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Abstract—The changing paradigm of power systems imposes
emerging challenges for power system design, planning, and oper-
ation. The paradigm shift of power systems has been reflected in
modeling and simulation methods used for power system analysis
as well. Simulation frameworks are urged to continuously follow
growing demand for large-scale system simulation, simulation
of fast system dynamics, and high-fidelity models. There is a
tendency toward performing joint simulations of systems that
have been studied separately in the past. For instance, a joint
simulation including detailed models of transmission and distri-
bution systems is performed nowadays to analyze interdepen-
dencies and unforeseen interactions between integrated systems,
particularly in case of scenarios with high level of penetration of
distributed generation (DG). Additionally, envisioned complexity
of future power systems requires simulation frameworks that
enable interdisciplinary and multi-domain studies. Multi-physics
simulation the approach is utilized for the holistic analysis of the
city district energy systems that represent hybrid energy systems.
Studies on architectures in smart grids require a simulation
framework that enables joint analysis of power systems and
information and communication technology systems. To maintain
secure operations of transmission and distribution systems, it is
important to have a better understanding of the coupling of
transmission and distribution systems.

Index Terms—Transmission system, distribution system, power
flow, graphic processing unit (GPU), constant jacobian method.

I. INTRODUCTION

THE modernization of the future grid includes bi-
directional power flow in the distribution grids, which

makes the steady-state interaction of distribution system (DS)
and transmission system (TS) of utmost importance for the
reliable operations of interconnected power grids [1]–[3].
Although the impact of variable energy resources at the
distribution system have been studied in the recent works
by the authors in [4], [5]; the impact of such integration
at the bulk power system needs to be studied together with
transmission system [6]. Additionally, the penetration of in-
termittent sources motivates us to develop computationally
efficient power flow simulation tools that integrate grids at
different voltage levels for real time analysis at finer time
resolution using low-cost infrastructures [7], [8].

The transmission and distribution (T&D) model and so-
lution methods in literature follow decoupled approaches,
where TS and DS are decoupled at interface buses and solved
independently using off-the-shelf tools. The work in literature
lacks comprehensive component modeling (particularly on the
distribution side), scalability, and real-time performance of
integrated T&D systems for steady-state interactions in TS-
DS.
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As the solve time is critical for real time performance, the
development of computationally efficient models and methods
are crucial to simulate large-scale integrated T&D systems.
Additionally, integrated T&D simulation has scalability con-
cerns, and hence, a working example of large-scale integrated
T&D simulation is largely missing in the literature. Since the
simulation of large-scale power systems consists of solving
thousands of non-linear equations, which is computationally
burdensome, graphics processing units (GPU) are used in
literature to enhance the computational efficiency as GPUs
can overcome the limitation of LU-based direct solvers by
employing parallelization [9]–[11]. By exploiting the sparse
vector/matrix operations, the massively parallel architecture
of GPUs are utilized in a hybrid GPUâcentral processing
unit (CPU) computing environment in [12], [13] to further
reduce the solve time. GPU can aid in achieving additional
layer of parallelism with better coalesced memory accesses in
solving massive number of tasks in achieving higher speed
up in simulation compared to traditional platforms [14], [15].
Additionally, use of pre-conditioner have been found effective
for a GPU based platform [16]. Heterogeneous CPU-GPU hy-
brid platform with generalized minimum residual (GMRES),
bi-conjugate gradient based sequential, and parallelly iterative
power flow solver can provide better parallelism, simulation
efficiency and convergence as demonstrated in [17], [18].

The power flow solution algorithm is critical for speed up
and its realization in hardware as it requires parallelizing ca-
pability to implement on GPU platforms. Forward-Backward
algorithm shows promising results with possibility of paral-
lelizing for radial feeders [19]. Newton-Raphson (NR) based
method shows greater speed-up in GPU compared to other
methods for transmission system, while the absolute solve
time of NR-based method still would be slow as system size
grows [20] and a combination of constant jacobian approach
with traditional NR in presence of adaptive jacobian update
is proven to be efficient and accurate for transmission and
distribution system separately [21]–[23]. It is shown in [24],
using multi-frontal method that the efficiency of solving sparse
linear equations of NR method can be improved by using
GPU based linear algebra library. GPUs parallel programming
library coupled with efficient power flow solving algorithm
has found to provide real time analysis of large-scale power
systems and at least two orders of magnitude faster than the
CPU counterpart [25], [26].

