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A B S T R A C T

In the characterization of the particle morphology via 2D digital image processing, image acquisition needs to be
done in proper ways. Otherwise, the resulting parameters are significantly influenced by the procedures. This
research characterizes potential variations that can mislead the interpretation of the 2D particle morphology
parameters such as sphericity, roundness, and regularity indices depending on a projection angle at which a 2D
image is taken. Besides, the 2D parameters are compared to Wadell’s “true sphericity” evaluated using a 3D
particle model obtained by 3D structured light scanning technology. The resulting variance in the 2D parameters is
high, producing approximately more than 0.5 of deviance depending on particles, the definition of the mineral
parameters, and projection angles. The variations demonstrated in this research could provide additional insight
to the 2D indices by considering 3D particle morphology indices.

1. Introduction

The characterization of particle morphology is of great importance in
many disciplines including geology [1–3], biology [4], environmental
engineering [5,6], nano-particles [7,8], and construction materials
[9–11]. A variety of morphology indices have been developed to better
characterize the shapes of aggregate at different length scales [12–16]
along with the advances in image acquisition technologies such as laser
scanner, scanning electron microscope, computed tomography [17–19],
and simply 2-D digital imaging systems [20–22]. Despite the advances in
the 3D imaging technologies, a 2D digital image-based analysis has been
widely used because of its practicality and cost-effectiveness. However, a
high degree of variability existing in 2D image analyses is produced by
procedures (e.g., how many images are taken), while its influence on the
result has not been highlighted well. Specifically, images of one particle
(e.g., natural or crushed aggregate) taken at various projection angles
typically appear differently, and those discrepancies can become more
apparent when the shape of particles is elongated or flat. This implies
there are some levels of variations in the quantified morphology indices
depending on the angles at which each image is taken. However, a study
of the variation in 2D morphology indices by using a physical camera is
technically challenging for precisely controlling different projection
angles as an example. Currently, stereoscopy [23–25] with a 3D scanner

becomes more popular, enabling one to obtain high-resolution 3D
meshes for a random shaped particle. The technology makes it possible
not only to directly characterize 3D morphology indices but also to
investigate the aforementioned variations of 2D morphology indices
with a relatively large number of 2D particle images. Therefore, with the
utility of the 3D scanning technology, this research characterizes the
variations in the 2D morphology values produced by different indices
and projection angles at which 2D images are taken. Subsequently, the
propagation of the variability to “Regularity” is further explored.

Wadell [26] proposed “true sphericity, Ψ,” as expressed by:

Ψ =  
Seq (1)

a

where S is the actual surface area of a particle and S is the surface area of
a sphere having an identical volume to the particle. While “true
sphericity” requires measuring the volume and surface area of a particle,
he also proposed “degree of sphericity [1]” (also referred to as diameter
sphericity; herein denoted by S in Appendix A) that can be calculated
from 2D images. Wadell also supplemented with elaboration of the
detail procedure of tapping the slide carrying the particle to sit on the
largest plane face. Similarly, Wadell’s roundness can be computed from
the 2D image, particularly suggesting the projection angle that creates
the plane by maximum and intermediate lengths. Krumbein [2]
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Fig. 1. Particles (Note that the grid size on the background is 5 mm).

Table 1
Descriptive Statistics of Morphology Indices (L,I, and S respectively indicate the longest, intermediate, and the shortest lengths of a bounding box that encompass the
model with its minimum volume).

ID                        Number of
Elements

CO 13,697,779
CF                         7,692,017 RO
9,078,249 RF
7,053,045

Surface Area                              L
(mm2)                      (mm)

705.66 20.58
561.28 19.05
715.69 20.38
616.33 18.38

I                              S
(mm)                       (mm)

15.13 13.23
18.82                        5.17
14.49 10.37
15.74                        7.04

Wadell
True Sphericity (Ψ)

0.78
0.60
0.87
0.82

Surface Area/element
(μm2/element)

51.52
72.97
78.84
87.38

Fig. 2. Multiple projection views of Particle CO.

Fig. 3. Multiple projection views of Particle CF.

measured the roundness based on the largest projection image of a
pebble to compare the resulting value with Wadell’s. However, the
choice of the maximum projection angle was not necessarily required as
implied by his comment, “There can be no objection to any other
orientation [projection angle] if one wishes to use it, except that the
values in that case cannot be directly compared with Wadell’s values

[2].” Nevertheless, Sneed and Folk [27] proposed the use of maximum
projection area, proposing another sphericity index, “maximum pro-
jection sphericity,” because the settlement velocity of a particle in the
water is dominantly influenced by the area perpendicular to the direc-
tion of motion as referencing to Krumbein’s experiment. As advanced
numerical techniques such as machine learning algorithms have been
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Fig. 4. Multiple projection views of Particle RO.

