of Δ-Proj-DH-DFT calculations,
we first examined the performance using the benchmark set of
Tozer et al.52 The benchmark set consists of 32 local
excitations, 14 charge transfer excitations, and 13 Rydberg
excitations. Owing to the similarity in the performance of
different functionals previously observed, only DSDPBEP86
was used, as spin-component scaled terms have been
implicated in separating the parametrization of long-range
(same-spin) and short-range (opposite-spin) interactions
important for a balanced description of correlation energy
change upon excitations.53−55 The basis sets used were cc-
pVTZ for dipeptide, β-dipeptide, tripeptide, N-phenylpyrrole
(PP), 4-(N,N-dimethylamino)benzonitrile (DMABN) and
HCl; and d-Aug-cc-pVTZ for N2, CO, and H2CO. The use
of diffuse functions when studying N2, CO, and H2CO was due
to the Rydberg character of the excited electronic states.
Ground states were determined by computing the lowest
energy real restricted solution and then performing analysis of
the orbital-rotation Hessian to ensure no instabilities with
respect to occupied-virtual (ov) rotations were present. All
molecules were found to have stable restricted SCF solutions
in the ground state. Excited states were obtained by swapping
relevant ov orbital pairs in the real-restricted determinant and
then optimizing using the maximum overlap method

(MOM)56,57 or state-targeted energy projection (STEP)58

with real-unrestricted symmetry. A more detailed description
of the workflow required to determine the SCF solutions
corresponding to both ground and excited states is outlined in
section 7 of the Supporting Information. Both ground and
excited state energies were calculated using the reference
functional (PBEP86), the projected reference functional
(projected PBEP86), the double-hybrid functional
(DSDPBEP86), and the projected double-hybrid functional
(projected DSDPBEP86). To ascertain the role of HF
exchange, the value of ax in eq 16 was varied in increments
of 0.1 from zero to one. Vertical excitation energies were also
computed using TD-DSDPBEP86 in order to compare the
performance of linear response and difference DH-DFT. All
calculations were performed using a modified version of
Gaussian 16,59 other than TDDHDFT calculations which used
Orca,60 and the Wheeler−Hill coordinate generator projection
method which was implemented in a stand-alone code using
the MQCPack library61 interfaced with Gaussian. Difference
vertical excitations energies were compared to benchmark
reference values determined in ref 52 from gas-phase
experimental data, state specific complete active space with
second order perturbation theory (CASPT2), and LR-CC2
computational data.

■ RESULTS AND DISCUSSION
This section details the performance of Δ-Proj-DH-DFT for
calculated local, charge transfer, and Rydberg VEEs. First, we
discuss the performance of Δ-Proj-DH-DFT VEEs for different
excitation types using original parametrization for the ground
state (69% HF exchange) used in our original study and
compare the result with state-of-the-art conventional
TDDHDFT. We then discuss how the performance of Δ-
Proj-DH-DFT VEEs changes depending on the percentage of
HF exchange. Our analysis breaks the performance down into
local, charge transfer, and Rydberg excitations, as well as
overall performance.
DSDPBEP86 Vertical Excitation Energies Using Orig-

inal Parametrization. The standard deviations and mean
errors of difference unprojected and projected hybrid and
double-hybrid functionals for computing VEEs of local, charge
transfer, and Rydberg states using the original parametrization
(69% HF exchange) are shown in Table 1. We first comment
on the performance of the local excitations in the Tozer
benchmark set (ref 52) and contrast the results with our
previous study, in which the Thiel benchmark set (ref 62)
consisting of only local excitations was used. Subsequently, we
examine the results of difference unprojected and projected
functionals for computing charge transfer and Rydberg states,
which have not previously been explored using difference
methods. Results using a difference formalism are compared to
TDDHDFT results with the same functional.
The results shown in column 3 of Table 1, which detail the

