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ABSTRACT: The nonorthogonal active space decomposition (NO-ASD) methodology is
proposed for describing systems containing multiple correlation mechanisms. NO-ASD partitions
the wave function by a correlation mechanism, such that the interactions between different
correlation mechanisms are treated with an effective Hamiltonian approach, while interactions
between correlated orbitals in the same correlation mechanism are treated explicitly. As a result,
the determinant expansion scales polynomially with the number of correlation mechanisms rather
than exponentially, which significantly reduces the factorial scaling associated with the size of the
correlated orbital space. Despite the nonorthogonal framework of NO-ASD, the approach can take
advantage of computational efficient matrix element evaluation when performing nonorthogonal
coupling of orthogonal determinant expansions. In this work, we introduce and examine the NO-
ASD approach in comparison to complete active space methods to establish how the NO-ASD
approach reduces the problem dimensionality and the extent to which it affects the amount of
correlation energy recovered. Calculations are performed on ozone, nickel−acetylene, and isomers of μ-oxo dicopper ammonia.

Strong correlation, otherwise known as a non-dynamical or
static correlation, arises when an electronic state does not

have a well-defined set of occupied orbitals. As a result, the
wave function is an entangled superposition of electron
configurations, with permanent interactions between electrons
at fractionally occupied sites that occur over long distances. A
challenge in the development of electronic structure methods
that are able to account for strong correlation is the
identification of the relevant correlated orbital space {|ψi⟩}.1

Once the correct orbital subspace has been identified,
accounting for the interactions between all N sites can be
performed numerically by solving for the wave function in the
Hilbert space constructed as the tensor product of {|ψi⟩}

= |
i

N

i (1)

which leads to !N( ) scaling in the dimensionality of . As a
result of the factorial scaling with the number of strongly
correlated sites, it is desirable to minimize the value of N.
Through occupied−occupied (oo) and virtual−virtual (vv)
orbital transformations, it is possible to minimize the expansion
in eq 1 by “concentrating” the strong correlation in as small of
a subset of orbitals as possible. Löwdin was the first to
recognize that the smallest possible orbital subset that recovers
the strong correlation is the fractionally occupied natural
orbitals (NOs) of the full configuration interaction (FCI)
density.2 To establish the correct subset of orbitals without
resorting to their explicit calculation, Pulay and co-workers
developed the unrestricted natural orbital (UNO) approach, in
which the fractionally occupied NOs of symmetry-broken self-
consistent field density matrices are used.3,4 While it is known

that symmetry breaking in mean-field wave functions is a
marker of strong correlation, only recently has it been possible
to demonstrate the validity of the UNO approach by
comparison to the very large active spaces afforded by the
density matrix renormalization group (DMRG).5

Despite the success of the UNO approach, difficulties are
encountered in the presence of multiple correlation mecha-
nisms (MCMs). MCMs can be defined as situations in which
one or more strongly correlated occupied orbitals has multiple
correlation partners.4,5 An alternative definition of MCMs is
that all possible reference self-consistent field (SCF) solutions
have fractionally occupied NOs that describe only a subspace
of the FCI NOs, such that any determinant expansion in one of
the SCF solution NOs is unable to span the strongly correlated
subspace of the FCI Hilbert space. As a result, strong
correlations in wave functions with MCMs cannot be treated
by projection-after-variation methods or standard UNO
approaches, because SCF symmetry breaking cannot fully
reveal the set of strongly correlated orbitals. Early in the
development of the UNO method, it was noted that multiple
correlation mechanisms are signaled by the presence of several
nearly degenerate SCF solutions. To resolve this issue in the
UNO framework, the NOs of the averaged density matrices
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were used.5 While the averaged-density UNO method enables
the identification of the minimum required subset of orbitals to
describe the strong correlation, the approach still has factorial
scaling in the number of correlated orbitals according to eq 1.
A question that arises is whether the partitioning of the wave
function indicated by different SCF solutions can be utilized in
a different way that avoids the factorial scaling in the correlated
orbital space. In other words, can interactions between
correlated mechanisms be treated differently to interactions
within correlation mechanisms in such a way that the method
scales polynomially with the number of correlation mecha-
nisms?