Though the aforementioned works demonstrate promising
results for fast power flow computation with the aid of GPUs,
no work in the literature has demonstrated performance in
solving power flow solutions for scalable integrated T&D
systems using the GPU platform. This works intends to extend
the ideas to solve an integrated T&D simulation in CPU-GPU
platform for real-time TS-DS interactions.

The remainder of the paper is structured as following.
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Section II discusses the power flow solution methods for
transmission and distribution systems. Section III discusses the
basic GPU architecture and Decoupled Approach with CPU-
GPU Implementation. Section IV presents and discusses the
case studies and simulation results. Section V discusses the
main conclusions drawn from this work.

II. POWER FLOW SOLUTION METHODS

In this Section, we briefly explain the two power flow
solution algorithms used for the transmission and distribution
systems in addition to development of power flow models,
decoupled approach, and the comprehensive component mod-
els. There are derivative-free methods to solve distribution
system power flow, which are demonstrated to be efficient for
large-scale systems and are suitable for GPU implementation.
However, the main computational bottleneck would be from
the power flow of transmission side, which we overcome using
Constant Jacobian Method.

A. Decoupled Approach for solving Integrated T&D Model
Consider an N -bus transmission system, where the first m

buses have lumped loads, and buses m+ 1 through N have
distribution feeders connected downstream the buses. In a
decoupled approach, power flow model of the transmission
system is solved in sequence frame. Consider a R-node
distribution system connected to an arbitrary j-bus of the
transmission network. Distribution power flow analysis can
be formulated similar to the transmission system, except the
distribution systems are modeled in phase frame of reference.
The solution procedure of mathematical models of the decou-
pled approach can be explained using Fig. 1. In the Fig. 1, an
integrated T&D system is shown where distribution feeders
are connected at nodes i and j. In the decoupled approach,
the transmission and distribution systems are solved iteratively
and based on some information exchange (Please see [6] for
details on the mathematical modeling).

bus- j

Tx

Dx-j
Dx-i

bus- iP,Q

P,Q

V V

Fig. 1. A T&D system showing boundaries and information exchange for
solving transmission and distribution integrated simulation using a decoupled
approach

B. Constant Jacobian Method
Being a derivative based method that requires minimal effort

on the initial guess and excellent convergence for transmission
level power flow, NR is typically used over others [27], [28].
However, NR is slow for large systems. In regular NR method,
the power flow solution is obtained by solving iteratively
the following set of equations with mismatch vector [∆x],
Jacobian matrix [J ], and unknown vector [∆y].[

∆P
∆Q

]
k︸ ︷︷ ︸

[∆x]

=

[
J1 J2
J3 J4

]
k︸ ︷︷ ︸

[J]

[
∆δ
∆V

]
k︸ ︷︷ ︸

[∆y]

(1)

where J1 = ∂P
∂δ , J2 = ∂P

∂V , J3 = ∂Q
∂δ , J4 = ∂Q

∂V . P , Q, V ,
δ are the active, reactive power, voltage magnitude and angle
respectively. The k-th iteration of NR update equations can be
written as,

[xk+1] = [xk] + [∆xk], (2)
[∆xk] = [Jk]

−1 [∆yk]. (3)

