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ABSTRACT: Trapping and storing light for arbitrary time lengths
in open cavities is a major goal of nanophotonics, with potential
applications ranging from energy harvesting to optical information
processing. Unfortunately, however, the resonance lifetime of
conventional open resonators remains finite, even in the limit of
vanishing material absorption, as a result of radiation loss. In this
context, bound states in the continuum (BiCs) have provided a
unique way to achieve unbounded resonance lifetimes despite the
presence of compatible radiation channels. However, physical
constraints such as reciprocity, linearity, time-invariance and delay-
bandwidth limits prevent the possibility to externally excite such
ideal bound states and make them interact with broadband sources.
Here, we overcome some of these limitations and theoretically
demonstrate that subwavelength open resonators undergoing a suitable temporal modulation can efficiently capture a broadband
incident wave into a nonradiating eigenmode of the structure, leading to the first example of a BiC that is accessible to broadband
light. To further highlight the potential of the proposed concepts, we also show that such time-varying BiCs can be employed to
bypass some of the bandwidth limitations of achromatic dispersion-engineered metalenses. Our findings unveil the dynamic
capabilities of bound states in the continuum and extend their reach and potential impact for different applications.

KEYWORDS: time-varying systems, optical scattering, epsilon-near-zero media, optical cavity, embedded eigenstates,
bound states in the continuum

n an open system, ideally localized waves or bound states invariant systems: if an eigenmode of an open structure cannot

(e.g., electrons in a potential well or optical modes in a decay via coupling with external radiation, then external incident
waveguide) are typically separated, with respect to frequency/ fields cannot excite such a radiationless eigenmode.”’ Recent
energy or momentum, from the continuous spectrum of proposals to overcome these reciprocity restrictions are to use
extended radiation modes (e.g, outgoing plane waves or nonlinear materials with an intensity-dependent refractive index
spherical waves). If a discrete bound state exists within the so that the structure is automatically “tuned” to the BiC
continuum, it will typically couple with symmetry-compatible condition as the internal field amplitude increases.””** However,
radiation modes, becoming a so-called leaky mode or quasi- the use of nonlinearities implies a minimum threshold value for
normal mode."” The first counterexample to this behavior was the incident field amplitude and the pulse duration, which might
discovered in 1929 by von Neuman and Wigner, who showed limit the applicability of this technique. Other studies have
that, in certain engineered potentials, perfectly bound electronic employed atomic nonlinearities to excite a BiC externally;**~>°
states can coexist with the radiation continuum, namely, they however, the experimental realization of such schemes may be

remain ideally confined, despite having an energy larger than the
potential barrier.” In recent years, these perfectly bound (i.e.,
nonradiating) states, later denoted as “bound states in the
continuum” (BiCs)," have stimulated a great deal of research
interest in photonics’™"® for alpplications spanning from
ultraselective filters'* and sensors, >~ to lasers.'®"’ Owing to
their vanishing radiation loss and ultranarrow spectral linewidth,
such BiCs are especially promising in areas where hi§h frequency
selectivity and long interaction times are required. Y However,
due to their decoupling from the radiation continuum, ideal
BiCs are extremely difficult to externally excite and control. This
can be understood from simple reciprocity arguments in time-

challenging due to the required precise control of the atom—
cavity coupling. We should also stress that, while it is not
possible to externally excite an ideal BiC, there is actually no
limit, at least in theory, to how close the nonradiating condition
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Figure 1. Broadband light trapping into a radiationless open cavity eigenstate. (a) Illustration of the complete capturing of a broadband incident pulse
into a time-varying open cavity supporting a bound state in the continuum (BiC). The temporal modulation is designed such that light is coupled into
the lossless resonator with no reflections (critical coupling condition). (b) Temporally modulated systems do not conserve energy locally and,
therefore, can lead to frequency transitions between optical states (the number of photons, represented by yellow spheres, is conserved in the lossless
case). This effect can be used to “force” a broadband pulse into a BiC. (c) Illustrative complex dispersion diagram of an extended open cavity; (d)
complex frequency diagram of a bounded resonator. The rainbow-colored regions together with the arrows conceptually represent the trajectory along
which the frequency transitions occur in order to capture a light pulse with nonzero bandwidth into a BiC (shown with white circular markers). We
stress that, at the BiC condition, the structure is effectively closed only from the point of view of the specific mode of interest, while remaining open for

generic excitation fields.

can be approached. Quasi-BiCs can indeed be realized by
detuning certain properties of the scatterer from the exact BiC
condition, which allows exciting these long-lived resonances
with an external incident field.*” However, the resonance
lifetime will inevitably degrade due to the additional radiation
loss, thereby showing the same trade-offs of more conventional
open cavities.