In this paper, we propose to couple together separate UNO
expansions through nonorthogonal Hamiltonian blocks, which
can dramatically reduce the scaling of the required wave
function expansion. The proposed nonorthogonal active space
decomposition (NO-ASD) approach is related to several other
methods, including active space decomposition,6 block-
localized wave function,7 molecular orbital−valence bond
theory,8 nonorthogonal configuration interaction with multi-
configurational fragment wave functions representing the
diabatic states (NOCI-F),9 and constrained density functional
theory configuration interaction (CDFTCI),10 in that fragment
wave functions are constructed and used to partition a
configuration interaction (CI) active space. However, the
proposed approach differs as the fragments are defined entirely
self-consistently rather than using arbitrary constraints or
spatial partitioning of the molecule. Instead of solving for the
wave function in the Hilbert space defined by eq 1, the wave
function is determined in the Hilbert space formed from the
direct sum of the separate UNO expansions on each SCF
solution

= |( )
I

N

i

N

i
IICM

(2)

where the index I indicates the correlation mechanism. As a
result, the formulation in eq 2 properly treats entanglement
between orbitals within each correlation mechanism but gives
an unentangled superposition of different correlation mecha-
nisms. However, because each correlation mechanism is
generally constructed from a set of orbitals that are
nonorthogonal to the set of orbitals in other correlation
mechanisms, orbitals in each correlation mechanism can be

expressed as disconnected single excitation cluster operators
acting to infinite order in the basis of a common set of
orthogonal orbitals.11 As a result, entanglement between
orbitals in different correlation mechanisms that is not formally
included in the determinant expansion is implicitly wrapped in.
Therefore, NO-ASD recovers entanglement through an
effective Hamiltonian approach, in contrast to explicit tensor
decomposition.12 It is important to note that the full tensor
product in eq 2 may produce larger determinant expansions
than necessary, and these additional determinants may in fact
lead to greater errors. As demonstrated in the context of the
multistate density functional theory (DFT), a minimal active
space with half projection of open-shell determinants is all that
should be required.13−15 However, here, we opt for complete
active space (CAS) expansions to ensure the connection with
the active space decomposition philosophy embodied by eq 2
and to enable direct comparison to CAS wave functions.

The workflow of performing the NO-ASD scheme is as
follows: First, the relevant set of SCF solutions must be
identified. In this regard, UNO and NO-ASD approaches are
equivalent in the extent to which they are black boxes. More
generally, understanding and identifying relevant SCF
solutions is still a challenge and an active area of research,16,17

with several local SCF optimization techniques and global
searching algorithms having been developed in recent
years.18−24 Typically, the nearly degenerate low-energy SCF
solutions are the relevant set, which simplifies solution
identification. Subsequently, from the identified SCF solutions,
a determinant CAS expansion is constructed in the fractionally
occupied set of NOs for each SCF solution. The resulting
orthogonal determinant expansions are then coupled using
nonorthogonal configuration interaction (NOCI) (Figure 1).
In this work, we investigate the NO-ASD-CI method, where
the molecular orbitals are fixed and the CI coefficients are
linearly optimized. Nonorthogonal Hamiltonian matrix ele-
ments can be computed according to the generalized Slater−
Condon rules,25,26 and the energy can be determined by
solving the generalized eigenvalue problem

=HD NDE (3)

where H is the Hamiltonian matrix, N is the Slater determinant
or configuration state function overlap matrix, and D and E are

Figure 1. Schematic for formation of the nonorthogonal active space decomposition scheme Hamiltonian ĤASD and overlap NASD indicating
diagonal block orthogonal and off-diagonal block nonorthogonal components.
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the eigenvectors and eigenvalues, respectively. The NO-ASD
wave function for state A is then written as