local excitations of the Tozer benchmark, are broadly in
agreement with the results using the Thiel benchmark in
column 6, with decreasing mean error and standard deviation
with the number of terms in the functional.27 In terms of
standard deviations, all methods gave slightly better results in
the Tozer benchmark than the Thiel benchmark, improving by
0.09−0.26 eV depending on the number of terms included in
the functional. ΔDFT gave the largest improvement in
standard deviation between benchmarks by 0.26 eV, although
it still performed worse than either of the two MP2 corrected
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methods. As was observed in the Thiel test set, the Tozer test
set also revealed Δ-Proj-DFT gave a worse standard deviation
than the unprojected ΔDFT, indicating that without MP2
correlation, projection should not be used with ΔDFT results.
In terms of mean error, the Tozer benchmark corroborated the
findings using the Thiel benchmark that difference methods
systematically underestimate VEEs. MP2 corrected methods
give improved mean errors in the Tozer benchmark, while the
reference functionals give worse mean errors. As a result, the
Tozer benchmark gives the expected order of improvement in
mean error with the number of terms in the functional. The
fact that functionals without MP2 correlation give worse
results is likely a result of the larger standard deviation so that
the anomalously low mean error of Δ-Proj-DFT in the Thiel
benchmark (−0.04 eV) was a consequence of sign cancellation.
Despite the fact that both the Tozer and the Thiel benchmark
sets showed projection increased the standard deviation of
ΔDFT, both benchmarks showed projection reduced the mean
error, even though the mean error of Δ-Proj-DFT was
inconsistent between benchmarks. In comparison to the
TDDFT results (Table 2), the DFT difference methods result
in larger standard deviations than those obtained using
TDDFT except for TD-DSDPBEP86, which surprisingly had
greater standard deviation that any of the lower-rung density
functionals (TD-PBE standard deviation is 0.27 eV, TD-
B3LYP is 0.26 eV, TD-CAM-B3LYP is 0.27 eV, and TD-
DSDPBEP86 is 0.43 eV). The performance of TDDHDFT in
terms of standard deviation was almost identical to Δ-Proj-
DH-DFT and yet better than unprojected ΔDH-DFT. While
the mean error of ΔDFT is larger than any of the functionals
tested using TDDFT, Δ-Proj-DFT and ΔDH-DFT give similar
mean errors to TD-PBE (−0.31 eV), while Δ-Proj-DH-DFT
gives a mean error similar to TD-B3LYP (−0.15 eV) and TD-
DSDPBEP86 (−0.19 eV) for local excitations. The com-
petitiveness of TDDFT with difference methods is perhaps
unsurprising as TDDFT is known to perform well for local
excitations.

We now turn to discuss the Rydberg and charge transfer
excitations which were not included in the Thiel benchmark
set, and so it is not possible to evaluate results from the Tozer
benchmark in the context of previous results. A key finding of
ref 52 is that additional HF exchange improves the
performance of all excitations in linear-response TDDFT,
particularly for Rydberg and charge transfer states, and so the
high HF exchange of double-hybrid functionals is likely to give
good performance in difference methods. All difference
methods (Table 1, column 4) give results for charge transfer
excitations that are better than TD-PBE, TD-B3LYP, and TD-
DSDPBEP86 in terms of both mean error and standard
deviation. Only unprojected methods (with or without the
MP2 correction) are able to approach the standard deviation
of TD-CAM-B3LYP, although TD-CAM-B3LYP has a much
larger mean error. The standard deviations and mean errors of
charge transfer states show unprojected methods give better
results than projected methods, regardless of whether MP2
correlation is included in the functional. Using difference
methods to compute VEEs of Rydberg states, all methods gave
better mean errors than TD-CAM-B3LYP or TD-
DSDPBEP86, with the number of terms in the functional
correlating with a decrease in the mean error. However,
difference methods gave a larger standard deviation than
linear-response approaches, with projection diminishing the
performance of hybrid and double-hybrid functionals. Based
on these findings, while projection improves the performance
of difference methods for studying local excitations, for charge
transfer and Rydberg excitations, the use of projection can lead
to reduced accuracy and/or precision. As a result, we seek to
understand the origin of the failure of projection when applied
to Rydberg and charge transfer states and whether the
performance can be improved by alternative parametrizations.
Effect of Exact Exchange Parameter on Δ-Proj-DH-

DFT Vertical Excitation Energies. In this section, we seek to
establish the role of the value of ax in tuning the performance