Indeed, another limitation quasi-BiCs have in common with
conventional resonances is related to their interaction with
broadband incident fields: the resonance bandwidth (range of
frequencies that can interact with the quasi-BIC) cannot be
widened without proportionally reducing the resonance lifetime
(hence increasing the level of loss). This follows from a general
resonance argument: since in an open optical resonator with no
absorption energy continuously leaks out while incident light is
coupled into the resonator, the time length over which the field
can be trapped (resonance lifetime) is inversely proportional to
the rate at which the energy exits the resonator, which is in turn
proportional to the linewidth of the resonance. This relation,
which can be generalized to a much broader class of
systems,”® " is commonly known as the delay-bandwidth
limit and is the principal impediment for realizing permanent
storage (i.e., infinite delay) for fields with nonzero bandwidth
(any signal carrying genuine information must have nonzero
bandwidth). In other words, it is impossible to force arbitrarily
broadband fields into a long-lived resonance. In addition, the
delay-bandwidth limit applies to both reciprocal and non-
reciprocal scenarios, as shown in ref 28, as long as the system is
linear and time-invariant. Moreover, apart from BiCs (which are
radiationless eigenmodes of an open cavity), anapole states
(which are zero-scattering states corresponding to radiationless
field distributions in the presence of an external field) have also
been the topic of intense research in recent years.’"’>*’
However, we note that since anapoles are not eigenmodes of the
scattering system, they cannot be used for capturing and storing
light since the anapole fields will rapidly decay as soon as the
excitation vanishes.”"*”

Given these general considerations, it is therefore relevant to
wonder whether it is at all possible to realize an open cavity
supporting a bound state in the continuum that is accessible to
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broadband light. If physically feasible, this would represent the
largest possible violation of the delay-bandwidth limit since the
product between signal bandwidth and interaction time would
diverge. In this Article, inspired by recent works on perfect
absorption in time-modulated cavities (e.g., refs 34 and 35), we
show that these effects can indeed be achieved in suitably
engineered time-varying scattering systems, and we theoretically
demonstrate that a broadband signal can be forced into a
nonradiating eigenmode.

B RESULTS

Theory. To keep our discussion as general as possible, we
employ temporal coupled mode theory (CMT)*****” to model
the temporal dynamics of a generic, bounded (i.e., having finite
size in all dimensions) open optical resonator that interacts with
an impinging broadband pulse (see Figure 1a). In this case, the
CMT equations for a single-mode resonator coupled with an
external optical port can be written as

L — oy (6) = 2, D14 + KOO o
u(®) = g (6) + k(AW @

where A(t) is the mode amplitude of the resonator, while v, (t)
and y_(t) are the incoming and outgoing wave amplitudes at the
external port, respectively. k(t) is the coupling coefficient
between the resonator and the port, and @o(t) = @,,(t) + iy, (t)
is the complex resonance frequency. Note that we have assumed
that the system’s parameters, the resonance frequency and the
coupling coefficient, may vary in time. We have also added the
term 7,,(t) to account for the possible growth/decay rate of the
resonance mode due to a possible energy exchange between the
mode and the external source of the modulation. We also note
that previous CMT formulations for resonators with time-
varying parameters”® ' employed a somewhat simplified form
by assuming that a temporal perturbation in any of the system’s
parameters will not induce a change in the other parameters (for
instance, assuming that a time-modulation in @, will not affect
ynand k™). Thisisindeed a good approximation if the structural
dimensions of the resonator are large compared to the free-space
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wavelength at the resonant frequency (as in the case of a
conventional ring resonator ) and if the modulation region is
limited to a specific, isolated region of the device. However, in
this work we focus on compact open resonators that are
potentially subwavelength in size and for which a generic
parameter perturbation may alter the resonator dynamics
dramatically. Therefore, we investigate the resonator interaction
with the incident wave without any limiting assumption on any
of the time-varying parameters.

Using time-reversal symmetry and energy conserva-
tion,*****” the coupling coefficient for the static (time-
invariant) case can be shown to be related to the decay rate
due to radiation leakage, which is equal to the imaginary part of
the complex resonance frequency, y,,, if material absorption is
zero (i.e., radiation is the only available decay channel). Thus, in
the lossless case, we obtain

<=,

Equation 3 is typically assumed valid also for time-varying
resonant structures, as done, for example, in refs 34, 38, and 39.
In this context, however, it is important to note that, in a time-
varying optical system, conservation of energy within the system
is broken since time-translation symmetry (time invariance) is
locally broken™ (the term y,.(t) in eq 1 accounts for this
possible external energy exchange). Even if the frequency
transitions induced by a modulation are symmetric’>*' and
energy is therefore ultimately conserved (the total decay and
growth rates due to the modulation cancel each other out), the
time-varying y..(f) may still affect the instantaneous parameters
of the system during the modulation. Therefore, particular care
must be taken when dealing with dynamic systems of this type,
where seemingly exotic phenomena, such as negative extinction
for certain system parameters,43 can occur due to the breaking of
energy conservation. Nonetheless, one way to justify the validity
of eq 3 for time-varying systems is to consider the energy
exchange between the resonator and the external modulator as
an additional optical port. As originally shown in ref 36, the
coupling coeflicient between the incident wave at a certain port
and the resonator is derived based on the decay rate of the
resonance mode at that port with the other ports disconnected.
The introduction of the decay rate associated with the additional
ports is then regarded as a small perturbation and is assumed to
have a negligible effect on the coupling coeflicient. Following
this argument, we will consider eq 3 to be valid also for
temporally modulated resonant systems, as is usually done, and
will further assume that the decay/growth rate of the resonator
mode is dominated by the port-induced decay rate, namely,
Ym(f) > Vex in eq 1. This is because, although energy is locally
not conserved, the total number of photons is still conserved
throughout an optical modulation (assuming no absorption);
hence, provided that the modulation does not alter the
frequencies of the photons considerably, the mode amplitude
decay due to radiation loss can be assumed to dominate the
decay/growth due to the Doppler-like frequency shifts of the
photons.