= | + | + |

+ | +
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(4)

where u, v, x, ... indicate active space orbitals that are occupied
in the reference determinant |I 0 , x, y, z, ... are active space
orbitals that are virtual in the reference determinant, and {D}
values are the CI coefficients. Evaluation in the atomic orbital
(AO) basis yields a maximum N( )basis

4 scaling for each matrix
element, although in practice diagonal blocks can be computed
using standard orthogonal CI techniques, and matrix elements
in off-diagonal nonorthogonal blocks only need to be evaluated
if the number of occupied orbitals with zero overlap between
determinants is less than or equal to 2, where the overlap can
be evaluated at N( )elec

3 cost.
Given the nature of the determinant expansion in NO-ASD,

a more effective algorithm is to evaluate matrix elements in the
nonorthogonal blocks in the molecular orbital (MO) basis,
owing to the fact that only a single integral transformation at

N( )basis
5 cost is required for each pair of correlation

mechanisms included in the calculation. The subsequent
contractions required to compute matrix elements are then
reduced to N( )occ

4 . The rules for matrix elements in the MO
basis are as follows:
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where i, j, k, ... are occupied orbital indices, p, q, r, ... are indices
of biorthogonalized orbitals with zero overlap between
determinants I and J, dim(ker(IJM)) indicates the size of the
null space (number of biorthogonalized orbitals with zero
overlap) of the oo overlap matrix IJM, which is computed using
the occupied molecular orbital coefficients Cocc and atomic
orbital overlap matrix S as

= †M C S CIJ I J
occ occ (6)

IJÑ is the reduced overlap, computed from the pseudodeter-
minant of IJM, IJM+ indicates the Moore−Penrose pseudoin-
verse of IJM, hij and ⟨ij||kl⟩ are one-electron and antisymme-
trized two-electron integrals in the MO basis, respectively, and
the matrices U and V are computed from singular value
decomposition of IJM

= †M U VIJ IJ (7)

Very recent work by Burton invoking a nonorthogonal
generalized Wick’s theorem has been shown to further reduce
the scaling to be independent of the system size entirely.27,28

Although the generalized Wick’s theorem approach requires
storage of a large number of sets of transformed two-electron
integrals and, therefore, has a greater memory cost than the
MO basis calculation presented, the reduction in the cost of
subsequently evaluating each matrix element from N( )occ

4 to
(1) has the potential to significantly extend the size of NO-

ASD determinant expansions.
A well-known issue with the selection of the active space

based on occupation number thresholds is the presence of
discontinuities in the potential energy surface (PES). In fact,
these discontinuities are present in all multiconfigurational
calculations.3,29 To minimize threshold-based discontinuities,
the same approach could be used in NO-ASD as in UNO, in
which natural orbitals are computed at the geometry that gives
the largest active space and then the identified active space
used across the entire PES. Alternatively, natural orbitals of
half-projected determinants may also ameliorate discontinu-
ities.30 However, natural orbitals of individual symmetry-
broken SCF solutions typically display greater fractional
occupation (lower levels of intermediate correlation) than
the averaged density, and therefore, NO-ASD is less likely to
suffer from the choice of threshold than averaged density UNO
methods (section S3 of the Supporting Information). A related
issue that leads to discontinuities is the disappearance of SCF
solutions as the geometry changes, which is fundamentally
related to changes in the correlation mechanisms that are
acting at a given geometry. Because the relevant SCF solutions
are the same in UNO and NO-ASD, both methods are likely to
be affected by disappearing solutions to the same extent.
However, using holomorphic solutions31,32 or coupled-
determinant orbital reoptimization33 may provide a solution
to resolve the effect of vanishing solutions.