Computational burden of NR depends on the size of Jaco-
bian sub-matrices [J1], [J2], [J3], [J4] in (1) and factorization
of the full Jacobian matrix at every iteration. For large system
(thousands of buses) the burden is huge as the weight of the
matrix increases in a cubic rate of matrix size N . Though
the factorization operation of the matrix can be reduced to
N1.5 from N3 using sparse matrices techniques, still around
85% time and computational resources are consumed by these
factorization and remains the most critical issue in solving
large-scale power systems with NR method [29]. Therefore,
in this work, Constant Jacobian method is used to reduce
the computational burden and to achieve faster solve time.
In the Constant Jacobian method, the Jacobian matrix is pre-
calculated and kept constant throughout the iterative process,
which is proven to be fairly accurate, and computationally less
burdensome. This also makes the GPU implementation much
simpler as avoid large matrix inversion every iteration. The
update equation can be written as,

[xk+1] = [xk] + [∆xk], (4)
[∆xk] = [J̄ ]−1 [∆yk], (5)

where [J̄ ] is the Jacobian matrix which is kept constant
through the NR update process, and is equal to the Jacobian
matrix evaluate at the initial starting solution of NR.

C. Z-Bus Method
On the distribution system side, derivative free methods are

available. We adopt Implicit Z-bus method, which is derivative
free, and hence, simple to implement and has shown efficient
computational performance [30]. Implicit Z-bus methods in-
volve the solution of a linear set of equations for constant
current injections and an iterative method for representing non-
linear constant power load models [30].

The basic of Implicit Z-bus method follows ohm’s law in a
circuit and in the three-phase frame can be represented as,[

in
is

]
︸ ︷︷ ︸

[i]

=

[
YNN YNS

YSN YSS

]
︸ ︷︷ ︸

[Y ]

[
vn
vs

]
︸ ︷︷ ︸

[v]

(6)

where [Y ] is the network admittance that consists of four sub-
matrices of YNN, YSN, YNS and YSS. Subscript S represents
slack buses and N represents non-slack buses. [i] is the nodal
current injection vector, and [v] is the nodal voltage vector.
The voltage update equation of Z-bus is given as,

vn = YNN
−1in − YNN

−1YNS vs. (7)

III. SIMULATION TOOL, GPU AND DECOUPLED
APPROACH WITH CPU-GPU IMPLEMENTATION

In this section, discuss the basics of the GPU architecture
and the GPU language CUDA. Additionally, the major flow
of the power flow method for the integrated T&D system in
the hybrid CPU-GPU environment is discussed.
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A. GPU Architecture and CUDA

In this work, we are using a NVIDIA GPU and the
algorithm is based on Compute Unified Device Architecture
(CUDA) based application program interfaces (API) which is a
simpler device management when using NVIDIA GPUs [31]–
[33]. CUDA is a parallel computing platform and program-
ming model that follows data-parallel model of computation.
In the heterogeneous CPU-GPU hybrid CUDA computing en-
vironment, the CPU works as a host, processing the sequential
(non-iterative) tasks due to its hierarchy in control logic and
memory power, and GPU provides the acceleration through
accessing the global memory and parallelizing the assigned
tasks into multiple SMs through simple logical functions called
the kernel which can work in iterative manner [20]. The typical
execution model of a CUDA program is shown in Fig. 2 where
CPU, the host, initiates the simulation process and transfers
the calculation instruction and parameters to the GPU by
initiating kernel calls which in turn allocates memory thread
block containing grid of threads to perform the large stream
of calculation using parallel functions [13].

B. CPU-GPU Hybrid Implementation

The developed models and algorithms are implemented on
CPU and CPU-GPU hybrid computing environment. A flow
chart showing the simulation process and data flow between
the CPU-GPU hybrid simulation architecture is presented in
Fig. 3. The CPU does the prepossessing and initial non-
iterative steps of power flow process. That is using the
available system data, Y-bus of transmission and distribution
systems are formulated in CPU. The initialization of unknown
vectors and initial Jacobain for TS are also evaluated in CPU.
Then, the data is transferred from CPU to GPU. In the GPU,
the iterative steps of power flow calculations are carried out
using designated functions for TS and DS. Once the TS power
flow converges, the DS sub-station voltage is updated and the
DS function operates till it converges. Once, the DS function
converges, the TS system load data is updated using the
DS power flow and this process continues until the global
integrated T&D mismatch is lower than specified tolerance

Serial 
Code

Host (CPU)

Kernel 1

Kernel N

Device (GPU)

Grid 1

Block
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Block
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Block
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Fig. 2. Schematic illustration of CUDA programming elements.