Following these considerations, we use eqs 1, 2, and 3 to study
the conditions to achieve critical coupling (i.e., reflectionless
light capturing) for broadband signals. Intuitively, critical
coupling, that is, w_(t) = 0, is obtained when the direct
reflection from the cavity and the “leakage” from the resonance
mode destructively interfere in the input channel. This is
impossible to achieve in a static single-port cavity with no

Q)
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internal absorption and with constant-amplitude incident fields
(more on this point below), as all the input energy must be
reflected backward to satisfy energy conservation in such a
lossless scenario. As we will see in the following, the situation is
very different for time-varying cavities and, most importantly,
the critical coupling condition may be continuously maintained
while the radiation leakage is reduced to zero, leading to the
desired BiC behavior.

The dynamic equation for critical coupling, that is, for w_(t) =
0, can be written as

dy (t) 1

" i, (t) + 7 (1) + A

2y (1) dt

(1)
' )

Equation 4 can be solved from two different viewpoints: (i)
solving for the appropriate resonance frequency modulation
@,(t) that guarantees critical coupling for a given incoming wave
w,; or (ii) solving for the appropriate incident wave v, that
would undergo critical coupling for a given modulation w,(t). In
the former case, eq 4 can be arranged as

dy,(t)
dt

2(t—t)

=2y (D|ilo,(t) — o] +y (t) + e

(s)

where y, is assumed to be a broadband Gaussian pulse given by
v, (t) = exp(iot — (t — t,)*/AP), where w, is the center
frequency, t; is the time position of the pulse, and At is related to
its temporal width. Equation S is particularly challenging to solve
explicitly due to its nonlinear character and the fact that @, and
Ym are generally related. Nevertheless, eq 5 may be solved for
specific cases in which @, and ¥,,, can be expressed in relatively
simple analytical forms. For the second case, which requires
solving for the appropriate incident wave, eq 4 becomes a linear
differential equation for which an exact solution can be obtained
as

w.(t) = CJr (t) N,

t

N = [ (o) + 7))
— m (6)
where C is a constant to be determined by a specified boundary
condition. It can be seen from eq 6 that, in the case of a static BiC
with y,, = 0, the critical coupling condition implies y, = 0,
verifying the well-established fact that an ideal BiC cannot be
externally excited. On the other hand, in the case of a static
resonance mode with y, # 0, the solution reads
l;/+(t) = m\/K exp((iw,, + ym)t), which indicates that an
exponentially growing incident wave is required to suppress
the reflections from the resonator. This implies that critical
coupling can be achieved even in the lossless static case if the
incident field is not constant in amplitude but, instead, grows
exponentially in time, which corresponds to the recently
proposed concept of virtual critical coupling."*® One way to
intuitively understand this effect is that, in order to destructively
interfere with the wave “leaking” from the exponentially growing
resonator mode, the reflected wave and, therefore, the driving
incident wave are required to have a similarly growing amplitude
(clearly, however, the resonator starts reflecting as soon as the

incident wave stops growing exponentially).
In the time-varying case, the solution of eq 6 with dynamic
parameters is more delicate, since @, and y,, are usually strongly
nonlinear functions of the modulation parameters. Hence, the
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Figure 2. Tunability of the complex resonance eigenfrequency. (a) Complex resonance eigenfrequency (@, = @,, + iy,,) of the relevant mode of a
core—shell scatterer as a function of the plasma frequency of the shell, and for different values of the shell thickness. The lower right insets show an
enlarged view around the BiC frequency (w,). (b) Illustrative magnetic and electric field vectors (left), magnetic field profile (middle) and electric field
profile (right) of the radiationless eigenmode of the core—shell scatterer (corresponding to a BiC at ). The middle and right panels show time-
snapshots of the field component orthogonal to the cross section. The dielectric core has a relative permittivity of 5 and radius equal to R = 0.3204,,
where A is the free space wavelength at the BiC frequency; the plasmonic shell has thickness d and follows a standard Drude dispersion model with

vanishing absorption.

