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Abstract—This paper develops a two-stage Volt-VAr control
(VVC) strategy coordinating the discrete controls of legacy grid
devices and the operation of smart inverters (SIs) in power
distribution grids with high penetration of photovoltaic (PV) gen-
eration. The first stage dispatch problem optimally coordinates
the tap settings of on-load tap changers (OLTCs), on/off status
of shunt capacitor banks, and SIs’ active power output. The
second stage incorporates the SI Volt-VAr mode, i.e., Q(V) as per
IEEE-1547, and an adaptive Volt-VAr droop function, Q(∆V)
to dispatch the SI reactive power generation. Both dispatch
problems are formulated as mixed-integer linear programming
(MILP) problems to maintain tractable formulations and reduce
the complexity and computational burden that usually arise when
solving large-scale optimal power flow (OPF) problems. The
proposed two-stage strategy is tested on a modified IEEE 123-bus
system considering different droop settings. The dispatch strategy
augmented with Q(∆V) droop outperforms the model with only
Q(V) droop in stabilizing the PCC voltage while resulting in less
active power curtailment.

Index Terms—Distribution Grids, Volt-VAr, Smart Inverters,
Adaptive Control, Optimization

I. INTRODUCTION

A. Background and Motivation

THE rapid adoption of renewable sources, encouraging

regulatory actions, and favorable business models are all

impetuses for the accelerated development of decarbonized

and reliable energy systems [1]. This rising installation of

renewable sources, however, especially in photovoltaic (PV)

based distributed generation [2], creates additional challenges

and opportunities in the control and management of distribu-

tion networks [3, 4]. On the one hand, the high resistance-

to-reactance (R/X) ratio of distribution lines causes the feeder

voltages to be significantly sensitive to active power injections

in distribution networks [5], making the feeder voltages to

become more vulnerable to instability due to the intermittency

of PVs. On the other hand, the adoption of smart inverter

(SI) technology opens new avenues in the way that voltage

regulation in distribution networks can be managed. Through

advanced communication and control capabilities, SIs can

participate in grid-ancillary services in distribution networks

[6]. Moreover, the adoption of IEEE Std. 1547-2018 [7] and

IEEE Std. 1547.1-2020 [8] are standardizing and unlocking

the grid-supporting functionalities and conformance of SIs

interconnecting distributed energy resources (DERs) to the
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grid. Accordingly, distribution system operators (DSOs) can

leverage the voltage regulation support from inverter-based

resources (e.g., PVs) to alleviate the burden of the negative

impacts of the high penetration of PVs.

Voltage regulation in the distribution network typically

aims at maintaining the feeder voltage level within limits of

[0.95-1.05] p.u. as specified by ANSI Standard C84.1-2011

[9]. Conventionally, Volt-VAr control (VVC) is performed by

legacy grid devices such as fixed/switched capacitor banks

(CBs), on-load tap changers (OLTCs) at substation transform-

ers and step voltage regulators (SVRs). VVC is carried out

in modern distribution networks as an integrated function of

a distribution management system (DMS), which includes a

suite of diverse control and monitoring applications. DMS-

based VVC aims to achieve network-wide optimized voltage

regulation by coordinating different types of VVC devices

through the supervisory control and data acquisition (SCADA)

[10]. VVC decisions are periodically (e.g., at every 10-15

min interval) updated to regulate voltage and reactive power

through an integrated optimization algorithm.

The uptake of high renewable penetrations may require

modifications in existing DMS-based VVC algorithms due

to high intermittency in the output of renewable DERs [11].

Particularly, cloud transients can cause ramp up in PV gen-

eration, which scales up to 15% of its output power per

minute [12], which may result in voltage fluctuation problems

when the level of PV penetration exceeds 20% [13]. The

conventional VVC devices can effectively regulate the slow

dynamical voltage variations. However, regulation of the fast

dynamical voltage variations, typically causing overvoltages,

conventional VVC devices remain insufficient to tackle voltage

volatility. Since LTCs and CBs are mechanical switch-based

devices, their frequent operations result in wear and tear in

the life cycle of conventional VVC devices. Power electronic-

based fast-acting regulation devices such as STATCOMs and

SVCs can also be used for over/undervoltage mitigation [13,

14]. However, new installations of such legacy volt/var control

devices require initial investment by the utilities, which may

not be generally intended. On the other hand, SIs provide fast

and cost-effective voltage support to DSOs as they are already

deployed at DER locations. Furthermore, SIs can be operated

autonomously or dispatched centrally. When participating in

voltage regulation autonomously, SIs can adjust active and

reactive power output based on the control functions defined as

Volt-VAr, i.e. Q(V); Volt-Watt, i.e. P(V); fixed-PowerFactor

i.e. cos(φ); PowerFactor-Watt, i.e. PF(P) as illustrated in

Fig. 1.
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Fig. 1: Representative SI control modes.

B. Related Literature

VVC literature can be classified into coordinated and un-

coordinated control approaches. Coordinated control refers to

managing VVC devices collectively through a DMS-based

VVC algorithm that optimizes a certain objective function,

such as minimizing voltage violations and/or reducing total

network losses. In contrast, uncoordinated control often covers

local control strategies, which may not lead to system-wide

optimum VVC. In the uncoordinated VVC schemes with

no communication infrastructure, a rule-based approach is

generally used for controlling each VVC device to maintain

the feeder voltage within ANSI limits. Accordingly, control

circuits of CBs, OLTCs, and SVRs operate autonomously with

predefined settings to regulate the voltage at a specific bus or

load center. In addition to the conventional VVC devices, SIs

can provide local voltage regulation support by the control

functions mentioned above [5, 15]. In [5], sensitivity analysis

based local control strategies are analyzed for PV inverters,

which can be configured with the modes of Q(V) droop, fixed

reactive power, fixed power factor, and variable power factor

as a function of active power generation PF(P). According

to the prior analysis, authors propose a new control function

combining Q(V) and PF(P) which yields PF(P,V). In

[15], the mutual effects of autonomous control of substation

OLTC and PV inverters are investigated under different lo-

cal control settings of Q(V) droop, fixed-power factor and

PF(P). Moreover, Q(V) droop control suggests the lowest

negative impact on the substation OLTC switching operations

compared with a PF(P) control. In [16], an adaptive local

control strategy is proposed to improve existing Q(V) droop-

based VVC support by adaptively adjusting the slope of the

droop curve. The comparative results show the improvement

over conventional (controls by constant parameter) and de-

layed droop control. Although the local VVC methods provide

scalable solutions, achieving the network-wide optimal VVC

without coordination might not be guaranteed. Therefore,

for efficient utilization of coordinated SI functionalities that

abide by the IEEE 1547, combining these SI capabilities with

existing VVC schemes is unavoidable for distribution system

operators (DSOs).