In the remainder of this work, NO-ASD results are
compared to average-density UNO-CI and UNO-CAS results.
The goal is to establish the extent to which the decomposition
in eq 2 affects the performance with respect to results from
large active space complete active space self-consistent field
(CASSCF) and DMRG calculations. The systems studied are
the highly multireference ozone molecule and transition-metal-
containing species nickel−acetylene and ammonia μ-oxo
dicopper ammonia (geometries can be found in Tables S1−
S4 of the Supporting Information). The cc-PVTZ basis set was
used for ozone and nickel−acetylene calculations, and the cc-
PVDZ basis set was used for μ-oxo dicopper ammonia
calculations. The occupation number thresholds for NO-ASD
were 0.02−1.98 and 0.01−1.99 for ozone, 0.02−1.98 for
nickel−acetylene, and 0.02−1.98 for μ-oxo dicopper. The code
was implemented in a stand-alone in-house code that utilizes
the MQCPack library34 as well as interfacing with a modified
version of Gaussian 16.35
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We first consider the ozone system, in which two stable
unrestricted Hartree−Fock (UHF) solutions differing by 0.085
hartree describe the correlation mechanisms within the system
(labeled UHF 1 and UHF 2 in Table S5 of the Supporting
Information, which shows occupation numbers of NOs of all
methods discussed here). Both SCF solutions have two
fractionally occupied NOs (occupation numbers between
0.02 and 1.98), although UHF 2 has more diradical character
than UHF 1. As a result, the correlation mechanism described
in UHF 1 is n → π*, while UHF 2 shows σ → π* character
(Figure S1 of the Supporting Information). In contrast, the
NOs of large active space CASSCF calculations (12 electrons
in 9 orbitals) and DMRG calculations indicate that the
fractionally occupied NO space contains 7 and 9 orbitals,
respectively. As discussed by Pulay and co-workers,5 only two
of these fractional orbitals lie in the strong correlation regime,
while the remaining orbitals have occupation numbers close to
the closed shell limit and, therefore, can be considered as
intermediately correlated. Occupation numbers from the
averaged density of the two SCF solutions indicate four
fractionally occupied orbitals, where coupling of the two
correlation mechanisms results in doubling of the required
active space.

Figure 2 illustrates how the occupation numbers of the
different methods examined compare to DMRG, where more

positive (negative) occupation numbers for low (high) orbital
indices indicate a shift toward the closed shell and the highest
occupied molecular orbital (HOMO) is index 12, while the
lowest unoccupied molecular orbital (LUMO) is index 13. The
averaged density NO occupation numbers (orange cross) show
that orbitals 10 and 11 are the additional fractionally occupied
NOs because their value is similar to or less than the DMRG
occupation number. The resulting six electron in four orbital
active space can be treated through either using the complete
active space configuration interaction (CASCI)4 or CASSCF.3

Interestingly, the NO analysis of the CASCI (blue star) and
CASSCF (brown open square) densities suggests that there are
only three and two orbitals, respectively, in the correlated
orbital space. Changing the criteria for fractionally occupied

orbitals to occupation numbers between 0.003 and 1.997 to
capture additional intermediate correlation leads to an eight
electron in seven orbital active space (CASCI, cyan solid
circles; CASSCF, green solid triangles). Including these
additional orbitals gives occupation numbers that are much
closer to the DMRG and CASSCF using 12 electrons in 9
orbitals (purple solid square), with a seven orbital correlated
space. Using the 0.02−1.98 occupation number criteria for the
fractionally occupied orbitals leads to a NO-ASD(2e,2o;2e,2o)
active space (red open circles), i.e., a two electron in two
orbital expansion in the orbitals of UHF 1 and the same in the
orbitals of UHF 2. Using occupation number 0.01−1.99 as the
criteria leads to NO-ASD(4e,4o;2e,2o), with four orbitals from
UHF 1 in the correlated space (black open circles). Both the
NO-ASD calculations give NO occupation numbers that are
close to the CASCI(6,4) and CASSCF(6,4) results, with NO-
ASD(4e,4o;2e,2o) very closely reproducing the CASSCF(6,4)
results.