Table 1. Mean Error (ME), Mean Absolute Error (MAE),
and Standard Deviation (SD) in eV for Vertical Excitation
Energies to Local, Charge Transfer, and Rydberg Electronic
States Compared to Benchmark Values in Refs 52 and 62,
Computed Using Δ-Proj-DSDPBEP86 and Underlying
Methods

type of excitation

this work (Tozer)
ref 27
(Thiel)

method/functional local
charge
transfer Rydberg local

Δ-Proj-DSDPBEP86 ME −0.19 −0.66 −0.16 −0.29
MAE 0.37 0.75 0.51 0.58
SD 0.44 0.57 0.61 0.53

Δ-DSDPBEP86 ME −0.31 −0.31 −0.24 −0.40
MAE 0.47 0.52 0.33 1.09
SD 0.53 0.44 0.37 0.66

Δ-Proj-PBEP86a ME −0.35 −1.02 −0.27 −0.04
MAE 0.82 1.12 1.14 0.69
SD 1.07 0.67 1.37 1.15

Δ-PBEP86a ME −0.50 −0.35 −0.35 −0.17
MAE 0.67 0.47 0.53 0.94
SD 0.61 0.46 0.60 0.86

aMethods use nonstandard 69% exact exchange.

Table 2. Mean Error (ME), Mean Absolute Error (MAE),
and Standard Deviation (SD) in eV for Vertical Excitation
Energies to Local, Charge Transfer, and Rydberg Electronic
States Compared to Benchmark Values in Ref 52,
Computed Using Time-Dependent Density Functional
Theory with Different Functionals

type of excitation

method/functional local charge transfer Rydberg

TD-DSDPBEP86 ME −0.19 −1.52 −0.21
MAE 0.38 1.68 0.49
SD 0.43 1.42 0.54

TD-CAM-B3LYPa ME 0.02 −0.81 −0.50
MAE 0.20 0.27 0.50
SD 0.27 0.31 0.18

TD-B3LYPa ME −0.15 −1.35 −1.11
MAE 0.22 1.36 1.11
SD 0.26 0.86 0.23

TD-PBEa ME −0.31 −2.60 −1.84
MAE 0.33 2.60 1.84
SD 0.27 1.37 0.30

aResults from ref 52.
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of ΔDH-DFT methods for local, charge transfer, and Rydberg
excitations.
Local Excitations. The mean error and standard deviation

of local excitation VEEs as a function of HF exchange
percentage are shown in Figure 1, with numerical values

provided in Table S7. The results in Table 1, with the original
HF exchange parameter, are indicated by squares, while circles
indicate results with differing values of HF exchange ranging
between 0% and 100%. The mean error of Δ-Proj-DH-DFT,
shown in Figure 1a (red), does not change significantly
between 40% and 80%, with values between −0.31 eV and
−0.17 eV. At 60% and 70% Δ-Proj-DH-DFT is the best
performing functional in terms of mean error, although the
smallest Δ-Proj-DH-DFT mean error is actually obtained at
50% HF exchange (−0.17 eV). Therefore, the standard HF
exchange value of most double-hybrid functionals, which
typically lie between 50% and 70%, is likely to be a reasonable
choice for calculating local VEEs. At low amounts of HF
exchange, both projected and unprojected double-hybrid
methods rapidly degrade in performance and the hybrid
functionals become the best performing methods. Δ-Proj-DFT
(blue) is the best performing method at 50% HF exchange and
below. In fact, the global minimum mean error in terms of
functional and HF exchange percentage is Δ-Proj-DFT with
40% HF exchange, which gives a value of −0.11 eV. At 20%
HF exchange, Δ-Proj-DFT is competitive with the best
performing double-hybrid parametrization in terms of both
mean error and standard deviation. However, as will be
demonstrated below and is observed in TDDFT, the
performance of hybrid functionals is not transferable to charge
transfer and Rydberg VEEs.
The reason the double hybrids systematically fail with low