Accordingly, coordinated control of VVC devices with DER

voltage support has been investigated in [16–20]. Coordinated

VVC methods can be formulated by adopting distribution grid

optimal power flow (DOPF)-based models to obtain settings

of VVC devices for certain look-ahead horizons [21]. Two

coordination algorithms are proposed in [17] where SIs of PV

plants are operated in aggregated and autonomous mode in

coordination with conventional VVC devices. SIs participate

in voltage regulation by Q(V) droop-based reactive power

support in autonomous mode, and a heuristic-based algorithm

is carried out to dispatch LTCs, CBs, and power factor of SIs

in a coordinated mode of operation. However, Q(V) droop

model is not considered in an aggregated mode of operation.

A hierarchical framework is proposed in [18] for coordinating

the reactive power support of the PV inverters through Q(V)
function. The upper hierarchy finds the optimal reactive power

dispatch of PV inverters and Q(V) droop voltage intercept

point by solving LinDistFlow-based DOPF. At the same time,

local control is carried out in the lower hierarchy. However,

the scalability is not shown on the practical-sized unbalanced

distribution feeder. In [19], the authors propose a hierarchical

dispatch mechanism considering different coordination layers

for legacy devices and SIs. In addition, an adaptive slope

control of Q(V) droop is proposed for the real-time operation

of SIs based on local measurements. However, the exact tap

changing mechanism of LTCs and Q(V) droop model of SI

is not considered in the scheduling layer. In [20], a two-

stage voltage regulation optimization framework is proposed

considering electrical vehicles (EVs) and PV inverters. The

first stage solves an optimal partitioning problem which de-

composes the distribution network into multiple clusters based

on sensitivity analysis, while the second stage determines the

control decisions of legacy devices, EV charging/discharging,

and dispatch of PV inverters by solving a MILP-based DOPF

problem. The unbalanced network model is linearized, and

reactive power support from PV inverters is modeled as piece-

wise Q(V) droop function. The overall model is solved on an

hourly basis which might not be sufficient to capture the fast

dynamics in PV generation.

C. Contributions

The key contributions are summarized as follows:

• A two-stage MILP-based VVC framework is proposed

to dispatch legacy grid devices in coordination with

the Volt-VAr support of SIs. The proposed framework,

established on a linearized three-phase power flow model,

incorporates the piecewise linear model of Q(V) and

Q(∆V) droop functions of SIs and mixed-integer linear

operational model of legacy devices, which significantly

extends our previous studies [22, 23]. In contrast to

the Q(V) droop modeling approach proposed in [20],

this paper models the Q(V) droop considering each lin-

ear segment explicitly within droop breakpoints, thereby

guaranteeing that the dispatch lies exactly on the droop

curve and will therefore conform to IEEE 1547 [22].

• The local control strategy proposed by [24], combining

Dynamic Reactive Current Control (DRCC) and Volt-VAr

control modes of SIs, is reinterpreted as an operational

optimization model by leveraging the derived Q(V) and
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Q(∆V) functions. Moreover, the utilization of these

droop functions within a DOPF formulation enables an

adaptive dispatch model in system-wide operation, which

a DMS can use to handle fast dynamic voltage events. In

contrast to the scheduling layer proposed in [19], this

paper makes use of the Q(V) and Q(∆V) functions

embedded in a DOPF formulation. It can dispatch SIs

reactive power output adapting to the temporal voltage

deviations.

The rest of this paper is organized as follows. Section

II describes the mathematical models. Section III introduces

the proposed approach. In Section IV, a numerical study is

executed on IEEE-123 bus test system to validate the proposed

approach. Finally, the paper is concluded in Section V.

II. MATHEMATICAL MODELS

A. Distribution Network and Power Flow Models

A typical distribution network comprises multi-phase series

and shunt components of various types. This paper considers

distribution lines, buses, and OLTCs as series components,

while CBs, SIs, and loads are shunt components. Each com-

ponent in the network is indexed suitably and collectively

represented by set notations. When indexing a bus or a shunt

component connected at a bus, a single-letter subscript (e.g., i)
is preferred, while a double-letter subscript (e.g., ij) is used

for a branch or a series component between buses i and j.
In addition, the same notational convention is followed for

the electrical quantities associated with each component. The

operation of the distribution network is assumed as unbalanced

three-phase. Hence, the phasing of each component can have

up to three phases, labeled a, b and c. The set of available

phases associated with bus i and branch ij are collected within

the sets Φi ⊆ {a, b, c} and Φij ⊆ {a, b, c}, respectively. The

superscripts φ or ψ are used to index phasing. We also assume

that the entire network is connected to an infinite bus. The

connections of all components form a network topology which

can be represented as a rooted tree graph by G = (N , E) where

N denotes the set of buses and E is the set of branches, which

is formally represented E = {(i, j)|i, j ∈ N}.
Accordingly, the power flow along the network can be

modeled with the well-known LinDist3Flow equations [25].