required pulse profile, y,(t), to realize reflectionless light
trapping is challenging to calculate explicitly. However, a
heuristic inspection of eq 6 shows that the exp(N(t)) factor is
an exponentially growing function with a time-varying growth
rate. Specifically, for the case of interest, the growth rate will
decrease over time and will eventually converge to zero, since
zero radiation loss, that is, ¥, = 0, is required to achieve a BiC.
The exponential function will therefore saturate over time to a

certain level. Multiplying such a function by the ,/y. (t)

coefficient in eq 6, which is a monotonically decreasing function
of time, will then produce a Gaussian-like pulse shape for the
required incident field y,. Thus, as illustrated in Figure 1a, if a
broadband approximately-Gaussian pulse impinges on the time-
varying open cavity, modulated in such a way that the radiation
leakage is suitably reduced over time, then the pulse will be
captured with minimal reflection, since a Gaussian-like pulse
guarantees critical coupling according to eq 6. Once the incident
pulse is completely trapped inside the open resonant cavity, the
decay rate for the mode of interest is made to converge to zero,
thereby converting the resonance into a BiC and leading to
permanent storage of the incident pulse (in the limit of zero
internal losses). While several studies have investigated the
possibility to overcome bandwidth limitations in photonics and
electromagnetics by breaking the assumption of time-invariance,
including for guided-wave systems with resonators,””**
impedance-matched transmission lines,*” antennas,®® and
metasurfaces for spectral camouflage,”’ no study to date, to
the best of our knowledge, has explored the opportunity to
critically couple a free-space-propagating broadband pulse into a
compact open resonant scatterer. We also stress that, as for any
true BiC, the structure becomes effectively closed only from the
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point of view of the specific mode of interest, which is converted
into a nonradiating mode with y,, = (e However, the structure
remains “electromagnetically open,” as nonzero internal fields
can still be induced by a generic incident field if the resonator
supports additional leaky modes (which is usually the case), as
we will see in the following.

Figure 1b—d shows an alternative picture of the process
described above, with temporal modulations translated into
frequency transitions.””>* A broadband pulse composed of a
continuum of states at different frequencies can be “squeezed”
into a single state at a certain discrete frequency (in this case, a
BiC) through a proper temporal modulation (see Figure 1b).
Physically, in the case of an extended cavity (having one or more
infinite structural dimensions) supporting traveling-wave modes
with a certain wavevector, this process can be interpreted as the
result of direct photonic transitions, that is, transitions with
conserved wavevector in the band diagram of the structure.**
Such frequency transitions are illustrated in Figure 1c,d for an
extended cavity and a compact bounded resonator, respectively,
supporting a BiC at a discrete value of wavevector and frequency
(marked with white circles).

Design and Results. To numerically verify the proposed
dynamic BiC excitation, we chose an open cavity formed by a
resonant scattering object with finite size in all dimensions. The
structure is “open” in the sense that it is not surrounded by
perfectly reflecting mirrors that directly forbid outgoing waves.
Realizing BiCs in a bounded open cavity of this type was thought
to be difficult, if not impossible, since its quantum mechanical
analogue corresponds to a compact finite potential, which
cannot support an electronic bound state in the continuum (i.e.,
a bound state with positive energy).” From a classical
electrodynamics perspective, a compact, bounded, three-dimen-
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Figure 3. Wave dynamics of an initially excited open cavity subject to a temporal modulation. (a) Conceptual representation of a core—shell scatterer
dynamically tuned through a time-varying optical pump. The upper left inset illustratively shows the change of the shell plasma frequency Aw,, which
can be induced, for instance, through interband or intraband absorption processes in the presence of a strong optical control pump I(t). s7Eel The

shaded white ring around the particle indicates the uniform pump illumination, ensuring a homogeneous modulation. (b) Different examples of
temporal modulations of the shell plasma frequency. Numerically obtained (c) (through FDTD simulations) and analytically calculated (d) time-
domain response of the magnetic field (y-component, H},) inside an initially excited open resonator subject to the dynamic modulations in panel (b).
The scatterer is initially tuned at the BiC condition, i.e., @, = @.. The radiationless dipolar mode of interest is excited by an ideal point source inside the
structure before the modulation starts. Numerically (e) and analytically (f) calculated spectra of the radiated magnetic field intensity, measured at (x, y,
z) = (0.65, 0, 0)A (relative to the center of the resonator). The structural parameters of the core—shell resonator are the same as in Figure 2, with d =

0.0854,.

sional BiC would need to have zero electric and magnetic fields
everywhere outside a spherical surface enclosing the structure in
order to ensure no outgoing power flow from the resonator
(spherical harmonics are always radiative).”' As the electro-
magnetic boundary conditions and the analyticity of the fields
cannot usually be satisfied in such a case without the fields being
zero also inside the structure,”'* a compact optical BiC of this
type cannot be realized under normal circumstances. Nonethe-
less, it was demonstrated that this issue can be overcome using
materials with vanishing permittivity & and/or permeability