HF exchange contributions is a result of double counting static
correlation through both the DFT exchange and MP2
correlation parts, which has previously been highlighted by
Grimme.63 Additionally, recent findings by Santra and co-
workers have indicated that double-hybrid functionals para-
metrized with lower HF exchange, which results in a smaller
frontier orbital energy gap,64 may benefit from regularization,65

indicating that the reduced performance of double-hybrids
with low HF exchange is also in-part due to the numerical
consequences of the smaller orbital energy gap. The effect of
the HOMO−LUMO energy gap on the relative performance
of hybrid and double hybrid functionals is illustrated in Figure
2 for all excitation types, while Figures S3, S4, and S5 show the

same trend broken down by excitation type. At low amounts of
HF exchange the average frontier orbital energy gap rapidly
approaches zero (black line, left axis), resulting in the mean
error of both projected and unprojected double hybrid
functionals (green and red lines, respectively, right axis)
increasing to a greater extent than either unprojected or
projected hybrid functionals (black and blue respectively).
Using regularization at low amounts of exact exchange, in
which eq 14 is employed with λ = 1.45, changes the mean error
of Δ-Proj-DH-DFT to −0.41 eV from −1.05 eV, suggesting
the presence of small HOMO−LUMO gaps has an effect on
the methods performance.
At high amounts of HF exchange, the projected methods

drop off in performance, whether the projection is performed
on the hybrid or double-hybrid functional. At 80% HF
exchange and above, the unprojected ΔDH-DFT becomes the
best performing methodology, while at the same HF exchange
value, ΔDFT overtakes Δ-Proj-DFT in performance. One
reason for the failure of projection at high HF exchange values
is due to the fact that symmetry breaking is greater when more
HF exchange is included, potentially causing the Löwdin
annihilator to fail when spin polarization of electron pairs that
are not involved in the excitation occurs. When the analysis is
performed excluding states where the S

2
increases upon

annihilation (Figure S1), the projected methods are found to
improve slightly but not change the qualitative results when
including these ill-behaved states. The robustness of the
Löwdin annihilation operator to multiple spin contaminants in
both the Thiel and the Tozer benchmarks is somewhat
surprising, as it is known to lead to completely incorrect
behavior in the dissociation of linear H4.

66 However, while
annihilation of the (Sz + 1) contaminating state that leads to an
increase in S

2
is a clear indicator of failure of the projection,

it is also possible that even in cases where projection S
2
does

not increase, the contamination of unprojected higher-order
spin multiplicities may still adversely affect performance. As
demonstrated below for charge-transfer excitations, higher
order contamination can still pay a significant role even in
cases where S

2
does not increase upon annihilating the (S +

1) contaminating state. As a result, the reduced performance of
the projected methods at high HF exchange is a consequence

Figure 1. Mean error (a) and standard deviation (b) of local
excitation vertical excitation energies as a function of Hartree−Fock
exchange percentage for ΔPAV-DH-DFT (red), ΔDH-DFT (green),
ΔPAV-DFT (blue), and ΔDFT (black) compared to benchmark
values. Squares show the results at 69% Hartree−Fock exchange.

Figure 2. Role of exact exchange in controlling the average excited
state HOMO−LUMO energy difference (black squares, left axis) and
the correlation between mean error (right axis) in ΔPAV-DH-DFT
(red), ΔDH-DFT (green), ΔPAV-DFT (blue), and ΔDFT (black).
Graph shows results for all excitation types (local, charge transfer, and
Rydberg).
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of the limitations of the particular form of the projector used
rather than projection generally.
The trend in standard deviation (Figure 1b) follows almost

exactly the same trends as the mean error, with MP2
correlation corrected functionals performing worse at low
HF exchange percentage and projected functionals performing
worse at high HF exchange percentages. All four methods are,
at some HF exchange percentage, the best performing method
in terms of standard deviation. Interestingly, despite being the
better performing method in terms of mean error, Δ-Proj-DFT
has significantly worse standard deviation than ΔDFT at all but
low HF exchange percentages. The lowest standard deviation
of Δ-Proj-DH-DFT is achieved when the HF exchange is at
69%, indicating the default parameters are the most suitable for
calculating VEEs of local excitations. As a result, the
combination of low mean error and standard deviation
indicates that Δ-Proj-DH-DFT is the functional that will
deliver the most accurate and precise results.
Charge Transfer Excitations. In this section we discuss the

