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The Wilson action for Euclidean lattice gauge theory defines a positive-definite transfer matrix that
corresponds to a unitary lattice gauge theory time-evolution operator if analytically continued to real time.
Hoshina, Fujii, and Kikukawa (HFK) recently pointed out that applying the Wilson action discretization to
continuum real-time gauge theory does not lead to this, or any other, unitary theory and proposed an
alternate real-time lattice gauge theory action that does result in a unitary real-time transfer matrix. The
character expansion defining the HFK action is divergent, and in this work we apply a path integral contour
deformation to obtain a convergent representation for Uð1Þ HFK path integrals suitable for numerical
Monte Carlo calculations. We also introduce a class of real-time lattice gauge theory actions based on
analytic continuation of the Euclidean heat-kernel action. Similar divergent sums are involved in defining
these actions, but for one action in this class this divergence takes a particularly simple form, allowing
construction of a path integral contour deformation that provides absolutely convergent representations for
Uð1Þ and SUðNÞ real-time lattice gauge theory path integrals. We perform proof-of-principle Monte Carlo
calculations of real-time Uð1Þ and SUð3Þ lattice gauge theory and verify that exact results for unitary time
evolution of static quark-antiquark pairs in (1þ 1)D are reproduced.
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I. INTRODUCTION

Lattice quantum field theory methods have long been
used to calculate equilibrium properties of strongly coupled
quantum systems. Discretization of quantum field theories
on a spacetime lattice provides a UV regulator that allows
expectation values of observables to be computed after
renormalization and extrapolation to the continuum limit.
Lattice gauge theory (LGT) in particular allows observables
to be computed in strongly coupled gauge theories, for
example including observables in quantum chromodynam-
ics (QCD) that are relevant for understanding the dynamics
of the strong force in the Standard Model. LGT calculations
typically rely on Monte Carlo methods to evaluate
Euclidean path integrals by stochastically sampling gauge
field configurations from a probability distribution propor-
tional to e−SE , where the Euclidean action SE is assumed to
be real. This approach is suitable for determinations of

many equilibrium gauge theory properties, which can be
related to expectation values in Euclidean spacetime.
Nonequilibrium properties of gauge theories are more

difficult to obtain from Euclidean correlation functions;
for example, transport coefficients of the quark-gluon
plasma and neutron stars, properties of early universe
phase transitions, and inclusive hadron scattering cross
sections involving resonance production have been inac-
cessible to ab initio Euclidean LGT approaches despite
significant theoretical and phenomenological interest. In
principle, out-of-equilibrium gauge theory properties defi-
ned by correlation functions of timelike separated operators
can instead be accessed using the Schwinger-Keldysh
formalism [1,2], which represents out-of-equilibrium
observables with path integrals involving regions of
both Minkowski and Euclidean signature. In practice,
Monte Carlo methods cannot directly be used for efficient
nonperturbative calculations of these lattice-regularized
real-time or Schwinger-Keldysh LGT path integrals, since
the path integral weights involve a pure phase factor eiSM ,
where SM is the action for the Minkowski region, and the
path integral weights thus cannot be interpreted as a
probability distribution to be used for importance sampling.
In some cases, path integral contour deformations

have been used to tame this sign problem associated with
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real-time path integrals; for example, real-time calculations
have been performed using path integral deformations in
(0þ 1)D quantum-mechanical theories [3–7]. Suitably
chosen path integral contour deformations in complexified
field space can exactly preserve the total path integral while
reducing phase fluctuations of the integrand and introduc-
ing fluctuations in the magnitude of eiSM that are amenable
to importance sampling. Path integral contour deformations
have also been applied to sign problems for finite-density
systems and other observables in a variety of quantum field
theories; see Ref. [8] for a recent review. This promising
approach to mitigating sign problems has recently been
extended to generic observables with signal-to-noise prob-
lems in SUðNÞ gauge theories [9], but the construction of
contour deformations for real-time LGT path integrals has
not yet been addressed.
It was pointed out by Hoshina, Fujii, and Kikukawa

(HFK) in Ref. [10] that another obstacle facing calculations
of real-time LGT path integrals is the determination of
a suitable discretized action SM. In particular, Ref. [10]
argues that applying the same discretization as the Wilson
gauge action [11] to the real-time continuum theory results
in a real-time LGT that is nonunitary. Although it is
formally possible to construct a unitary time evolution
operator for LGT through analytic continuation of the
eigenvalues of the imaginary-time transfer matrix [12], this
formal construction cannot be practically implemented
without first solving for the LGT spectrum. Instead,
HFK propose an alternative real-time LGT transfer matrix
obtained by analytically continuing the character expansion
of the kinetic term in the Wilson action (i.e., all terms
involving timelike plaquettes). The resulting real-time
transfer matrix is unitary and formally allows the definition
of a discretized real-time action, called the HFK action
below, and of associated real-time LGT observables.
The HFK action, however, is defined by an infinite

series, and we demonstrate below that it does not converge
for some or all values of the gauge field inUð1Þ and SUðNÞ
gauge theory, making it impossible to calculate the weights
necessary for an importance sampling approach. This diver-
gent representation is a generic feature of real-time LGT
actions that are defined by local kinetic and potential
energy terms and that give rise to unitary transfer matrices,
as discussed below and detailed in Appendix C. In order to
remedy this situation, this work introduces path integral
contour deformations that explicitly depend on summation
indices appearing in the definition of the action. These path
integral contour deformations can change the convergence
properties of the action for fixed gauge field values, though
singularities still arise for gauge field configurations corres-
ponding to end points of the path integral contour that must
be kept fixed during deformation. Rotating the prefactor
of the kinetic term in the action starting from −1 and
approaching i (analogous to a Wick rotation of the
continuum theory) regularizes these singularities and

makes the path integral absolutely convergent everywhere
outside of the limit. By deforming the path integral contour
as a function of the prefactor and exactly canceling contour
segments that are related by periodicity, the remaining path
integral is made absolutely convergent even after analyti-
cally taking the limit to i. A simple contour deformation
that renders the Uð1Þ HFK path integral convergent in this
sense is introduced below. Unfortunately, it is challenging
to construct an analogous contour deformation that would
lead to an absolutely convergent representation of the
SUðNÞ HFK path integral.
This challenge motivates the introduction of another

class of actions based on analytic continuation of the heat-
kernel action of Menotti and Onofri [13]. The key feature of
these actions is a kinetic term that is exactly unitary at all
values of the lattice spacing, much like the HFK action;
in comparison to the HFK action, however, a simpler
summation is involved in their definition. The heat-kernel
kinetic term can be combined with any real potential
without violating unitarity. Possible choices of the potential
include either a term with the same heat kernel form applied
to the spacelike plaquettes or theWilson potential term (i.e.,
the terms in the Wilson action involving spacelike pla-
quettes). In the following, these two options are respec-
tively termed the real-time heat-kernel (HK) action and the
modified real-time heat-kernel (HK) action. The summa-
tions defining the HK and HK actions are also divergent,
but a simple path integral contour is shown to provide an
absolutely convergent representation of the HK action for
Uð1Þ and SUðNÞ gauge theory in Minkowski spacetime
with any dimension. This is achieved using a prescription
similar to the one applied for the HFK action: parametrizing
a “Wick rotation” of the kinetic term prefactor, exactly
canceling pieces of the deformed contour related by
symmetry, and then analytically taking the limit to prefactor
i. Thus real-time path integrals using the HK action can be
evaluated after contour deformation using Monte Carlo
techniques, and real-time LGT observables can be numeri-
cally computed. The comparison of the HK and HK actions
to the HFK action and the real-time Wilson action is
summarized in Table I and is analyzed in detail below.
Real-time LGT has also been investigated in semi-

classical approximations by several previous works.
Real-time evolution of classical lattice gauge fields has
been studied in order to gain insight into electroweak
sphaleron transitions in the early universe [14–25], and
the evolution of quantum fermions in these classical
background gauge fields has been investigated [26–30].
Real-time LGT calculations of fermion-antifermion pair
production in quantum electrodynamics with the Uð1Þ
gauge field treated classically have also been performed
[31–36]. Semiclassical real-time LGT has been studied in
the context of heavy ion collisions [37–55]. In semi-
classical calculations, discretized gauge field equations
of motion are derived from the real-time Wilson action
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and are solved. Although the real-time Wilson action is not
suitable for quantum LGT, the derived equations of motion
do give well-defined deterministic evolution of the fields
involved and result in a well-formed classical theory. In
these approaches, the lattice spacing is a free parameter that
is independent of the gauge field coupling, rather than a
dynamical quantity whose value in physical units must be
determined by tuning the gauge coupling, as described, for
example, in Ref. [37]. The nonexistence of a unitary
continuum limit for the real-time Wilson action in quantum
LGT is thus irrelevant for calculations of solutions to the
classical equations of motion associated with the real-time
Wilson action.
In the quantum setting, the (nonunitary) real-timeWilson

actions for Uð1Þ and SUð2Þ LGT have previously been
used in complex Langevin calculations [56,57]. Complex
Langevin methods are not guaranteed to reproduce exact
results for real-time LGT, and Ref. [56] finds that complex
Langevin results only reproduce analytically calculable
results for simple real-time LGT observables for values of
the Langevin evolution time that are not too large. Methods
based on reweighting and gauge fixing are found to
increase the region in which complex Langevin reproduces
exact results in Ref. [57]. The exact results for the one-
plaquette model calculated using the real-time Wilson LGT
action in this reference agree with the exact results for unit
area Wilson loops in ð1þ 1ÞD Minkowski spacetime
presented in Sec. III E below. The nonunitarity of time
evolution in the one-plaquette model with the real-time
Wilson action implied by these results is not mentioned in
Ref. [57]. The lack of a well-defined continuum limit for

the SUð2Þ one-plaquette model with the real-time Wilson
action is discussed in the reference; however, Ref. [57]
assumes that the corresponding continuum limit of ð3þ
1ÞD LGTwith the real-time Wilson action exists and can be
used to calculate physical observables in real-time gauge
theory. It is demonstrated below that the real-time Wilson
action is not unitary in arbitrary spacetime dimensions,
even in the small gauge coupling limit, and that the
continuum limit of real-time LGT with the Wilson action
in ð3þ 1ÞD either does not exist or is nonunitary, depend-
ing on the choice of gauge group SUðNÞ. In either case, the
real-time Wilson action does not provide a suitable starting
point for calculating physical observables in real-time
gauge theory.
Finally, it is possible to simulate real-time gauge theory

dynamics using the Hamiltonian formalism rather than the
path integral, as is often considered in the context of tensor
network and quantum computing approaches; see Ref. [58]
for a recent review. Though unitarity of time evolution in the
Hamiltonian formalism is also a key condition, the focus of
the present work is on the construction of actions suitable for
classical simulation of discrete real-time path integrals, and
the discussed actions and contour deformations are not
immediately relevant to Hamiltonian quantum simulation.
However, the analysis of unitarity explored here may have
relevance for similar analyses for quantum computing
approaches. For example, Ref. [59] shows how real-time
path integrals in lattice field theory can be described using
quantum circuits with Trotterization errors described as
discretization effects, but asserts that a time-evolution
operator for quantum simulation of SUðNÞ gauge theory
obtained using the real-time Wilson action is unitary.1 It
would be interesting to consider analogous quantum circuit
descriptions of real-time transfermatrices for the unitary real-
time LGT actions considered in this work.
The remainder of this work is structured as follows.

The (non)unitarity of real-time transfer matrices defining
discretized path integrals of compact and noncompact
variables, including the nonunitarity of the real-time
Wilson action, is given in Sec. II. The unitary real-time
LGT actions shown in Table I are introduced in detail and
discussed in Sec. III. In Sec. IV, path integral contour
deformation techniques are used to construct absolutely
convergent representations of path integrals involving
the HFK action for Uð1Þ LGT, the HK action for Uð1Þ
and SUðNÞ LGT, and the associated Schwinger-Keldysh
action; proof-of-principle Monte Carlo calculations in

TABLE I. Unitarity in the continuum limit, convergence of the
definition of the action, and existence of convergent path integral
representations using contour deformations for the four actions
considered in this work—the Wick-rotated real-time Wilson
action, the HFK real-time action [10], the real-time heat-kernel
action (HK) derived from the Euclidean action given in Ref. [13],
and the real-time modified heat-kernel (HK) action introduced in
the main text. A truncated heat-kernel action which is convergent
and non-unitary is also studied in Appendix D, including details
on the continuum limit of this action. Based on the contour
deformations introduced in this work, the HK action is the only
unitary choice for which a convergent Monte Carlo calculation
can be performed in real-time SUðNÞ LGT, but it is possible that
more sophisticated contour deformations could be discovered to
provide convergent deformations for the cases marked with ✗.

Convergent deformation

Action Unitary Convergent Uð1Þ SUðNÞ
Wilson ✗ ✓
HFK ✓ ✗ ✓ ✗
HK ✓ ✗ ✗ ✗

HK ✓ ✗ ✓ ✓

1The real-time transfer matrix elements computed in Ref. [59]
can be represented as integrals with pure-phase integrands, as
shown in Eq. (H10) of that work. The real-time transfer matrix
can also be written as an integral over unitary operators, as given
in their Eq. (18). However, these features do not imply that the
eigenvalues of the real-time transfer matrix are pure phases and
therefore do not establish unitarity.
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ð1þ 1ÞD are also discussed. Our conclusions and outlook
are summarized in Sec. V.

II. REAL-TIME EVOLUTION OF COMPACT AND
NONCOMPACT VARIABLES

In a quantum field theory (QFT) defined on a Minkowski
spacetime background, the continuum action SM provides a
useful starting point for understanding and perturbatively
calculating expectation values of quantum operators and
corresponding physical observables. The continuum action
is manifestly Lorentz and translation invariant, ensuring
that the physics encoded in the action satisfies the Poincaré
symmetry observed in nature. A Hamiltonian and related
quantum operators can be defined using the construction
of a Hilbert space on a codimension-one submanifold of
spacetime, which superficially breaks Poincaré invariance
[60]. The path integral formalism [61], however, provides a
way to relate expectation values of quantum operators to
integrals over fluctuations of classical fields weighted by
the manifestly Poincaré-invariant function eiSM . Path inte-
grals in imaginary time can be used to calculate expectation
values for systems in thermal equilibrium when suitable
temporal boundary conditions are used for bosons and
fermions and the inverse temperature β is set by the length
of the imaginary-time direction.
Formally, the imaginary-time path integral can be related

to a real-time path integral byWick rotation x0 ↔ ix0 of the
time coordinate [62]. The action SM to be used in real
(Minkowski) time consists of the kinetic minus potential
energy, whereas the action SE in imaginary (Euclidean)
time consists of the kinetic plus potential energy, with the
corresponding path integral weights related by Wick
rotation as eiSM ↔ e−SE . Although these path integral
relations are straightforward in continuum QFT, subtleties
arise in the connections between real- and imaginary-time
path integrals with lattice-regularized actions involving
compact variables as discussed below.

A. The SHO and quantum rotator

The continuum path integral is ill-defined without a
prescription for regularizing UV divergences and extrapo-
lating to remove the regulator. Discretizing spacetime
provides such a regulator with the desirable properties of
being nonperturbative, gauge-invariant, and amenable to
numerical simulation. This discretization is well under-
stood for gauge fields in imaginary-time lattice field theory,
but as discussed in Ref. [10] and below subtleties arise
when considering real-time path integrals or path integrals
involving real-time components, such as the path integrals
required in the Schwinger-Keldysh approach to computing
out-of-equilibrium observables [1,2]. These difficulties can
be simply demonstrated even in ð0þ 1ÞD quantum
mechanical systems. Though these systems do not possess
a Lorentz symmetry, the challenges in these ð0þ 1ÞD path

integrals are investigated as simple analogs to the chal-
lenges that arise in ð3þ 1ÞD LGT.
We first consider the simple harmonic oscillator (SHO),

the ð0þ 1ÞD theory of a single noncompact variable x ∈ R
constrained by a quadratic potential. The continuum actions
for the SHO in real and imaginary time can be written
respectively as

SM½xðtÞ� ¼
Z

dt
1

2
ð∂txðtÞÞ2 −

ω2

2
xðtÞ2;

SE½xðτÞ� ¼
Z

dτ
1

2
ð∂τxðτÞÞ2 þ

ω2

2
xðτÞ2; ð1Þ

where xðtÞ and xðτÞ are the position histories in real and
imaginary time, respectively, and we work in units for
which the mass is set to 1. Transition amplitudes between
states jxi and jx0i after time evolution by LT are given
in real time by hx0je−iĤLT jxi and in imaginary time by
hx0je−ĤLT jxi. These transition amplitudes can be used to
extract the energy spectrum and other physical properties.
A discretized path integral can be used to write the
transition amplitudes using time steps of size a as

hx0jesĤLT jxi ¼
Z

dxa � � �dxLT−a

×

�YNT−1

n¼0

es
aω2
4
x2naþaþðxnaþa−xnaÞ2

2sa þsaω
2

4
x2na

�
þOða2Þ;

ð2Þ

where x0 ≡ x, xLT
≡ x0, NT ¼ LT=a, and s ∈ f−i;−1g

gives the prefactor associated with time evolution on the
real- and imaginary-time contours, respectively. Factoring
out 1=s in the exponent allows one to collect the expo-
nentials into a temporally discretized version of the
continuum action in Eq. (1),

hx0jesĤLT jxi ¼
Z

xLT¼x0

x0¼x
Dxe

1
sSðx;sÞ þOða2Þ; ð3Þ

where
R
Dx≡ R dxa � � � dxLT−a and the discretized action

is given by

Sðx; sÞ ¼ a
XNT−1

n¼0

�
Kðxnaþa; xnaÞ þ

1

s2
VðxnaÞ

�
; ð4Þ

with the kinetic and potential energy terms K and V
given by

Kðxnaþa; xnaÞ ¼
ðxnaþa − xnaÞ2

2a2
;

VðxnaÞ ¼
ω2

2
x2na: ð5Þ
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Noting that s2 ¼ −1 for real time and s2 ¼ þ1 for
imaginary time, we arrive at the usual conclusion that
the discretized action for real or imaginary time can be
related by simply replacing the sign in front of the potential
term and using the appropriate prefactor of 1=s in the path
integral weights in Eq. (3).
In either real or imaginary time, the discretized path

integral
R xLT¼x0
x0¼x Dx e

1
sSðx;sÞ gives an approximation to

hx0jesĤLT jxi which is accurate to Oða2Þ under the
assumption that the integral exists as a → 0 and can be
expanded in powers of a. The existence of such a limit is
critical to extrapolating physical quantities of interest to the
continuum. For the SHO, the a → 0 limit is well-defined
and can be studied using the transfer matrix. The matrix
elements of the real- and imaginary-time transfer matrices,
respectively, are given by one factor of the path integrand,

T̂Mðxtþa; xtÞ ¼ e−i
aω2
4
x2tþaþi

ðxtþa−xtÞ2
2a −iaω2

4
x2t ;

T̂Eðxτþa; xτÞ ¼ e−
aω2
4
x2τþa−

ðxτþa−xτÞ2
2a −aω2

4
x2τ ; ð6Þ

where t ¼ na and τ ¼ na in real and imaginary time. The
corresponding SHO Hamiltonian is given by Ĥ ¼ K̂ þ V̂,
where hx0jV̂jxi ¼ ω2x2

2
δðx0 − xÞ and K̂ ¼ p̂2=2 is defined in

terms of the momentum operator p̂ satisfying ½x̂; p̂� ¼ i.
Noting that hx0jesap̂2=2jxi ∝ eðx0−xÞ2=ð2asÞ, the real- and
imaginary-time transfer matrices can be expressed as

T̂M ∝ e−iaV̂=2e−iaK̂e−iaV̂=2;