Decomposing the equations into real and imaginary terms of

per-phase quantities yields active and reactive power balance

equations in (1), where pφj = pg,φj −pd,φj and qφj = qg,φj −qd,φj

are the net active and reactive power injections respectively,

Pφ
jk and Qφ

jk denote the active and reactive power flows

outgoing from bus j while Pφ
ij and Qφ

ij are the incoming active

and reactive power flows at bus j on phase φ.

pφj =
∑

k:j→k

Pφ
jk −

∑

i:i→j

Pφ
ij , ∀j ∈ N , ∀φ ∈ Φj . (1a)

qφj =
∑

k:j→k

Qφ
jk −

∑

i:i→j

Qφ
ij , ∀j ∈ N , ∀φ ∈ Φj . (1b)

Let L ⊆ E be the set of distribution lines in the network.

The voltage drop along the line segment can be represented

as the following equation,

vφi = vφj −H
P
ijP

φ
ij −H

Q
ijQ

φ
ij , ∀(i, j) ∈ L, ∀φ ∈ Φij (2)

where vφi = |Ṽ φ
i |2 is magnitude square of the voltage phasor,

H
P
ij and H

Q
ij are the modified matrices for active and reactive

power flows on the line segment between buses i and j.

H
P
ij =




−2raaij rabij −
√
3xabij racij +

√
3xacij

rbaij +
√
3xbaij −2rbbij rbcij −

√
3xbcij

rcaij −
√
3xcaij rcbij +

√
3xcbij −2rccij


 (3a)

H
Q
ij =




−2xaaij xabij +
√
3rabij xacij −

√
3racij

xbaij −
√
3rbaij −2xbbij xbc +

√
3rbcij

xcaij +
√
3rcaij xcbij −

√
3rcbij −2xccij


 (3b)

where resistance (r) and reactance (x) values are derived by

the impedance matrix of the corresponding line configuration.

Equations (1) - (3) model the network power flow in linear

form.

B. LTC Model

Let H ⊆ E denote the set of LTC branches in a distribution

network. An optimization model of an LTC branch can be

derived based on the single-phase branch model illustrated in

Fig. 2.

fi jrij

ϕ

+ jxij

ϕ

1:hij

ϕ

Fig. 2: Branch model with LTC.

f represents a fictitious node separating the tap changer mech-

anism and transformer impedance reflected to the secondary

side. First, the voltage relationship of an LTC mechanism

between the nodes i and f is derived as follows,

vφf = vφi (h
min,φ
ij +∆h · Tφ

ij)
2 (4a)

vφf = vφi (h
min,φ
ij )2 + 2hmin,φ

ij ∆h · vφi Tφ
ij +∆h2 · vφi Tφ

ij
2 (4b)

where hmin
ij is the minimum turns ratio of an auto-transformer,

and ∆h is the turns ratio step size per tap change, which are

physical parameters, while Tφ
ij denotes the integer tap value

as a manipulated variable. The novelty in this subsection is

the derivation of a valid linearized expression for (4b) by

reformulation techniques for the nonlinear terms. Defining new

variables Aφ
ij := vφi T

φ
ij and Bφ

ij := vφi (T
φ
ij)

2, (4b) yields the

following linear form.

vφf = vφi (h
min,φ
ij )2 + 2hmin,φ

ij ∆h ·Aφ
ij +∆h2 ·Bφ

ij . (4c)

Using the binary expansion technique, integer tap values can

be linearly represented as

Tφ
ij =

K
φ

ij∑

n=0

2nbφij,n (4d)
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where bφij,n is a binary variable corresponding to n-th digit.

Suppose that Nφ
ij is the total number of tap values, then let

Kφ
ij = log2(N

φ
ij − 1) be the number of digits required to

represent the integer tap values. Multiplying both sides of (4d)

by vφi yields (4e).

vφi T
φ
ij =

K
φ

ij∑

n=0

2nbφij,nv
φ
i . (4e)

Note that the right-hand side of (4e) is composed of a sum

of bilinear terms which can be reformulated by introducing a

new auxiliary variable wφ
ij,n := bφij,nv

φ
i and adding two extra

constraints for each digit as follows,

Aφ
ij :=

K
φ

ij∑

n=0

2nwφ
ij,n. (4f)

bij,nv
φ
i ≤ wφ

ij,n ≤ bφij,nv
φ
i . (4g)

− vφi (1− bφij,n) ≤ vφi − wφ
ij,n ≤ vφi (1− bφij,n). (4h)

Reformulation of the second nonlinear term, vφi (T
φ
ij)

2, in (4b)

can also be derived with a similar procedure. Taking the square

of both sides of (4d) yields(4i).

(
Tφ
ij

)2

=

( K
φ

ij∑

n=0

2nbφij,n

)2

. (4i)

Next, we leverage on a square of a sum identity as (4j), where

m and n are digit indices.

(∑

n

an

)2

=
∑

n

a2n + 2
∑

n<m

anam (4j)

The squared expression on the right-hand side of (4i) can then

be expanded as follows

(
Tφ
ij

)2

=

K
φ

ij∑

n=0

(2nbφij,n)
2 + 2

K
φ

ij∑

n<m

(2nbφij,n)(2
mbφij,m) (4k)

=

K
φ

ij∑

n=0

4nbφij,n + 2

K
φ

ij∑

n<m

(2n+m)bφij,nb
φ
ij,m. (4l)

Note that the square of a binary number is itself. The bilinear

binary product terms appearing in the second summation of

eq. (4l) can be replaced by an auxiliary variable zφij,nm :=

bφij,nb
φ
ij,m, which is equivalent to logical AND operation for

the binary variables which can be reformulated as follows

zφij,nm ≥ bφij,n + bφij,m − 1 (4m)

zφij,nm ≤ bφij,n (4n)

zφij,nm ≤ bφij,m. (4o)

By multiplying both sides of (4l) by vφi , the second nonlinear

term in (4b) is derived as

vφi (T
φ
ij)

2 =

K
φ

ij∑

n=0

4nbφij,nv
φ
i + 2

K
φ

ij∑

n<m

(2n+m)zφij,nmv
φ
i . (4p)

The auxiliary variable, wφ
ij,n := bφij,nv

φ
i , has already been

defined previously and can be used for the first part of the

expression (4p). A new auxiliary variable yφij,nm := zφij,nmv
φ
i

is introduced for the bilinear term in the second part, which

yields the following expression,

Bφ
ij :=

K
φ

ij∑

n=0

4nwφ
ij,n + 2

K
φ

ij∑

n<m

(2n+m)yφij,nm (4q)

zij,nmv
φ
i ≤ yφij,nm ≤ zφij,nmv

φ
i (4r)

− vφi (1− zφij,nm) ≤ vφi − yφij,nm ≤ vφi (1− zφij,n). (4s)

Finally, the nonlinear LTC mechanism voltage relationship

is reformulated in mixed-integer linear form, which is more

amenable to efficient mathematical programming solvers.