Fig. 5. Multiple projection views of Particle RF.

Fig. 6. Illustration of 10,000 randomly drawn camera positions.
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Fig. 7. 100 Image Samples for the Particles (Note that the images are displayed as 10 ´ 10 array for each particle).

incorporated into the characterization of particle morphology, several
researchers proposed methods to characterize morphologies of bulk
particles [28–33]. These techniques are beneficial when aggregates are
densely packed or stockpiled (e.g., riprap), enabling one to save labor
and time in analysis of the bulk particle shapes, as opposed to a per-
particle (single-particle) analysis; however, the morphology of each
particle, particularly the effect of projection angles, would not be
accurately considered in the "bulk view" analysis. Some researchers
studied the effects of selecting projection angles on the computation of
morphology indices. Wang et al. [34] reported that the difference of
particle profiles characterized by Fourier analysis depending on variable
orientations is statistically insignificant based on the images from three
perpendicular projection angles, and it agrees with Su and Yan [35]’s
conclusion from the investigation on 2D descriptors (Note that S and
SWL in Appendix A are commonly used for this research.). However,

Maroof et al. [36] commented on a possible bias of the morphology
indices because of orientations without any further systematic analysis.

As related to the projection angles (or orientation), the number of
images for obtaining the reliable 2D morphology indices is also an
interesting question. Wadell [26] commented “Strictly speaking, the
total roundness of a solid is achieved by measurements in three planes at
right angles to each other, but two planes are in most cases sufficient,
while one plane is satisfactory when dealing with small sedimentary
particles,” implying that one or two 2D images would be sufficient in the
computation of roundness. There is a lack of research on a sufficient
number of images to reliably characterize the morphology of a single
particle. Instead, several literature report the number of particles (in an
image) for characterizing the morphology indices representing bulk
particles. For example, Wang et al. [34] reported that 20 particles are
enough to obtain statistically meaningful values. Zheng and Hryciw [30]
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Table 2
Descriptive Statistics of Morphology Indices (Note that “PA” stands for “pixel area,” defining the number of pixels for each particle image.)

ID Statistics

μ
CO σ

CV

μ
CF σ

CV

μ
RO σ

CV

μ
RF σ

CV

PA PCD RD

707545                       1204                      0.431
101200                      118.1                      0.070

0.143                      0.098                      0.162

645497                       1309                      0.446
221213                        60.2                      0.069

0.343                      0.046                      0.154

804276                       1249                      0.777
129992                      119.0                      0.062

0.162                      0.095                      0.079

813270                       1282                      0.738
211827                        62.0                      0.138

0.260                      0.048                      0.187

SA SD SC

0.626 0.790 0.653
0.079 0.050 0.063
0.126 0.064 0.096

0.477 0.682 0.503
0.152 0.113 0.158
0.318 0.166 0.314

0.659 0.810 0.666
0.086 0.053 0.088
0.131 0.065 0.132

0.630 0.787 0.628
0.157 0.099 0.157
0.249 0.126 0.250

SP SWL

0.901 0.743
0.024 0.085
0.026 0.115

0.818 0.576
0.063 0.229
0.077 0.398

0.951 0.676
0.021 0.096
0.023 0.142

0.940 0.630
0.045 0.161
0.048 0.256

Fig. 8. Histograms of Sphericities for Particles (Note that ψ is Wadell’s true sphericity value).
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Fig. 9. Histograms of Roundness for Particles.

concluded that about 60 is required to achieve the value within 0.05 of
the error at a 98% statistical confidence level, recommending to use
30–50 particles as a minimum. It is worthwhile to note that the inves-
tigation on the number of images (or particles) may be based on the
rough assumption that a single value can represent the morphology of
multiple, yet similar-shaped particles. However, it can potentially cause
biases of the 2D morphology indices by ignoring their variations due to
the orientations of individual particles.