performance of Δ-Proj-DH-DFT in describing charge transfer
excitations as a function of HF exchange (Figure 3). In terms

of mean error, the best performing functional is unprojected
ΔDH-DFT (green) at 80% exact exchange, which gives a value
of −0.01 eV (Figure 3a). The mean error of unprojected
ΔDH-DFT does not change significantly from 80 to 100% HF
exchange, and in fact at 90% the VEEs are slightly
overestimated in contrast to the general trend which
underestimates VEEs. At low HF exchange values, the poor
performance of MP2 corrected methods that was apparent in
the local excitations is also present in charge transfer
excitations, causing the hybrid functionals to become the
better performing functionals between 0% and 60% HF
exchange. Below 60% HF exchange, projection improves the
VEE of charge transfer excitations, while at 60% HF exchange
and above, projection gives worse performance as was also
observed for local excitations. While the performance of Δ-
Proj-DFT (blue) diminishes rapidly at 60% exact exchange and
above, Δ-Proj-DH-DFT (red) reaches a minimum mean error
of −0.59 eV at 80% HF exchange before performance
diminishes. At around 70% HF exchange, the performance of
hybrid and double-hybrid functionals cross so that at 69% HF
exchange (squares) used in the standard parametrization,
ΔDH-DFT gives a slightly smaller mean error than ΔDFT.
In terms of standard deviation (Figure 3b), projection does

not result in a significant change in performance below 70%

HF exchange. Above 70% HF exchange, the projected hybrid
functional (blue) standard deviation rapidly deteriorates, while
the projected double-hybrid (red) performance is slightly
worse than the unprojected functionals. For both projected
and unprojected double-hybrid functionals, the standard
deviation is minimized with 80% HF exchange, while for
hybrid functionals, the best standard deviation is at 70%. As for
local excitations, diminished performance of projection
methods at high HF exchange is partly due to the limitations
of the Löwdin annihilation operator used as a projector in this
work. In order to establish the extent to which the projector
choice affects the functional performance, the analysis was
recomputed excluding excitations to states in which S

2

increased upon projection (Figure 4). At 70% HF exchange,

one data point was removed, at 80%, five data points were
removed, while at 90% seven data points were removed, and at
100% eight data points were removed. As shown in Figure 4a,
both the projected hybrid and double-hybrid mean error and
standard deviation improve at 70−100% once the anomalous
data points are removed. However, even removing the
anomalous data points, projection still resulted in larger
mean error at high HF exchange.
To further assess if the increased mean error upon

projection at high exact exchange is a result of higher-order
contaminating states that cannot be projected by the Löwdin
annihilator, even when the value of S

2
does not increase

upon projection, Table 3 shows the energy change as a result
of increasing numbers of projected spin states on the
unrestricted Hartree−Fock charge-transfer excited state
energy. It is expected that, as higher spin states generally
contribute less to contamination of symmetry-broken states,
the energy change should decrease with each term in eq 4 as
higher spin states are projected, i.e., the magnitude of the
values should decrease across the row from column 3 to
column 6 of Table 3. Indicated in the final column of Table 3
is the percentage exact exchange at which the excited PBE
calculation showed an increase in the value of S

2
upon

annihilation of the triplet state. It is expected that states for
which S

2
increases at some amount of exact exchange would

show larger energy changes when higher spin states are
projected, than states for which S

2
never increases upon

projection. Analyzing Table 3, it can be seen that states for

Figure 3. Mean error (a) and standard deviation (b) of charge
transfer vertical excitation energies as a function of Hartree−Fock
exchange percentage for ΔPAV-DH-DFT (red), ΔDH-DFT (green),
ΔPAV-DFT (blue), and ΔDFT (black) compared to benchmark
values. Squares show the results at 69% Hartree−Fock exchange.