Table 1 shows how the number of Hamiltonian matrix
elements of each method correlates with the correlation energy

remaining, assuming that DMRG gives the exact result. Orbital
reoptimization of CAS six electron in four orbital active space
only reduces the energy by 2.6 kcal mol−1, although with the
eight electron in seven orbital active space, the difference was
28.2 kcal mol−1, suggesting that the NOs of intermediate
correlated orbitals change their shape to a greater extent than
the strongly correlated orbitals. Increasing the active space
from six electrons in four orbitals to eight electron in seven
orbitals increases the number of matrix elements from 102 to
106, with the correlation energy error decreasing by 49.4 kcal
mol−1 for fixed orbitals and 75.0 kcal mol−1 for reoptimized
orbitals. Increasing the active space to 12 electrons in 9 orbitals
leads to an order of magnitude increase in the number of
Hamiltonian matrix elements, while the correlation energy
error decreases by only 8.4 kcal mol−1 and remains 157.8 kcal
mol−1 above the full-valence active space DMRG calculation.
In comparison, the NO-ASD(2e,2o;2e,2o) method with only

Figure 2. Occupation numbers of valence natural orbitals in ozone
compared to a full-valence DMRG for different methods indicated in
the legend with the cc-pVTZ basis set.

Table 1. Number of Hamiltonian Matrix Elements and Error
in Correlation Energy with Respect to Full-Valence DMRG
Calculation for Different Methods in the Calculation of
Ozone Using the cc-pVTZ Basis Set

method
number of Hamiltonian matrix

elements
ΔE

(kcal mol−1)

DMRGa 6.189 × 1029 0.0
18e,32o
CASSCF 4.978 × 107 157.8
12e,9o
UNO-CASCIa 1.501 × 106 194.4
8e,7o (AVG)
UNO-CASSCFa 1.501 × 106 166.2
8e,7o (AVG)
UNO-CASCIa 256 243.8
6e,4o (AVG)
UNO-CASSCFa 256 241.2
6e,4o (AVG)
NO-ASD 64 242.4
2e,2o;2e,2o
NO-ASD 1600 233.6
4e,4o;2e,2o
aResults were from ref 5.
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64 Hamiltonian matrix elements gives results comparable to
CAS(6e,4o), which is has 4 times as many elements. When the
stricter criteria for determining fractional occupied orbitals are
used, NOASDC(4e,4o;2e,2o) reduces the correlation energy
error by 10.2 kcal mol−1, even though the number of matrix
elements increases just over 6-fold.

The second system investigated is nickel−acetylene, which
was identified by Keller and co-workers as possessing two
correlation mechanisms.5 The two correlation mechanisms in
nickel−acetylene are represented by two UHF solutions that
differ in energy by just 1.03 kcal mol−1 using the cc-PVTZ
basis set (Table S6 of the Supporting Information). The higher
energy solution (labeled UHF 1 in Table S6 of the Supporting
Information) involves the bonding and antibonding orbital pair
consisting of Ni dxy and acetylene πy* orbital fragments. The
UHF 2 correlation mechanism involves the interaction of
orbitals from UHF 1 with the Ni dz2 and Ni 3s orbitals (Figure
S2 of the Supporting Information). Figure 3 shows how the

occupation numbers of NOs differ from a DMRG(18e,33o)
calculation for the methods discussed in the remainder of this
paragraph. Orbital 21 is the HOMO orbital index, and orbital
22 is the LUMO orbital index. UHF 1 indicates a two electron
in two orbital correlated space, while UHF 2 indicates a four
electron in four orbital active space. The NO occupation
numbers of the DMRG calculation indicate that a 13 orbital
correlated space is required, although all but four of these
orbitals are in the intermediately correlated regime. The
averaged density from the two UHF solutions (orange crosses)
gives NO occupation numbers that suggest a four electron in
four orbital correlated space. Performing CASCI(4e,4o) with
the strongly correlated NOs of the average density matrix (blue
stars) leads to a density matrix with occupation numbers that
improve marginally on the UHF averaged density. Reoptimiz-
ing the orbitals in a CASSCF(4e,4o) calculation (green open
squares) significantly improves the density, giving much closer
agreement to DMRG in the occupation numbers of the four
strongly correlated NOs, although the intermediately corre-
lated orbitals are not identified and remain closed shell.
Capturing the intermediately correlated orbitals requires a 12
electron in 14 orbital calculation, using an occupation number
threshold of 0.001−1.999, in which there is no significant