1102255 o1 certain nonlocal materials,”® which allow satisfying
the boundary conditions with vanishing external fields and
nonzero internal fields. Within this context, it was shown that a
subwavelength-sized dielectric-metal core—shell resonator can
be suitably designed to trap light indefinitely, at least in the limit
of no material absorption, by suppressing the radiation leakage
of the mode of interest when the permittivity of the shell material
becomes zero.”'® In other words, the internal polarization
current of the mode of interest becomes a nonradiating source
distribution at the BiC condition.”*® Most importantly, the
structure remains electromagnetically open even if the condition
€ = 0 is ideally satisfied, namely, the scatterer is penetrable by
generic incident fields.”" *>>° Such a structure is especially well
suited to verify our theoretical predictions, since its
subwavelength dimensions enable us to tune the resonator
parameters over a wide range by perturbing a relatively small
region of the resonator, namely, the shell. Another advantage is
that fast modulation of the structure parameters can be achieved
through optical pumps, which can externally alter the plasma
frequency @, of the metallic material (or degenerately doped
semiconductor), composing the plasmonic shell of the
scatterer.”” In addition, it was recently shown that tunability
through optical beams becomes more efficient if the pump is

817

around the zero-permittivity frequency of the material, as a
consequence of the slow group velocity in this regime.>® Several
recent works demonstrated sub-500 fs material excitation and
relaxation times, which enabled ultrafast variations in , 57,59,60
and adiabatic frequency shifting (redshift or blueshift) through
varying the probe-pump delay.”*®" While an experimental
demonstration goes beyond the scope of the present work, these
recent results suggest that our proposal may be experimentally
realized using analogous setups in similar frequency regimes
(particularly around optical communication wavelengths)
through suitably varying the probe-pump delay and the intensity
and time duration of the pump pulse (see Supporting
Information). The core—shell resonator under study can be
designed to support an ideal BiC, in the limit of vanishing
material loss, by overlapping the plasma frequency of the shell, at
which € = 0, with the resonance frequency of the cavity formed
by the dielectric core surrounded by epsilon-near-zero walls,
which act as perfect magnetic conductors for the transverse-
magnetic (TM”) dipolar mode of interest, as extensively
discussed in refs 9 and 10. In other words, the mode can be
converted from a leaky resonance into a BiC, and vice versa, by
appropriately tuning @,,. Then, in order to investigate the tuning
behavior of the resonator, we have determined the complex
resonance frequency of the scatterer, for the considered
eigenmode, based on exact analytical calculations®  (Mie
theory) as a function of @, and for various shell thicknesses.
From these results, reported in Figure 2a, one may immediately
note the markedly asymmetric behavior around the BiC
frequency, w; in particular, the imaginary part of the complex
resonance frequency, y,,, is typically smaller for @, > . This can
be understood as a consequence of the fact that the real part of
the resonance frequency, @, is smaller than @, in this range,
which implies that the shell exhibits negative permittivity at the
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eigenfrequency of the mode. Since a medium with negative
permittivity is highly reflective due its imaginary wave
impedance, the coupling between the resonance mode and
free space will decrease, therefore, decreasing y,,, consistent with
eq 3. Radiation leakage, however, cannot be reduced to
identically zero unless the permittivity goes to zero (BiC) or
to negative infinity (closed cavity), or if the thickness diverges.

Another relevant observation that can be made from Figure 2a
is that, while the shell thickness does not affect the real part of
the eigenfrequency considerably, it strongly influences the
imaginary part. This is expected because a thinner shell increases
the overlap between the evanescent tails of the leaky mode and
the free-space modes (outgoing spherical waves), which in turn
will increase the radiation loss (thereby increasing ,,). Note that
exactly at the BiC frequency, w, = @, the “penetration depth” of
the resonance mode inside the shell becomes zero (the zero-
permittivity shell expels any magnetic field, for the transverse-
magnetic mode of interest;” ' see Figure 2b). Thus, the complex
eigenfrequency becomes independent of the shell thickness,
which can therefore be made, in principle, arbitrarily thin.
Building upon these observations, in the following we will
consider plasma-frequency modulations in the range w, < w,,
applied to a scatterer with a relatively thin plasmonic shell (d =
0.0854.), which allows us to achieve large tunability with small
perturbations.

To verify our theoretical predictions in the previous section,
we first approach the problem from a time-reversed perspective:
instead of exciting the modulated resonator with the appropriate
incident wave , (t), we time-reverse the modulation and allow
v, (t) to emerge as an outgoing spherical wave from an initially
excited resonator, and we study the associated dynamics. Figure
3a shows a conceptual sketch of a core—shell spherical scatterer
being homogeneously modulated by an external control pump.
To ensure a homogeneous modulation, the control pump needs
to illuminate the scatterer uniformly (at least approximately).
Such an illumination configuration may be realized, for instance,
through tightly focused radially polarized beams, as in refs 63
and 64. Several examples of w, modulations, shown in Figure 3b,
have been investigated with the goal to verify the accuracy of the
CMT analysis for different modulation ranges and speeds. In all
cases, the excited structure is gradually detuned from the BiC
condition, leading to an increase in radiation leakage until the
internal fields of the open cavity are reduced to zero. The
modulations have been chosen to be continuous, with their
time-derivatives being also continuous, to allow for a smooth
and physical transition. Figure 3c,d shows the analytically
calculated (using eq 6) and numerically simulated temporal
profiles of the internal fields, while Figure 3e,f shows the spectra
of the emerging wave (which are approximately Gaussian as
expected from our discussion in the previous section). The
numerical results were obtained through finite-difference time-
domain (FDTD) simulations with a 3D grid.°> Comparing these
results, we see that the CMT accurately models and predicts the
cavity dynamics and the emerging wave spectrum.