Besides, another concern is whether a variety of 2D morphology
indices can reasonably capture the 3D shape of a particle. Wadell
[1,26,37] proposed “true sphericity” and roundness for correlating the
particle shapes with the settlement velocity as done by other researchers
[2,12,27]. However, as its application expands to various areas [38–40]
beyond the subjects of geology, numerous efforts to solely characterize
the 3D shape of particles have been proposed on the basis of various
materials including random shaped particles [10,11,32,41–44]. Then,
the concept of regularity is further introduced as combining [45,46]
morphology indices at a different length scale with an aim of correlating
with macroscopic behavior of the system. Furthermore, Wadell’s “true
sphericity,” as expressed in Eq.(1), has been widely used as a reference
for the comparison of various morphology indices. The name “true
sphericity” might be a bit misleading because it is not only an indicator of
the particle elongation but also the particle angularity. The “true
sphericity” is a function of surface area, thus influenced by both elon-
gation and angularity, and therefore has a concept of regularity that
combines the overall morphology at different length scales. Neverthe-
less, Wadell [1] alternatively proposed a 2D sphericity index, herein S ,
as well as the “true sphericity,” he reported that the 2D index is generally
comparable to the 3D Ψ-values as demonstrated by theoretical solids
including sphere, cube, and three different parallelepipeds in the orig-
inal paper. However, there is a lack of research exploring whether
various 2D sphericities likely produce the similar value with “true
sphericity.” Note that “true sphericity” is one of 3D morphology de-
scriptors among others [27,41,42]. However, this study chose “true
sphericity” as the reference sphericity index for evaluating 2D sphericity
indices to examine if a good comparison can be made between 2D and
3D sphericities as Wadell has demonstrated for theoretical solids.

Accordingly, this research adopts the Monte-Carlo simulation
approach [47] for characterizing the uncertainties of sphericities,
exploring their propagation to the generalized regularity [46]. The
associated analysis will demonstrate potential biases produced by 2D
digital image processing when characterizing the morphology of parti-
cles. The results can provide possible challenges of a 2D image analysis
due to the innate variability. The five different 2D sphericity and
roundness indices, as summarized in Appendix A, are examined in this
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study, and the following section will discuss the data acquisition pro-
cedure for obtaining a high-resolution 3D scanned model of a set of
different particles and the Monte-Carlo simulation approach for further
analysis. Lastly, the resulting variability of morphology indices, its
propagation to the generalized regularity, and comparison of the values
with “true sphericity” will be discussed.

2. Generation of 2D image data from random orientations

2.1. Selection of particles

For a near equi-dimensional particle (e.g., sphere, cube,
dodecahedron-like shape), the lesser variability in the sphericity can be
expected. In other words, the variability due to projection angles be-
comes higher when the particle shape is “elongated” and/or “flat.” In
addition, the particle’s angularity also changes depending on the pro-
jection angles at which the image is taken. For example, the roundness
that measures the particle’s corner sharpness is evaluated with reference
to the radius of maximum inscribed circle which may change depending
on the projected angle. To characterize such variability of sphericity and
roundness indices, four particles having significantly different shapes
but similar maximum dimensional lengths (i.e., 18 to 20 mm) are
selected as shown in Fig. 1. However, it is worthwhile to note that the
selection of particles in this research targeted at demonstrating a bias of
the resulting morphology indices produced by the variance by projec-
tion angles of the images.

The particles can be firstly grouped by two categories, “crushed (C)”
and “river (R)” particles, of which origins are significantly different; C-
group is more angular than R-group by nature. Second, the particles are
selected based on their ratios of lengths: “flat (F)” and “ordinary (O).”
Herein, “F” is defined when the ratio of the intermediate length to the
smallest length in a bounding box is greater than 2, otherwise the second
nomenclature of the particle name is denoted by “O.” (The terms are
referred according to ASTM C4791 [48].) For instance, the “CF” particle
indicates a crushed particle with a flat shape.

2.2. Acquisition of 3D particle model

The 3D particle model is obtained by using a commercial Polyga
C504 structured light 3D scanner [49], which output is either a wave-
front (OBJ) or a stereolithography (STL) format file. Structured light
scanner performs 3D scanning at 1:1 scale, thus the obtained 3D model
has the actual particle size. The obtained 3D model is composed of 7 to
14 million triangular surface meshes, inferring approximately 52–87
μm2 per triangular mesh element for the considered particles. Table 1
summarizes the number of elements of each particle model, geometrical
properties evaluated from the particle models, the corresponding Ψ, and
the surface area/mesh density (Note that the specified accuracy of the
scanner by the manufacturer is 6 microns).

Fig. 2–5 display 3D model images of each scanned particles on three
orthogonal (x   z, y   z, and x   y) planes of the bounding boxes. On the
authors’ opinions, the surface roughness is visibly well identified by the
3D images although the associated characterization is beyond the scope
of this research.