Compactly,

(4c), (4f) − (4h), (4m) − (4o)

(4q) − (4s)

}
, ∀(i, j) ∈ H, φ ∈ ΦH

ij (5)

forms the LTC model.

C. Capacitor Bank Model

Let C ⊆ N denote the set of buses to which CBs are

connected. The total reactive power support from a capacitor

bank connected at node j can be modeled by the following

equation,

qφ,cj =

Nc∑

n=1

uφ,cjn ·Qφ,c
jn ∀i ∈ C, φ ∈ ΦC

i (6)

where uφ,cjn = {0, 1} is a binary variable representing the

switching off/on operation of the n-th capacitor unit, Qφ,c
jn

represents the rating of the corresponding unit, and Nc is the

total number of the capacitor unit.

D. SI Operational Model

A SI is a power electronic device that converts DC to AC

and interfaces solar, wind, energy storage, and electric vehicles

to the distribution grid. In this study, the term SI is used

for a PV-based inverter system connected to the grid at the

point of common coupling (PCC). Through a set of advanced

control functions, SI can contribute to voltage regulation by

modulating its active and reactive power output as a function

of the voltage measured at PCC [7, 26]. A typical power output

capability curve of an SI can be represented in Fig. 3. To fully

utilize its capability of injecting (capacitive) and absorbing

(inductive) reactive power, the SI is oversized such that its

apparent power rating is designed to be greater than its active

power rating. In this way, the SI can still generate reactive

power even if the active power output is dispatched at its

maximum capacity.

In terms of multi-phase modeling, let pg,φi and qg,φi denote

the controllable power output of an SI connected at bus i and

phase φ, then (7) typically defines the relation between active

and reactive power outputs with the apparent power rating of

SI as√
(pg,φi )2 + (qg,φi )2 ≤ Sφ

rating,i, ∀i ∈ NPV, ∀φ ∈ ΦPV
i (7)
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Fig. 3: Power output capability of SIs.

where the sets NPV and ΦPV
i represent the set of SI connected

buses and corresponding phase set, respectively. The direct

use of (7) is not possible in a linear optimization model

when both the active power and reactive power are decision

variables. Therefore, [27] proposes to linearly approximate (7)

by making use of a 32-vertex polygon (k = 16) and defining

a polyhedral norm as,

−Sφ
rating,i ≤ cos(lγ) pg,φi + sin(lγ) qg,φi ≤ Sφ

rating,i

γ =
π

k
, l = 1, · · · , k, ∀i ∈ NPV, ∀φ ∈ ΦPV

i .
(8)

Given that Prating,i and Qmax,φ
i denote the active and reactive

power rating respectively of SI, the following box constraints

ensure the active and reactive power capabilities.

0 ≤ pg,φi ≤ Prating,i, ∀i ∈ NPV, ∀φ ∈ ΦPV
i . (9)

−Qmax,φ
i ≤ qg,φi ≤ Qmax,φ

i , ∀i ∈ NPV, ∀φ ∈ ΦPV
i . (10)

E. Modeling of Volt-VAr Droop Curve

The autonomous operation of DER units is generally carried

out utilizing droop-based control methods in which active

or reactive power outputs are adjusted based on a specific

mathematical function. Volt-VAr curve/droop is one function

that allows SIs to participate in voltage regulation by providing

reactive power support as a function of voltage at the PCC.

Fig. 4 depicts a typical Q(V) droop with five piecewise linear

segments. The range of each segment determines how SI

modulates its reactive power output. The SI neither absorbs

nor injects reactive power when the voltage stays within the

nominal voltage range [V φ
i,3, V

φ
i,4], called deadband. When the

voltage decreases into [V φ
i,2, V

φ
i,3], SI modulates its reactive

power output by a constant slope in capacitive mode. How-

ever, smaller voltage values within [V φ,l
i , V φ

i,2] drives SI to

the capacitive saturation range. Similarly, in the range of

[V φ
i,4, V

φ
i,5], inductive mode is active with the slope while SI

stays at inductive saturation in [V φ
i,5, V

φ,u
i ]. Depending on the

configuration of the breakpoints, the available operating range

of the voltage is partitioned into multiple segments, which

define the reactive power control actions of the SIs.

It is necessary to obtain an analytical model of the Q(V)
droop curve of SIs in order to integrate it into the DOPF for-

mulation. Thus, [22] proposes an analytical way of modeling

Q(V) droop curve through a piecewise modeling approach.

The mathematical representation of Q(V) droop curve can
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Fig. 4: A typical 5-segment Q(V) droop curve of SIs [7, 26].

be written as the following piecewise function having five

segments,

Qi(V
φ
i ) =





+Qmax,φ
i , V φ,l

i ≤ V φ
i ≤ V φ

i,2

−Q
max,φ

i

V
φ

i,3
−V

φ

i,2

V φ
i +

Q
max,φ

i
V

φ

i,3

V
φ

i,3
−V

φ

i,2

, V φ
i,2 < V φ

i ≤ V φ
i,3

0, V φ
i,3 < V φ

i ≤ V φ
i,4

−Q
max,φ

i

V
φ

i,5
−V

φ

i,4

V φ
i +

Q
max,φ

i
V

φ

i,4

V
φ

i,5
−V

φ

i,4

, V φ
i,4 < V φ

i ≤ V φ
i,5

−Qmax,φ
i , V φ

i,5 < V φ
i ≤ V φ,u

i

(11)

where V φ
i,2 through V φ

i,5 are the break points of voltage V φ
i

whose lower and upper bounds are given as V φ,l
i and V φ,u

i

respectively.