The speed with which the resonance mode decays is
determined by the values of y,, during the plasma-frequency
modulation. Taylor-expanding 7,,(®,) around ®, = @, and
ignoring nondominant terms gives (for d = 0.0854.) 7., & @'
(w,(t) — ®))*. The considered @, modulations are in the

29,3 39,2

following form: wp(t) =w. + Ft - ?t , where q is the

modulation range (in units of ®.) and p is the modulation time

818

length. Substituting this expression into the Taylor expansion of
7m and taking the time integral yields

2 2

9¢° 2 4
/Ymdt = (%ts — A T o = ReIN()]
Sp P 7p

7)

Then, according to eq 6, this implies that faster modulations
(i.e., smaller p) and larger modulation ranges g lead to a larger
Re[N(t)] (ie., the resonance mode decays faster). As an
illustrative example, comparing modulations numbered 1 (mod-
1, blue) and 2 (mod-2, red) in Figure 3, we note that the smaller
p value of mod-2 indeed translates into a faster decay compared
to mod-1 (Figure 3c,d). Moreover, comparing modulations
numbered 2 and 4 (mod-4, green) reveals that the larger g value
of mod-4 also implies a faster decay (Figure 3c,d). Another
important observation that can be made from Figure 3 is thata 5-
fold decrease in the modulation range translates into
approximately a 2-fold decrease in the bandwidth (by comparing
modulations 1 and 3 in Figure 3e,f). This scaling behavior, which
can be understood from eq 6, suggests that, although the
bandwidth of the radiated wave is proportional to the
modulation range, a significant reduction of this range (easier
to implement in practice) does not prevent the ability of the
time-varying structure to interact with relatively broadband
signals.

We now return to our original scenario: dynamic excitation of
a BiC by an external broadband wave pulse (the time-reversed
counterpart of the scenario studied in the previous paragraphs).
We note that, in general, particular or unusual spatial profiles for
the incident wave are not necessary for our purposes, as the
mode of interest can be excited as long as the incident wave
contains the appropriate spherical harmonic (a simple plane
wave, which contains all spherical harmonics, would be
sufficient);”' however, the coupling efficiency will certainly
depend on the specific type of excitation. We first consider the
case of an incoming spherical wave®”°® having the same type of
polarization and order (angular momentum) as the BiC that is
being excited (in our case, order n = 1 and TM' polarization).
The electric and magnetic field components of the incident wave

at a particular frequency @ can be written as (for r > R + d)°>*°
E, iE,
E, =—-——VXF+ VXV XA,
& OTTRN
E, iE,
H =-—VXA- VXV XEF
.uo a)/"ogo
A= ?M%korhl(l)(kor)ﬂl(cos 0),
F= ‘?Mﬁkorhl(l)(kor)Pll(cos 0)
N0 2 (8)

where E, is the complex amplitude and P}(-) and h§1>(-) are the
associated Legendre polynomials of first degree and the
spherical Hankel function of the first kind, respectively, both
of order 1. ky = w/c (c being the speed of light) and 7, are,
respectively, the wavenumber and the wave impedance of free
space. The spatial profile of the excitation wave described by eq
8, weighted at each frequency by the corresponding amplitude of
the Fourier transform of the temporal profile given by eq 6
(approximately Gaussian), will ensure that, at all times and all
positions, the incident wave interacting with the temporally
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Figure 4. Broadband excitation of a BiC in a time-varying open cavity. External excitation of a BiC by a spherical-wave pulse (TM' spherical harmonic
of order 1) (a—d) and a plane-wave pulse (e—h). (a, ) Time-domain response of the magnetic field inside the resonator at (x, y, z) = (0.14, 0, 0)A.
(relative to the center of the resonator). The inset shows the BiC field spectrum. (b—d, f—h) Time-snapshots of the H, field distribution on the center
xy-plane at time steps t = 105 27/w, (b, f), t = 115 27/, (c, g), and t = 160 27/, (d, h). The inset of panels (b) and (f) shows the magnetic field
temporal profile of the impinging wave at (x, y, z) = (—3.4, 0, 0)A.. The structural parameters of the considered scatterer are the same as in Figure 3,and
the applied temporal modulation is the same as the modulation numbered “4” in Figure 3, but time reversed around time step ¢t = 120 277/ ®,. Scale bars
correspond to 4, black lines denote the structural boundaries of the core—shell scatterer, and black arrows indicate the direction of wave propagation.
Time-domain animations of the spherical- and plane-wave excitation cases are available as Supporting Information, Movies SI and S2, respectively,
which provide a detailed look into the response of the structure under broadband illumination.