2.3. Acquisition of 2D particle images from random orientation

A set of 2D images are obtained from each 3D particle model at
10,000 projection angles which are randomly selected from two inde-
pendent uniform distributions of the rotational angles about z- and
y-axes, denoted by ϕz and ϕy, respectively. (i.e., ϕz � U [0, 360) and
ϕy � U [0, 360)). Fig. 6 (a) shows the camera positions, which identi-

cally applied to all four particles, and Fig. 6 (b) displays the distributions
of ϕz and ϕy. Note that the sample size of 10,000 adopted in this study
has been widely used for the Monte Carlo simulation [50,51], and the
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Fig. 10. Sphericity with Pixel Area (Note that the black line indicates Wadell’s “true sphericity”).

combination of ϕz and ϕy is not sampled from the structured grid on a
virtual globe encompassing the particle. However, the number of sam-
ples can be sensed such that each view is approximately taken every 3.6�

of ϕz and ϕy.
Fig. 7 shows 100 sample images of each particle. It is worthwhile to

note that Wadell [1,26] mentioned that the largest dimensional length
must be set to be about 70 mm regardless of pebbles or sands for which
scaling of the image is necessary. Equivalently, when using the image
analysis technique, Zheng and Hryciw [52] suggested that each image
must be taken to represent the circumferential circle diameter by more
than 1000 pixels (i.e., 1000 pixels per circumscribing circle diameter
(PCD)). Otherwise, the resolution of the image cannot effectively cap-
ture the small corners for the roundness calculation [30]. This study
adopts about 1,200 of average number of pixels to properly capture the
PCD according to the recommendation by Zheng and Hrycriw [52], as
summarized in Table 2.

2.4. Computation of sphericity and roundness

The obtained 2D images are converted to a binary format for the
computation of sphericity and roundness indices. This study adopted
five commonly accepted sphericity indices (S , S , S , S , S ) in the
aggregate research community [46] as listed in Appendix A. All of the
indices are designed to have a value between 0 and 1. The algorithm
developed by Zheng and Hryciw [52] is used for the evaluation of the
morphology indices (i.e. sphericity and roundness).

3. Variation in sphericity and roundness indices

According to the aforementioned procedures, the values of
morphology indices, five sphericities and a roundness, are computed.
Table 2 summarizes the descriptive statistics of the computed five
sphericities and roundness. Also, Figs. 8 and 9 show the kernel densities
[53] of the roundness and sphericity values, respectively, for minimizing
potential biases produced by the binwidth of histograms.

The different degrees of variance in the resulting sphericity and
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Fig. 11. Roundness with Pixel Area.

Table 3
Number (Percentage) of images that produce the 2D sphericity indices close to
“true sphericity”.

2D Sphericity CO CF RO RF

SA 75 (0.75%) 242 (2.42%) 18 (0.18%) 211 (2.11%)
SD                        969 (9.69%) 211 (2.11%)         355 (3.55%) 270 (2.70%)
SC                        106 (1.06%) 199 (1.99%) 19 (0.19%) 204 (2.04%)
SP                              0 (0.00%)             0 (0.00%)             0 (0.00%)           10 (0.10%)
SWL 304 (3.04%) 127 (1.27%) 64 (0.64%) 176 (1.76%)

roundness indices are displayed in Figs. 8 and 9. It is observed that the
computed sphericity and roundness values for a given particle are varied
widely with respect to the definition of sphericity and the projection
angles. The variations according to different sphericities are conceptual
and procedural factors, while it can be said that those with respect to
projection angles are engendered by intrinsic particle shape properties.
Such variances are relatively larger for particles CF and RF particles with
flat shapes; for example, the obtained values of S range from 0.22 to
0.99 and 0.16 to 0.99 for CF and RF, respectively. Amongst the sphe-
ricity indices, S showed the smallest variance regardless of particles;
however, the difference between the minimum and maximum values
produced by the projection angles still ranges from 0.1 to 0.2 depending
on the particles. In addition, it is observed that the density functions of
S , S , and S for both RO and RF particles are similar. The resulting
distribution of SA is shifted to left of the distribution of SD because SA�SD

by definition (i.e., S =  S2 ) (the proof of the relationship can be found in
[46]). However, the standard deviation of S is accordingly larger than S
regardless of particles as shown in Table 2, which is induced by dif-
ferences in the definition of the sphericity.