Fig. 3. Flowchart of Unified T&D Simulation in hybrid CPU-GPU environ-
ment

and then, the final Power Flow results are transferred back to
CPU from GPU for visualization.

C. Evaluation Metrics
We adopt the following metrics to measure and evaluate the

performance of the CPU and CPU-GPU based solvers.
• Solve Time (t): The elapsed time in solving the cases in

CPU and CPU-GPU hybrid simulation are recording the
timestamp using cudaEventRecord() function that returns
the elapsed time between the start and stop of the kernel
calls in seconds with a resolution of half a microsecond
[34].

• Effective Bandwidth: The effective bandwidth is calcu-
lated using the recorded timing and accessing the details
of programming data structure. For the integrated T&D
system, the effective bandwidth is calculated using the
formula below and is represented in units of GB/s.

BWtnd =
(IB +OB)× iter

t
(8)

where IB and OB are the input and output data to and
from the GPU and iter is the number of computational
iterations.

IV. NUMERICAL STUDIES

The simulation models are run on CPU and GPU using
Microsoft Visual Studio Integrated development environment
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(IDE) (version 2017 community). The CPU operating envi-
ronment comprises 64 bit 8th Generation IntelÂ® Coreâ¢ i7
6 core and 12 threads (6C12T) Processors running at 2.20
GHz, and Bus Speed of 8 GT/s. The maximum memory size
is 64 GB in a maximum of 2 channels with a maximum
memory bandwidth of 41.8 GB/s. The GPU is an NVIDIA
GeForce GTX 1050 Ti (4 GB, DDR5) with 768 CUDA cores
with a Processor clock of 1.392 GHz, a Graphics Clock of
1.290 GHz, and a Memory Bandwidth of 112 GB/s connected
through a 128-bit wide memory PCIe. We have tested the
efficacy of the proposed architecture in the test system ranging
from small to large scale integrated T&D systems presented
below.

A. Case 1: Small Test System

The models, solution algorithms, and hybrid CPU-GPU im-
plementation are first tested on a small system that comprises
of the IEEE 14 bus Transmission System (TS) and 123-bus
Distribution System (DS) as shown in Fig. 4 referred as the
14-123 bus system. The IEEE 14-bus test system comprises
14 buses and 20 lines hosting 5 generators, 3 transformers,
4 capacitor banks, and 11 loads with a net load of 260 MW
(75 MVAr) which altogether is an ideal and simple approx-
imation of the American Electric Power system. The IEEE
123-node test system operates at a nominal voltage of 4.16 kV
and is characterized by three-phase overhead and underground
lines, unbalanced loading with constant current, impedance,
and power, four voltage regulators, shunt capacitor banks,
and multiple switches with a net-connected load of 3.7 MW
(1.3 MVAr). First, the transmission system and distribution
system power flow convergences are independently ensured.
Then, the coupled T&D model is solved using a CPU and
a hybrid CPU-GPU platform using the decoupled approach.
Fig. 5 shows the node voltage magnitudes and angles obtained
from the simulation. The comparison of the same solution to
its counterpart from CPU reveals very minimal error as seen
from Fig. 6 and shows to outperform CPU based approach.

B. Case 2: Large Test System

A large sized system is created by combining 2383-bus
Polish transmission system (TS) and 2522 nodes distribution

Fig. 4. Schematic of integrated T&D system (14 bus transmission and 123
bus distribution system).