Figure 4. Mean error (a) and standard deviation (b) of charge
transfer vertical excitation energies as a function of Hartree−Fock
exchange percentage for ΔPAV-DH-DFT (red), ΔDH-DFT (green),
ΔPAV-DFT (blue), and ΔDFT (black) compared to benchmark
values, without data in which S2

of the reference increases upon
projection. Squares show the results at 69% Hartree−Fock exchange.
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which S
2
increased for some amount of Hartree−Fock

exchange in the projected DFT calculations displayed greater
energy change upon projection of any contaminating spin state
than states for which S

2
always decreased. For example, S

2

always decreases upon triplet annihilation of the dipeptide
n1 2* state, which shows smaller energy change upon

projection than in the π1 → π2 state, for which S
2
increases at

80% and above. However, even for states where S
2
decreases

regardless of the amount of exact exchange, the energy change
upon annihilation of the (S + 2) contaminating state (Table 3,
column 4) is comparable to the energy change upon
annihilation of the (S + 1) contaminating state (Table 3,
column 3). Using the dipeptide n1 2* as an example again,
annihilation of the (S + 1) state changes the energy by −14.66
kcal mol−1, while further projecting the (S + 2) state increases
the energy by 10.23 kcal mol−1 over the (S + 1) annihilated
state. The large energy changes upon annihilation of both (S +
1) and (S + 2) demonstrate the large role these two states play
in the contamination of the charge transfer excited states.
Annihilation of the (S + 3) state (Table 3, column 5) has little
effect on the energy for all but the most contaminated charge
transfer states, e.g., DMABN, while full projection reveals that
contamination beyond the (S + 3) state is small for all states
(Table 3, column 6). Although it is not possible to directly
compare the results in Table 3 which use a symmetry broken
HF determinant instead of PBE like the results in Figure 4, it is
apparent that even in cases where S

2
does not increase upon

annihilation of the (S + 1) state, it is still possible that the (S +
2) state can play a large role. The use of DFT generally reduces
the effect of spin contamination and so will decrease the
importance of annihilating (S + 2) and higher states. However,
the findings illustrated by Figure 4 and Table 3 imply that

improved performance of Δ-Proj-DH-DFT requires use of a
more general projector that can recouple arbitrary numbers of
symmetry broken electron spin pairs.

Rydberg Excitations. Rydberg excitations are known to be
challenging for TDDFT owing to the diffuse nature of the
virtual orbitals which accept an electron and are not properly
described due to the incorrect asymptotic behavior of the
exchange−correlation contribution to the density.67 Use of
exact HF exchange has been found to significantly improve the
prediction of VEEs in TDDFT calculations, although there has
been little investigation of difference approaches for studying
Rydberg states. Figure 5 shows the performance of the four
difference methods in describing VEE to Rydberg states.
Examining the mean error with respect to HF exchange in
Figure 5, it can be seen that Rydberg states show a different

Table 3. Change in the Difference Projected Hartree−Fock Vertical Excitation Energy of Charge Transfer Excitations as a
Function of Number of Annihilated Spin States in kcal mol−1 a

energy change on annihilation of indicated spin states (kcal mol−1)

molecule excitation E A S
UHF

( 1)+ E A S
A S S

( 1)
( 1, 2)

+
+ + E A S S

A S S S
( 1, 2)
( 1, 2, 3)

+ +
+ + + E A S S S

A S S
( 1, 2, 3)
( 1 ... )

+ + +
+ +

% exact exchange at which excited state PBE

S2

increases

dipeptide n1 → π2* −14.66 10.23 −0.18 −0.39

1 2* −57.31 45.30 −2.56 −0.13 80, 90, 100

β-dipeptide n1 2* −15.12 10.53 −0.18 −0.09

1 2* −62.12 49.48 −3.12 −0.13 90, 100

PP 2 1B2 −12.84 19.86 −1.05 −0.06 90, 100
3 1A1 −45.42 37.25 −3.43 −0.06 80, 90, 100

DMABN 1A −51.74 56.77 −7.31 0.18 70, 80, 90, 100
HCL 1Π −2.67 6.70 −0.04 −0.04

tripeptide 1 2* −9.85 16.77 −0.76 −0.07 100

2 3* −57.48 45.56 −2.72 −0.13 80, 90, 100

π1 → π3* −66.01 52.72 −3.37 −0.13 80, 90, 100

n1 3* −16.41 11.31 −0.19 −0.08

n2 3* −16.23 11.30 −0.21 −0.06

n1 2* −16.59 11.55 −0.22 −0.53

aThe final column shows the exact exchange percentages at which S2
of the excited state PBE calculation increased upon triplet annihilation

A S( 1)+ .