The value of the node voltage V φ
i determines the seg-

ment to be activated through the use of binary variables,

i.e., δi,1, . . . , δi,5 ∈ {0, 1}, and Qi(V
φ
i ) function can be

collectively written as,

Qi(V
φ
i ) = δφi,1

(
+Qmax,φ

i

)

+ δφi,2

(
−Qmax,φ

i

V φ
i,3 − V φ

i,2

V φ
i +

Qmax,φ
i V φ

i,3

V φ
i,3 − V φ

i,2

)

+ δφi,3 (0) (12)

+ δφi,4

(
−Qmax,φ

i

V φ
i,5 − V φ

i,4

V φ
i +

Qmax,φ
i V φ

i,4

V φ
i,5 − V φ

i,4

)

+ δφi,5

(
−Qmax,φ

i

)

where only one binary variable is activated to choose one

segment of Qi(Vi), while disabling the other segments. This

condition is enforced by the following logical constraint,

5∑

m=1

δφi,m = 1. (13)

Utilizing big-M modelling approach, the voltage ranges of

each segment, defined by break points of Qi(V
φ
i ) in (11), can

be combined with the binary variables through the following

set of inequalities,
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−(1− δφi,1)M + V φ,l
i ≤ V φ

i ≤ V φ
i,2 + (1− δφi,1)M

−(1− δφi,2)M + V φ
i,2 ≤ V φ

i ≤ V φ
i,3 + (1− δφi,2)M

−(1− δφi,3)M + V φ
i,3 ≤ V φ

i ≤ V φ
i,4 + (1− δφi,3)M

−(1− δφi,4)M + V φ
i,4 ≤ V φ

i ≤ V φ
i,5 + (1− δφi,4)M

−(1− δφi,5)M + V φ
i,5 ≤ V φ

i ≤ V φ,u
i + (1− δφi,5)M





(14)

where M is a sufficiently large disjunctive parameter, which

can be selected as V φ,u
i .

The piecewise nature of the Qi(V
φ
i ) droop curve can be

exactly modelled by the set of equations given by (12)-(14).

However, the bilinear terms occurring in (12), which are the

products of binary variable δi and continuous variable Vi,
making the overall analytical droop model nonlinear. These

particularly occur at the 2nd and 4th segments where the

Qi(V
φ
i ) curve has slopes. Hence, we apply an exact lineariza-

tion method to the bilinear terms in (12). Consider two new

variables Wφ
i,2 := δφi,2 V

φ
i and Wφ

i,4 := δφi,4 V
φ
i . Then, (12) is

reformulated as following,

Q(V φ
i ) = δφi,1

(
Qmax,φ

i

)

+Wφ
i,2

(
−Qmax,φ

i

V φ
i,3 − V φ

i,2

)
+ δφi,2

(
Qmax,φ

i V φ
i,3

V φ
i,3 − V φ

i,2

)

+ δφi,3 (0)

+Wφ
i,4

(
−Qmax,φ

i

V φ
i,5 − V φ

i,4

)
+ δφi,4

(
Qmax,φ

i V φ
i,4

V φ
i,5 − V φ

i,4

)

+ δφi,5

(
−Qmax,φ

i

)
(15)

where new variables are coupled with existing segment bounds

with a modified set of inequalities as,

−(1− δφi,1)M + V φ,l
i ≤ V φ

i ≤ V φ
i,2 + (1− δφi,1)M

−M (1− δφi,2) ≤ V φ
i −Wφ

i,2 ≤ (1− δφi,2)M

V φ
i,2 δ

φ
i,2 ≤Wφ

i,2 ≤ V φ
i,3 δ

φ
i,2

−(1− δφi,3)M + V φ
i,3 ≤ V φ

i ≤ V φ
i,4 + (1− δφi,3)M

−M (1− δφi,4) ≤ V φ
i −Wφ

i,4 ≤ (1− δφi,4)M

V φ
i,4 δ

φ
i,4 ≤Wφ

i,4 ≤ V φ
i,5 δ

φ
i,4

−(1− δφi,5)M + V φ
i,5 ≤ V φ

i ≤ V φ,u
i + (1− δφi,5)M





(16)

An integer-linear form of an analytical model of Q(V)
droop curve can thus be obtained by the equations (17).

(13), (15), (16)
}

∀i ∈ NPV, φ ∈ ΦPV
i . (17)

F. Adaptive Volt-VAr Droop Function

Due to the intermittent nature of PV generation, time-

varying and rapid voltage fluctuations can occur within a

day, which results in power quality issues. In order to im-

prove the power quality and stabilize the voltage at PCC,

Dynamic-Reactive Current Control (DRCC) method has been

recommended for SIs [26]. The DRCC method is based on

the voltage difference (∆V ) between the present voltage

and a voltage reference, specified as a percent change or

deviation from the reference voltage. The reference voltage

can be chosen as the average voltage calculated by the voltage

samples within the moving window defined over the previous

time intervals.

The local DRCC and Volt-VAr droop, Q(V), functionalities

have further been combined in [24], and called ”Volt-VAr

with Adaptive Control”. Through the adaptive capability, the

generated reactive power is proportional to the magnitude of

temporal voltage deviations so that the PCC voltage deviations

can be compensated against the temporal cloud-induced volt-

age fluctuations. Fig. 5 shows the conceptual block diagram of

the modified approach where we combine adaptive and normal

Volt-VAr functions.

Fig. 5: Modified control strategy [24].

The average voltage, V φ
i (t), calculated at time interval t

over a time window is defined as

V φ
i (t) =

1

Np

Np∑

τ=1

V φ
i (t− τ) (18)

where Np is the averaging window size. Instead of using only

voltage difference, we further modify the proposed approach

as shown in Fig. 5, by adding relative voltage difference

functionality defined in (19).The voltage change at present

time interval ∆Vi(t) at bus i is calculated as follows

∆V φ
i =

[
Vi(t)

φ − Vi(t)φ

Vi(t)φ

]
· 100% (19)

where Vi(t) can be selected as a control variable in op-

timal/adaptive control applications and the time index t is

dropped for the brevity in the following formulations.