0 50 100 150 200 250 300

Node Number

0.95

1

1.05

1.1

V
o

lt
a

g
e

 M
a

g
n

it
u

d
e

 (
p

u
)

TS DS

0 50 100 150 200 250 300

Node Number

-100

0

100

V
o

lt
a

g
e

 A
n

g
le

 (
d

e
g

re
e

)

TS DS

Fig. 5. Voltage magnitude and angle of the integrated small scale T&D system
(14 bus transmission and 123 bus distribution system).
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Fig. 6. Error in Voltage magnitude comparison between CPU and CPU-GPU
solutions

system (DS) that resulted in total of 6,200 nodes. The Polish
network contains in total of 327 synchronous generators. The
generator buses comprise 322 shunt loads and there are 1,503
active and reactive loads measuring a net-connected load
of 24,558 MW (8,144 MVAr). For the large-scale distribution
case studies, a 2522-bus unbalanced distribution system is
used, which is extracted from the MV-side of the IEEE 8500-
node test feeder [35]. The test system has total of 3,817 single-
phase nodes among which 1,413 are a load nodes. The IEEE
standard load data for this feeder is modified and a load of
6.32 MW and PV of 6 MW are connected. The coupled T&D
system is shown in Fig. 7 and is referred as 2383-2522 bus
system.

Fig. 7. Topology of the integrated large scale T&D system (2383 bus
transmission and 2522 bus distribution) .



5

0 1000 2000 3000 4000 5000 6000

Node Number

0.96

0.98

1

1.02

1.04

1.06

1.08

1.1

1.12

1.14
V

o
lt
a

g
e

 M
a

g
n

it
u

d
e

 (
p

u
)

TS DS

Fig. 8. Voltage magnitude of the integrated T&D system on the large scale
system with 2383 bus transmission and 2522 bus distribution.
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Fig. 9. Voltage angle of the integrated T&D system on the large scale system
with 2383 bus transmission and 2522 bus distribution.

The resulting 6200-node system (Fig. 7) is then solved in
a CPU-based and CPU-GPU hybrid platform to compare the
performance of voltage magnitude and angle solution on the
transmission as well as distribution part of the circuit. The
load flow voltage magnitude and angle obtained from the
CPU-GPU hybrid platform are shown in Fig. 8 and Fig. 9,
respectively.

C. Comparative Analyses
Next, we analyze the solution accuracy, solve time, and

bandwidth usage of CPU-GPU platform. The solve time of
the simulations from both CPU and CPU-GPU hybrid envi-
ronment are recorded and compared in Table I. For the small
test system (i.e., the integrated system of 14-123 bus shows
minimal improvement in the hybrid environment that provides
only 1.15 times faster solution compared to the CPU version
solve time of 3.40 s to 2.96 s by the hybrid solver. However,
the computing performance of the hybrid environment are
significant as the network size grows larger. For the large scale
system with 6,200 nodes, the hybrid solver provides 6.67 faster
solution in 114.7 s compared to 765.57 s by the CPU based
approach.

TABLE I
BANDWIDTH AND SPEED-UP OF CPU-GPU PLATFORM

14-123 2383-2522
Data (MB) 2.31 1,521.60
CPU Sim. Time (s) 3.41 765.57
CPU-GPU Sim.Time (s) 2.96 114.70
Speed-Up 1.15 6.67
BW (GB/s) 0.04 1.02

V. CONCLUSION

With distribution grids becoming active systems, TSO-
DSO in modernized power grid requires efficient models
and solution methods for steady-state interactions of large-
scale integrated T&D system. Hence, a need arises of a
comprehensive mathematical model (including three-phase
circuit components of distribution feeders) to study T&D
interactions. In this work, we formulated and tested a detailed
model of transmission and distribution systems overcoming
the shortcoming of existing models in the literature while
showing promising outcomes in the scalability. Using the
computational advantages of Constant Jacobian method on
the transmission side and derivative free Z-bus method on
the distribution side, the developed comprehensive integrated
model that is been proven to be efficient for T&D system.
Furthermore, the model is implemented on a low-cost CPU-
GPU hybrid simulation environment in achieving faster and
memory efficient performance. From the simulation results and
analyses, we have found that CPU-GPU based implementation
outperforms CPU based solver.

.
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