In Fig. 8, the Wadell’s “true sphericity” is also shown as a reference
value. The true sphericity is a 3D shape index, and therefore, only one
value is obtained per particle. Therefore, the comparison can be used to
evaluate how close the computed 2D sphericities are to the “true sphe-
ricity.” Wadell [1] suggested a 2-D sphericity index, herein denoted by
S , as demonstrating that the value is close to the true sphericity of a
sphere, cube, and three different parallelepipeds. However, unlike the
theoretical shapes, it is observed that the likelihood that S is identical to
Wadell’s “true sphericity” is low for mineral particles in nature. The
associated details will be further discussed in Section 5.

Fig. 9 shows the kernel densities of the roundness. The mean values
of roundness for RO and RF (river particles) are higher than those for CO
and CF (crushed particles). The roundness of CO, CF, and RO are spread
within approximately ±0.2 in the center of the means, while that of RF is
wider ranging from 0.4 to 0.95. Besides, the density of roundness for RF

Transportation Geotechnics 34 (2022) 100760

has two peaks observed at approximately 0.65 and 0.9, which could be
an indication that a 2D roundness value can be misunderstood when 2D
images are obtained at certain projections angles and/or with limited
numbers.

4. Influence of projection area on variability of sphericity and
roundness

The variance demonstrated in Figs. 8 and 9 excludes any effect
produced by altering the projection angles. The views from different
angles surely change morphology parameters, yet any dependency on
the projection area is of interest in this section. Although Wadell and
other researchers [1,2,26,27] recommended (or at least used for the
comparison) the utility of the maximum projection angles, it is appar-
ently expected that the morphology parameters could be changed,
particularly considering a particle of which shape is flat such as a coin.
Besides, some parameters (i.e., herein, S , S , and S ) are a function of
the projection area, while the other uses the properties of inscribing or
circumscribing circles that are influenced by the area. Therefore, this
section investigates the relevance of the projection area (by pixels) to the
sphericity and roundness evaluation.

The sphericity and roundness with respect to the number of pixels
representing a particle’s projected area (so-called “pixel area”) are
shown in Fig. 10 and Fig. 11, respectively. As the distance of a particle
and camera is fixed, the number of pixels for the area can indirectly
represent the projection area for the given particle. As observed in
Fig. 10, the variance of the sphericity indices for the four selected par-
ticles is relatively smaller at the lower and higher projection areas, while
the rate of variance changes with the pixel area depends on the particles
and sphericity indices. However, the limited number of images (i.e., a
portion of 10,000 images) obtained from those two extreme ends causes
the smaller variation. In addition, from the analysis of four selected
particles, all sphericities tend to increase with the number of pixel areas
for the particles with flat shapes (Particle CF and RF). This attributed to
the smaller area of CF and RF is equivalent to the elongated shape dis-
played in a given image. However, such an increase was not observed in
ordinary particles (i.e., RO and CO). As will be discussed in Section 5, the
resulting value does’t necessarily correspond to the “true sphericity.”

It is worthwhile to note that Wadell [37] highlighted the importance
of the maximum projection area for calculating the roundness because
the size of the maximum inscribed circle depends on the projection
angles. It is observed from Fig. 11 that the difference between the
maximum and minimum roundness obtained on the maximum projec-
tion area is still approximately 0.2 (See at the right end of roundness
point clouds in Fig. 11.) regardless of the particles while the overall
variation is about 0.5. Fig. 9 shows two groups of the densities (i.e., CO/
CF vs. RO/RF), indicating the roundness of “R” group is higher than that
of “C” group (i.e., in the context of the mean values). When investigating
the roundness values with respect to the size of the area, it is observed
that roundness increases as the area increases for particles CO and RF
and decreases for particle CF. Particle RO does not show a particular
trend. Therefore, it concludes preliminarily that there is no clear relation
of the projection area to the roundness unlike Wadell’s conjecture on the
projection area dependency [37].

5. Comparison of 2D-sphericity with Wadell’s true sphericity

True sphericity proposed by Wadell [26] is a function of the surface
area and volume of a particle, as expressed in Eq.(1), and both variables
must be measured in a 3D nature. The measurement of surface area is
challenging, and therefore 2D sphericity indices were developed and
have been widely used instead of the true sphericity. Even if some
similarity between the true sphericity and 2D sphericities is generally
implied as Wadell [1] reported, it is evidently observed from Fig. 8 that
there is a small chance that 2D indices are close to the “true sphericity”
even if the tolerance of Ψ ±  0.025 is considered (per Wadell estimation
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Fig. 12. Image Samples producing 2D Sphericities close to True Sphericity.

on the “error” of 2D sphericity index (i.e., S ) [37]). Furthermore,
Fig. 10 demonstrates that the maximum projection area of a given image
does not guarantee that the computed 2D sphericity index falls within
the aforementioned tolerance. Nevertheless, it is also true that some
sphericity indices computed with the images at some particular angles
can be close enough to be the true sphericity, thereby exploring any
noticeable pattern on such images and/or angles. However, the extent of
the observed difference may depend on the selection of particles, and the
results are limited to the particles used for this research.