T̂E ∝ e−aV̂=2e−aK̂e−aV̂=2: ð7Þ

By the Lie-Trotter product formula [63], products of the
real- and imaginary-time transfer matrices approximate
products of the corresponding time evolution operators
in real and imaginary time, esĤa, with errors that vanish
as a → 0.
The continuum real- and imaginary-time transfer matrices

e−iaĤ and e−aĤ are unitary and positive definite, respectively,
for Hermitian Ĥ. These properties allow a spectral decom-
position in either case and are desirable to maintain in the
discretized theory. Unitarity of the SHO real-time transfer
matrix [up to a constant normalization factor suppressed in
Eq. (7)] can be demonstrated by direct computation,Z

dyT̂Mðx; yÞT̂†
Mðy; x0Þ

¼
Z

dye−iaω
2x2=4ei

ðx−yÞ2
2a −iðy−x

0Þ2
2a eiaω

2ðx0Þ2=4

¼ eiaω
2ðx0Þ2=4

eiaω
2x2=4

ei
x2
2a

ei
ðx0Þ2
2a

Z
dye−iyðx−x0Þ=a

∝ δðx − x0Þ; ð8Þ

with an analogous calculation for T̂†
MT̂M giving T̂†

MT̂M ¼
T̂MT̂

†
M. The imaginary-time transfer matrix is related to the

Gaussian integral kernel e−
ðx−yÞ2
2a and can be shown to be

positive definite by the fact that the Gaussian integral kernel
itself is positive definite [64],Z

dx dyfðxÞT̂Eðx; yÞfðyÞ

¼
Z

dx dy½fðxÞe−aω2x2=4�e−ðx−yÞ2
2a ½fðyÞe−aω2y2=4�

≥ 0; ∀ fðxÞ ∈ L2ðRÞ: ð9Þ
Fundamentally, these desired properties of the transfer matrix
emerge for the SHO because the kinetic portion of the
discretized action is, respectively, a unitary integral kernel
or a positive-definite integral kernel when the prefactor is i or
−1. Specifically, in Eq. (8), it is exactly unitarity of the kinetic
integral kernel that produces the term δðx − x0Þ. The potential
factors multiplied by this delta function are inverses which
cancel, regardless of the specifics of the potential. Similarly, in
Eq. (9) only the positive definiteness of the Gaussian kinetic
term is required to show overall positive definiteness, given
that the potential appeared in the sameway on each side of the
transfer matrix [as long as the potential is real and bounded
from below so that fðxÞe−aVðxÞ ∈ L2ðRÞ]. For other theories
of noncompact variables, the kinetic term in the action can
also generically be discretized as a Gaussian integral kernel
that satisfies these properties, and these properties therefore
extend to lattice field theories of noncompact variables.
We next consider the planar quantum rotator in ð0þ 1ÞD

in both real and imaginary time. This system can be
physically interpreted as the SHO on a compact domain,
which can be chosen, for example, to be the circular domain
x ∈ ½0; 2π�, with x ¼ 0 identified with x ¼ 2π. This choice
normalizes the length of the compact domain such that x can
be considered as the angular variable of the quantum rotator.
Since themicroscopic description of the theory is identical to
the SHO, the continuum action given for the SHO in Eq. (1)
also describes the physics of the quantum rotator.We are also
free to setω ¼ 0 in the potential because the compact domain
ensures convergence of path integrals in the free theory,
which simplifies the analytical manipulations below.
Although the continuum actions for the ω ¼ 0 SHO and

the quantum rotator are the same, the definitions of the
discretized action and path integral for the quantum rotator
require care. In particular, the derivatives used in the kinetic
operator should be compatible with the identification of
x ¼ 0 and x ¼ 2π. A typical choice is to write the path
integral using a cosine for the discrete kinetic term,

hx0jesĤtjxi ¼
Z

2π

0

dxa � � � dxLT−a

�YNT−1

n¼0

e
1
sa½1−cosðxnaþa−xnaÞ�

�
þOða2Þ; ð10Þ
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where as above s ∈ f−i;−1g gives the appropriate pre-
factor for real or imaginary time, respectively. The corre-
sponding discretized action for the quantum rotator is

Sðx; sÞ ¼ a
XNT−1

n¼0

�
1

a2
½1 − cosðxnaþa − xnaÞ�

�

≡ a
XNT−1

n¼0

Kðxnaþa; xnaÞ: ð11Þ

The Taylor expansion of 1 − cosðxnaþa − xnaÞ ¼
1
2
ðxnaþa − xnaÞ2 þOððxnaþa − xnaÞ4Þ demonstrates that

Eq. (11) is equivalent to the free theory SHO action
(ω ¼ 0) for small fluctuations of the position in lattice
units. The two actions should therefore be perturbatively
equivalent in the continuum limit.
The differences in behavior at nonzero lattice spacing

become apparent when considering the transfer matrix
description. The transfer matrices in real and imaginary
time associated with the path integral in Eq. (10) are
defined, respectively, by

T̂Mðxtþa; xtÞ ¼ e
i
a−

i
a cosðxtþa−xtÞ;

T̂Eðxτþa; xτÞ ¼ e
−1
a þ1

a cosðxτþa−xτÞ: ð12Þ

The lack of any potential terms reflects our choice of
working with the free theory. As argued above, the unitarity
and positive definiteness of the transfer matrix in real and
imaginary time depends only on the behavior of this kinetic
integral kernel, as any (real) potential terms will cancel
from the relations in Eqs. (8) and (9) if the kinetic term
satisfies the desired properties. For this choice of discre-
tization, the imaginary-time transfer matrix does satisfy
positivity and can be expanded in terms of Fourier
eigenfunctions using the Jacobi-Anger expansion [65]

T̂Eðx; yÞ ¼
X
k

e−1=aIkð1=aÞeikðx−yÞ; ð13Þ

where Ik is the modified Bessel function of the first kind
with rank k. The eigenvalues e−1=aIkð1=aÞ all vanish as
a → 0, but physical observables are determined by ratios
Ikð1=aÞ=I0ð1=aÞ which converge to 1 in the continuum
limit, allowing renormalization and extraction of quantities
of interest in the continuum. On the other hand, the non-
Gaussian nature of the kinetic integral kernel results in
nonunitarity of the real-time transfer matrix, which can be
seen by direct calculation,

T̂Mðx;yÞT̂†
Mðy;x0Þ ¼

Z
2π

0

dy
2π

e−
i
acosðx−yÞei

acosðy−x0Þ

¼ I0

�
i
a
j1− eiðx−x0Þj

�
=∝ δðx− x0Þ: ð14Þ

The breakdown of unitarity at nonzero a is an undesirable
feature, but could be considered acceptable if the ratios of
transfer matrix eigenvalues converged to unit-norm values
in the continuum limit. Instead, many ratios of eigenvalues
simply do not have a continuum limit, as can be seen by
performing a similar Jacobi-Anger expansion in real time,

T̂Mðx; yÞ ¼
X
k

ei=aIkð−i=aÞeikðx−yÞ: ð15Þ

As a → 0, the ratio Ikð−i=aÞ=Ilð−i=aÞ → 1 for k≡
l mod 2 but the limit does not exist for k≡ lþ
1 mod 2, demonstrating that observables that depend on
these ratios of eigenvalues do not have either a well-defined
continuum limit or a spectral representation consistent with
unitary time evolution. If a potential is included, these free
theory eigenfunctions can generically be expected to mix,
and the nonexistence of a unitary continuum limit for
certain eigenstates of e−iaK̂ can be expected to spoil the
existence of continuum limits for generic observables.
This simple exploration of the SHO and quantum rotator

highlights a concern that must be addressed if attempting to
work with discretized real-time path integrals in a position-
space representation. For compact variables, a position-
space kinetic term in the action that satisfies periodicity
may not be compatible with the replacement K þ V →
K − V in moving from the imaginary-time action to the
real-time action, as this simple replacement may result in
nonunitarity of the transfer matrix and prevent extrapolat-
ing to continuum physics.

B. Lattice gauge theory in real and imaginary time

The Standard Model of particle physics involves the
gauge groups Uð1Þ and SUðNÞ, and thus we focus on these
two groups in explorations of suitable real-time actions for
lattice gauge theory. As an Abelian group, the continuum
limit of Uð1Þ gauge theory can be accessed by extrapo-
lating to zero lattice spacing using either the compact gauge
group Uð1Þ or the noncompact gauge group R; see, for
example, Ref. [66]. Using the compact gauge group is
susceptible to the subtleties discussed above and is the
focus of our Uð1Þ studies. In order to describe continuum
Euclidean SUðNÞ gauge theory, standard formulations of
LGT [11,67] use SUðNÞ variables in the fundamental group
representation, which consists of N × N unitary matrices
with unit determinant. These formulations are therefore
also susceptible to challenges associated with path integrals
involving compact variables when moving to real time.
A lattice gauge theory for gauge group G inD spacetime

dimensions is defined in terms of a set of gauge fields
Ux;μ ∈ G, where x ¼ ðx0; x1;…; xD−1Þ are the spacetime
lattice points and μ ¼ 0;…; D − 1 labels the lattice axes
with the (real or imaginary) time direction specified by
μ ¼ 0. We assume a lattice with an extent of L=a sites in
each spatial direction and LT=a sites in the temporal
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direction, where a is the lattice spacing in physical units.
When applying the Schwinger-Keldysh formalism for
out-of-equilibrium observables, the lattice extent in the
temporal direction is divided into regions of Euclidean,
forward Minkowski, and reverse Minkowski time evolu-
tion; discussion on extending real-time actions to this
setting is deferred to Sec. IV D, and in other sections the
spacetime signature is assumed to be uniform throughout
the lattice. Each component Ux;μ of the gauge field is
associated with an edge connecting neighboring sites x and
xþ μ̂. For all actions under consideration an exact gauge
symmetry holds: transforming all gauge field components
by Ux;μ → ΩxUx;μΩ

†
xþaμ̂, for any field Ωx ∈ G, does not

modify the value of the action.
Equilibrium properties of gauge theories can be deter-

mined from the continuum limits of expectation values of
“observables” in LGT, defined as generic functions of the
gauge field, OðUÞ, with Euclidean path integral represen-
tations

hOiE ¼ 1

ZE

Z
DUOðUÞe−SEðUÞ; ð16Þ

whereDU ≡Qx;μ dUx;μ is the product of the Haar measure
dUx;μ for each gauge field degree of freedom, SE is the
Euclidean action, and ZE ¼ R DU e−SEðUÞ is the partition
function. We restrict to considering Euclidean actions that
can be expressed as a sum of potential and kinetic energy
functions involving the lattice gauge fields on individual
time slices and pairs of adjacent time slices, respectively,

SEðUÞ ¼ a
XNT−1

τ=a¼0

½KðUτþa; UτÞ þ VðUτÞ�; ð17Þ

where Uτ ¼ fUx;μjx0 ¼ τg and NT ¼ LT=a is the number
of lattice sites in the (imaginary) time direction. Restricting
to actions of this form allows the construction of transfer
matrices and explicit analyses of unitarity. Constructing
unitary actions that violate this form, e.g., due to Symanzik
improvement [68] or inclusion of matter fields, is left as the
subject of future work.
The Hilbert space for pure gauge theory on a fixed time

slice can be represented as a product of Hilbert spaces for
group-valued quantum rotators [67]. Gauge field operators
Û  x;k can be defined for k ¼ 1;…; D − 1; i.e., they are
associated with spacelike links and are analogous to
position operators x̂na for the quantum rotator discussed
in Sec. II A. Assuming temporal gauge, the Hilbert
space for pure gauge theory is spanned by polynomial
functions of these operators. States jU  x;ki are defined by the
eigenvalue relation Û  x;kjU  x;ki ¼ U  x;kjU  x;ki and are nor-
malized to satisfy hU  x;kjU0

 x;ki ¼ δðU  x;k; U0
 x;kÞ. This Hilbert

space can equivalently be described using a basis of
L2-normalizable complex-valued functions fðUÞ as detailed

in Ref. [12]. Hilbert space states jfi can be associated with
this function basis by ð⊗  x;k hU  x;kjÞjfi ¼ fðUÞ, and the
actions of Hilbert space operators in the function basis
can be represented using integral kernels.
The imaginary-time transfer matrix T̂E can be con-

cretely defined by an integral kernel T̂EðUτþa; UτÞ ¼
hUτþajT̂EjUτi, where jUτi and jUτþai are arbitrary tensor
product basis states given by ⊗  x;k jU  x;ki for particular
gauge field configurations Uðτ;  xÞ;k and Uðτþa;  xÞ;k. The
integral form of the action of this operator on a func-
tion-basis state jfi is then

T̂Ejfi ¼
Z

DUτDUτþaT̂EðUτþa; UτÞfðUτÞjUτþai: ð18Þ

The integral kernel T̂EðUτþa; UτÞ is analogous to the
coordinate space matrix elements T̂Eðxτþa; xτÞ for the
quantum rotator. For a LGT action of the form in
Eq. (17), the imaginary-time transfer matrix is defined in
a general gauge by the integral kernel [69]

T̂EðUτþa; UτÞ ¼
Z

DU∂ðτþa;τÞe−aVðUτþaÞ=2

× e−aKðUτþa;UτÞe−aVðUτÞ=2; ð19Þ

where U∂ðτþa;τÞ ¼ fUx;0jx0 ¼ τg. The imaginary-time
transfer matrix describes discretized imaginary-time evo-
lution in LGT corresponding to the generic action in
Eq. (17). For example, Euclidean correlation functions
involving a pair of temporally separated operators AðUτÞ
and BðU0Þ have a transfer-matrix representation

hAðUτÞBðU0ÞiE ¼ 1

ZE

Z Y
τ0≥τ

½DUτ0 T̂EðUτ0þa; Uτ0 Þ�

×AðUτÞ
Y

0≤τ0<τ

½DUτ0 T̂EðUτ0þa; Uτ0 Þ�

× BðU0Þ: ð20Þ

It is possible to formally (although not practically)
construct a Hermitian Hamiltonian Ĥ and unitary real-time
evolution operator e−iĤt directly from the imaginary-time
transfer matrix. Assuming that the transfer matrix for a
particular choice of Euclidean action is positive definite,
then it is possible to construct the Hamiltonian operator Ĥ
defined by

Ĥ ¼ −
1

a
ln T̂E ð21Þ

without encountering singularities of the logarithm [12].
Formally, a perfect real-time transfer matrix can then be
constructed,
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Û ¼ e−iĤa ¼ ei ln T̂E ¼ T̂i
E: ð22Þ

By construction Û is unitary, with eigenvalues e−iEna

related to the eigenvalues e−Ena of T̂E. The existence of
a positive-definite transfer matrix therefore guarantees the
existence of a unitary time-evolution operator with the
same energy spectrum. The positivity of the transfer matrix
associated with the Wilson action [11] for Euclidean LGT
was established early on in the study of lattice QFT through
proofs of reflection positivity [70,71], and the transfer
matrix was then explicitly constructed [72] and explicitly
demonstrated to be positive [12]. These results and their
generalizations to other actions crucially allow the energy
spectra of Euclidean gauge theories obtained from the
continuum limits of LGT results to be identified with the
energy spectra of the corresponding Minkowski continuum
gauge theories relevant for experiments involving real-time
dynamics. This approach to determining the energy spectra
of continuum gauge theories corresponds to first taking
a → 0 and then subsequently taking τ → it in Fig. 1 and is
expected to be valid for any Euclidean LGTwith a positive-
definite T̂E. However, the calculation of correlation func-
tions with timelike separated operators in Minkowski
spacetime, relevant, for example, for inclusive scattering
cross sections and transport coefficients, is an ill-posed and
practically challenging problem when using analytic con-
tinuation of numerical results for Euclidean correlation
functions. For these and other applications, it may be
advantageous to consider the opposite order of limits
shown in Fig. 1, in which a real-time transfer matrix is
constructed for Minkowski LGT and physical results are
obtained by subsequently taking the continuum limits of
real-time observables obtained in Minkowski LGT.
The operator Û defined in Eq. (22) is not a suitable

starting point for practically computing Minkowski LGT
observables because it cannot be constructed without

explicitly diagonalizing T̂E and working in the energy
eigenbasis. A seemingly promising alternative approach is
to replace the sum of kinetic and potential terms K þ V
with a difference K − V to move from the LGT Euclidean
action to the LGT Minkowski action, with the goal of
recovering the physics encoded in Û in the continuum
limit. The Minkowski action obtained by such a replace-
ment is

SMðUÞ ¼ a
XNT−1

t=a¼0

½KðUtþa; UtÞ − VðUtÞ�: ð23Þ

Minkowski expectation values described by this action are
defined by

hOiM ¼ 1

ZM

Z
DUOðUÞeiSMðUÞ; ð24Þ

where ZM ¼ R DU eiSMðUÞ. A real-time transfer matrix T̂M

can be defined for this action in analogy to Eq. (19),

T̂MðUtþa; UtÞ ¼
Z

DU∂ðtþa;tÞe−iaVðUtþaÞ=2

× eiaKðUtþa;UtÞe−iaVðUtÞ=2: ð25Þ

This real-time transfer matrix can be used to equivalently
write matrix elements of products of operators separated in
Minkowski time, otherwise given by real-time LGT path
integrals involving products of operators. For example,
Minkowski correlation functions involving a pair of tem-
porally separated operators AðUtÞ and BðU0Þ are given
analogously to Eq. (20) by

hAðUtÞBðU0ÞiM ¼ 1

ZM

Z Y
t0≥t

½DUt0 T̂MðUt0þa; Ut0 Þ�

×AðUtÞ
Y

0≤t0<t

½DUt0 T̂MðUt0þa; Ut0 Þ�

× BðU0Þ: ð26Þ

The energy spectrum for Minkowski LGT with action SM
can therefore be obtained from the eigenvalues of T̂M.
The real- and imaginary-time transfer matrices can be

decomposed into products of potential-energy evolution
operators that are diagonal in the coordinate basis and
kinetic-energy evolution operators R̂E and R̂M,

T̂MðUtþa; UtÞ ¼ e−iaVðUtþaÞ=2R̂MðUtþa; UtÞ
× e−iaVðUtÞ=2;

T̂EðUτþa; UτÞ ¼ e−aVðUτþaÞ=2R̂EðUτþa; UτÞ
× e−aVðUτÞ=2: ð27Þ

FIG. 1. Commutative diagram expressing the desired relation-
ships between real- and imaginary-time transfer matrices T̂M

and T̂E and the operators e−Ĥτ and e−iĤt describing real- and
imaginary-time evolution in the continuum limit. The diagram is
satisfied for generic actions involving noncompact variables but
is only sometimes satisfied for actions involving compact
variables as discussed in the main text.
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The real- and imaginary-time kinetic-energy evolution
operators R̂M and R̂E are defined by

R̂MðUtþa; UtÞ ¼
Z

DU∂ðtþa;tÞeiaKðUtþa;UtÞ;

R̂EðUτþa; UτÞ ¼
Z

DU∂ðτþa;τÞe−aKðUτþa;UτÞ: ð28Þ

In temporal gauge the integrals over U∂ðτþa;τÞ appearing in
Eq. (28) are trivial, and the kinetic-energy evolution
operators can be simplified to

R̂MðUtþa; UtÞ ¼ eiaKðUtþa;UtÞ;

R̂EðUτþa; UτÞ ¼ e−aKðUτþa;UτÞ: ð29Þ

The real- and imaginary-time kinetic-energy evolution opera-
tors satisfy a relation R̂MðUτþa;UτÞ¼ R̂EðUτþa;UτÞ−i with
superficial similarities to Eq. (22); however, this relation
between coordinate-basismatrix elements of R̂M and R̂E does
not imply that the eigenvalues of R̂M and R̂E satisfy analogous
relations.
In general, the real-time transfer matrix T̂M in Eq. (27) is

distinct from the unitary time-evolution operator Û defined
by Eq. (22). The fact that T̂M ≠ Û is not by itself
problematic, as the validity of results obtained using
real-time LGT calculations only requires that a continuum
limit exists in which the energy spectra associated with T̂M

and Û agree. However, if T̂M is nonunitary for all limits of
the action parameters, then it is not possible to achieve a
continuum limit in which T̂M coincides with Û and the real-
and imaginary-time energy spectra will contain unphysical
differences. This undesirable scenario corresponds to the
noncommutation of limits shown in Fig. 1 and can arise in
practice for theories with compact variables such as the
quantum rotator discussed in Sec. II A. For noncompact
scalar field theory, this scenario does not arise and the
unitarity of time evolution associated with the standard
finite difference discretization of the continuumMinkowski
action has been demonstrated in 0þ 1D calculations in
Refs. [4–7]. A proof of the unitarity of the real-time transfer
matrix T̂M for scalar field theory proceeds analogously to
the SHO case in Sec. II A and is detailed in Appendix A.
Below, the unitarity and continuum limits of T̂M will be

studied for specific LGTactions. Proofs of (non)unitarity of
T̂M are facilitated by the observation that hUjT̂MT̂

†
MjU0i,

which must be proportional to a delta function δðU;U0Þ for
T̂M to give rise to unitary physics, satisfies

hUjT̂MT̂
†
MjU0i ¼

Z
DU00T̂MðU;U00ÞT̂†

MðU00; U0Þ

¼ e−ia½VðUÞ−VðU0Þ��hUjR̂MR̂
†
MjU0i: ð30Þ

Similarly,

hUjT̂†
MT̂MjU0i ¼ eia½VðUÞ�−VðU0Þ�hUjR̂†

MR̂MjU0i: ð31Þ

Assuming that VðUÞ is real here and below, it follows that
hUjT̂MT̂

†
MjU0i ¼ hUjT̂†

MT̂MjU0i ∝ δðU;U0Þ will hold if
and only if hUjR̂MR̂

†
MjU0i ¼ hUjR̂†

MR̂MjU0i ∝ δðU;U0Þ;
i.e., T̂M is proportional to unitary if and only if R̂M is
proportional to unitary.