Figure 5. Mean error (a) and standard deviation (b) of Rydberg
vertical excitation energies as a function of Hartree−Fock exchange
percentage for ΔPAV-DH-DFT (red), ΔDH-DFT (green), ΔPAV-
DFT (blue), and ΔDFT (black) compared to benchmark values,
without data in which S2

of the reference increases upon projection.
Squares show the results at 69% Hartree−Fock exchange.
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trend to local and charge transfer excitations, with little
difference between projected and unprojected functionals, or
between hybrid and double-hybrid functionals, and a linear
correlation between VEE and HF exchange. As a result, all
functionals cross the zero mean error line between 70% and
80% HF exchange, with the MP2 corrected functionals
crossing at slightly lower values (72.2% for Δ-Proj-DH-DFT
and 72.9% for ΔDH-DFT) than the hybrid functionals (75.5%
for Δ-Proj-DFT and 75.0% for ΔDFT). Due to the similar
performance of all functionals in terms of mean error, the best
performing functional for computing Rydberg excitations can
be selected using the lowest standard deviation at the point
that the mean error crosses zero (Figure 5b). The performance
of Δ-Proj-DFT is poor at all amount of HF exchange, while Δ-
Proj-DH-DFT only performs well at high HF exchange. MP2
correlation significantly improves the standard deviation of
projected functionals, while unprojected functionals only give a
noticeable difference in performance above 60% exact
exchange. The best standard deviation is achieved at 70%
exact exchange for unprojected methods and at 80% exact
exchange for projected methods. However, even though above
80% exact exchange, Δ-Proj-DH-DFT gives the best results,
which is the opposite behavior to charge transfer and local
excitations, and increasing HF exchange causes the perform-
ance of all functionals to diminish.
Overall Performance. The performance for all three

excitation types in the Tozer benchmark is shown in Figure
6. The trend in mean error reflects that of local and charge

transfer excitations, with projection giving better performance
at low HF exchange, while the use of perturbation theory
improves the result at high HF exchange. At 60−70% HF
exchange, the crossover between the two effects leads to a very
similar mean error in all four methods tested. Increasing the
HF exchange to around 80% in unprojected double-hybrid
density functional theory will lead to the lowest mean error,
and the unprojected double-hybrid is the only method that
crosses the zero mean error axis. The mean error for the
projected double-hybrid functional is also minimized at 80%
HF exchange. For unprojected hybrid functionals, the best HF
exchange parameter is 100%, although this value is a
consequence of error cancellation where Rydberg excitations
overestimate the VEE, while local and charge transfer
excitations underestimate the VEE. Projected hybrid func-
tionals are the best choice for low HF exchange, particularly at
the 15−30% range of many common hybrid functionals.

However, even projected hybrid functionals would benefit
from a larger amount HF exchange, around 60%, in order to
minimize error in the calculation of Rydberg VEEs.
Although it is possible to tune all four functionals to obtain

mean errors of −0.5 eV below the benchmark value, the
standard deviation gives good reason to use double-hybrid
functionals over hybrid functionals. Figure 6b shows that the
minimum standard deviation for double-hybrid functionals is
at 70% HF exchange, while for hybrid functionals, the lowest
standard deviation is at 60%. However, for unprojected hybrid
functionals, the lowest mean error is at 100%, where all four
functionals show increased standard deviation. For the
projected hybrid functional, even though the lowest mean
error and standard deviation coincide at the same HF
exchange, the standard deviation is twice as large as for all
three other methods. The double-hybrid functionals give
similar mean error and standard deviation at both 70% and
80% HF exchange, indicating the advantage of double hybrid
functionals in providing low mean error and standard deviation
at the same value of HF exchange. For ΔDH-DFT, the
performance limit is a mean error of 0 eV with a standard
deviation of 0.5 eV. While projection gives better performance
for local excitations, the failures for charge transfer states at
high HF exchange mean that overall it does not improve the
performance. However, as the failure of projection appears to
be a result of multiple contaminating states at high HF
exchange which cannot be accounted for with the Löwdin
annihilator, development of alternative projection formalisms
may further improve the performance and yield better results
than the unprojected approach across all excitation types.
The failure of the Löwdin projector at high amount of exact