difference in the NO occupation numbers, regardless of
whether fixed orbitals (cyan solid circles) or reoptimized
orbitals (purple solid squares) are used. NO-ASD(2e,2o;4e,4o)
suggested by the NO occupation numbers of the UHF
solutions (red open circles) gives a significant improvement
over the CASCI(4e,4o) calculation, indicating that the
additional two electron in two orbital active space in NO-
ASD replicates orbital reoptimization in CASSCF(4e,4o) but
does not capture intermediate correlated orbitals.

With the analysis of the size of the Hamiltonian with respect
to the error in the correlation energy (Table 2), as was done

above for ozone, it is apparent that the marginal increase in the
size of the Hamiltonian of NO-ASD(2e,2o;4e,4o) with respect
to CASCI(4e,4o) leads to an order of magnitude improvement
in the correlation energy error (−23.9 kcal mol−1) compared
to orbital reoptimization with CASSCF(4e,4o) (−2.7 kcal
mol−1). To analyze where NO-ASD(2e,2o;4e,4o) lies in the
hierarchy of increasing active space size, Table S7 of the
Supporting Information shows the energy of averaged density
UNO-CASCI with increasing active spaces. It can be seen that
the NO-ASD(2e,2o;4e,4o) energy is slightly better than UNO-
CASCI(8e,8o), despite comprising significantly fewer deter-
minants. Including all of the intermediate correlated orbitals
increases the size of the Hamiltonian by 1010 matrix elements,
and without orbital reoptimization still leaves 96.7 kcal mol−1

correlation energy error. The larger improvement in
correlation energy upon orbital reoptimization with larger
determinant expansions observed in ozone is also observed in
nickel−acetylene, reducing the error in correlation energy by
61.3 kcal mol−1, again indicating that the intermediate
correlated orbitals are more sensitive to orbital reoptimization
than the strongly correlated orbitals.

Lastly, transition metal compounds containing [Cu2O2]2+

are known to have high catalytic activity with biological
relevance.36 As a result of the variety of ways that copper(I)
can bind to oxygen, there are several different possible
structures that can exist in biological systems. Previous studies
have shown that [Cu2O2]2+ systems have significant multi-
reference character, and as a result, it is difficult to predict the
relative energies of the different structures.37−40 Here, we
examine the μ-oxo dicopper ammonia complex, and the
relative energies of the bis and per structures (Figure 4). The

Figure 3. Occupation numbers of valence natural orbitals in nickel−
acetylene compared to DMRG(18e,33o) for different methods
indicated in the legend with the cc-pVTZ basis set.

Table 2. Number of Hamiltonian Matrix Elements and Error
in Correlation Energy with Respect to Full-Valence DMRG
Calculation for Different Methods in the Calculation of
Nickel−Acetylene Using the cc-pVTZ Basis Set

methods number of Hamiltonian elements ΔE(kcal mol−1)

DMRGa 2.212 × 1030 0.0
18e,33o
CASSCF 8.132 × 1013 35.4
12e,14o
UNO-CASCIa 8.132 × 1013 96.7
12e,14o (AVG)
UNO-CASCIa 1296 188.3
4e,4o (AVG)
UNO-CASSCFa 1296 185.6
4e,4o (AVG)
NO-ASD 1600 164.4
2e,2o;4e,4o

aResults were from ref 5.
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multireference character of the molecular wave function
indicates that large computationally infeasible active spaces
are required. The two correlation mechanisms were
represented by UHF solutions that were separated by 0.1201
hartree in the bis geometry and by 0.1000 hartree in the per
geometry. The two correlation mechanisms both include
copper dxy orbitals interacting with oxygen px and py orbitals in
the first case and with oxygen pz in the second case (Figures S3
and S4 of the Supporting Information). Natural orbital
occupation numbers at the bis geometry are shown in Table
S8 of the Supporting Information, and natural orbital
occupation numbers at the per geometry are shown in Table
S9 of the Supporting Information.