In order to utilize the modified ”Volt-VAr with Adaptive

Control” approach inside an optimization framework, the

mathematical model of adaptive droop, Q(∆V), is required

to be derived and merged with OPF formulation. Unlike the

Q(V) droop, where the reactive power output is a function of

the voltage magnitude, the adaptive Volt-VAr droop function is

denoted by Q(∆V), which is a function of voltage magnitude

deviation as shown in Fig. 6. Similar to the Q(V) droop,

Q(∆V) droop can be defined as a piecewise linear function

with suitable breakpoints.
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Fig. 6: A typical 3-segment Q(∆V) droop curve of SIs. [24]

The Q(∆V) of SIs is modeled by applying the same pro-

cedure of mixed-integer modeling of normal Volt-VAr droop

Q(V) detailed in Section II.E. The mathematical representa-

tion of Q(∆V) droop curve can be given as the following

piecewise function in (20).

Qi(∆V
φ
i ) =





+Qmax,φ
i , ∆V φ,l

i ≤ ∆V φ
i ≤ ∆V φ

i,2

−2Qmax,φ

i

∆V
φ

i,3
−∆V

φ

i,2

∆V φ
i ,∆V

φ
i,2 < ∆V φ

i ≤ ∆V φ
i,3

−Qmax,φ
i , ∆V φ

i,3 < ∆V φ
i ≤ ∆V φ,u

i

(20)

Combining all intervals using binary indicator variables, αi,m,

it yields the following function representation,

Qi(∆V
φ
i ) = αφ

i,1 (+Q
max,φ
i )

+ αφ
i,2

(
−2Qmax,φ

i

∆V φ
i,3 −∆V φ

i,2

∆V φ
i

)
(21)

+ αφ
i,3 (−Qmax,φ

i ).

Defining a new variable Zφ
i,2 := αφ

i,2 ∆V
φ
i . Then, (21) is

reformulated linearly as following,

Qi(∆V
φ
i ) = αφ

i,1

(
+Qmax,φ

i

)

+ Zφ
i,2

(
−2Qmax,φ

i

∆V φ
i,3 −∆V φ

i,2

)
(22)

+ αφ
i,3

(
−Qmax,φ

i

)

−(1− αφ
i,1)M +∆V φ,l

i ≤ ∆V φ
i ≤ ∆V φ

i,2 + (1− αφ
i,1)M

−M (1− αφ
i,2) ≤ ∆Vi − Zφ

i,2 ≤ (1− αφ
i,2)M

∆V φ
i,2 α

φ
i,2 ≤ Zφ

i,2 ≤ ∆V φ
i,3 α

φ
i,2

−(1− αφ
i,3)M +∆V φ

i,3 ≤ ∆V φ
i ≤ ∆V φ,u

i + (1− αφ
i,3)M





(23)

3∑

m=1

αφ
i,m = 1. (24)

The analytical model of integer-linear Q(∆V) droop curve

representation can be given as

(22), (23), (24)
}

∀i ∈ NPV, φ ∈ ΦPV
i . (25)

G. Base Distribution Grid OPF Model

The developed operational models of different distribution

system equipment can be coupled with a power flow model to

optimize a grid objective such as total line loss, curtailment,

or feeder voltage profile.

A DOPF model can be formulated as a mixed-integer linear

program (MILP). In this study, the DOPF1 model is given as

follows,

DOPF1 :

Min OF1 = ξ1
∑

i∈N PV

∑

φ∈ΦPV
i

(P̂pvi,t
− pg,φi,t )

+ ξ2
∑

i∈N\N ′

∑

φ∈Φi

|vφi,t − vref |

+ ξ3
∑

(i,j)∈H

∑

φ∈Φij

|Tφ
ij,t − Tφ

ij,t−1|

+ ξ4
∑

i∈C

∑

φ∈ΦC

ij

|uφ,ci,t − uφ,ci,t−1| (26a)

Subject to :

(1), (2) − (3), (5), (6), (8) − (10) (26b)

pg,φj ∈ [pg,lj , pg,uj ]

qg,φj ∈ [qg,lj , qg,uj ]

}
∀j ∈ N ′ \ NPV, ∀φ ∈ Φj (26c)

vφj ∈ [vlj , v
u
j ], ∀j ∈ N ′, ∀φ ∈ Φj . (26d)

The OF1 comprises four objective terms, which are total

PV curtailment, total voltage deviation from the reference

voltage value, total absolute tap position and CB switching

deviations from the previous dispatch interval, ξ1, ξ2, ξ3, ξ4 are

the weights used for maintaining the sufficient effect of each

corresponding term. The function of DOPF1 is to minimize

the legacy devices switching operations while minimizing the

power flow from the upstream network by utilizing the PV

generation as much as possible.

H. First Order Voltage Approximation

The key challenge associated with incorporating the analyt-

ical SI droop models with the underlying three-phase power

flow model (LinDist3Flow) is that the droop curves use the

first order of voltage magnitude V φ
i and ∆V φ

i . In contrast, the

LinDist3Flow model uses the square of voltage magnitude, i.e.,

vφi . It is therefore imperative to include the exact relationship

of vφi = (V φ
i )2 when using LinDist3Flow. However, enforcing

this quadratic relationship as an exact constraint would result

in a nonlinear DOPF, thereby defeating the purpose of using

a linearized power flow model. Thus, such a relationship can

be reformulated as a linear or mixed-integer linear constraint

to conform with the modeling structure of the LinDist3Flow-

based DOPF model.