C. The real-time Wilson action

For the gauge groups UðNÞ or SUðNÞ, the (Euclidean)
Wilson action is defined by [11]

SE;WðUÞ ¼ 2

g2
X
x

X
μ<ν

ReTrð1 − Px;μνÞ;

Px;μν ≡Ux;μUxþaμ̂;νU
†
xþaν̂;μU

†
x;ν: ð32Þ

For the case of G ¼ SUðNÞ, the bare coupling g is
normalized so that the “naive continuum limit” obtained
by defining Ux;μ ¼ eiaAμðxÞ and taking the a → 0 limit of
Eq. (32) agrees with the continuum Yang-Mills action for
AμðxÞ ∈ g with the same gauge coupling g. For the case of
G ¼ Uð1Þ, the rescaled coupling e ¼ g=

ffiffiffi
2

p
has the correct

normalization for the naive continuum limit of Eq. (32) to
match the continuum Uð1Þ gauge action with gauge
coupling e. The eigenvalues of the “plaquette” Px;μν can

be represented as eiϕ
A
x;μν where A ∈ f1g for G ¼ Uð1Þ and

A ∈ f1;…; Ng for SUðNÞ, with an additional constraintP
A ϕ

A
x;μν ¼ 0 mod 2π. The Wilson action can be repre-

sented in terms of these eigenvalues as

SE;WðUÞ ¼ 2

g2
X
x;A

X
μ<ν

½1 − cosðϕA
x;μνÞ�: ð33Þ

The quantum rotator discussed in Sec. II A is, in fact,
equivalent to Uð1Þ LGT using the Wilson action in (1þ 1)
D, and the arguments in that section explicitly demonstrate
that T̂M is nonunitary in this case. As discussed in Ref. [10]
and reviewed here, character expansion methods can be
used to demonstrate nonunitarity of the Wilson gauge
action more generally for G ¼ Uð1Þ or G ¼ SUðNÞ in
arbitrary spacetime dimensions. A similar check for (non)
unitarity can be applied to any LGT action that only
depends locally on the Px;μν in a way that can be
decomposed into a kinetic energy piece that is a function
of “timelike plaquettes” Px;0k on each time slice and a
potential energy piece that is a function of “spacelike
plaquettes” Px;ij on each time slice. Since timelike pla-
quettes are given in temporal gauge by Ux;kU

†
xþa0̂;k

, the

corresponding kinetic-energy evolution operator R̂MðU;U0Þ
only depends on the products U0

 x;kU
†
 x;k. The kinetic-energy
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evolution operator associated with any plaquette LGTaction
can therefore be represented using a character expansion of
the form

R̂MðU;U0Þ ¼
Y
 x;k

�X
r

drcMr ðg2ÞχrðU0
 x;kU

†
 x;kÞ
�
; ð34Þ

where r labels the representations of the gauge group G, dr
denotes the dimension of representation r, and χrðUÞ is the
character of the group element U ∈ G in representation r;
see, for example, Refs. [69,73] for further discussion in the
context of LGT. The coefficients of the character expansion
cMr ðg2Þ are functions of only the gauge coupling g. Using the
character orthogonality properties

Z
dUχrðUÞ�χr0 ðUÞ ¼ δrr0 ð35Þ

and

Z
dU0χrðU0U†Þχr0 ðU0†Þ� ¼ δrr0

1

dr
χrðU†Þ; ð36Þ

the characters χrðUÞ≡Q  x;k χr  x;kðU  x;kÞ can be seen to be

eigenfunctions of R̂M,

R̂MjχrðUÞi ¼
Z

DU0DUR̂MðU0; UÞ
Y
 x;k

χr  x;kðU  x;kÞjU0
 x;ki

¼
Y
 x;k

�
cMr  x;kðg2Þ

Z
dU0

 x;kχr  x;kðU0
 x;kÞjU0

 x;ki
�

¼
�Y

 x;k

cMr  x;kðg2Þ
�
jχrðUÞi: ð37Þ

The eigenvalue associated with each eigenfunction χrðUÞ is
therefore the product of the character coefficients cMr  x;kðg2Þ
associated with the representation r  x;k specified by χrðUÞ for
each gauge link. This implies that the kinetic-energy evo-
lution operator R̂M will be unitary if and only if all cMr ðg2Þ are
unit-norm complex numbers. The character expansion coef-
ficients can be obtained using character orthogonality,

cMr ðg2Þ ¼
�Z

DU
Y

 x;k

�
1

dr
χrðU  x;kÞ�

�
R̂Mð1; UÞ

�
1=NL

;

ð38Þ

whereNL ¼ ðD − 1ÞðL=aÞD−1 is the number of spatial links
U  x;k at fixed t. Unitarity can then in principle be checked for
particular actions.
The kinetic and potential energy terms KW and VW for

the Wilson action are given by

KWðUτþa; UτÞ ¼
2

g2a

X
 x

X
k

ReTrð1 − Pð  x;τÞ;0kÞ;

VWðUτÞ ¼
2

g2a

X
 x

X
k<l

ReTrð1 − Pð  x;τÞ;klÞ; ð39Þ

where k; l ¼ 1;…; D − 1 denote spatial indices. The
Minkowski Wilson action obtained by combining KW
and VW with a relative minus sign and multiplying by a
to remove the factors of 1=a above is given by

SM;W ¼ a
X
τ

½KWðUτþa; UτÞ − VWðUτÞ�

¼ 2

g2
X
x

X
k

ReTrð1 − Px;0kÞ

−
2

g2
X
x

X
i<j

ReTrð1 − Px;ijÞ: ð40Þ

The kinetic-energy evolution operator R̂M;W associated
with the Minkowski Wilson action is then given in temporal
gauge by

R̂M;WðU;U0Þ ¼ e
2i
g2

P
 x

P
k
ReTrð1−U0

 x;k
U†

 x;k
Þ
: ð41Þ

Applying the character expansion in Eq. (34) to R̂M;W gives

R̂M;WðU;U0Þ ¼
Y
 x;k

�X
r

drc
M;W
r ðg2ÞχrðU0

 x;kU
†
 x;kÞ
�
; ð42Þ

where the character expansion coefficients for the Wilson
action are given by

cM;W
r ðg2Þ ¼

�Z
DU
Y

 x;k

�
1

dr
χrðU  x;kÞ�

�
R̂M;Wð1; UÞ

�
1=NL

¼ 1

dr

Z
dUχrðUÞ�e2i

g2
ReTrð1−UÞ

: ð43Þ

The kinetic-energy evolution operator R̂M;W is exactly
unitary if and only if jcM;W

r ðg2Þj ¼ 1 for all r. However,
a change in the overall normalization of the path integral
uniformly rescales the magnitudes of all character expan-
sion coefficients while leaving all operator expectation
values invariant. Therefore if there is a particular choice of
overall path integral normalization that leads to a unitary
real-time transfer matrix, then the corresponding action is
compatible with unitary real-time evolution.2

To demonstrate the nonunitarity of the Wilson gauge
action, we therefore explicitly analyze ratios of the Wilson
action character expansion coefficients for the groups Uð1Þ

2We thank Henry Lamm for bringing this point to our
attention.
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and SUðNÞ with N ∈ f2;…; 9g below. These ratios are
independent of the overall path integral normalization. In
all cases, the ratios of Wilson action character coefficients
are found to have nonunit magnitudes almost everywhere in
g2 and in particular in the would-be continuum limit
g2 → 0, which is sufficient to establish that R̂M;W is
nonunitary and cannot be made unitary by adjusting the
path integral normalization. As discussed below Eq. (30), it
follows that T̂M;W is nonunitary and further cannot be made
unitary by adjusting the path integral normalization.
In the simplest case of G ¼ Uð1Þ, group elements U ∈

Uð1Þ can be represented as U ¼ eiϕ, the Haar measure is
simply dϕ

2π, and there are only one-dimensional representa-
tions with characters χrðeiϕÞ ¼ eirϕ. Equation (43) there-
fore gives

cM;W;Uð1Þ
r ðe2Þ ¼

Z
π

−π

dϕ
2π

e−irϕe−
i
e2
cosðϕÞe

i
e2

¼ Ir

�
−

i
e2

�
e

i
e2 : ð44Þ

The modified Bessel functions Irð−i=e2Þ are oscillating
functions of e2 with vanishing magnitude and increasingly
rapid oscillations in the e2 → 0 limit associated with the
continuum limit of Euclidean Uð1Þ LGT. The form of

these functions immediately gives that jcM;W;Uð1Þ
r ðe2Þ=

cM;W;Uð1Þ
0 ðe2Þj ≠ 1 almost everywhere in e2 and for
r > 0—these ratios do have unit norm for particular
choices of e2 and r as seen for the fundamental represen-
tation in Fig. 2, but not for all r at any e2). It is also possible
to directly confirm nonunitarity in the continuum limit
e2 → 0,

heiϕjR̂Uð1Þ
M;WR̂

Uð1Þ†
M;W jeiϕ0 i

¼
Y
 x;k

Z
π

−π

dϕ00

2π
e−

i
e2
cosðϕ  x;k−ϕ00Þe

i
e2
cosðϕ00−ϕ0

 x;k
Þ

¼
Y
 x;k

I0

�
−

i
e2

j1 − eiðϕ  x;k−ϕ0
 x;k
Þj
�
; ð45Þ

which is not proportional to the identity integral kernel
as e2 → 0.
Analogous explicit results can be obtained for SUð2Þ

gauge theory, where the irreps are labeled by half-integers j
or equivalently integers r ¼ 2j and have dimension dr ¼
rþ 1. Denoting the eigenvalues of group elementsU by eiϕ

and e−iϕ, the Weyl character formula gives χrðUÞ ¼
sinððrþ 1ÞϕÞ= sinðϕÞ. For functions of the eigenvalues,
the Haar measure corresponds to dϕ

π sin2ðϕÞ, and the
character expansion coefficients are therefore given by

cM;W;SUð2Þ
r ðg2Þ

¼ 1

rþ 1

Z
π

−π

dϕ
π

sinðϕÞ sin ððrþ 1ÞϕÞe−4i
g2
cosðϕÞ

e
4i
g2

¼ 1

rþ 1

�
Ir

�
−
4i
g2

�
− Irþ2

�
−
4i
g2

��
e

4i
g2

¼ ig2

2
Irþ1

�
−
4i
g2

�
e

4i
g2 : ð46Þ

An explicit calculation of the ratios jcM;W;SUð2Þ
r ðg2Þ=

cM;W;SUð2Þ
0 ðg2Þj for r ≠ 0 gives nonunitarity almost

everywhere in g2. The limit limg2→0 jcM;W;SUð2Þ
r ðg2Þ=

cM;W;SUð2Þ
0 ðg2Þj does not exist, and the SUð2Þ real-time
Wilson action is also nonunitary in the would-be continuum

limit. Results for cM;W;SUð2Þ
f =cM;W;SUð2Þ

0 are shown in Fig. 3
and show qualitatively similar features to the Uð1Þ case,
including an accumulation of divergences as g2 → 0. It is
further demonstrated in Sec. III E below that the g2 → 0
limits of simple observables such as ð1þ 1ÞDWilson loops
do not exist using the SUð2Þ real-time Wilson LGT action.

Explicit results for the SUðNÞ character expansion
coefficients for the imaginary-time Wilson action are
known [73] and can be used to derive analogous results
for the general SUðNÞ real-time Wilson action. For the
imaginary-time Wilson action, the kinetic-energy evolution
operator R̂E;W has a character expansion given by

R̂E;WðU;U0Þ ¼
Y
 x;k

e
2

g2
ReTrð1−U0

 x;k
U†

 x;k
Þ

¼
Y
 x;k

�X
r

drc
E;W
r ðg2ÞχrðU0

 x;kU
†
 x;kÞ
�
: ð47Þ

FIG. 2. Ratios of the fundamental and trivial irrep character
expansion coefficients for the Wilson and HFK actions for Uð1Þ
gauge theory. The Wilson action result includes an infinite
number of singularities that accumulate as e2 → 0 and is replaced
by a gray background for e2 < 0.05. The Wilson action can be
seen to have a nonunitary coefficient ratio almost everywhere in
e2, with an ill-defined e2 → 0 limit due to the repeated singu-
larities, while the HFK action has a unitary ratio for all choices
of e2.
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The coefficients of this expansion are given analogously
to Eq. (38) by

cE;Wr ðg2Þ ¼
�Z

DU
Y

 x;k

�
1

dr
χrðU  x;kÞ�

�
R̂Eð1; UÞ

�
1=NL

¼ 1

dr

Z
dUχrðUÞ�e 2

g2
ReTrð1−UÞ

: ð48Þ

The character identity χðUÞ ¼ χðU†Þ� along with invari-
ance of the trace and Haar measure under the trans-
formation U → U† gives cE;Wr ðg2Þ ¼ cE;Wr ðg2Þ�. It is
proven in Ref. [12] that cE;Wr ðg2Þ > 0 by expanding the
exponential in Eq. (47) and observing that cE;Wr ðg2Þ is equal
to a positive number (for g ∈ R) times a counting factor
related to the number of times the irrep r appears at a given
order of the expansion. Comparing the definition of cM;W

r in
Eq. (43) and the coefficients cE;Wr , one finds

cE;Wr ðg2Þ ¼ cM;W
r ð−ig2Þ: ð49Þ

The explicit forms of cE;Wr ðg2Þ for generic SUðNÞ gauge
groups presented in Ref. [73] can thus be used with Eq. (49)
to obtain results for cM;W

r ðg2Þ. We numerically compute
results for cM;W

f ðg2Þ=cM;W
0 ðg2Þ for the cases of N ∈

f2;…; 9g as detailed in Appendix B. For SUð3Þ, these
numerical results are shown in Fig. 3 and indicate that,

although cM;W;SUð3Þ
f ðg2Þ=cM;W;SUð3Þ

0 ðg2Þ is finite for all g2,

jcM;W;SUð3Þ
f ðg2Þ=cM;W;SUð3Þ

0 ðg2Þj ≠ 1 for all g2 and for the
limit g2 → 0, and therefore the real-time SUð3Þ Wilson
action is nonunitary. The analogous results for N ∈
f4;…; 9g are shown in Appendix B and indicate similarly
that the real-time Wilson action is nonunitary almost
everywhere in g2 and in particular is nonunitary in the
g2 → 0 limit. Appendix B further discusses observed
similarities between results for choices of N that are

equivalent mod 4 which suggest a pattern in the behavior

of cM;W;SUðNÞ
f =cM;W;SUðNÞ

0 and non-unitarity for general N.
In Appendix B the g2 → 0 limit is also analyzed using the
stationary phase approximation.

III. UNITARY REAL-TIME LGT ACTIONS

Reference [10] directly constructs a unitary real-time
evolution matrix, here denoted T̂M;HFK, whose spectrum
in the naive continuum limit is related to the spectrum of
the usual Euclidean Wilson transfer matrix. Unitarity is
guaranteed by defining the kinetic energy evolution oper-
ator, R̂M;HFK, in terms of an explicitly unitary spectrum.
The spectrum is determined by the character expansion
with coefficients denoted cM;HFK

r ðg2Þ that are constructed
to satisfy jcM;HFK

r ðg2Þj ¼ 1. Unitarity for any choice of
potential, including the Wilson potential VW , then follows
from Eq. (30).
An action SHFKðUÞ can be formally defined using the

character expansion for R̂M;HFK [10], as reviewed below in
Sec. III A. The resulting series, however, is not absolutely
convergent in all gauge field configurations as discussed
below and cannot be numerically evaluated using either
systematically improvable truncations or Monte Carlo
sampling techniques. For Uð1Þ gauge theory, a simple
path integral contour deformation can be found that
provides an absolutely convergent representation of path
integrals involving the HFK action (see Sec. IV), but for
SUðNÞ gauge theory it is challenging to find an analogous
contour deformation that gives convergence.
In this work, an alternative real-time LGT action based

on analytic continuation of the Euclidean heat-kernel LGT
action [13] is therefore studied; the Euclidean construction
is reviewed in Sec. III B, and the Minkowski version is
introduced in Sec. III C. This Minkowski HK action is also
formally defined by a divergent series, and it is difficult to
find path integral contour deformations that result in

FIG. 3. Ratios of the fundamental and trivial irrep character expansion coefficients for the Wilson and HFK actions for SUð2Þ and
SUð3Þ gauge theory. The Wilson action result for SUð2Þ includes an infinite number of singularities that accumulate as g2 → 0 and is
replaced by a gray background for g2 < 0.1. The Wilson action for both SUð2Þ and SUð3Þ can be seen to have a nonunitary coefficient
ratio almost everywhere in g2. In the SUð2Þ case, the limit g2 → 0 is ill-defined due to the repeated singularities, while for SUð3Þ there is
an apparently well-defined limit (explained by a stationary phase expansion in Appendix B) which is nonunitary. The HFK action for
both SUð2Þ and SUð3Þ gauge theory has a unitary ratio for all choices of g2.
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absolutely convergent representations of this action.
However, a real-time modified heat-kernel, or HK, action
is introduced in Sec. III D for which path integral contour
deformations can be used to construct absolutely conver-
gent representations of the Uð1Þ and SUðNÞ unitary real-
time LGT actions. The real-time HK action is thus in
principle suitable for evaluation of unitary real-time LGT
dynamics for these gauge groups. Analytic results for
unitary and nonunitary actions computable in (1þ 1)D
are discussed in Sec. III E.