exchange can be emphasized by examination of the average
S

2
for the excited state calculation. With the standard

parametrization (69%) where Δ-Proj-DH-DFT performs best,
the average S

2
is 1.04 for local excited states, 1.07 for charge

transfer states, and 1.02 for Rydberg states. These results
indicate that regardless of the character of the excited state, all
excitations could be characterized as breaking a single electron
pair where the Löwdin projector should work well, with very
little spin polarization of the remaining N − 2 electrons in
response to the excitation. Increasing the exact exchange to
100% gives average S

2
of 1.18 for local excitations, 1.22 for

charge transfer, and 1.08 for Rydberg states. As a result, it is
apparent that higher amounts of exact exchange lead to greater
spin contamination, although it appears that Rydberg states are
less affected, suggesting that local and charge transfer states are
most likely to lead to failure of the Löwdin projector.

■ CONCLUSIONS
In this work we performed the first systematic investigation of
the performance of difference approaches for studying different
types of electronic excitations (local, charger transfer, and
Rydberg). In particular, we examined how hybrid and double-
hybrid functionals performed, along with the importance of
including projection to account for strong correlation from
breaking an electron pair in the excitation. Furthermore, given
the known importance of using exact HF exchange for properly
describing charge transfer and Rydberg excitations, we
examined the role of the HF exchange parameter on
controlling the mean error and standard deviation. Overall,
the local excitation VEEs corroborated the findings from our

Figure 6. Mean error (a) and standard deviation (b) of all classes of
vertical excitation energies as a function of Hartree−Fock exchange
percentage for ΔPAV-DH-DFT (red), ΔDH-DFT (green), ΔPAV-
DFT (blue), and ΔDFT (black) compared to benchmark values.
Squares show the results at 69% Hartree−Fock exchange.
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previous study using a different test set, which demonstrated
that projected double-hybrid functionals give the smallest
standard deviation. However, in the previous work, the default
HF exchange of the double-hybrid functional was used for all
functionals tested. As a result, the poor performance of hybrid
functionals may have been a reflection of the poor para-
metrization used.
We identified that for local excitations, projected hybrid

functionals provide a similar performance to projected double-
hybrid functionals and the HF exchange parameter is
parametrized differently (70% for double hybrids and 20%
for hybrids). For charge-transfer and Rydberg VEEs, hybrid
functionals with 20% HF exchange show worse performance
compared to double-hybrid functionals with larger amounts of
HF exchange. Increasing HF exchange for projected hybrid
functionals can give better mean errors and standard deviation,
although the standard deviation is higher than double-hybrid
functionals, especially for Rydberg excitations. As a result,
while projected hybrid functionals with around 20% are
suitable for local excitations and reasonable performance can
be obtained with around 60% HF exchange for Rydberg and
charge transfer states, only double-hybrid functionals provide
good performance in terms of precision and accuracy across all
three excitation types for a fixed amount of HF exchange
(between 70% and 80%).
When examining how different terms in the functional

change the performance as a function of HF exchange, two
clear trends were observed. First, at low amounts of HF
exchange, MP2 correlation significantly degrades the perform-
ance of local and charge transfer VEEs. The poor double-
hybrid performance with low amounts of exact exchange is a
result of double counting of strong correlation, as the low
amount of exact exchange implies a high amount of DFT
exchange, which accounts for static correlation through
inclusion of an exchange hole. In addition, low HF exchange
contribution reduces the frontier orbital energy gap causing
numerical issues in the correlation term, which may be partially
fixed by regularization. Second, projection degrades the
performance of functionals at high amounts of HF exchange
due to the increased contributions of higher-order contaminat-
ing spin states which the Löwdin projector is unable to account
for. Implementation of the method using alternative forms of
the projector that can recouple arbitrary numbers of electron
pairs may improve the performance and extend the
applicability of the model to multielectron excitations and
open-shell ground states. Future work should also involve
developing transition dipole moments to enable spectral
simulation, and work in the group is currently progressing in
this direction.
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