Although other approximation or linearization methods can

be applied to the quadratic voltage relationship, we prefer to

use Taylor Series Expansion (TSE) as its accuracy has been

found sufficient in [22]. The quadratic voltage relationship can

be approximated by TSE around an operating point V φ
o as

follows,
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C. Evaluation of PCC Voltage Response

This section presents the comparative voltage response of

each PV generation site connected at PCC under the proposed

optimization models. The variability index (VI) is used to as-

sess the level of variations in node voltages in daily operation

as follows,

V I =
σ2
v

µv

× 106 (30)

where σ2
v is the variance and µv is the mean of the daily

voltage profile of PV connected nodes, the values are scaled

by 106 for better readability. The higher the value of VI, the

more variability is incurred in the daily voltage profile. More

intuitively, when the standard deviation (σv) gets smaller,

the probability of occurrence of inconsistent voltage values

becomes reduced, which results in a flatter voltage profile. The

variability index calculated at PCC of SIs vary with different

model parameters such as averaging window length Np , and

the adaptive Volt-VAr droop width, d of Qi(∆Vi). For Np ,

5/10/15-sample averaging window lengths are tested with the

droop width of 2/4/6/8%. Table III summarizes the averaged

VI values over all the SI connected nodes for corresponding

parameter variations in Case-1 and Case-2, respectively.

TABLE III: Average Variability Index

Case
Adaptive

Non-Adaptive
Np (min) d = 2 d = 4 d = 6 d = 8

1
5 46.89 48.29 48.94 49.33

51.010 45.39 47.36 48.25 48.78
15 44.13 46.59 47.69 48.34

2
5 36.67 37.45 37.80 38.01

38.8610 35.89 36.97 37.46 37.73
15 35.26 36.59 37.18 37.52

According to the obtained VI values, the Adaptive frame-

work continuously achieves less VI value for the Non-

Adaptive counterpart in all cases. In Case-1 and Case-2, the

least average VI value is observed when the adaptive droop

parameter is set to d = 2 and averaging window length

Np = 15 is used. Comparing the average VI values between

Case-1 and Case-2, Adaptive framework maintains the least

average VI values when using the simplified droop setting.

After the effective parameter characterization based on VI

values, comparing the individual voltage profiles can give more

visual insights into understanding the performance difference

between Adaptive and Non-Adaptive frameworks. To this end,

the VI values calculated for each SI-connected node are sorted

in descending order, and the highest values are picked for

visual inspection. Fig. 13 compares the daily voltage profiles

obtained at node 85 − c in Case-1 and Case-2, respectively.

In Case-1, the VI value of 107.5 is obtained with the Non-

Adaptive framework, which shows the most considerable

variability in the daily voltage profile. In contrast, the Adaptive

framework achieves a VI value of 91.43. In Case-2, the

Adaptive framework maintains the lowest VI value of 70.88

among all the resulting VI values, including Case-1. As the

common simplified droop setting does not have a deadband, it

can provide continuous reactive power support in the vicinity

of the reference voltage (1 p.u.), which shows an obvious

advantage in stabilizing the daily voltage profile.

00:00 04:00 08:00 12:00 16:00 20:00 24:00

Time Int
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p
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Case 1: Non-Adaptive VI = 107.5

Case 1: Adaptive VI = 91.43
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p
u
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Case 2: Non-Adaptive VI = 81.77

Case 2: Adaptive VI = 70.88

Fig. 13: Daily voltage profile at node 85− c, Np = 15, d = 2.

Even though the Adaptive framework achieves fewer VI val-

ues than the Non-Adaptive framework, the PV plant location

also has a significant effect on the VI index since the voltage

sensitivity varies depending on the electrical distance along the

feeder. In [28], authors derive a quantitative measure of bus

voltage deviation as a function of power injection deviations

of distributed generators and network parameters as follows

∆V φ
i =

∑

j∈N PV

Rφ
ij∆P

φ
j +Xφ

ij∆Q
φ
j , ∀φ ∈ ΦPV (31)

where ∆Pφ
j and ∆Qφ

j represent the deviations of power

injections from the predicted values. Rφ
ij and Xφ

ij denotes the

total resistances and reactances of the lines shared by the path

from bus i to the substation and the path from bus j to the

substation, which is formally expressed as

Rφ
ij =

{∑
(k,l)∈Di r

φφ
kl , i = j∑

(k,l)∈Di∩Dj r
φφ
kl , i 6= j

Xφ
ij =

{∑
(k,l)∈Di x

φφ
kl , i = j∑

(k,l)∈Di∩Dj x
φφ
kl , i 6= j

, φ ∈ ΦPV. (32)

Di is referred to as the path from node i to the substation,

which is comprised of the set of edges that connect a sequence

of distinct nodes. Based on these definitions, the voltage

volatility at a bus can be concisely described as

Iφ
i =

∑

j∈N PV

Rφ
ij +Xφ

ij , ∀φ ∈ ΦPV. (33)

The more considerable index value indicates that the node

voltage is likely to be more sensitive to the power injection

fluctuation incurred in the PV generation.

To investigate and interpret the varying level of voltage

fluctuations based on the location of PV plants with respect to

the proximity to the substation, the derived voltage volatility

index is utilized for the PV plants located at nodes 85− c and

11 − a, which the former of these nodes is a remote and the

latter is close to the substation. It is found that the volatility

index of nodes 85− c is Ic
85 = 8.75 while Ia

11 = 3.34, which
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means the node 85− c has more sensitive to the PV injections

and larger fluctuations can occur compared to the node 11−a.

It is observed from Fig. 14 that the level of VI index at node

11− a is remarkably less compared to that of node 85− c.
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Fig. 14: Daily voltage profile at node 11−a, Np = 15, d = 2.

D. Comparison of Total Curtailment

Table IV shows the amount of total curtailed active power

in the daily operation of SIs corresponding to each test case.

The lowest curtailment is achieved in Case-1 as 336.1 kW

with the Adaptive framework by setting the adaptive droop

width parameter d = 8% and averaging window length to

Np = 15 min. However, the Non-Adaptive framework can

also maintain a marginally close curtailment level to the

Adaptive counterpart by 336.2 kW. It can also be observed that

using a common droop setting incurs equal or less curtailment

level in general compared to the simplified droop setting in

Case-2.