A. The real-time HFK action

We begin by reviewing in this section the construction of
the HFK action given in Ref. [10]. Positivity of cE;Wr ðg2Þ
permits the definition of a set of character coefficients

cM;HFK
r ðg2Þ ¼ ½cE;Wr ðg2Þ�i ¼ ei lnðc

E;W
r ðg2ÞÞ ð50Þ

that satisfy jcM;HFK
r ðg2Þj ¼ 1 by construction. Explicitly,

R̂M;HFK is then defined from the character expansion in
temporal gauge by

R̂M;HFKðU;U0Þ ¼
Y
 x;k

�X
r

dr½cE;Wr ðg2Þ�iχrðU0
 x;kU

†
 x;kÞ
�
:

ð51Þ

A gauge-invariant action whose kinetic energy term is
related to R̂M;HFK by Eq. (29) can then be defined as

SM;HFKðUÞ ¼ −
X
x;k

ln

�X
r

dr½cE;Wr ðg2Þ�iχrðPx;0kÞ
�

þ 2

g2
X
x

X
i<j

ReTrð1 − Px;ijÞ: ð52Þ

The real-time transfer matrix associated with the HFK
action is

T̂M;HFKðU;U0Þ ¼ e−iVWðUÞ=2R̂M;HFKðU;U0Þe−iVWðU0Þ=2;

ð53Þ

and by unitarity of R̂M;HFK, the entire transfer matrix is
unitary.
Positivity of the Euclidean coefficients cE;Wr ðg2Þ guar-

antees the existence of an operator K̂W satisfying
R̂E;W ¼ e−aK̂W . The eigenvalue relation cM;HFK

r ðg2Þ ¼
½cE;Wr ðg2Þ�i then gives R̂M;HFK ¼ e−iaK̂W . It follows that

T̂M;HFK ¼ e−iaV̂W=2e−iaK̂We−iaV̂W=2; ð54Þ

where V̂WðU;U0Þ≡ VWðUÞδðU;U0Þ and the imaginary-
time Wilson transfer matrix is given similarly by

T̂E;W ¼ e−aV̂W=2e−aK̂We−aV̂W=2: ð55Þ

The relationship between T̂M;HFK and T̂E;W in Eqs. (54) and
(55) is the expected analytic continuation relating discre-
tized real- and imaginary-time evolution operators. Proving
the existence of the continuum limit for LGT in either real
or imaginary time is outside the scope of this work, but
from the forms of T̂M;HFK and T̂E;W in Eqs. (54) and (55)
and the Lie-Trotter product formula one can expect that
T̂E;W and T̂M;HFK will satisfy the commutative diagram in
Fig. 1 in the continuous time limit. The HFK action
therefore provides a theoretically suitable action for real-
time LGT.
A practical complication associated with the HFK action

is that the character expansion in the definition of the action
does not provide an absolutely convergent function of the
gauge field U across the entire group domain. In particular,
the constraint jcM;HFK

r ðg2Þj ¼ 1 and the fact that each
character is normalized by

R
dUjχrðUÞj2 ¼ 1 and χrðUÞ

cannot vanish for all U ∈ G implies that the rth term in the
sum does not vanish as r → ∞ using any enumeration of
the representations of G, at least for a set of nonzero
measure in G.3 Since jcMr ðg2Þj ¼ 1 is also precisely the
condition required for unitarity of a real-time LGT transfer
matrix, it is clear that this divergence is a generic feature of
the character expansions for unitary real-time LGT actions.
A simple proof that this character expansion diverges for
any real-time LGT action with kinetic and potential energy
densities that only depend locally on timelike and spacelike
plaquettes, respectively, is presented in Appendix C.
Path integral contour deformations can be used to

improve this convergence as discussed in Sec. IV, where
a simple contour deformation is obtained for which the
HFK action for Uð1Þ LGT is represented by an absolutely
convergent character expansion. Obtaining an analogous
contour deformation providing an absolutely convergent
representation of the SUðNÞ HFK action suitable for
numerical calculations is challenging. For this reason,
alternate real-time LGT actions are introduced below for
which the kinetic-energy evolution operator takes a simpler
form for both G ¼ Uð1Þ and G ¼ SUðNÞ, and a contour
deformation that leads to an absolutely convergent path
integral representation can be constructed in Sec. IV.

3Stronger statements can be proven for particular choices of
the gauge group. For G ¼ Uð1Þ the characters χrðUÞ ¼ eirϕ
satisfy jχrðUÞj ¼ 1, and therefore the sum in Eq. (52) diverges
for all U. For G ¼ SUð2Þ, there are combinations of r and U
satisfying χrðUÞ ¼ 0; however, the Weyl character formula can
be used to explicitly show that limr→∞ χrðUÞ is oscillatory
and not equal to zero for any U and therefore that the sum in
Eq. (52) diverges for all U. The explicit SUð3Þ character for-
mula in Ref. [74] can be used to analogously prove that
limp;q→∞ χðp;qÞðUÞ is oscillatory and not equal to zero for any
U where the irreps are enumerated using p; q ∈ Z.
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B. The imaginary-time heat-kernel action

The central role of the kinetic-energy evolution operator
in establishing unitarity of the real-time transfer matrix
suggests that it may be easier to construct unitary real-time
LGT actions in the eigenbasis of the LGT kinetic energy
operator. A kinetic energy operator that generalizes the
Laplacian operator for noncompact coordinates to compact
variables including the quantum rotator as well as SUðNÞ
gauge fields was used by Kogut and Susskind to construct a
lattice gauge theory Hamiltonian [67],

Ĥ ¼ −
X
 x;k

�
g2

2a
Δ̂  x;k

�
þ VWðÛÞ

≡ K̂ þ V̂WðÛÞ; ð56Þ

which includes the same potential energy term as the
Euclidean Wilson action but a different kinetic energy
term that is expected to be equivalent to the Wilson action
kinetic term in the continuous-time limit. Defining oper-
ators L̂A

 x;k by the commutation relation

½L̂A
 x;k; Û  x;k� ¼ tAÛ  x;k; ð57Þ

where the tA are Hermitian generators of g normalized by
TrðtAtBÞ ¼ 1

2
δAB, and the operator Δ̂ appearing in Eq. (56)

is defined by

Δ̂  x;k ¼ −
X
A

L̂A
 x;kL̂

A
 x;k: ð58Þ

This can be recognized as the quadratic Casimir operator (up
to a sign) and for gauge groups Uð1Þ and SUðNÞ acts on
functions of the gauge field by Δ̂  x;kfðU  x;kÞ ¼ Δ  x;kfðU  x;kÞ
where Δ  x;k is the Laplace-Beltrami differential operator
as shown in Ref. [13]; see also Refs. [69,75]. Denoting
the character expansion for fðU  x;kÞ by fðU  x;kÞ ¼P

r drfrχrðU  x;kÞ, the action of the Laplace-Beltrami oper-
ator on fðU  x;kÞ is given by

Δ  x;kfðU  x;kÞ ¼ −
X
r

drC
ð2Þ
r frχrðU  x;kÞ; ð59Þ

whereCð2Þ
r is the eigenvalueof thequadraticCasimir operator

for representation r of G.
Reference [13] constructs eigenfunctions of the kinetic-

energy time-evolution operator e−aK̂ by solving the diffusion
or “heat-kernel” equation obtained by analytic continuation
of the Schrödinger equation i∂tfðUÞ ¼ K̂fðUÞ to imagi-
nary-time ∂τfðUÞ ¼ −K̂fðUÞ. Omitting the prefactor in
Eq. (56) for simplicity, the heat-kernel solution KEðU; τÞ is
defined as the solution to the differential equation

∂τKEðU; τÞ ¼ ΔKEðU; τÞ; ð60Þ

with boundary condition KEðU; 0Þ ¼ δðU; 1Þ. The heat-
kernel solution provides an integral kernel for Δ̂,

hU  x;k ⊗ 1jeτΔ̂  x;k jU0
 x;k ⊗ 1i ¼ h1jeτΔ̂  x;k jU0

 x;kU
†
 x;k ⊗ 1i

¼ KEðU0
 x;kU

†
 x;k; τÞ; ð61Þ

where the state jU  x;k ⊗ 1i is definedby assigningU  x;k to link
ð  x;  xþ k̂Þ and the identity to all other links and the first
equality follows fromcommutativity of theLaplace-Beltrami
operator with group multiplication [13]. An integral repre-
sentation for the (temporal-gauge) Kogut-Susskind kinetic-
energy time-evolution operator is therefore given by

hUje−ak̂jU0i ¼
Y
 x;k

KE

�
U0

 x;kU
†
 x;k;

g2

2

�
: ð62Þ

The factor U0
 x;kU

†
 x;k can be identified with P  x;0k in temporal

gauge in order to construct a gauge-invariant expression. In
Euclidean spacetime it is convenient to identify the kinetic
and potential energy terms as identical functions of timelike
and spacelike plaquettes, respectively, in order to obtain a
LGT with D-dimensional rather than (D − 1)-dimensional
hypercubic symmetry. Such an isotropic Euclidean heat-
kernel action is defined by [13]

e−SE;HKðUÞ ¼
Y
x;μ<ν

KE

�
Px;μν;

g2

2

�
; ð63Þ

which is gauge invariant by the gauge invariance of the
Laplace-Beltrami operator (as well as more explicit argu-
ments below). The kinetic-energy piece of the transfermatrix
associated with the heat-kernel action is given by construc-
tion as R̂E;HK ¼ e−aK̂ . Its character expansion in temporal
gauge can be obtained from Eqs. (59) and (62) as

R̂E;HKðU;U0Þ ¼
Y
 x;k

�X
r

dre−g
2Cð2Þ

r =2χrðU0
 x;kU

†
 x;kÞ
�
; ð64Þ

from which the character expansion coefficients can be
identified as

cE;HKr ðg2Þ ¼ e−g
2Cð2Þ

r =2: ð65Þ

Positivity of the quadratic Casimir eigenvalues Cð2Þ
r gives

cE;HKr ðg2Þ > 0, fromwhich the positivity of R̂E;HK and T̂E;HK

and the formal existence of a unitary time-evolution operator
ÛHK ¼ ½T̂E;HK�i follows.
The explicit construction of the Euclidean heat-kernel

action requires an explicit form forKðU; τÞ for particularG.
For the noncompact group G ¼ R the heat-kernel equation
reduces to the usual diffusion equation
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∂τKE;Rðx; τÞ ¼ −
1

2

∂2

∂x2KE;Rðx; τÞ; ð66Þ

which has the well-known solution

KE;Rðx; τÞ ¼ N exp

�
−
x2

2τ

�
; ð67Þ

with the normalization constant N ¼ 1=
ffiffiffiffiffiffiffiffi
2πτ

p
fixed by

the boundary condition KE;Rðx; 0Þ ¼ δðxÞ at τ ¼ 0 and the
evolution equation in Eq. (60) for later τ. In the heat-kernel
solutions derived for various groups below, normalizing
constants are not distinguished for conciseness; distinct
normalizing constants apply to each case with the appro-
priate normalization clear from context. For G ¼ Uð1Þ, the
heat-kernel equation takes an analogous form

∂τKE;Uð1Þðeiϕ; τÞ ¼ −
1

2

∂2

∂ϕ2
KE;Uð1Þðeiϕ; τÞ; ð68Þ

and has a solution given by a sum of Gaussian terms of the
form in Eq. (67) over coordinates x ¼ ϕþ 2πn for all
possible integers n. Noting that the appropriate coupling
constant normalization is given from Eq. (63) by τ ¼ e2, the
form of the Uð1Þ heat kernel required for Euclidean LGT
calculations is given by

KE;Uð1Þðeiϕ; e2Þ ¼ N
X∞
n¼−∞

exp

�
−

1

2e2
ðϕþ 2πnÞ2

�
; ð69Þ

with the normalization N ¼ 1=
ffiffiffiffiffiffiffiffiffiffi
2πe2

p
fixed by

KE;Uð1ÞðU; 0Þ ¼ δðU; 1Þ. This heat kernel weight corre-
sponds to theVillain action [76]. ForG ¼ SUðNÞ, additional
factors arise in coordinate descriptions of the heat-kernel
equation from the nontrivial metric of the Riemannian
manifold associated with G. The construction of the heat
kernel for this case is detailed in Ref. [13], and the solution is
given in terms of the eigenvalues eiϕ1 ;…; eiϕN of U by

KE;SUðNÞ

�
U;

g2

2

�
¼
X
fng

NJ ðfϕg; fngÞ exp
�
−

1

g2
X
A

ðϕA þ 2πnAÞ2
�
;

J ðfϕg; fngÞ ¼
Y
A<B

�
ϕA − ϕB þ 2πðnA − nBÞ

2 sin ½1
2
ðϕA − ϕB þ 2πðnA − nBÞÞ�

�
; ð70Þ

where
P

fng describes a sum of infinite sums
P∞

nA¼−∞ and
N is fixed by KE;SUðNÞðU; 0Þ ¼ δðU; 1Þ as in the Uð1Þ
case. The integers nA; A ¼ 1;…; N are subject to a con-
straint

P
A n

A ¼ 0 analogous to the eigenvalue phase
constraint

P
A ϕ

A ¼ 0 that ensures that detðUÞ ¼ 1. Note
that ϕA þ 2πnA is treated as a noncompact variable in the
heat-kernel action in the sense that

P
A ϕ

A ¼ 0 andP
A n

A ¼ 0 are enforced rather than
P

A ϕ
A ¼ 0 mod 2π

[13]. Equation (70) is invariant to the permutation of
eigenvalues eiϕ1 ;…; eϕN ensuring that the kernel does
not depend on the (unphysical) ordering of eigenvalues.
Gauge transformations act by matrix conjugation on Px;μν

and therefore do not affect the unordered set of eigenvalues
eiϕ1 ;…; eiϕN , leaving Eq. (70) invariant.

C. The real-time heat-kernel action

The analog of the heat-kernel equation that describes the
real-time evolution ofU ∈ G in the absence of a potential is
the free Schrödinger equation on G,

i∂tKMðU; tÞ ¼ −ΔKMðU; tÞ: ð71Þ

This Schrödinger equation is related to Eq. (60) through
analytic continuation using the identification τ ¼ it. The
solution to the Schrödinger equation in Eq. (71) can

therefore be immediately obtained through analytic con-
tinuation of the solution to the Euclidean heat-kernel
equation,

KMðU; tÞ ¼ h1jeitΔ̂  x;k jU  x;k ⊗ 1i ¼ KEðU; iτÞ: ð72Þ

Analytic continuation of Eq. (62) gives

hUje−iaK̂jU0i ¼
Y
 x;k

h1jeig2

2
Δ̂  x;k jU0

 x;kU
†
 x;k ⊗ 1i

¼
Y
 x;k

KM

�
U0

 x;kU
†
 x;k;

g2

2

�
: ð73Þ

The Minkowski heat-kernel action defined by analytic
continuation of Eq. (63),

eiSM;HK ¼
Y
x;k

KM

�
Px;0k;

g2

2

�

×
Y
x;i<j

KM

�
Px;ij;−

g2

2

�
; ð74Þ

therefore has a kinetic-energy time-evolution operator with
integral kernel
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R̂M;HKðU;U0Þ ¼
Y
 x;k

KM

�
U0

 x;kU
†
 x;k;

g2

2

�
; ð75Þ

which therefore satisfies R̂M;HK ¼ e−iaK̂ . The unitarity of
R̂M;HK follows immediately from the Hermiticity of the
Laplace-Beltrami operator and K̂.
Unitarity can also be directly verified through analytic

continuation of the Euclidean heat-kernel character expan-
sion in Eq. (64), which gives

KM

�
U;

g2

2

�
¼ KE

�
U;

ig2

2

�
¼
X
r

drχrðUÞe−ig2Cð2Þ
r =2: ð76Þ

The coefficients cM;HK
r ðg2Þ of the character expansion of

R̂M;HK analogous to Eq. (43) are given by

cM;HK
r ðg2Þ¼

�Z
DU
Y

 x;k

�
1

dr
χrðU  x;kÞ�

�
R̂M;HKð1;UÞ

�
1=NL

¼ e−ig
2Cð2Þ

r =2: ð77Þ

It follows that jcM;HK
r ðg2Þj ¼ 1, which implies that R̂M;HK is

unitary. Unitarity of T̂M follows for any choice of real
potential from Eq. (30). In particular, this implies that the
Minkowski heat-kernel action defined in Eq. (74) leads to a
unitarity LGT time-evolution operator T̂M;HK.
Comparing Eqs. (65) and (77), the Minkowski and

Euclidean heat-kernel actions are further seen to satisfy

cM;HK
r ðg2Þ ¼ ½cE;HKr ðg2Þ�i: ð78Þ

It follows from this that the real- and imaginary-time
kinetic-energy evolution operators associated with the
heat-kernel action satisfy R̂M;HK ¼ e−iaK̂ ¼ R̂i

E;HK. The
corresponding real- and imaginary-time transfer matrices
can therefore be expected to satisfy the commutative
diagram shown in Fig. 1. Since the Euclidean heat-kernel
and Wilson actions are expected to be equivalent in the
continuum limit, the Minkowski heat-kernel action is a
unitary real-time LGT action that should be equivalent to
the HFK action in the continuum limit.
For the Uð1Þ gauge group, the explicit form of the

Minkowski heat-kernel solution is given by

KM;Uð1Þðeiϕ; e2Þ ¼ N
X∞
n¼−∞

exp

�
i

2e2
ðϕþ 2πnÞ2

�
; ð79Þ

where the normalizing constant N is related to the
Euclidean normalizing constant by the analytic con-
tinuation e2 → ie2. For the SUðNÞ gauge group, the
Minkowski heat-kernel solution is

KM;SUðNÞ

�
U;

g2

2

�
¼
X
fng

exp

�
i
g2
X
A

ðϕA þ 2πnAÞ2
�

×NJ ðfϕg; fngÞ; ð80Þ
where J ðfϕg; fngÞ is given in Eq. (70) and fng again
denotes a set of integers nA with A ¼ 1;…; N subject to the
constraint

P
A n

A ¼ 0. The SUðNÞ normalizing constant is
similarly related to the Euclidean case by the analytic
continuation g2 → ig2.
The infinite sums in Eqs. (79) and (80) are divergent

since the summand does not vanish in the n → �∞ limit.
This nonconvergence of oscillating sums defining the path
integral weights mirrors the problems faced in the HFK
action. Motivated by a saddle point expansion, a possible
approach to this problem is explored in Appendix D in
which sums over nA are truncated to nA ¼ 0. This trunca-
tion breaks unitarity at nonzero lattice spacing, but the
dominance of the nA ¼ 0 terms in the saddle point
approximation might suggest that this unitarity breaking
is removed in the continuum limit. However, it is shown in
Appendix D that unitarity is not, in fact, recovered in the
analytically solvable case of ð1þ 1ÞD Uð1Þ LGT, indicat-
ing that this truncated version of the heat-kernel approach is
not a useful starting point for real-time LGT and under-
scoring the importance of preserving unitarity in real-time
LGT actions.

D. The modified real-time heat-kernel action

The convergence issues of the HFK and Minkowski
heat-kernel actions and the lack of a scaling limit for the
truncated heat-kernel action motivate the definition of a
real-time modified heat-kernel action that includes the heat-
kernel kinetic term and the Wilson potential term,

eiSM;HK
ðUÞ ¼

Y
t

e−iaVWðUtÞ
Y
x;k

KM

�
Px;0k;

g2

2

�

¼
X
fng

Y
x;k

NJ ðfϕx;0kg; fnx;kgÞ

× e
− i
g2

P
x;i<j

Trð2−Px;ij−P−1
x;ijÞ

× e
i
g2

P
x;k;A

ðϕA
x;0kþ2πnAx;kÞ2 ; ð81Þ

where for the Uð1Þ case J ðfϕx;0kg; fnx;kgÞ is replaced by
unity and P†

x;ij ¼ P−1
x;ij has been used to express Eq. (81) in

a form suitable for discussions of contour deformations in
Sec. IV. Since the kinetic term is the usual heat-kernel one,
R̂M;HK ¼ R̂M;HK ¼ e−iaK̂ is unitary, and regardless of the
different choice of potential in SHKðUÞ and SHKðUÞ both
are therefore unitary real-time LGT actions. The real-time
transfer matrix associated with SHKðUÞ is given by

T̂M;HK ¼ e−iaV̂W=2e−iaK̂e−iaV̂W=2 ð82Þ
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and is manifestly unitary. This is the expected form for
a discretized real-time evolution operator and by the
Lie-Trotter product formula T̂t=a

M;HK
should converge to

e−itðK̂þV̂WÞ in the continuous-time limit. Since Tτ=a
W is

expected to converge to e−τðK̂þV̂WÞ in the continuous-time
limit, T̂E;W and T̂M;HK are expected to satisfy the commu-
tative diagram shown in Fig. 1. It can also be seen at the
level of the action that the real-time HK action is equivalent
to the (truncated) Minkowski heat-kernel action in the
g2 → 0 limit where in the stationary phase approximation
the Wilson potential approaches 1 − cosðϕA

x;ijÞ ≈ 1
2
ðϕA

x;ijÞ2.
The real-time HK action therefore provides another unitary
real-time LGT action with the same naive continuum limit
as the Minkowski heat-kernel and HFK actions.
It is noteworthy that all of the Minkowski actions above

include at least a sign difference between kinetic and
potential terms arising from Eq. (23) and are therefore
isotropic in (D − 1) spatial dimensions but not D dimen-
sions. There is no subgroup of the Lorentz group that
provides a symmetry of any of the Minkowski LGT actions
described above, and the real-time HK action shares the
same symmetries as the Minkowski heat-kernel and HFK
actions. Although the real-time HK action also shares the
same downside as the HFK and Minkowski heat-kernel
actions—a definition involving a divergent sum—it is
demonstrated below in Sec. IV that path integral contour
deformations can be used to construct an alternative
representation of SM;HK in which the sum defining the
kinetic energy is absolutely convergent. This representation
of the real-time HK action provides a well-defined starting
point for numerical investigations of real-time LGT with
unitary time evolution at nonzero lattice spacing.