Table 3 summarizes the number of 2D images which yielded close to
the “true sphericity” within the Wadell’s tolerance (i.e., Ψ ±  0.025).
Amongst 10,000 images for each particle, it is observed that the number
of images satisfying the tolerance is from 0 to 969 images depending on
the sphericity indices. Particle CO had the highest chance (i.e., 9.69%) of
being close to the true sphericity value when using S , while there was
none (i.e., 0%) when using S for CO, CF, and RO. If one chooses the use of
S , the chance of obtaining a 2D index value close to the 3D index is up
to around 2.5% for flat particles (i.e., CF and RF) and less than 1% for the
ordinary shape of particles. A similar trend of particle dependency is
observed in the case of S . On the other hand, S shows a relatively
greater chance of hitting the 3D value for CO. Therefore, except for the
case of S computed from CO images, the percentage of obtaining 2D
indices close to the 3D index approximately ranges up to 3% per our
observation, translating to only 1 to 3 images out of 100 images. Fig. 12

shows five sample images per each sphericity index on which the
sphericity value is close to the “true sphericity” within the tolerance. As
previously mentioned, the images that can obtain maximum projection
area doesn’t always provide the 2D indices close to the “true
sphericity.”.

Fig. 13 displays the kernel density of ϕz and ϕy that produces the 2D
sphericity index close to the true sphericity. Among the number of im-
ages summarized in Table 3, the set of ϕz and ϕy in the relatively higher
densities indicated by the lighter color is more likely to obtain the value
close to “true sphericity.” Although no clear pattern is observed, one to
three highest density regions are observed according to the sphericity
index and the particles. For example, in case of CO-S (Fig. 13 (a)), the
angle of ϕz is identified at about 125 degrees while the corresponding ϕy
is found at approximately 100 and 325 degrees, which indicates that
both the projection views of the groups are symmetric about ϕy =  225�.
For S of RO, two highest density groups are observed at ϕ =  150�,

ϕy =  90�
}  

and 
{
ϕ z  =  250�,ϕy =  275�

}
. Two groups can be symmetric

about ϕz =  200�,ϕy =  183�      (i.e., the opposite side in terms of ϕy), yet
the angle does not provide the maximum projected area as seen from
Fig. 12 (c). It is important to note that specific values of angles reported
and/or discussed herein are limited only to the specific orientations and
the particle models implemented in this research; and they will be

9
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Fig. 13. Kernel Density Contour of ϕz and ϕy to produce 2D Sphericity close to “True Sphericity”.

different according to the orientation of the implemented coordinate
system and/or particle placement. Despite weakly discernible evidence,
further research must be performed to quantify patterns. Although a
sample size of 10,000 is used for the Monte-Carlo simulation in this
research, only a limited number of images satisfy the threshold (i.e., the
maximum of 9.69% in Table 3) in generating Fig. 13. Also, definitions of
various 2D sphericities (at least used herein) may not effectively capture
3D information in “true sphericity,” thereby requiring further studies.

6. Variability of regularity

The regularity is a parameter that combines sphericity and roundness
together, having been used to correlate with mechanical and/or rheo-

logical behavior of a system of particles. While Cho et al. [45] proposed a
regularity calculated by an arithmetic average of the sphericity and the
roundness, Lee et al. [46] reported the sensitivity of the sphericity and
the roundness for defining “weighted Regularity (or Angularity)” are
different, suggesting a generalized regularity incorporated into Confir-
matory Factor Analysis (CFA) [54,55]. The corresponding equation can
be written as:

Regularity =  (1   ξi) ´  Sphericity + ξ i ´  Roundness (2)

where ξ  (0�ξ �1) is a weight coefficient (Note: i =  1 (S ), i =  2 (S ), i =  3
(S ), i =  4 (S )) [46].

Usefulness of a regularity is still controversial [45,46,56]; an
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Fig. 14. Confirmatory Factor Analysis Model.