Examining the average density NOs indicates an eight
electron in seven orbital active space at the bis geometry, while
at the per geometry, the indicated active space is six electrons
in five orbitals based on a threshold for strongly correlated
orbitals of 0.01−1.99 (the NO with occupation number of
0.00998 was also included at the bis geometry). The averaged
density active spaces lead to Hamiltonian matrices with 10 000
matrix elements for (6e,5o) and 1.501 × 106 matrix elements
for (8e,7o) (Table 3). For the NO-ASD calculation, a

(4e,4o;4e,4o) active space containing the Hamiltonian matrix
containing 5184 matrix elements was used, which is 52% of the
smaller (6e,5o) active space and <1% of the larger (8e,7o)
active space used with the average density NOs. Despite the
smaller size of the NO-ASD Hamiltonian, the absolute energy
for the bis isomer is energetically lower than that of the average
density CASCI(6e,5o) calculation by 7.3 kcal mol−1. One of
the strongest demonstrations for the performance of NO-ASD
is that the absolute energy for the per isomer it is lower than
the average density CASCI(6e,5o) and CASCI(8e,7o)
calculations by 4.2 and 4.0 kcal mol−1, respectively. Even the

bis CASCI(8e,7o) calculation is only 1.8 kcal mol−1 lower in
energy than the NO-ASD(4e,4o;4e,4) calculation, while orbital
reoptimization with CASSCF recovers a greater amount of
correlation energy by 5.7 and 33.4 kcal mol−1 for the (6e,5o)
and (8e,7o) active spaces, respectively. NO occupation
numbers of NO-ASD, CASCI, and CASSCF calculations all
indicate four strongly correlated orbitals.

With the examination of the difference in energy between
the two geometries, NO-ASD gives similar results to the
average density CASCI of both size active spaces, in which the
per geometry is lower in energy than the bis geometry. DMRG
calculations indicate the opposite energy order of bis and per
geometries.40 Allowing for orbital relaxation with CASSCF
calculations yields energy ordering consistent with DMRG
calculations, suggesting that orbital relaxation is important for
properly describing the correct energy order rather than the
error in NO-ASD resulting from a breakdown of the
correlation mechanism approximation.

In conclusion, we have introduced the concept of the NO-
ASD methodology, in which correlation mechanisms are used
to partition strong correlation. NO-ASD was then assessed
against average density CASCI and CASSCF calculations as
well as very large active space DMRG calculations. We
demonstrated that NO-ASD gives results consistent with
average density CAS expansions, despite the smaller active
space, indicating that the partitioning and recouping of strong
correlation in the wave function by the correlation mechanism
can be used to avoid the computational expense of explicit
entanglement of all orbitals. The methodology was assessed in
terms of both NO occupation numbers and correlation energy
error with respect to DMRG calculations. Especially with larger
determinant expansions, orbital reoptimization leads to
improvements in the average density CAS calculations. As a
result, nonorthogonal orbital reoptimization may provide a
route to improve the NO-ASD method.33 While performing
orbital reoptimization on the whole NO-ASD determinant
expansion may not be computationally feasible, it is also
possible to perform orbital reoptimization through a non-
orthogonal multiconfigurational self-consistent field
(NOMCSCF) calculation of the underlying SCF solutions
that indicates the correlation mechanism. The subsequent
reoptimized basis determinants used to partition the wave
function and perform NO-ASD expansion are likely to capture
a correlation that is absent from the independently optimized
SCF solutions.
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