E. Exact results in ð1 + 1ÞD
In ð1þ 1ÞD with open boundary conditions (OBCs),

both the Wilson and heat-kernel Euclidean actions do not
include potential terms and SUðNÞ gauge theory is ana-
lytically solvable [13,77,78]. These solutions can be
straightforwardly analytically continued in order to com-
pare results for observables constructed using Minkowski
actions leading to nonunitary and unitary time evolution.
A simple, nontrivial observable in ð1þ 1ÞD is the

Wilson loop,

WA ¼ 1

N
Tr

� Y
x;μ∈∂A

Ux;μ

�
; ð83Þ

where
Q

x;μ∈∂AUx;μ denotes an ordered product along the
boundary of the two-dimensional rectangular regionAwith
spatial extent L and temporal extent denoted τ in Euclidean
spacetime and t in Minkowski spacetime. Wilson loops can
be interpreted as propagators for static quark-antiquark
pairs separated by a distance L. In Euclidean spacetime, for

a lattice gauge theory with a positive-definite transfer
matrix, Wilson loops satisfy the spectral representation

hWAiE ¼
X
n

jZnj2e−τEn; ð84Þ

where En > 0 is the energy of the nth energy eigenstate
with appropriate quantum numbers for describing the static
quark-antiquark system and Zn is the overlap factor onto
the nth energy eigenstate. An ideal spectral representation
for the corresponding Minkowski theory is obtained by
analytic continuation with τ ¼ it,

hWAiM ¼
X
n

jZnj2e−itEn : ð85Þ

A suitable real-time LGT action should give rise to a
spectral representation of the form Eq. (85) with energies
and overlap factors that may differ at nonzero lattice
spacing but should agree in the continuum limit for states
with energies much below the lattice cutoff.
With a local actionSE ¼Px LEðPxÞ that depends only on

the plaquettesPx ≡ Px;01, Wilson loop expectation values in
ð1þ 1ÞD with OBCs take a simple factorized form [77,78]

hWAiE ¼
�1
N

R
DPTrðPÞe−LEðPÞR
DPe−LEðPÞ

�τL
: ð86Þ

This can be simplified using the character expansion of
e−LEðPÞ,

hWAiE ¼
�1
N

R
DPTrðPÞPrdrc

E
r ðg2ÞχrðPÞR

DP
P

rdrc
E
r ðg2ÞχrðPÞ

�τL

¼
�cE

f̄
ðg2Þ

cE0 ðg2Þ
�τL

; ð87Þ

where r ¼ f̄ denotes the antifundamental representation and
has dimension df̄ ¼ N. The condition cEr ðg2Þ > 0 required

for positivity of T̂E guarantees that this can be expressed as

hWAiE ¼ e−Lτσ; σ ¼ ln

�
cE0 ðg2Þ
cE
f̄
ðg2Þ

�
; ð88Þ

which is the expected spectral representation for a single state
with energy E0 ¼ σL. An analogous relation holds in
Minkowski spacetime,

hWAiM ¼
�R

DPTrðPÞeiLMðPÞR
DPeiLMðPÞ

�tL

¼
�1
N

R
DPTrðPÞPrdrc

M
r ðg2ÞχrðPÞR

DP
P

rdrc
M
r ðg2ÞχrðPÞ

�tL

¼
�cM

f̄
ðg2Þ

cM0 ðg2Þ
�tL

: ð89Þ
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The condition cMr ðg2Þ ¼ ½cEr ðg2Þ�i is sufficient for Eq. (89) to
assume the form of the desired Minkowski spectral repre-
sentation Eq. (85) with the same energy E0 ¼ σL as in the
Euclidean case. This condition is satisfied for the HFK
and real-time (modified) heat-kernel actions; however, it
is not satisfied for the real-time Wilson action for which
the character expansion coefficients in real and imaginary
time are given in Eqs. (43) and (48) and satisfy
cM;W
r ðg2Þ ¼ cE;Wr ðig2Þ ≠ ½cE;Wr ðg2Þ�i.
For the gauge groups Uð1Þ and SUð2Þ, analytic results

for cM;W
r ðg2Þ in Eqs. (44)–(46) and the relation cE;Wr ðg2Þ ¼

cM;W
r ð−ig2Þ can be used to derive the explicit forms of
the character expansion coefficients appearing in these
ð1þ 1ÞD Wilson loops. The string tension for the
Euclidean Wilson action is given by

σSUð2Þ
E;W ¼ ln

�
I1ð4=g2Þ
I2ð4=g2Þ

�
; ð90Þ

while the real-time Wilson action expectation value
becomes

hWAiSUð2Þ
M;W ¼

�
I1ð−4i=g2Þ
I2ð−4i=g2Þ

�−Lt
: ð91Þ

This does not correspond to a real-time spectral represen-
tation of the form Eq. (85) for any value of g2. In particular,

limg2→0hWAiSUð2Þ
M;W does not exist, as shown in Fig. 4. This

demonstrates that even though the g2 → 0 limit of the real-
time transfer matrix exists in the SUð2Þ case, well-defined
continuum limits for real-time observables do not neces-
sarily exist. Similar results can be obtained for SUðNÞ

gauge groups in ð1þ 1ÞD, and again the lack of a
continuum limit where the real-time transfer matrix
becomes unitary is associated with the lack of a well-
defined continuum limit for Wilson loop expectation
values. Conversely, the HFK action by definition has a
character expansion matching the Wick rotated Wilson
action, cM;HFK

r ðg2Þ ¼ ½cE;Wr ðg2Þ�i, and therefore

hWAiSUð2Þ
M;HFK ¼

�
I1ð4=g2Þ
I2ð4=g2Þ

�−iLt

¼ e−iLtσ
SUð2Þ
E;W ; ð92Þ

demonstrating that the HFK action leads to unitary results
that correspond to the τ ¼ it analytic continuation of the
corresponding Euclidean Wilson action LGT results. In
higher dimensions where LGT potentials are nontrivial, this
exact t ¼ iτ correspondence will not hold in LGT but
should emerge in the continuum limit.
The Euclidean heat-kernel action leads to a different

form for the ð1þ 1ÞD LGT string tension [13]

σSUðNÞ
E;HK ¼ 1

4
g2N

�
1 −

1

N2

�
: ð93Þ

It can be explicitly seen that

lim
g2→0

σSUð2Þ
E;HK =σ

SUð2Þ
E;W ¼ 1; ð94Þ

verifying that the heat-kernel action and Wilson action
results agree in the continuum limit. The heat-kernel action
satisfies cM;HK

r ðg2Þ ¼ ½cE;HKr ðg2Þ�i, and it therefore follows
from Eqs. (87)–(89) that

hWAiM;HK ¼ e−iLtσE;HK ; ð95Þ

demonstrating that hWAiM;HK has the expected spectral
representation associated with unitary time evolution in
LGT. This demonstrates that lattice artifacts leading to
differences between the energies appearing in the
Minkowski and Euclidean spectral representations are
also absent for the heat-kernel action in ð1þ 1ÞD, a
feature which does not persist in higher dimensional
LGT where potential operators are present. The same
result can be derived directly by inserting the character
expansion coefficients from Eq. (77) into Eq. (89) and

using Cð2Þ
f̄

¼ N
2
ð1 − 1=N2Þ. In the Uð1Þ case Cð2Þ

f̄
¼ 1, and

it can be derived analogously that Eq. (95) holds with

σUð1Þ
HK ¼ e2

2
: ð96Þ

The real-time HK action SM;HK defined in Eq. (81) uses
the Wilson potential and heat-kernel kinetic terms. Since

FIG. 4. Analytically computed value of the Wilson loop WA in
SUð2Þ real-time LGT in ð1þ 1ÞD as a function of g2 with the
area fixed to one in units of the (Euclidean) string tension,

A ¼ 1=σSUð2Þ
E;W ðg2Þ. The solid (dashed) lines show the magnitude

of the Wilson loop expectation value computed using the real-
time Wilson action (HFK action) with the corresponding phases
of the Wilson loop expectation value shown with the color of the
corresponding line. The Wilson action result includes an infinite
number of singularities that accumulate as g2 → 0 and is replaced
by a gray background for g2 < 0.1.
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there is no potential term present for LGT in ð1þ 1ÞD,
SM;HK coincides with the Minkowski heat-kernel action
SM;HK and leads to Wilson loop results identical to Eq. (95).
In higher dimensions SM;HK will not coincide with the
SM;HK exactly, but SM;HK still leads to a unitary time-
evolution operator and therefore Wilson loop expectation
values with a unitary spectral representation. “Lattice
artifacts” take the form of modifications to the energy
spectrum and overlap factors that vanish as g2 → 0 and are
not expected to spoil the scaling properties of the con-
tinuum limit (unlike the nonunitary truncated heat-kernel
action investigated in Appendix D).

IV. REAL-TIME LGT PATH INTEGRAL
CONTOUR DEFORMATION

Real-time LGT path integrals in more that two dimen-
sions cannot be calculated analytically with current tech-
niques. In order to perform Monte Carlo calculations of
real-time LGT path integrals, convergent representations of
path integrands involving the real-time actions under study
must be constructed. Path integral contour deformation
techniques previously used to tame sign problems are
used here to construct such convergent representations of
real-time LGT actions. Path integral contour deformation
techniques are reviewed in Sec. IVA. These techniques are
then applied to construct absolutely convergent represen-
tations of path integrals involving the HFK action for Uð1Þ
real-time LGT in Sec. IV B and the modified heat-kernel
action for Uð1Þ and SUðNÞ gauge theory in Sec. IV C.
An absolutely convergent representation of Schwinger-
Keldysh path integrals using the modified heat-kernel
action is discussed in Sec. IV D. The absolutely convergent
representations of unitary real-time LGTactions are applied
in proof-of-principle Monte Carlo calculations of Uð1Þ
real-time LGT in Sec. IV E and of SUð3Þ real-time LGT in
Sec. IV F.

A. Sign problems and path integral contour
deformations in real time

For a compact Lie group the absolute value of the
Minkowski path integral weight and measure,

jeiSMðUÞjDU ¼ DU; ð97Þ

provides a well-defined probability measure for performing
Monte Carlo sampling, unlike in the case of noncompact
scalar fields in real time discussed in Refs. [3–7]. However,
the “reweighting” approach defined by sampling with
respect to DU generically leads to an exponential sign-
to-noise (StN) problem: the variance of Monte Carlo
estimates of the average phase factor eiSM required to
determine the full partition function grows exponentially as
the size of the system is increased. Standard arguments for
sign problems in Euclidean spacetime compare the “phase-

quenched” partition function, defined by the integral of the
absolute value of the path integrand, to the full partition
function; if ignoring phase fluctuations leads to a free
energy fQ distinct from the free energy f in the full theory,
then the variance of estimates of the partition function will
be given for large volumes by e−2fQVβ − e−2fVβ and
positivity of the variance requires fQ ≤ f. The StN ratio
associated with computing the ratio of phase-quenched to
full partition function will therefore scale as e−ðf−fQÞVβ and
will decrease exponentially with increasing Euclidean
spacetime volume [79–83].
Analogous arguments can be extended to Schwinger-

Keldysh correlation functions [7]. For the case of
Schwinger-Keldysh LGT in particular, the phase-quenched
theories describing the Minkowski segments are defined by
trivial path integral weights and can be given a thermody-
namic interpretation as a Euclidean action that is exactly
zero, corresponding to the strong coupling limit. The
phase-quenched Schwinger-Keldysh partition functions
will thus scale with volume as e−f

0VLE
T e−f

0
QVL

M
T , where

LM
T is the total length of the time contour with

Minkowski signature, LE
T is the length of the time contour

with Euclidean signature, and f0 and f0Q are the relevant
free energies in the Euclidean and phase-quenched
Minkowski regions. The corresponding full partition func-
tion is equal to e−f

0VLE
T , where there is no dependence on

LM
T because the amplitudes from forward and reverse

Minkowski time evolution cancel by unitarity. Positivity
of the variance requires f0Q ≤ 0, and Schwinger-Keldysh
LGT path integrals therefore face exponentially severe StN
problems with StN ratios proportional to e−jf

0
QjVLM

T .
Analogous StN problems can be expected for purely
Minkowski path integrals, although the details in this case
will depend on the temporal boundary conditions.
Numerical calculations using the unitary Minkowski

actions studied above—the HFK, real-time HK, and
modified real-time HK actions—face the additional chal-
lenge that in all cases eiSMðUÞ is formally defined by an
infinite sum that does not converge for fixed U, and its
average over the distribution DU cannot be calculated
using Monte Carlo methods even in principle. In the
ð1þ 1ÞD examples discussed above, where exact results
are available, it is clear that performing the gauge field
integral before the infinite sums provides convergent results
that match the desired spectral representations obtained by
analytic continuation of Euclidean results. One could
imagine ordering the summation outside integration and
explicitly performing Monte Carlo integration over eiSMðUÞ
for each combination of terms in the HFK character
expansion or integers in the heat-kernel sum below a
specific cutoff, but the need to perform OðVLTÞ
Monte Carlo calculations and the systematic uncertainties
in the combined result arising from truncating the infinite
sums make this approach undesirable. If the combined
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sum-integral defining the path integral over eiSM for a
unitary action could be rendered absolutely convergent, it
would instead be possible to perform the sums and integrals
together in a joint Monte Carlo calculation. This is achieved
below using path integral contour deformation methods.
The foundation of path integral contour deformations is

the complex analysis result that for holomorphic integrands
OeiSM , the integration contour of the path integral can be
deformed in order to affect the StN properties of the integral
without modifying the total integral value. Previously, path
integral contour deformations have been used to improve
the sign and associated StN problems affecting real-time
ð0þ 1ÞD quantum mechanics models [3–7], as well as
imaginary-time theories of scalars and fermions [84–108],
Uð1Þ gauge theory [109–114], dimensionally reduced
(single- or few-variable) non-Abelian gauge theory [104,
115–120], and recently large Wilson loops in (1þ 1)D
SUðNÞ gauge theory [9]. By modifying the integrand
magnitude and phase, contour deformations also have
the potential to improve the convergence problems high-
lighted above.
A lattice gauge theory path integral can be interpreted as

an iterated integral over a set of compact, group-valued
variables. For the Uð1Þ gauge group, these integrals can
be written in terms of one angular variable ϕ ∈ ½0; 2π�
per Uð1Þ gauge link. For SUðNÞ gauge groups, deforma-
tions can be defined in terms of an angular parametrization
of each SUðNÞ gauge link, given by a set Ω ¼ fϕa; θbg
of azimuthal angles ϕa ∈ ½0; 2π� and zenith angles
θb ∈ ½0; π=2�. To be a valid contour deformation, end
points must be handled properly for both ϕ and θ angles:
for periodic ϕ angles [appearing in both the Uð1Þ and
SUðNÞ parametrizations] any deformation that keeps
the end points identified will be valid, while for non-
periodic θ angles the end points must be held fixed. Further
details on angular parameters and deformations of SUðNÞ
variables can be found in Ref. [9]. The Haar measure
appearing in the path integral can be related to the natural
measure on the relevant angular coordinates by DU ¼Q

a dϕ
a
Q

b dθ
bHðΩÞ ¼ DΩHðΩÞ, where HðΩÞ can be

straightforwardly computed for particular angular para-
metrizations [9,121].

After rewriting the path integral in terms of the chosen
coordinates, i.e., replacing the measure as above and
replacing instances of U with UðΩÞ, contour deformation
can be directly applied to the compact integration paths of
each real-valued angular variable, potentially conditioned
on other angular variables. For a valid deformation Ω →
Ω̃ðΩÞ describing integration on a new manifold M, a
generic integral can be deformed as

Z
DU fðUÞ ¼

Z
DΩHðΩÞ fðUðΩÞÞ

¼
Z
M

DΩ̃HðΩ̃Þ fðUðΩ̃ÞÞ

¼
Z

DΩHðΩÞ
�
JðΩÞHðΩ̃Þ

HðΩÞ
�
fðUðΩ̃ÞÞ

¼
Z

DU JðUÞ fðŨÞ; ð98Þ

where Cauchy’s theorem gives the equality between the
first and second lines, the Jacobian JðUÞ ¼ JðΩÞHðΩ̃Þ=
HðΩÞ accounts for the change in Haar measure arising from
the deformation, and the deformed gauge field Ũ≡
UðΩ̃ðΩÞÞ is a member of the complexified group.4 To
be valid, the deformation map must also be continuously
connected to the identity map Ω̃IdðΩÞ≡Ω. By deforming
and then writing integration on the deformed manifold in
terms of coordinates Ω in the same domain as the original
integration, the net effect of contour deformation is to
replace the integrand fðUÞ with JðUÞfðŨÞ without modi-
fying the integral value.
Applying Eq. (98) to fðUÞ ¼ OðUÞeiSMðUÞ under the

assumption that OðUÞ and SMðUÞ are holomorphic func-
tions of (a coordinate description of) U allows deforming
both the numerator and the denominator of real-time
expectation values to give

hOi ¼
R
DUOðŨðUÞÞ JðUÞeiSMðŨðUÞÞR

DU JðUÞeiSMðŨðUÞÞ

¼
�R

DU fOðŨðUÞÞeiArg½JðUÞ�eiRe½SMðŨðUÞÞ�gjJðUÞje−Im½SMðŨðUÞÞ�R
DU jJðUÞje−Im½SMðŨðUÞÞ�

�

×

�R
DU feiArg½JðUÞ�eiRe½SMðŨðUÞÞ�gjJðUÞje−Im½SMðŨðUÞÞ�R

DU jJðUÞje−Im½SMðŨðUÞÞ�

�−1

: ð99Þ

4For example, Ũ ∈ SLðN;CÞ for U ∈ SUðNÞ.
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This can be expressed as a ratio of expectation values

hOi ¼ hOðŨðUÞÞeiArg½JðUÞ�eiRe½SMðŨðUÞÞ�iS0
heiArg½JðUÞ�eiRe½SMðŨðUÞÞ�iS0

; ð100Þ

where h·iS0 denotes an average with respect to a probability
distribution proportional to e−S

0ðUÞ ≡ jJðUÞje−Im½SMðŨðUÞÞ�.
If fluctuations in Arg½JðUÞ� þ Re½SMðŨðUÞÞ� are reduced
compared to SMðUÞ, then the sign and associated StN
problem of the denominator in Eq. (100) will be corre-
spondingly improved. The sign problem in this denomi-
nator is highly correlated with the numerator for local
observables, and thus the StN ratios of estimates of
observables hOi are expected to be improved overall.
A similar approach can be appliedwhen the path integral is

defined on a Schwinger-Keldysh contour consisting of both
Euclidean andMinkowski spacetime regions. Sign problems
in such path integrals arise from the weights associated with
the Minkowski region, suggesting that useful deformations
can therefore be largely restricted to this region, up to
boundary effects. Path integral contour deformations can
therefore be used to improve the sign and StN problems
associated with calculations of eiSMðUÞ in real-time and
Schwinger-Keldysh LGT in complete analogy to previous
applications to quantum mechanical models.