modulation scatterer will lead to critical coupling. In other
words, the radiation leakage from the excited resonance mode
will destructively interfere with the direct spherical reflection at
the scatterer boundaries, thereby suppressing any outgoing wave
and achieving critical coupling into the open cavity. Following
this insight, FDTD numerical experiments of the broadband
excitation of a BiC have been carried out and the results are
shown in Figure 4a—d. An inspection of the time-domain
response of the field inside the scatterer (Figure 4a) shows that
the energy gradually builds up until the end of the modulation,
after which the internal field amplitude is virtually constant in
time, verifying the excitation of a BiC with vanishing radiation
leakage (see also the inset in Figure 4a for the spectrum of the
BiC field). We also note that the temporal field profile in Figure
4a is indeed equal to the time-reversed version of the field
profiles in Figure 3c,d, as expected. Figure 4b—d provides a
detailed look into the spatial field distributions at different time
instants, verifying that no scattering occurs during the excitation
(hence, fulfilling the critical coupling condition). As further
demonstrated in the corresponding time-domain animation in
the Supporting Information, Movie S1, the incident pulse is
indeed fully captured by the open cavity with no outgoing wave
being excited. Thus, rather strikingly, from the viewpoint of the
broadband incident field, the scatterer acts essentially as a
perfect absorber (a matched load impedance), even though
material absorption is assumed to be zero. This is similar to the
behavior demonstrated in refs 34 and 35 for monochromatic
signals, but realized here for broadband pulses interacting with
an open cavity (a scatterer in free space) supporting a bound
state in the continuum, that is, a radiationless eigenmode. Note
also that, in this case, the product between the bandwidth of the
incident signal and its interaction time with the resonator is in
principle unbounded since we were able to force a broadband
pulse into an infinitely long-lived resonance by compressing its
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bandwidth. To be more specific, while the cavity linewidth is still
inversely proportional to the resonance lifetime at the end of the
modulation, as they both depend on the imaginary part of the
eigenfrequency, ., the signal bandwidth that can be captured by
the time-varying open resonator is independent of the initial or
final value of y,, in stark contrast with static cavities.”® We stress
again that this is possible only because the system is not time-
invariant.

In practical applications, it might be challenging to generate
an incident spherical-wave pulse with the required character-
istics. Therefore, it is relevant to explore whether a dynamic BiC
can be excited with a standard plane-wave pulse. In this regard,
Figure 4e—h show the FDTD results for the same time-varying
scatterer as before under broadband plane-wave excitation. A
plane wave consists of (i.e., it can be represented as) an infinite
sum of spherical harmonics, not just the spherical wave
corresponding to the electric dipolar BiC considered here.
Thus, a plane wave illumination may excite additional (higher-
order) modes of the scatterer, corresponding to an induced
current distribution with different multipolar contributions (the
number of non-negligible multipolar terms can be determined
approximately as ko(R + d) =~ 3).°” These additional modes have
different eigenfrequencies with respect to the dipolar mode in
Figure 2 and will be affected differently by the temporal
modulation. In particular, these modes are not transformed into
BiCs, but remain damped by radiation (with a decay rate
perturbed by the temporal modulation). Hence, different from
the case of a single spherical-wave excitation, for plane-wave
illumination there is usually a non-negligible reradiation of
energy from these leaky modes, corresponding to nonzero
scattering, as clearly seen in the time-snapshot of the field
distribution in Figure 4g. The excitation of additional modes
may also produce higher internal fields in the scatterer, as more
energy is stored in different resonators; however, the resonances
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Figure 5. Broadband BiC excitation with and without temporal modulation. Time-resolved magnetic field amplitude distribution, along the center x-
axis, for plane-wave excitation of the considered scatterer with (a) and without (b) dynamic temporal modulation. Only in the time-varying case the
BiC is excited by the broadband incident wave. In the static case, the internal fields are nonzero, but do not induce long-lived resonances. The inset of
panel (b) shows the spectrum of the internal fields. The dynamic modulation in (a) is the same as in Figure 4, while in (b) the shell plasma frequency is
static and equal to . The temporal profile of the plane wave pulse is the same as in the inset of Figure 4b. Scale bars correspond to A, and white dashed

lines indicate the structural boundaries.

sustaining these higher fields are short-lived and decay rapidly.
Nevertheless, the results in Figure 4e show that, after an initial
peak in intensity during the external excitation, the internal field
amplitude converges to a value that is constant in time, verifying
that a broadband plane-wave pulse can indeed excite an infinitely
long-lived BiC with vanishing radiation leakage.