Table 4
The factors from CFA Analysis.

CFA Coefficients CO CF RO RF

SD (α1)                            1.000                    1.000                 1.000                 1.000
SC (α2)                            1.261                    1.369                 1.675                 1.575
SP (α3)                            0.435                    0.505                 0.386                 0.437

SWL (α4)                           1.527                    1.928                 1.820                 1.627
RD (α5)                           0.018                   0.274                 0.275                 1.148

CFI                                 0.99                      0.99                   0.95                   0.92

ξi from CFA coefficients

ξ1 (by SD) 0.982 0.785 0.784 0.466
ξ  (by SC) 0.986 0.833 0.859 0.578
ξ  (by SP) 0.960 0.648 0.584 0.276
ξ4 (by SWL) 0.988 0.876 0.869 0.586

approach of using a single parameter instead of two is still simpler when
correlating the morphological indices with macroscopic behaviors,
while it can be argued that the Regularity may not effectively capture
the change of individual morphology at different length scales (i.e.,
elongation and angularity). While demonstrating the efficacy of the
regularity is beyond the scope of this research, this section focuses
investigating the variability of the resulting regularity engendered by
projection angles.

From the CFA model shown in Fig. 14, the analysis determines the
coefficients (i.e., α to α ), indicating the change of the sphericity and
roundness values according to the unit change of the construct, “regu-
larity.” Note that S is excluded in the model because of S =  S2 [46].
Since α is set to be 1.0, as shown in Table 4, the coefficients can be used
for quantifying the relative sensitivity of the coefficients (i.e., α to α ) to α
. It is noted that the change of regularity in this research is caused by
different projection angles. Thus, when the projection angle changes, the
CFA coefficients represent how much sphericity and roundness rela-
tively change as compared to S . Accordingly, the results compare the
relative sensitivity amongst the different sphericity indices for defining
“Regularity,” further computing the weight factors (ξ in Eq. (2)) as
maximizing the discrimination. The open-source R-package [57] for the
structural equation modeling, “lavaan [58],” is used, and the results of
CFA on the model are summarized in Table 4. The resulting values of CFI
(Comparative Fit Index) (i.e., >  0.9 regardless of particles) reveals that
the coefficients are statistically significant [54,59]. Negative CFA co-
efficients of the roundness for CO and CF are obtained, translating that
the increase of regularity causes to decrease the roundness. The weight
factor, ξ  is computed for calculating the Regularity. (Note that the de-
tails of the computational method are described in B.).

Based on the weight factors, the generalized regularity is computed
as shown in Fig. 15. Fig. 15 (a) shows that the difference in the density
functions on the basis of different sphericity indices for CO particle is
negligible. This is attributed to the fact that ξ  is greater than 0.96,
inferring that the more than 96% regularity is determined by the value
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of roundness. Thus, the difference in the values of sphericity practically
ineffective when it comes to the computation of “weighted” regularity.
The variance in the regularity is largest for RF particle, and it is man-
ifested by relatively smaller values of ξ  in the numerical sense. Thus, the
bi-modal pattern of the sphericity indices become more discernible in
the regularity, and the higher value of the regularity is obtained by the
larger projection area as shown in Fig. 10. For particles CF and RO, the
regularity densities calculated by ξ  (by S ) and ξ  (W ) are similar
because the corresponding CFA coefficients show similar sensitivities
according to the change of the construct, Regularity.

The variance of the generalized regularity can be propagated from
those of individual sphericities and the roundness depending on the
values of their variances, covariances, and coefficients ξ. Accordingly,
the resulting variance of the regularity computed from the four selected
particles herein can either increases or decreases. From the results, it is
observed that the variance of the regularity for the CF particle signifi-
cantly decreases, while no further propagation of uncertainties is
observed in other particles.

7. Concluding remarks

This study investigates the uncertainties in 2D sphericity and
roundness produced associated with the projection angles and their
propagation to the generalized “weighted” regularity. This research
selected four particles to demonstrate a potential bias of the resulting
value of morphology indices. Based on the results, the following con-
clusions are drawn:

(1)The variability of sphericity and roundness produced by images
taken from 10,000 projection angles is significant, and its extent
depends on its definition and origin. The variance of sphericities
increases when the particle is flat. While Wadell [37] reported the
difference of 0.05 in the sphericity can classify a given particle shape
differently (i.e., error tolerance of computation), the resulting vari-
ability obtained from research is large enough to mislead the particle
shape. Such a large variation is also observed in the roundness.
(2)Such variations in sphericities and roundness are propagated to
the computation of “weighted regularity.” However, the variations of
the regularity depend not only on the definitions of sphericity but the
sensitivity of sphericity and roundness for defining “Regularity” in-
fluences the variation. Nevertheless, no significant propagation of
the variation is observed except for CF particle that the variance
decreased.
(3)Although the use of the maximum projection angle is suggested by
early researchers [2,26,27], its practicality in the current practice
may not be highlighted, particularly in the acquisition of shape
indices for bulk aggregates. However, it is observed that the variance
relatively decreases when taking the maximum projection area.
Nonetheless, the 2D sphericity values are not necessarily close to the
“true sphericity” proposed by Wadell [37].
(4)Instead of using maximum area projection angle, this study in-
vestigates a pattern of projection angles that produces the 2D sphe-
ricity values close to the “true sphericity,” although its quantification
still remains for the future study.
(5)With recent advances in 3D scanning technology, high-resolution
3D shape imaging is getting more feasible with reduced amount of
time and cost. Therefore, further study needs to be made in the
research community for wider use of 3D indices and standardization
of the process as the 3D morphology index accurately represents the
particle geometry compared to the conventional 2D morphology
indices that produce a large variance in the results depending on how
images are obtained.
(6)While significant variances from the projection angles are
observed for the carefully selected four particles with different ge-
ometries, the extent of variances in the 2D sphericity and roundness
indices may depend on the characteristics of particles (e.g.,
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Fig. 15. Histograms of Regularity.

concavity, source) and the implemented digital imaging process (e.
g., method, resolution, tolerance of the analysis). Therefore, further
research is recommended on this topic for more parametric studies.
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Appendix A. Sphericity and roundness indices

The sphericities and roundness implemented for this study (adapted from [52]) are summarized below. Fig. A.16 depicts the variables required for
computing sphericities and a roundness.

Area sphericity : SA =  
As (A.1)

cir
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Fig. A.16. Schematic of variables for computing sphericities and the roundness.

Diameter sphericity : SD =  
Dc

cir

Circle ratio sphericity : SC =  
Dins

cir

Perimeter sphericity : SP =  
Pc

s

Width to length ratio sphericity : SWL =  
d2

1

∑
(ri /rm ax )

Roundness : RD =  i

N

(A.2)

(A.3)

(A.4)

(A.5)

(A.6)

where:

As = Projection area of a 2-D particle image
Acir = Area of the minimum circumscribing circle enveloping a projected particle image
Dc = Diameter of a circle with the same projected area as a given particle
Dcir = Diameter of the minimum circumscribing circle enveloping a projected particle image
Dins = Diameter of the maximum inscribing circle
Pc = Perimeter of a circle with the identical projected area as a particle ( =      πAs)
Ps = Perimeter of the 2-D particle image
d1 = The largest dimension length of a given particle (orthogonal to the direction d2 is measured.)
d2 = The width of a given particle (orthogonal to the direction d1)
ri = Radius of curvature of the corner i (radii of green circles fitted to corners in Fig. A.16)
rmax = Radius of the maximum inscribed circle (radius of the largest green circle in Fig. A.16)

Appendix B. Derivation of weight coefficient for generalized regularity

Supposed that the estimated parameters from CFA for two indicators are denoted by α and α . Fig. B.17 illustrates the magnitudes of the parameters
by the length of diameter. Therefore, the weight coefficients (ξ ) in Eq.(2) can be represented by the distances from the center of two circles, and the
regularity of Eq.(2) can be represented by the black solid point marked as “weighted average.”.

The weighted average of two factors (i.e., first moment in the statistics) is expressed by:

|α i |ξ i  =  |α j |ξ j  =  m (A.7)

ξ i  + ξ j  =  1 (A.8)

where m is an arbitrary constant. As plugging ξj =  m/|αj | (from Eq.(A.7)) into Eq.(A.8), Eq.(A.9) can be derived.
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Fig. B.17. Graphical illustration of weight coefficient calculation.

ξ i  =  1   
m

j

Because ξi =  m/|αi |,

Transportation Geotechnics 34 (2022) 100760

(A.9)

|α i | 
=  1   

|αj |     
and     m =  

|α i | +  |αj |
(A.10)

Thus, the weight coefficients can be derived:

ξ i  =
 
|α i | +  |αj |

ξ j  =
 
|α i | +  |αj |

Note that the inequality, ξi <  ξj , holds if |αi| >  |αj |.
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