B. Convergent Uð1Þ HFK path integrals

By changing the integrand magnitude, contour defor-
mations can also render a divergent sum-integral abso-
lutely convergent in certain cases, giving a prescription
for evaluation. In particular, if integrating first, then
summing gives a well-defined result, it may be possible
to apply contour deformations to each integral within
the sum such that the joint sum-integral becomes
absolutely convergent. Doing so preserves the value
defined by the integrate-then-sum order of operations
while enabling reordering or joint integration/summa-
tion. However, because the end points of the integration
contour must remain fixed to define a valid contour
deformation, there will always be a neighborhood of the
end point that has similar convergence properties to the
original integration contour. In order to define an
absolutely convergent prescription for jointly performing
sum-integrals below, an additional regularization of the
infinite sum appearing in the HFK kinetic term analo-
gous to a continuum Wick rotation is introduced below.
In particular, the phases of Uð1Þ gauge fields and
plaquettes possess a 2π shift symmetry that is used
to enforce cancellations between integral contributions
from segments near both end points before taking the
limit in which the Wick rotation regularization is
removed. The resulting sum-integral is absolutely con-
vergent for all points on the deformed contour after this
cancellation is enforced and the limit is subsequently
taken. This can be thought of as a rigorous coordinate-

based approach to dealing with the identification of
points related by the 2π shift symmetry, which is
sufficient to avoid these end point singularities.
A simple contour deformation can be constructed that

in this sense provides an absolutely convergent represen-
tation of the HFK action for G ¼ Uð1Þ. Real-time LGT
path integrals involving the HFK action can be repre-
sented as

hOiM;HFK ¼
Z

DU
X
frg

OðUÞ e
iSM;HFKðU;rÞ

ZM;HFK
; ð101Þ

where ZM;HFK ¼ R DU
P

frg eiSM;HFKðU;rÞ and the indices
frg≡ frx;k∶x ∈ sites; k ∈ f1;…; D − 1gg label the repre-
sentations appearing in the character expansion for the HFK
kinetic term involving temporal plaquettes Px;0k ¼ eiϕx;0k .
These indices can be considered auxiliary variables in the
path integral, with a local action SM;HFKðU; rÞ defining the
weights over U and r simultaneously. For G ¼ Uð1Þ this
action is given by

eiS
Uð1Þ
M;HFKðU;rÞ ¼

Y
x;k

½ei=e2 ½Irx;kð1=e2Þ�ieirx;kϕx;0k �

× e−
i

2e2

P
x

P
i<j

ð2−Px;ij−P−1
x;ijÞ; ð102Þ

which is a convergent function of Ux;μ and rx;k. As
discussed in Sec. III A, however, the path integral in
Eq. (101) involves sums over rx;k, and when these are
evaluated inside the integral (i.e., holding the gauge
configuration U fixed) the large-r behavior is divergent.
This prevents the sum-integrals defining hOiM;HFK from
being evaluated using Monte Carlo methods because the
absolute value of the weights do not give a well-defined
probability measure.
On the other hand, exchanging the order of summation

and integration in Eq. (101) does produce a well-defined
prescription for evaluating hOiM;HFK,

hOiM;HFK ¼
X
frg

Z
DUOðUÞ e

iSM;HFKðU;rÞ

ZM;HFK
: ð103Þ

In the G ¼ Uð1Þ action above, integration over the gauge
variables produces strong cancellation in the term eirx;kϕx;0k

when any of the rx;k are taken large, suppressing these
terms in the sum. A similar suppression occurs for
G ¼ SUðNÞ, though it takes a more complex form due
to the non-Abelian characters χr appearing in the inte-
grand. Although this does not enable joint Monte Carlo
sampling ofU and r (the ordering of summation/integration
would be lost), it does provide a starting point for contour
deformations.
In order to define an absolutely convergent repre-

sentation of real-time LGT path integrals involving the
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HFK action, we first regularize the divergent sums by
replacing the factor of ½cE;Wr ðg2Þ�i appearing in the HFK
action with ½cE;Wr ðg2Þ�eiθ where θ ∈ ½0; π=2� parametrizes a
transformation between the Euclidean Wilson action with
θ ¼ 0 and the Minkowski HFK action with θ ¼ π=2. For
generic θ, the kinetic term appearing in the Uð1Þ HFK
action becomes

Y
x;k

½½Irx;kð1=e2Þ�cosðθÞ½Irx;kð1=e2Þ�i sinðθÞe−e
−iθ=e2eirx;kϕx;0k �:

ð104Þ

For θ ∈ ½0; π=2Þ the first factor ½Irx;kð1=e2Þ�cosðθÞ vanishes
faster than exponentially at large jrx;kj [65], leading to
absolute convergence of path integrals of the form
Eq. (103) involving this transformed kinetic term. It is
only exactly at the Minkowski limit corresponding to
θ ¼ π=2 that this term is equal to unity and absolute
convergence is lost.
Before taking the Minkowski limit, we perform an rx;k-

dependent deformation of the ϕx;0k integration contour
defined by the map

ϕx;0k → ϕ̃x;0k ¼ ϕx;0k þ isignðrx;kÞ; ð105Þ

which can be interpreted as a distinct contour deforma-
tion for each term in the sum in Eq. (103). “Constant
vertical deformations” analogous to this one have pre-
viously been used to reduce sign problems in several
applications (see, for example, Refs. [102,103]), typically
including one or more free parameters that define the
imaginary shift and can be optimized to determine an
integration contour with minimal phase fluctuations.5

Constant vertical deformations such as Eq. (105) are
valid only for periodic compact variables: the contours
parallel to the imaginary axis required to complete a
closed path involving the original and deformed integra-
tion contours differ by a shift equal to the domain of
periodicity and have opposite orientation, causing inte-
grals along these contours to cancel [9]. For θ ∈ ½0; π=2Þ,
the absolute convergence discussed above allows this
cancellation to be performed. After enforcing the can-
cellation of the perpendicular contours to leave only the
integral along the shifted contour corresponding to
Eq. (105), the Minkowski limit can be taken. For all
points on the shifted contour, exponential damping

factors appear in the transformed kinetic energy term
from eiϕ̃x;0krx;k ¼ eiϕx;0krx;ke−jrx;kj. As detailed below, these
exponential damping factors are sufficient to render path
integrals involving the HFK action absolutely convergent
for all points on the shifted contour, even in the
Minkowski limit.
In order to apply the transformation defined in

Eq. (105) for timelike plaquette phases, it is necessary
to first perform a change of variables from the original
set of path integral variables fUx;μg to a set of variables
that includes the timelike plaquette phases. Although it
is not possible to perform a one-to-one change of
variables from links to plaquettes, it is possible to
transform to the set of variables fUx;0; Px;0kg and an
additional fixed gauge field UðLT;  xÞ;k acting as a boun-
dary condition in the real-time direction. For the OBC
case used in Sec. III E as well as Secs. IV E and IV F
below, UðLT;  xÞ;k ¼ 1. Periodic boundary conditions in
real time can be viewed as infinite-temperature
Schwinger-Keldysh contours and include singular
observables not suitable for numerical simulation.6

For Schwinger-Keldysh contours with nontrivial
Euclidean extent, UðLT;  xÞ;k can be taken to be the first
link on the Euclidean side of the boundary with each
Minkowski region as detailed in Sec. IV D. For Uð1Þ
gauge theory, it is convenient to represent the boundary
field as UðLT;  xÞ;k ¼ eib  x;k , the gauge field as Ux;μ ¼ eiax;μ ,
and the plaquette as Px;μν ¼ eiϕx;μν as above. The relation

ϕx;μν ¼ Ax;μ þ Axþaμ̂;ν − Axþaν̂;μ − Ax;ν ð106Þ

can be used to solve for the spacelike components of the
gauge field phase as

Ax;k ¼ b  x;k −
XðLT−x0−aÞ=a

t=a¼0

ðϕxþt0̂;0kþAxþak̂þt0̂;0 − Axþt0̂;0Þ:

ð107Þ

The spacelike plaquette phase can then be expressed as
a function ϕx;ijðϕx;0k; Ax;0; b  x;kÞ by inserting Eq. (107)
into Eq. (106) and the full spacelike plaquette fur-
ther obtained as Px;ijðϕx;0k; Ax;0; b  x;kÞ ¼ eiϕx;ijðϕx;0k;Ax;0;b  x;kÞ.
Path integrands of the form in Eq. (103) can therefore
be transformed from base coordinates where the mea-
sure is proportional to

Q
x;μ dAx;μ into coordinates with

the measure proportional to
Q

x;k dϕx;0kdAx;0 through
a linear transformation with unit Jacobian. In this
basis, the contour deformation defined by Eq. (103)
can simply be applied to ϕx;0k with Ax;0 held fixed.

5Free parameters of this and more general forms could be
included in our choice of deformation and then optimized, but
such explorations of how to optimally tame the sign problem and
efficiently compute real-time LGT path integrals are left to future
work; our goal here is just to obtain contour deformations that
lead to absolutely convergent summands/integrands so that
Monte Carlo methods can be applied in principle.

6For example, the (1þ 1)D results for real-time Wilson loops
at finite Lt are replaced by divergent series with periodic
boundary conditions in real time.
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The spacelike plaquette phase for the deformed contour
is therefore given (with θ ¼ π=2 taken after enforcing
cancellation of perpendicular contours) by

ϕx;ijðϕ̃x;0k; Ax;0; b  x;kÞ
¼ ϕx;ijðϕx;0k; Ax;0; b  x;kÞ

− i
XðLT−x0−aÞ=a

t=a¼0

½signðrxþt0̂;0iÞ þ signðrxþt0̂þî;0jÞ

−signðrxþt0̂þĵ;0iÞ − signðrxþt0̂;0iÞ�: ð108Þ

The HFK action evaluated for the transformed gauge
field can therefore be expressed using P̃x;ij ≡
eiϕx;ijðϕ̃x;0k;Ax;0;b  x;kÞ and P̃−1

x;ij ≡ e−iϕx;ijðϕ̃x;0k;Ax;0;b  x;kÞ as

eiS
Uð1Þ
M;HFKðŨ;rÞ ¼

Y
x;k

½ei=e2 ½Irx;kð1=e2Þ�ieirx;kϕx;0ke−jrx;kj�

× e−
i

2e2

P
x

P
i<j

ð2−P̃x;ij−P̃−1
x;ijÞ: ð109Þ

The r-dependent kinetic term ½Irx;kð1=e2Þ�ieirx;kϕx;0k has

unit magnitude. The factors of P̃x;ij in the potential term
only depend on fsignðrx;kÞg and cannot have asymp-
totically diverging magnitude in the large-r limit. Any
observable that is a function of gauge fields similarly
can only depend on fsignðrx;kÞg. The summand in
Eq. (103) thus takes the form of

Q
x;k e

−jrx;kj multiplied
by a bounded integral over the compact space of gauge
configurations. The sum-integrals appearing in Eq. (103)
are absolutely convergent using this contour deformation
and can be used to calculate expectation values involv-
ing the Uð1Þ HFK action by simultaneously evaluating
the sum and integral in

hOiM;HFK ¼
X
frg

Z
DUOðŨðU; rÞÞ e

iSM;HFKðŨðU;rÞ;rÞ

ZM;HFK
:

ð110Þ

The absolute value weight j eiSM;HFKðŨðU;rÞ;rÞ
ZM;HFK

j now defines a

valid probability measure over the combined space
ðU; rÞ and Monte Carlo sampling techniques can be
applied.
For G ¼ SUð2Þ, the sum over representations can be

converted to a sum over integers rAx;k with A ¼ 1, 2
satisfying

P
A r

A
x;k ¼ 0 of the form Eq. (110). The unde-

formed action in this case is given by

eiS
SUð2Þ
M;HFKðU;rÞ

¼ e
− i
g2

P
x

P
i<j

Trð2−Px;ij−P−1
x;ijÞY

x;k

×

�
ðrx;k þ 1Þe−4i=g2 ½Irx;kð4=g2Þ�i

sinððrx;k þ 1Þϕ1
x;0kÞ

sinðϕ1
x;0kÞ

�
;

ð111Þ

where ϕ1
x;0k ¼ −ϕ2

x;0k are the phases of the eigenvalues

eiϕ
A
x;0k of Px;0k and rx;k ≡ r1x;k. These weights cannot be

brought to an absolutely convergent form either through
a constant vertical deformation or through the more
general affine transformations explored in Sec. IV C
below. The exploration of more sophisticated contour
deformation to transform the HFK action to an abso-
lutely convergent representation for G ¼ SUðNÞ is left
to future work.

C. Convergent SUðNÞ and Uð1Þ HK
path integrals

We now turn to the construction of a path integral
contour deformation that provides absolutely convergent
representations of path integrals using the real-time HK
LGT action SM;HKðUÞ that are suitable for numerical
calculations using Monte Carlo techniques. Deformations
for the case of both a Uð1Þ and a SUðNÞ gauge group are
explored.
Since the divergent sums appear in the heat-kernel

kinetic term, which is expressed in terms of the eigenvalues
of the plaquette, it is convenient to begin with a change of
path integral variables to a set that includes Px;0k. For real-
time systems, one is generally interested in fixed or open
boundary conditions in time or Schwinger-Keldysh con-
tours as discussed in Sec. IV D rather than periodic
boundary conditions in real time. As discussed above in
Sec. IV B, a boundary field configuration Uð  x;LTÞ;k is
available for each of these cases that can be used to
perform a change of variables from spatial links to timelike
plaquettes. For both Uð1Þ and SUðNÞ gauge theory, it is
possible to invert the relation

Px;0k ¼ Ux;0Uxþa0̂;kU
−1
xþak̂;0

U−1
x;k ð112Þ

and solve for the spatial gauge field in terms of the
plaquettes, boundary field configuration, and temporal
links as

Ux;k ¼
� YðLT−x0−aÞ=a

n¼0

P−1
xþan0̂;0k

Uxþan0̂;0

�
UðLT;  xÞ;k

×

� YðLT−x0−aÞ=a

n¼0

U−1
xþak̂þan0̂;0

�
: ð113Þ
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It follows that once UðLT;  xÞ;k is specified, the path integral
variablesUx;μ are in one-to-one correspondence with the set
of variables fPx;0k; Ux;0g. Further, the Jacobian for per-
forming the change of variables to fPx;0k; Ux;0g is unity by
the group multiplication invariance of the Haar measure.
The plaquettes Px;0k can be diagonalized and written in

terms of eigenvalues eiϕ
A
x;0k and corresponding unitary

eigenvector matrices Vx;0k satisfying

Px;0k ¼ V†
x;0kdiagðeiϕ

A
x;0kÞVx;0k; ð114Þ

where ϕA
x;0k ∈ ½−π; π� and, for G ¼ SUðNÞ, A ¼ 1;…; N

with
P

A ϕ
A
x;0k ¼ 0 mod 2π. Together these provide a new

set of path integral variables

fϕA
x;0k; Vx;0k; Ux;0g; ð115Þ

where Vx;0k and Ux;0 are parametrized according to some
coordinate description of G. These variables are over-
complete in comparison to fPx;0k; Ux;0g since Vx;0k can
be multiplied by any unitary diagonal matrix without
changing Px;0k, but this redundancy only affects the
normalization of the path integral measure since the
unitary phases can be “integrated in” without changing
the integral value. In general, an integral over an SUðNÞ
plaquette can thus be rewritten using these variables as
[[122], Sec. III A]

Z
dPx;0kfðPx;0kÞ ¼

Z
1

N!

YN
A¼1

�
dϕA

x;0k

2π

Y
B<A

jeiϕA
x;0k − eiϕ

B
x;0k j2

�

×
X
n

δ

�
2πn −

X
A

ϕA
x;0k

�
dVx;0k

× fðV†
x;0kdiagðeiϕ

A
x;0kÞVx;0kÞ; ð116Þ

where dVx;0k is the Haar measure for UðNÞ. Using the
variables in Eq. (115) as independent path integral variables
with the measure appearing on the right-hand side, Eq. (116)
permits the use of deformations of the ϕA

x;0k integration
contours that leave Vx;0k and Ux;0 unaffected.
In analyzing the convergence of HK path integrals, it

will be useful to consider the limit as the prefactor in the
kinetic energy term of the HK action is rotated from −1
(Euclidean) to i (Minkowski), and for intervening points
we use the prefactor −e−iθ, with θ ∈ ½0; π=2�, and repre-
sent a generic heat-kernel kinetic term for link ðx; kÞ as

Gx;k ¼
YN
A¼1

e
− 1

g2
e−iθðϕA

x;0kþ2πnAx;kÞ2 : ð117Þ

For the gauge group Uð1Þ, this term is already in a
suitable form for deforming as below; however, for the

gauge group SUðNÞ further rewriting of this term is
helpful.
The determinant constraint for SUðNÞ implies that ϕN

x;0k

and nNx;0k are not independent variables that are integrated
over, and instead can be related to the other variables by
ϕN
x;0k ¼ −

P
N−1
A¼1 ϕ

A
x;0k and nNx;k ¼ −

P
N−1
A¼1 n

A
x;k. In terms of

the N − 1 independent phases and integers, Gx;k is a
correlated Gaussian,

Gx;k ¼ exp

�
−
e−iθ

g2

×
XN−1

A;B¼1

ðϕA
x;0k þ 2πnAx;kÞσABðϕB

x;0k þ 2πnBx;kÞ
�
;

ð118Þ

where σAB equals 2 if A ¼ B and 1 if A ≠ B. The
eigenvalues of σ are ρA ¼ ðN; 1;…; 1Þ corresponding to
an orthogonal (not unit normalized) basis of eigenvectors
SAB satisfying

σAB ¼
X
C

SACρCðS−1ÞCB; ð119Þ

where

ðS−1ÞAC ¼
8<
:

ð1; 1;…; 1ÞA C ¼ 1

ð1; 1; 1;…; 1|fflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflffl}
C−1 elements

;−ðC − 1Þ; 0;…ÞA C > 1 :

ð120Þ

New variables can be defined for this eigenbasis by

ψA
x;0k ¼

XN−1

B¼1

ðS−1ÞABϕB
x;0k;

mA
x;k ¼

XN−1

B¼1

ðS−1ÞABnBx;k: ð121Þ

This permits changing variables from ϕA
x;0k to the newly

introduced ψA
x;0k with a Jacobian given by j detðSÞj ¼

ðN − 1Þ!. The heat-kernel term Gx;k can thus be expressed
as an uncorrelated Gaussian,

Gx;k ¼
YN−1

A¼1

e
− 1

g2
e−iθρAðψA

x;0kþ2πmA
x;kÞ2 : ð122Þ

To change variables in the path integral, the particular
linear combinations involved in the definitions of mA

x;k and
ψA
x;k affect the domain of summation/integration. Unlike the

set of nAx;k, for mA
x;k it is necessary to write an iterated

summation
P

m1
x;k

P
m2

x;k
� � � with bounds and increments
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determined by the linear combinations involved in
Eq. (121). A convenient choice of order is to sum over
m1

x;k outermost, then successively sum over mN−1
x;k ;…; m2

x;k

in decreasing order. In this order, eachmA
x;k can be related to

variables in outer sums by the relations

mA
x;k ¼

8>>><
>>>:
PN−1

B¼1 n
B
x;k A ¼ 1

m1
x;k − ðN − 1ÞnN−1

x;k A ¼ N − 1

mAþ1
x;k þ AðnAþ1

x;k − nAx;kÞ 1 < A < N − 1

:

ð123Þ

Thedomain of them1
x;k sum is thusZ, the domain of themN−1

x;k

sum is m1
x;k þ ðN − 1ÞZ, and the domain of the remaining

mA
x;k sums are mAþ1

x;k þ AZ, indicating that the increment
of the sum over mA

x;k is always A though the offsets are
generally functions of variables in outer sums. A similar
iterated integral is required to properly cover the original
domain when integrating over the new ψA

x;0k. These variables
satisfy relations analogous to Eq. (123),

ψA
x;k ¼

8>>><
>>>:
P

N−1
B¼1 ϕ

B
x;k A ¼ 1

ψ1
x;k − ðN − 1ÞϕN−1

x;k A ¼ N − 1

ψAþ1
x;k þ AðϕAþ1

x;k − ϕA
x;kÞ 1 < A < N − 1

;

ð124Þ

and from these relations we find that each ψA
x;k should be

integrated over a domain of width 2πA, with offsets deter-
minedbyouter integrationvariables.Based on the formof the
diagonalized heat-kernel term in Eq. (122) and the domains
of the sums above, the pair ðψA

x;k; m
A
x;kÞ satisfies a shift

symmetry ðψA
x;k; m

A
x;kÞ → ðψA

x;k þ 2πA;mA
x;k − AÞ. The shift

inmA
x;k can be absorbed into the infinite summation, and thus

we are free to use this symmetry to shift the domain of
integration of each ψA

x;k to the simple range ½−Aπ; Aπ�.

In terms of these new variables, Fig. 5 shows the mA
x;k-

dependent deformation of ψA
x;0k that is used to construct a

convergent representation of HK path integrals.7 The
contour for each value of mA

x;k and a fixed angle θ consists
of the union of three segments. The middle segment is
defined to be the interval ½αðmA

x;kÞ; βðmA
x;kÞ� where

αðmA
x;kÞ ¼

�−Aπeiθ=2 mA
x;k ¼ 0

−Aπ þ ðeiθ=2 − 1ÞAπ signðmA
x;kÞ mA

x;k ≠ 0
;

βðmA
x;kÞ ¼

�Aπeiθ=2 mA
x;k ¼ 0

Aπ þ ðeiθ=2 − 1ÞAπ signðmA
x;kÞ mA

x;k ≠ 0
:

ð125Þ
The sign function is defined by signðxÞ ¼ x=jxj with the
midpoint convention signð0Þ ¼ 0. The two outer segments
of the contour are defined to be the linear intervals
½−Aπ; αðmA

x;kÞ� and ½βðmA
x;kÞ; Aπ� in the complex plane.