To gain further insight into the spatiotemporal field dynamics
for the considered open cavity under plane-wave excitation, we
have calculated time-resolved spatial field-amplitude distribu-
tions along the optical axis of the excitation (x-axis; Figure Sa).
For comparison, we have additionally provided in Figure Sb the
time-resolved field profile for a static time-invariant open cavity
(the same core—shell scatterer with no modulation), supporting
a BiC at the same frequency @.. Figure Sa clearly demonstrates
the broadband excitation of an infinitely long-lived resonance.
While some reradiation/scattering can be seen during the
excitation period (forming a standing wave to the left of the
scatterer in Figure Sa), it is evident that, after the incident pulse
and temporal modulation end, the field is permanently trapped
inside the open resonator with virtually no decay through
radiation. The results for the static resonator in Figure Sb, on the
other hand, shows that the incident pulse cannot excite long-
lived (or self-sustained) modes within the scatterer, and the
internal fields decay almost immediately upon excitation. These
results verify that the ideal BiC supported by this static structure
cannot be externally accessed and excited due to reciprocity
restrictions in time-invariant systems, consistent with the
discussion in ref 21. Moreover, the field profile in Figure Sb
confirms that the structure remains electromagnetically open at
the BiC condition, as generic fields can penetrate the scatterer at
this frequency (the spectrum of these internal fields is nonzero at
the BiC frequency, as shown in the inset). Finally, to
demonstrate that the broadband excitation of BiCs is not
limited to simple canonical geometries, we have investigated the
problem of capturing broadband light in a BiC supported by a
nonspherical scatterer. Our results, presented in the Supporting
Information, show that the insight and design considerations
provided by our theoretical analysis are valid for arbitrary
geometries, allowing the broadband excitation of BiCs in
structurally complex platforms. To conclude our discussion, we
also show in the Supporting Information that an important and
popular class of meta-optical devices, namely, achromatic
metalenses,”” can benefit from the proposed concept of time-
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varying BiCs and that the delay-bandwidth limitations of linear,
time-invariant, dispersion-engineered achromatic metalenses®’
can be bypassed with proper time modulations.

B DISCUSSION

In conclusion, we have theoretically shown the conditions
required to capture broadband light pulses in time-varying open
resonators supporting nonradiating eigenmodes. The theory was
confirmed with FDTD full-wave simulations, demonstrating for
the first time a BiC that can be externally excited with broadband
light. This leads to an unbounded delay-bandwidth product, as a
broadband signal is forced into an infinitely long-lived
resonance, a possibility enabled by the time-varying nature of
the scattering system. We have also shown (see Supporting
Information) that our theory can be conveniently extended to
open resonators with noncanonical geometries and can enable
achromatic metasurface lenses with broadband focusing
performance beyond the delay-bandwidth limit.”” We also
note that, even though the wave interaction with the dynamic
resonator involves a nonlinear process (frequency conversion),
the impinging pulse can be scaled arbitrarily, as predicted by eq
6. Therefore, no requirement exists in this configuration for the
incident-wave amplitude to surpass a certain threshold, in
contrast with the case of BiCs in nonlinear intensity-dependent
scatterers.”

The considered examples have focused on plasmonic-based
BiCs, which would typically suffer from the presence of material
absorption around the plasma frequency of the metallic shell,
especially at optical frequencies, whereas nearly lossless
metamaterial implementations exist at lower frequencies.’®
Nevertheless, to clarify the experimental feasibility of dynamic
BiCs, we provide as Supporting Information a discussion of
realistic material platforms that may be used for the experimental
demonstration of the proposed concepts at optical frequencies.
In particular, we show that the response time and modulation
range offered by certain degenerately doped semiconduc-
tors”’ " in the near-infrared range may be sufficient to realize
modulations in line with the ones considered in this paper,
hence, providing a mature experimental platform to study time-
modulated scattering systems. Most importantly, however, we
would like to stress that the ideas put forward in this article are
general, and may also be applied to extended BiCs supported by
lossless dielectric structures.” Furthermore, the proposed
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approach may also be used for the broadband excitation of quasi-
BiCs with long but finite lifetimes (in this case, y,, needs to
converge to a nonzero value in eq 6), which may be more easily
implemented in practical scenarios. Indeed, as mentioned above,
the signal bandwidth that can be captured by the time-varying
scatterer is independent of the value of y,, at the beginning or
end of the modulation. As a relevant example, we show in the
Supporting Information that a broadband pulse can still be
captured into a quasi-BiC even in the presence of Ohmic losses,
and that the quasi-BiC is able to maintain a considerable amount
of energy, for a relatively long time, after the excitation ends.

In addition, while in the previous section we have suggested
the possibility of using external optical pumps to dynamically
modulate the plasmonic shell of the resonator, other modulation
mechanisms may be employed to achieve the same goal®®
depending on the application. For instance, a possible alternative
is to use tunable liquid crystals as the core material and employ
all-optical,” thermal”® or electro-optic”" tuning to modulate the
resonance frequency of the resonator. Depending on the
required modulation speed, these different mechanisms may
be suitable for applications in different contexts and at different
operational frequencies.

In summary, our results extend the reach of the concept of BiC
and may help harness its full potential by lifting the restrictions
of time-invariance and the delay-bandwidth limit. Given their
generality, the ideas presented in this Article may also be
translated to different realms of wave physics, including
acoustics, quantum wave mechanics, and elastodynamics.
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