TABLE IV: Total daily PV generation curtailments in kW.

Case
Adaptive

Non-Adaptive
Np (min) d = 2 d = 4 d = 6 d = 8

1
5 336.4 336.6 336.2 336.3

336.210 336.4 336.3 336.2 336.8
15 336.6 336.4 336.5 336.1

2
5 336.7 336.7 336.6 336.5

336.610 336.4 337.3 336.3 336.4
15 337.0 336.3 336.8 336.9

E. Comparison of Reactive Power Generation

Reactive power support functionality of SIs provides con-

tinuous voltage regulation at PCC based on the Volt-VAr

droop selected. The Adaptive framework provides continuous

reactive power support to both inductive and capacitive regions

and can maintain better voltage regulation values compared

to the Non-Adaptive framework. Fig. 15 and Fig. 16 show

the reactive power support from the SI connected at node

11− a and 85− c with associated adaptive droop parameters

and averaging window length (Np = 5, d = 2%). It can be

observed from the Case-1 of Fig. 15 and Fig. 16 that the

Non-Adaptive framework might not always provide reactive

power support when the PCC voltage fluctuates within the

deadband (0.98 − 1.02 p.u.) of common droop function,

which can induce higher VI values as analyzed in the section

IV-C. On the other hand, as shown in Case-2, the common

simplified droop setting enables continuous reactive power

support. The contribution of the adaptive droop within the

Adaptive framework can be observed by providing additional

reactive power adjustment.
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Fig. 15: Reactive power gen. at node 11− a, Np = 5, d = 2
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Fig. 16: Reactive power gen. at node 85− c, Np = 5, d = 2.

F. Dispatch of Legacy Devices

The proposed two-stage framework coordinates the opera-

tion of legacy devices through DOPF1 model whose objective

function includes the total curtailment (O1 in p.u.), total

voltage deviation (O2 in p.u.), total number of absolute LTC

tap change (O3) and total absolute CB switching (O4) terms

weighted by ξ1, ξ2, ξ3, ξ4. The degree of significance of each

objective can be adjusted by selecting the proper weights.

Theoretically, determining the weights can be challenging for

problems whose objective terms consist of continuous and
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discrete variables. Instead, empirically determining the weights

based on the computational tests provides a more practical

and effective way. Table V lists a series of computational

tests conducted by varying the weights of each objective term

corresponding to the objective values obtained.

TABLE V: Effect of weighting on multi-objectives in DOPF1.

ξ1 ξ2 ξ3 ξ4 O1 O2 O3 O4 OF1

1 1 1 1 21.13 238.5 1 0 260.63
1 1 0.1 1 20.51 172.78 46 0 197.89
1 1 0.01 1 20.24 164.45 132 0 186.01
1 1 1 0.1 21.16 210.46 1 18 234.42
1 1 1 0.01 20.36 207.02 1 66 229.04
1 0.1 1 1 20.67 266.1 0 0 47.28
1 0.01 1 1 18.74 335.09 0 0 22.09

0.1 1 1 1 21.16 238.48 1 0 241.59
0.01 1 1 1 21.16 238.48 1 0 239.69
0.01 1 1 1 21.16 238.48 1 0 239.69
10 1 1 1 20.67 241.24 1 0 448.94
100 1 1 1 18.74 305.51 2 6 2,187.51

1000 1 1 1 18.74 305.53 2 6 19,053.53
1 10 1 1 21.06 157.42 34 3 1,632.26
1 100 1 1 20.8 149.98 82 25 15,125.80
1 1000 1 1 20.79 149.82 104 42 149,986.79

1000 1000 1 1 20.19 150.03 116 46 170,382
1000 1000 1000 1000 21.13 238.5 1 0 260,630

It can be observed that there is a tradeoff between the

objective terms. Determination of the weights without detailed

investigation of individual objective terms may result in un-

intended LTC and CB switching operations. In this study,

DOPF1 is intended to maintain the least number of total

switching operations of legacy devices while admitting as

much PV power injection as to the grid with an effective

voltage positioning strategy. Thus, the most effective weight

combination is found by (1, 0.01, 1, 1), resulting in the lowest

OF1.

V. CONCLUSION

This paper presented two VVC methods for coordinating

legacy devices as well as Volt-VAr and adaptive Volt-VAr

droop functions of SIs. The devised VVC methods are formu-

lated as a MILP-based DOPF, established on LinDist3Flow,

and further combined within two-stage optimization frame-

works. The first stage optimization runs DOPF1 on a 15-

minute timescale, dispatches the tap position of LTCs and

on/off status of CBs considering the active power output of

SIs. The second stage optimization runs DOPF2 on a 1-minute

timescale by utilizing the legacy dispatch decisions from the

first stage. It dispatches the SI active and reactive power output

considering the advanced voltage regulation support of SIs.

The mixed-integer linear mathematical models of LTCs and

CBs are incorporated into the first optimization stage. The

piece-wise linear models of Volt-VAr and adaptive Volt-VAr

droop functions are derived and embedded in the second stage

of optimization, which forms two optimization frameworks

as adaptive and non-adaptive. In addition, two common Volt-

VAr droop settings are investigated in the case studies. The

efficiency of the proposed frameworks is comparatively tested

on the modified IEEE 123-bus feeder in terms of stabiliz-

ing the PCC voltage variability, total incurred active power

curtailment, and reactive power support performance of SIs.

According to the case studies, the adaptive model outperforms

the non-adaptive framework in stabilizing the PCC voltage

while maintaining less active power curtailment in daily oper-

ation for the investigated parameter variations of the adaptive

Volt-VAr droop function. In addition, improved performance

is observed when the common simplified droop setting is set

within the adaptive framework. Overall, the proposed method

provides a complementary and tractable perspective to the

VVC study incorporating the advanced Volt-VAr control func-

tions of SIs combining the legacy device operations. Moreover,

the proposed frameworks can be incorporated with distributed

optimization methods for large systems.
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