To understand the convergence properties of this
deformed path integral, it is useful to split each integration
over ψ̃A

x;k into an integral over a coordinate parametriza-
tion of the middle segment and a second integral over a
coordinate parametrization of the outer segments. The
first integral can be defined using a coordinate trans-

formation ψ̃ ð0Þ;A
x;0k ðψA

x;0k; m
A
x;kÞ relating the base coordinate

interval ½−Aπ; Aπ� to the middle segment of the deformed
contour,

ψ̃ ð0Þ;A
x;0k ¼

�
ψA
x;0ke

iθ=2 mA
x;k ¼ 0

ψA
x;0k þ ðeiθ=2 − 1ÞAπ signðmA

x;kÞ mA
x;k ≠ 0

:

ð126Þ

The second integral can be defined using a similar

coordinate transformation ψ̃ ð1Þ;A
x;0k ðψA

x;0k; m
A
x;kÞ relating the

FIG. 5. The deformed path integral contour for ψ̃A
x;k is shown as a function of mA

x;k ∈ f−2;−1; 0; 1; 2g from left to right. The dashed
line shows the original contour ½−Aπ; Aπ�, while the solid lines show the segments of the deformed contour described by the coordinates

ψ̃ ð0Þ;A
x;0k in magenta and ψ̃ ð1Þ;A

x;0k in blue. The points αðmA
x;kÞ and βðmA

x;kÞ where the deformed contour segments intersect are defined in
Eq. (125). This deformation leads to a convergent real-time HK path integral after the outer contour segments ½−Aπ; αðmA

x;kÞ� and
½βðmA

x;kÞ; Aπ� are exactly canceled and the limit to the Minkowski signature is analytically evaluated.

7For the gauge group Uð1Þ, the trivial identification ψ1
x;0k ¼

ϕ1
x;0k andm

1
x;0k ¼ n1x;0k should be used to determine the following

deformation.
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base coordinate interval ½−Aπ; Aπ� to the union of the two
outer deformed contour segments,

ψ̃ ð1Þ;A
x;0k ¼

8<
:

αðmA
x;kÞ þ

	
1þ αðmA

x;kÞ
Aπ



ψA
x;k; ψA

x;0k < 0

βðmA
x;kÞ þ

	
1 − βðmA

x;kÞ
Aπ



ψA
x;k; ψA

x;0k ≥ 0

:

ð127Þ

The transformed coordinates ψ̃ ðcÞ;A
x;0k are indexed by

cAx;0k ∈ f0; 1g, abbreviated c in the ψ̃ label, which in
the full deformed path integral must be summed over.
The eigenvalue phases of each deformed temporal

plaquette can then be obtained by inverting Eq. (121),

ϕ̃ðcÞ;A
x;0k ¼

XN−1

B¼1

SABψ̃ ðcÞ;B
x;0k ;

nAx;k ¼
XN−1

B¼1

SABmB
x;k; ð128Þ

with the values of ϕ̃ðcÞ;N
x;0k and nNx;k obtained by solving the

constraints ϕ̃ðcÞ;N
x;0k ¼−

P
N−1
A¼1 ϕ̃

ðcÞ;A
x;0k and nNx;k ¼ −

P
N−1
A¼1 n

A
x;k.

These deformed eigenvalue phases can be further used to
define deformed timelike plaquettes as

P̃ðcÞ
x;0k ¼ V†

x;0kdiagðeiϕ̃
ðcÞ;A
x;0k ÞVx;0k; ð129Þ

and from these the deformed gauge fields using Eq. (113),

ŨðcÞ
x;k ¼

� YðLT−x0−aÞ=a

t=a¼0

ðP̃ðcÞ
xþt0̂;0k

Þ−1Uxþt0̂;0

�
UðLT;  xÞ;k

×

� YðLT−x0−aÞ=a

t=a¼0

U−1
xþak̂þt0̂;0

�
: ð130Þ

This contour deformation therefore defines a map Ux;μ →

ŨðcÞ
x;μðU; nÞ that depends nonlocally on the gauge field as

well as the integers nAx;μ ensuring 2π shift invariance of the
heat-kernel action. Transformations of functions of Ux;μ

can be obtained immediately from the definition of

ŨðcÞ
x;μðU; nÞ; for example, transformed spacelike plaquettes

are given by

P̃ðcÞ
x;ij ¼ ŨðcÞ

x;i Ũ
ðcÞ
xþaî;j

ðŨðcÞ
xþaĵ;i

Þ−1ðŨðcÞ
x;jÞ−1: ð131Þ

This transformation does not leave the Haar measure
invariant. The coordinate piece of the Jacobian is given by

jðcÞx;k ¼ det

 ∂ϕ̃ðcÞ;A
x;0k

∂ϕðcÞ;B
x;0k

!

¼ det

 X
C;D

∂ϕ̃ðcÞ;A
x;0k

∂ψ̃ ðcÞ;C
x;0k

∂ψ̃ ðcÞ;C
x;0k

∂ψ ðcÞ;D
x;0k

∂ψ ðcÞ;D
x;0k

∂ϕðcÞ;B
x;0k

!

¼ det

 ∂ψ̃ ðcÞ;A
x;0k

∂ψ ðcÞ;B
x;0k

!

¼

8>>>>>><
>>>>>>:

eiθ=2 cAx;k ¼ 0; mA
x;k ¼ 0

1 cAx;k ¼ 0; mA
x;k ≠ 0

1þ αðmA
x;kÞ

Aπ cAx;k ¼ 1;ψA
x;0k < 0

1 − βðmA
x;kÞ

Aπ cAx;k ¼ 1;ψA
x;0k ≥ 0

: ð132Þ

Including the explicit change of the Haar measure in the
coordinates Eq. (116), the full Jacobian JðcÞ for each
deformed contour segment is given by

JðcÞðU; nÞ ¼
Y
x;k

jðcÞx;kh
ðcÞ
x;k; h

ðcÞ
x;k

¼
�Q

A<Bjeiϕ̃
ðcÞ;A
x;0k − eiϕ̃

ðcÞ;B
x;0k j2Q

A<Bjeiϕ
A
x;0k − eiϕ

B
x;0k j2

�
: ð133Þ

For G ¼ Uð1Þ the explicit change of the Haar measure is

trivial and hðcÞx;k should be replaced by unity in Eq. (133).
The HK action given in Eq. (81) is a holomorphic

function of ϕA
x;0k, with the independent variables Vx;0k and

Ux;0 left undeformed. The spacelike plaquettes appearing in
the action are functions of these variables, as defined in
Eq. (131), and are also holomorphic in ϕA

x;0k. These
eigenvalue phases ϕA

x;0k are themselves holomorphic func-
tions of the linear combinations ψA

x;0k introduced in
Eq. (121), and results for expectation values of observables
that are similarly holomorphic functions of ψA

x;0k (including
in particular Wilson loops and other polynomial functions
of Ux;μ) are therefore unchanged by deformations of the
ψA
x;0k integration contours, as long as end points of each

contour are held fixed and the unit determinant constraint
for G ¼ SUðNÞ is not violated. Expectation values using
the deformation defined by Eqs. (126) and (127) of the HK
path integral can therefore be expressed as

hOiM;HK ¼ 1

ZM;HK

Z
DUOðUÞeiSM;HK

ðUÞ

¼ 1

ZM;HK

X
fng

X
fcg

Z
DU JðcÞðU; nÞ

×OðŨðcÞðU; nÞÞeiSM;HK
ðŨðcÞðU;nÞ;nÞ; ð134Þ
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where ZM;HK ¼ R DU
P

fng e
iS

M;HK
ðU;nÞ and

P
fcg denotes

a collection of sums
P

1
cAx;k¼0

. Using the general prefactor

−e−iθ, the modified heat-kernel action applied to the
transformed variables takes the form

eiSθ;HKðŨ
ðcÞ;nÞ ¼

Y
x;k

NJ ðfϕ̃x;0kg; fnx;kgÞ

×
Y
x;k;A

e
− 1

g2
e−iθðϕ̃ðcÞ;A

x;0k þ2πnAx;kÞ
2

×
Y
x;i<j

e
− i
g2
Trð2−P̃ðcÞ

x;ij−ðP̃ðcÞ
x;ijÞ

−1Þ
; ð135Þ

where J is the SUðNÞ heat-kernel factor defined in
Eq. (70) applied to the transformed coordinates ϕ̃A

x;0k,

J ðfϕ̃g; fngÞ ¼
Y
A<B

�
ϕ̃A − ϕ̃B þ 2πðnA − nBÞ

2 sin ½1
2
ðϕ̃A − ϕ̃B þ 2πðnA − nBÞÞ�

�
:

ð136Þ
This factor can be naturally analytically continued using
the complex sin function. The poles at 1

2
ðϕ̃A − ϕ̃B þ

2πðnA − nBÞÞ ¼ πk for k ≠ 0 appear to cause problems
with holomorphy, but these are exactly the cases when
ϕ̃A ¼ ϕ̃B mod 2π and these poles are canceled by zeros of
the deformed Haar measure appearing as the numerator
of Eq. (133).
To analyze absolute convergence, we consider the phase-

quenched path integral given for general rotation angle θ by

Zpq
θ;HK

¼
X
fng

X
fcg

Z
DU jJðcÞðU; nÞj

×
Y
x;k

jNJ ðfϕ̃x;0kg; fnx;kgÞj

×
Y
x;k;A

e
−Re½ 1

g2
e−iθðϕ̃ðcÞ;A

x;0k þ2πnAx;kÞ
2�

×
Y
x;i<j

e
−Re½ i

g2
Trð2−P̃ðcÞ

x;ij−ðP̃ðcÞ
x;ijÞ

−1Þ�
: ð137Þ

The summation
P

fcg is over a finite set and the integralR
DU is over a compact domain, so showing boundedness of

the integrand and absolute convergence of the sum
P

fng is
sufficient for convergence of the absolute sum-integral. The

term inEq. (137) involving the spatial plaquettes P̃ðcÞ
x;ij and the

term DUjJðcÞðU; nÞj determining the deformed Haar mea-
sure are functions of only the variables fsignðmA

x;kÞg and
therefore do not diverge asymptotically. To understand the
large-n behavior we focus on the remaining terms. The heat-
kernel factor J on the second line grows polynomially with
nAx;k (the singularities in the denominator are canceled by the
Haar measure, as discussed above). The kinetic-energy term

on the third line contains nontrivial dependence onnAx;k, and it
is helpful to expand the kinetic-energy term for a general
decomposition into real and imaginary components of the

deformed Gaussian eigenbasis variables ψ̃ ðcÞ;A
x;0k ≡ yðcÞ;Ax;0k þ

izðcÞ;Ax;0k ,

ln jGx;kj ¼ Re

�
−

1

g2
ρAe−iθðψ̃ ðcÞ;A

x;0k þ 2πmA
x;kÞ2

�

¼ −
1

g2
ρA cos θ½ðyðcÞ;Ax;0k þ 2πmA

x;kÞ2 − ðzðcÞ;Ax;0k Þ2�

−
1

g2
ρA sin θ½2ðyðcÞ;Ax;k þ 2πmA

x;kÞzðcÞ;Ax;k �: ð138Þ

For θ < π=2, the first term provides a Gaussian cutoff

e
−4π2ρA

g2
cos θðmA

x;kÞ2 for large mA
x;k, which equivalently corre-

sponds to large-n behavior. This provides absolute conver-
gence for Wick rotated path integrals with θ < π=2 for all
points on all contour segments.
In the desired θ → π=2 limit, only the last term survives.

If limm→�∞ signðzAx;kÞ ¼ signðmA
x;kÞ, that is, if the sign of

the imaginary part of ϕ̃ðcÞ;A
x;0k matches the sign of mA

x;k

asymptotically, then this surviving term provides an expo-
nential cutoff for large mA

x;k sufficient to overcome the
polynomial growth in J and provide convergence.8 This is
true of all points on the middle contour segments in Fig. 5
identified by cAx;k ¼ 0. However, this does not hold for the
end points of the outer segments identified by cAx;k ¼ 1.
The deformation employed here is therefore convergent

everywhere except a set of measure zero for the action and
deformation with θ ¼ π=2, but this is not sufficient to
guarantee absolute convergence. In fact, these singularities
do cause the phase-quenched partition function Zpq

θ;HK
to

diverge for θ ¼ π=2. Fundamentally, the fixed end points of
the deformation contour prevent convergence at these points
for any choice of contour deformation. This problem can be
resolved, and the path integral rendered absolutely conver-
gent, by noting that in the full path integral these outer
segments can be identified and canceled using 2π shift
symmetry. As discussed above, path integrals using the HK
action are invariant under the transformation ðψA

x;0k; m
A
x;kÞ →

ðψA
x;0k þ 2πA;mA

x;k − AÞ. This symmetry relates the outer
contour end points βðmA

x;kÞ ¼ αðmA
x;k þ AÞ þ 2πA for

8If the heat-kernel potential is used in place of the Wilson
potential, this argument remains valid but additional divergent
infinite sums appear for the space-space plaquette eigenvalues
that are not rendered convergent by this contour deformation. If
the truncated heat-kernel potential is used in place of the Wilson
potential, holomorphy of the potential as a function of ϕA

x;0k is no
longer manifest because path integrals employing the truncated
heat-kernel action do not possess a ϕA

x;0k → ϕA
x;0k þ 2π shift

symmetry and are therefore sensitive to branch cuts in
argðeiϕA

x;0kÞ that could cause further complications.
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integrals along the blue contours shown in Fig. 5 for ψ̃A
x;0k

integrals with mA
x;k and mA

x;k þ A. The other end points of
these contours at �Aπ are also identical because of this shift
symmetry, and therefore the blue contour segments in Fig. 5
describe oppositely oriented contour integrals of holomorphic
functions between identified end points and therefore cancel.
Strictly, this identification and cancellation should only be
considered valid for an absolutely convergent integral. For all
θ < π=2, the term cos θð2πmA

x;kÞ2 gives absolute conver-
gence for the deformationunder study, and for allθ < π=2 the
outer contour segments in the neighborhood of the end points
can be identified and exactly canceled. This defines a limiting
procedure for defining HK path integrals in which integrals
are defined for a generic Wick rotation angle θ and the
cancellation of the blue contours in Fig. 5 is performed before
taking the θ → π=2 Minkowski limit.
Finally, any observable OðUÞ without explicit

n-dependence leads to an OðŨðcÞðU; nÞÞ whose only
n-dependence can be described as dependence on
signðmA

x;kÞ and is therefore finite in the nAx;k → ∞ limit.
This demonstrates that the exponential convergence pro-
vided by the kinetic term is not spoiled and that HK path
integrals including observables are absolutely convergent.
It is noteworthy that in addition to providing an expo-

nential convergence factor for the integer sums in the
heat-kernel kinetic term, this contour deformation also
removes the sign problem associated with the Gaussian

factors eiðϕ
A
x;0kÞ2 in the heat-kernel kinetic term by trans-

forming them to positive weights e−ðϕ
A
x;0kÞ2 . The magnitude

fluctuations of e−ðϕ
A
x;0kÞ2 are amenable to importance

sampling, and, in particular, are the same weights that
appear in the Euclidean heat-kernel action. Phase fluc-
tuations arise from terms with nAx;k ≠ 0; however, the
contributions from these terms are exponentially sup-
pressed for small g2. This contour deformation can
therefore be expected to significantly improve the sign
problem associated with the real-time heat-kernel kinetic
term for sufficiently weak couplings in addition to
providing absolute convergence.

D. Convergent LGT Schwinger-Keldysh
path integrals

For applications involving the Schwinger-Keldysh
formalism, an action SSK must be constructed for the
time integration contour x0 ∈ fT E; T

þ
M; T

−
Mg consisting

of a Euclidean time evolution segment T E, a forward
Minkowski time evolution segment T þ

M, and a reverse
Minkowski time evolution segment T −

M, as depicted in
Fig. 6. The length of T E is denoted β, the length of T �

M is
denoted TM, and the total extent of the time direction with
Minkowski signature is LM

T ¼ 2TM. A suitable generali-
zation of the real-time HK action for Schwinger-Keldysh
contours is given by

eiSSK;HKðUÞ ¼
Y

x0∈T E

½e− 1

g2

P
 x;μ<ν

Trð2−Px;μν−P−1
x;μνÞ�

Y
x0∈T þ

M

�Y
 x;k

KM

�
Px;0k;

g2

2

�
e
− i
g2

P
 x;i<j

Trð2−Px;ij−P−1
x;ijÞ
�

×
Y

x0∈T −
M

�Y
 x;k

KM

�
Px;0k;−

g2

2

�
e

i
g2

P
 x;i<j

Trð2−Px;ij−P−1
x;ijÞ
�
: ð139Þ

The real-time transfer matrices for x0 ∈ T þ
M and x0 ∈ T −

M correspond to T̂M;HK and T̂†
M;HK

, respectively, and are therefore
unitary. The imaginary-time transfer matrix for x ∈ T E corresponds to T̂E;W and is therefore positive. With the contour
ordering shown in Fig. 5, the Schwinger-Keldysh partition function associated with SSK;HK is equal to the Euclidean Wilson
partition function (even before taking the continuum limit),

ZSK;HK ¼ TrððT̂†
M;HK

ÞTM T̂TM

M;HK
T̂β
WÞ ¼ TrðT̂β

WÞ ¼ ZE;W: ð140Þ

It is noteworthy that either the Wilson or heat-kernel kinetic or potential terms could be used for x0 ∈ T E, and in all cases
the imaginary-time transfer matrix for x0 ∈ T E would be positive.9 However, the choice of Wilson kinetic term for
x0 ∈ T E, as well as the choice of Wilson potential term for x0 ∈ T �

M, will be seen below to be important for establishing
convergence of Schwinger-Keldysh path integrals using path integral contour deformations analogous to those in Sec. IV C.

9It is also possible to construct a more general action with the same symmetries by introducing independent gauge couplings g1 for the
Wilson action for x0 ∈ T E and g2 and g3 for the kinetic and potential terms, respectively, of the HK action for x0 ∈ T �

M. Choosing a
different trajectory in this three-dimensional coupling space besides the choice g1 ¼ g2 ¼ g3 in Eq. (139) would modify the LGT
spectrum in the Euclidean and Minkowski regions (which in general differ by lattice artifacts) and the approach to the continuum limit
defined by limg1;g2;g3→0. The investigation of lattice artifacts and the existence of a continuum limit for the trajectory g1 ¼ g2 ¼ g3 is
deferred to future work.
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In order to apply a generalization of this contour deformation to Schwinger-Keldysh path integrals, auxiliary variables
nAx;k corresponding to the indices for all of the sums in the heat-kernel kinetic terms appearing in Eq. (139) can be introduced
and an n-dependent action can be defined as

eiSSK;HKðU;nÞ ¼
Y

x0∈T E

½e− 1

g2

P
 x;μ<ν

Trð2−Px;μν−P−1
x;μνÞ�

×
Y

x0∈T þ
M

�Y
 x;k

NJ ðfϕx;0k; nx;kgÞe
i
g2

P
 x;k;A

ðϕA
x;0kþ2πnAx;kÞ2e−

i
g2

P
 x;i<j

Trð2−Px;ij−P−1
x;ijÞ
�

×
Y

x0∈T −
M

�Y
 x;k

NJ ðfϕx;0k; nx;kgÞe−
i
g2

P
 x;k;A

ðϕA
x;0kþ2πnAx;kÞ2e

i
g2

P
 x;i<j

Trð2−Px;ij−P−1
x;ijÞ
�
; ð141Þ

with J ðfϕx;0k; nx;kgÞ defined in Eq. (70). Nonequilibrium
LGT observables with Schwinger-Keldysh contour path
integral representations can be defined using the HK
action as

hOiSK;HK ¼ 1

ZSK;HK

X
fng

Z
DUOðUÞeiSSK;HKðU;nÞ; ð142Þ

where ZSK;HK ¼Pfng
R
DUeiSSK;HKðU;nÞ. A straightforward

generalization of the contour deformation introduced in
Sec. IV C can be used to provide an absolutely convergent
representation of hOiSK;HK as described below.
For Schwinger-Keldysh applications the path integrals

involving gauge fields on T E are convergent before
applying contour deformations and do not have sign
problems arising from the action. The gauge field variables
on T E can therefore be held fixed, and only the gauge field
variables on T �

M need to be actively deformed (induced

transformations to plaquettes on T E near the boundaries
with T �

M are discussed below). The fixed gauge field
variables on T E can then be used as boundary field
configurations to perform a change of variables from
fUx;μg to fPx;0k; Ux;0g for x0 ∈ T �

M. The original gauge
field variables fUx;μg will continue to be used as path
integral variables for x0 ∈ T E. For x0 ∈ T þ

M, this change
of variables is given by the function Ux;μðPx;0k; Ux;0Þ
defined as

Ux;k ¼
� Yðx0−η−aÞ=a

n¼0

U−1
x−ðnþ1Þa0̂;0Px−a0̂;0k

�
Uðη;  xÞ;k

×

� Yðx0−η−aÞ=a

n¼0

Uxþak̂−ðnþ1Þa0̂;0

�
; ð143Þ

where η ¼ −iðβ − aÞ denotes the imaginary part of x0 for
x0 ∈ T �

M. An analogous change of variables valid for x0 ∈
T −

M is defined by

Ux;k ¼
� YðLTþη−x0−aÞ=a

n¼0

P−1
xþan0̂;0k

Uxþan0̂;0

�
Uð0;  xÞ;k

×

� YðLTþη−x0−aÞ=a

n¼0

U−1
xþak̂þan0̂;0

�
: ð144Þ

Further introducing the timelike plaquette eigenvalues
eiϕ

A
x;0k and eigenvalues Vx;0k defined by Eq. (114) as well

as the variables ψA
x;0k with A ¼ 1;…; N − 1 defined by

Eq. (121) for which the SUðNÞ heat kernel takes an un-
correlated Gaussian form, the variables fψA

x;0k; Vx;0k; Ux;0g
can be used as a set of independent path integral variables
on T �

M. The redundancy introduced by treating Vx;0k as
independent variables is irrelevant by Eq. (116). Deformed
contours for ψA

x;0k can then be introduced that are equal to
the contour shown in Fig. 5 for T þ

M and equal to its
reflection about the horizontal axis for T −

M. The central
segments of these contours correspond to the coordinate

FIG. 6. The x0 coordinate Schwinger-Keldysh contour for
evaluation of out-of-equilibrium observables. Spatial directions
of the lattice are omitted for clarity. Subsets T E, T Mþ , and T M−

correspond to regions of the contour with Euclidean time
evolution x0 ∈ ½0;−iðβ − aÞ�, forward Minkowski time evolution
x0 ∈ ½−iðβ − aÞ; TM − iðβ − aÞ�, and reverse Minkowski time
evolution x0 ∈ ½TM − iðβ − aÞ;−iðβ − aÞ�, respectively. Dashed
lines indicate that the imaginary parts of x0 on T þ

M and T −
M are

identical and displaced for visual clarity and also that gauge fields
at x0 ¼ −iβ are identified with gauge fields at x0 ¼ 0.
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transformation ψA
x;0k → ϕ̃A

x;0kðϕA
x;0k; n

A
x;kÞ given for x0 ∈

T �
M by

ψ̃A
x;0k ¼

�
ψA
x;0ke

�iπ=4 mA
x;k ¼ 0

ψA
x;0k þ ðe�iπ=4 − 1ÞπsignðmA

x;kÞ mA
x;k ≠ 0

;

ð145Þ

where the � signs in e�iπ=4 correspond to x0 ∈ T �
M.

Defining ϕ̃A
x;0k in terms of ψ̃A

x;0k and mA
x;0k using

Eq. (128), this transformation turns the nAx;k dependent
oscillatory factors in Eq. (141) into exponential damping
factors that render the sums in Eq. (142) exponentially
convergent as in Sec. IV C. Integrals over the additional
contour segments required to complete the contours in
Fig. 5 cancel between terms with different mA

x;k after
regularizing the sums with transformations of kinetic
prefactor exactly equivalent to the “Wick rotation” pro-
cedure described in Sec. IV C for x0 ∈ T þ

M and with θ →
−θ for x0 ∈ T −

M. Formally, Schwinger-Keldysh path inte-
grals can then be defined by performing this cancellation
with a generic Wick rotation angle and subsequently taking
the Minkowski limit.
A noteworthy difference between Schwinger-Keldysh

contour deformations as compared with the purely real-
time case discussed in Sec. IV C is that the contour
deformation associated with Eq. (145) induces a nontrivial
transformation of the timelike plaquette Px;0k with
x0 ¼ −iðβ − aÞ ∈ T E. If a heat-kernel kinetic term were
used for the Euclidean segments, this induced transforma-
tion could introduce a divergence to the Euclidean heat-
kernel sum for this boundary plaquette; however, the choice
of theWilson kinetic term for x0 ∈ T E ensures that the only
infinite sums appearing are associated with x0 ∈ T �

M and
therefore that the transformations of fields on T E cannot
spoil convergence.
An absolutely convergent representation for Schwinger-

Keldysh path integrals with the HK action is therefore
given by

hOiSK;HK ¼ 1

ZSK;HK

X
fng

Z
DU JðU; nÞ

×OðŨðU; nÞÞeiSSK;HKðŨðU;nÞ;nÞ; ð146Þ

where the full Jacobian JðU; nÞ is given in analogy to
Eq. (133) by

JðU; nÞ ¼
� Y

x∈T þ
M;k

jx;k

�� Y
x∈T −

M;k

jx;k

�
; ð147Þ

where the contributions from each link are given by

hx;k ¼
�Q

A<Bjeiϕ̃
A
x;0k − eiϕ̃

B
x;0k j2Q

A<Bjeiϕ
A
x;0k − eiϕ

B
x;0k j2

�
ð148Þ

and

jx;k ¼
� e�iπ=4 mA

x;k ¼ 0; x0 ∈ T �
M

1 mA
x;k ≠ 0

: ð149Þ

E. Monte Carlo simulations of two-dimensional
Uð1Þ gauge theory

An exploratory study of the feasibility of Monte Carlo
calculations of real-time LGTobservables using the actions
and deformations introduced above can be performed for
ð1þ 1ÞD Uð1Þ gauge theory with open boundary con-
ditions, where the exact results obtained analytically in
Sec. III E can be used to verify the correctness of
Monte Carlo results. We specifically investigate the per-
formance of the HK action and the HFK action, the only
two actions for which the contour deformations above
result in well-defined Monte Carlo sampling schemes. In
ð1þ 1ÞD the remaining gauge links after gauge fixing
are in one-to-one correspondence with the plaquettes
Px ≡ Px;01. The factorization of Wilson loop path integrals
into products of one-dimensional integrals for each Px can
be exploited to obtain a simple Monte Carlo simulation
strategy in which plaquette variables Px and integer-valued
auxiliary variables are drawn independently from the
probability distribution

pM;HKðPx; nxÞ ∝ jJðPx; nxÞje−Im½S
M;HK

ðP̃x;nxÞ�; ð150Þ

using the Metropolis algorithm. In ð1þ 1ÞD there is no
potential term, and therefore SM;HK is identical to SM;HK;
the former notation is used for consistency with the choice
of the modified heat-kernel action as a unitary and con-
vergent action in higher dimensions. Expectation values
using the deformed path integral, as defined in Eq. (134),
are then computed from the sample mean of an ensemble of
Ncfg plaquettes sampled independently for each lattice site,

hOiM;HK ≈
1

ẐM;HK

1

Ncfg

XNcfg

i¼1

OðP̃ðPi
x; nixÞÞ

× eiArg½JðPi
x;nixÞ�eiRe½SM;HK

ðP̃i
x;nixÞ�;

ẐM;HK ≡ 1

Ncfg

XNcfg

i¼1

eiArg½JðPi
x;nixÞ�eiRe½SM;HK

ðP̃i
x;nixÞ�: ð151Þ

Results for the expectation values of Minkowski Wilson
loops as a function of area tL are shown in Fig. 7 for an
ensemble ofNcfg ¼ 50; 000 configurations for a lattice with
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total area LTL ¼ 32a2 and gauge coupling e ¼ 0.6. In ð1þ
1ÞD with OBCs these results are only sensitive to the total
area LTL and the total Wilson loop area tL, independent of
the shape, due to factorization of the path integral. Results
for Euclidean Wilson loop expectation values obtained
using the heat-kernel action for an ensemble with the same
number of configurations, lattice area, and gauge coupling
are also shown for comparison in Fig. 7. Good agreement
between numerical Monte Carlo and exact analytic results
is obtained in both Euclidean and Minkowski cases. The
inclusion of integer-valued auxiliary variables is not found
to significantly increase autocorrelation times or introduce
other undesirable numerical features in comparison to
calculations with the Wilson action.
In this simple theory, similar statistical precision is

achieved in the Euclidean and Minkowski cases. This

can be understood by noting that e
iSUð1Þ

M;HK
ðŨÞ ¼ e

−SUð1Þ
E;HK

ðUÞ

and therefore that the probability distribution

pE;HKðPx; nxÞ ∝ e−SE;HKðPx;nxÞ ð152Þ

is identical to pM;HKðPx; nxÞ for the case of G ¼ Uð1Þ in
ð1þ 1ÞD. In other words, the contour deformation iden-
tified for the Uð1Þ heat-kernel action completely removes
phase fluctuations in ð1þ 1ÞD, and the reweighting factor
multiplying the observable O in Eq. (151) is exactly equal
to unity. The only difference between Euclidean and
Minkowski results is the use of the original observable
OðUÞ or the transformed observable OðŨðU; nÞÞ. Writing
the Wilson loop in terms of the plaquette variables gives

WAðPÞ ¼
Y
x∈A

Px ¼
Y
x∈A

eiϕx ; ð153Þ

from which WAðP̃ðP; nÞÞ can be explicitly constructed as

WAðP̃ðP; nÞÞ ¼
Y
x∈A

P̃xðP; nÞ

¼
Y
x∈A

e
ffiffi
i

p
ϕxþ

ffiffi
i

p
signðnxÞ: ð154Þ

In the Euclidean case, a StN problem arises because the
average Wilson loop scales as e−Lτ while the variance is
Oð1Þ for all Lτ. In the Minkowski case, the magnitude
of each term in the product fluctuates as well as the
phase since Re½ ffiffiip � ¼ Im½ ffiffiip � ¼ 1=

ffiffiffi
2

p
and the variance

increases exponentially while the average Wilson loop is
Oð1Þ. The result is similar exponential StN degradation for
Minkowski and Euclidean Wilson loops as seen in Fig. 7.
This level of precision for Minkowski observables is
remarkable given the severity of the sign problem before
applying the contour deformation in Eq. (126), but it should
not necessarily be expected in higher dimensions, where

potential terms are present and Re½SUð1Þ
M;HK

ðŨÞ� ≠ 0.

An analogous Monte Carlo sampling strategy can be
applied to calculations of observables using the HFK Uð1Þ
action and the deformation in Eq. (105). Plaquette variables
Px and integer-valued auxiliary variables rx are sampled
independently from the distribution

pUð1Þ
M;HFKðPx; nxÞ ∝ e−Im½SM;HFKðP̃x;rxÞ� ð155Þ

using the Metropolis algorithm, and Wilson loop results are
computed from ensemble averages defined in analogy to
Eq. (151). These results can be contrasted against the
equivalent Euclidean theory given by the Wilson gauge
action, using identical coupling e. In both cases, the
coupling is tuned to e ¼ 0.542947 so that the exact string

tension σUð1Þ
E;W ¼ lnðI0ð1=e2ÞI1ð1=e2ÞÞ is identical to the exact string

tension σUð1Þ
E;HK

¼ e2=2 for the heat-kernel action with

e ¼ 0.6. Results for Monte Carlo calculations using this

FIG. 7. Wilson loop expectation values using the heat-kernel Uð1Þ LGT actions in ð1þ 1ÞD Euclidean spacetime (left) and
Minkowski spacetime (right). Solid curves show exact analytic results, while points with error bars show the central values and bootstrap
67% confidence intervals for the numerical Monte Carlo calculations described in the main text.
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gauge coupling and the same ensemble size, Ncfg ¼
50; 000, and lattice area as the heat-kernel calculations
are shown in Fig. 8. Comparison to the Euclidean heat-
kernel results in Fig. 7 shows that the two Euclidean actions
achieve similar precision as well as good agreement with
the corresponding (identical) exact results. Significantly
lower precision is achieved by the Minkowski HFK action
in comparison to HK action calculations above, which
can be attributed to the presence of a reweighting factor

eiRe½S
Uð1Þ
M;HFKðŨ;rÞ� with severe phase fluctuations whose StN is

observed to decrease exponentially with increasing lattice
area LTL. The results shown in Fig. 8 use a lattice with area
LTL ¼ 4a2. A statistical ensemble many orders of magni-
tude larger would be required to extend these results to a
lattice with area comparable to the LTL ¼ 32a2 areas
explored in the HK case. Alternatively, a more sophisti-
cated contour deformation than the simple shift in Eq. (109)
might be able to significantly improve the sign/StN

problem associated with eiRe½S
Uð1Þ
M;HFKðŨ;rÞ� while maintaining

the convergence properties. Studying the best choice of
action and deformation for practical simulations is deferred
to future work.

F. Monte Carlo simulations of two-dimensional
SUð3Þ gauge theory

Exactly as in the Uð1Þ case, an exploratory study of the
feasibility of numerical Monte Carlo calculations of real-
time non-Abelian gauge theory observables can be per-
formed in (1þ 1)D with OBCs and validated against exact
results from Sec. III E. The HK action is the only unitary
SUð3Þ LGT action studied in this work for which a contour
deformation is obtained that results in a well-defined
distribution for Monte Carlo sampling. Factorization of
path integrals into products of one-dimensional integrals is
again exploited to obtain a Monte Carlo algorithm in which

Px ∈ SUð3Þ is sampled along with integer-valued auxiliary
variables nAx satisfying the constraint

P
A n

A
x ¼ 0 from the

probability distribution defined in Eq. (150). Expectation
values are then approximated using Monte Carlo ensemble
averages defined by Eq. (151). Wilson loops factorize as

WAðPÞ ¼
1

N
Tr

�Y
x∈A

Px

�
; ð156Þ

and the corresponding transformed observables are
given by

WAðP̃ðP; nÞÞ ¼
1

N
Tr

�Y
x∈A

P̃xðP; nÞ
�
; ð157Þ

where P̃xðP; nÞ is defined by Eq. (129).
Figure 9 shows results from Monte Carlo calculations

using the SUð3Þ HK action with an ensemble of Ncfg ¼
50; 000 gauge field configurations, using a lattice with area
LTL ¼ 32a2, and gauge coupling g ¼ 0.6. Results for the
SUð3Þ Euclidean heat-kernel action for an ensemble with
identical parameters are also shown in Fig. 9 for compari-
son. Good agreement between numerical Monte Carlo
results and analytic exact results is seen for both
Euclidean and Minkowski results. Unlike the Uð1Þ case,

Re½SSUð3Þ
M;HK

ðŨ; nÞ� ≠ 0 because J ðfϕ̃g; fngÞ is complex,

and further phase fluctuations arise from the contour
deformation Jacobian. These phase fluctuations are
observed to be relatively mild in practice, and the average

reweighting factor e
iRe½SSUð3Þ

M;HK
ðŨ;nÞ�

eiArg½JðPx;nxÞ� appearing in
the denominator of Eq. (151) can be calculated with sub-
percent-level precision for the lattice area and ensemble
size used here. The precision obtained for Minkowski and
Euclidean SUð3Þ Wilson loop results is similar, and the
familiar exponential StN degradation with loop area is seen

FIG. 8. Wilson loop expectation values using the WilsonUð1Þ LGTactions in ð1þ 1ÞD Euclidean spacetime (left) and the HFK action
in Minkowski spacetime (right) analogous to Fig. 7. The sign problem for the HFK action using the deformed contour studied in this
work is much more severe than the corresponding sign problem for the HK action and contour deformation, and identical sized statistical
ensembles were used for the HFK action with a volume of LTL ¼ 4 and the HK action with a volume of LTL ¼ 32.
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in both cases (note that this is distinct from, and much
milder than, the expected sign problem extensive in total
lattice volume associated with undeformed real-time sim-
ulation). In higher dimensions, these phase fluctuations
may become more severe and additional phase fluctuations
will arise from potential terms in the action. Further studies
are needed to explore the feasibility of Monte Carlo
calculations of real-time SUðNÞ LGT in higher dimensions,
and more sophisticated contour deformations or other
approaches to improving the sign problem may be required
to achieve precise results for four-dimensional real-time
LGT observables.

V. CONCLUSIONS AND OUTLOOK

Naive Wick rotation of the Euclidean Wilson LGTaction
leads to a Minkowski LGTwith nonunitary time evolution,
as pointed out in Ref. [10]. It is demonstrated in this work
that there is no way to recover a unitary time-evolution
operator even in the continuum limit using the real-time
Wilson LGT action. Further, it is demonstrated that for
exactly solvable examples in ð1þ 1ÞD the weak-coupling
limit associated with the continuum limit of Euclidean LGT
does not exist using the real-time Wilson LGTaction. Real-
time LGT calculations must therefore use an alternative
Minkowski action.
One alternative action leading to unitary time evolution

for real-time LGT is provided by HFK in Ref. [10]. The
character expansion defining this action is divergent and
requires regularization. Here, a path integral contour
deformation that renders the character expansion absolutely
convergent is provided for the gauge groupUð1Þ, making it
possible to use Monte Carlo methods for this action.
Exploratory Monte Carlo calculations of Uð1Þ Wilson
loops in ð1þ 1ÞD Minkowski spacetime were performed
using the HFK action and found to be consistent with exact
results obtained through analytic continuation of results for

the Euclidean Wilson action. Finding a similar contour
deformation is difficult for the SUðNÞ HFK action because
the character expansion involves sums over irreducible
representations of SUðNÞ, and understanding the conver-
gence properties of these sums is nontrivial. However, no
fundamental obstacle was encountered that would prevent
the construction of such a deformation, and it may be an
interesting subject of future work to find a convergent
representation of the SUðNÞ HFK path integral because of
its closeness to the commonly employed Wilson gauge
action.
Another class of actions leading to unitary time evolution

in Minkowski LGT is obtained in this work through
analytic continuation of the Euclidean heat-kernel action.
Unitarity of the real-time transfer matrix depends only on
using the heat-kernel or HFK kinetic term in the action and
does not depend on the form of the potential term (besides
the assumption that the potential term is real). In particular,
this permits the definition of a modified heat-kernel, or HK,
action using the potential term from the Wilson action. The
real-time HK action is defined by a divergent series
required to ensure periodicity of angular variables, but
by exploiting the Gaussian form of the heat kernel we
obtain path integral contour deformations leading to abso-
lutely convergent representations of HK path integrals for
both Uð1Þ and SUðNÞ real-time LGT. Exploratory
Monte Carlo calculations of Uð1Þ and SUð3ÞWilson loops
in ð1þ 1ÞD are performed and found to agree with exact
results obtained through analytic continuation of results for
the Euclidean heat-kernel action.
The contour deformations of the HFK and HK path

integrals are crafted to provide a complete cancellation
of the sign problem associated with the kinetic energy term
in the weak coupling limit, beyond giving a conver-
gent representation of these path integrals amenable to
Monte Carlo sampling. In the ð1þ 1ÞD proof-of-principle

FIG. 9. Wilson loop expectation values using the HK SUð3Þ LGT actions in ð1þ 1ÞD Euclidean spacetime (left) and Minkowski
spacetime (right). Solid curves show exact analytic results, while points with error bars show the central values and bootstrap
67% confidence intervals for the numerical Monte Carlo calculations described in the main text.
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calculations, this is apparent as an exponential reduction in
the sign problem associated with the reweighting factors
eiSM;HFK and eiSM;HK , respectively. For the HFK action, the
sign problem is not completely eliminated and the
deformed theory still suffers from a signal-to-noise pro-
blem that grows exponentially with the lattice size, making
numerical results less precise than in analogous Euclidean
LGT calculations. On the other hand, the HK deformation
completely removes the sign/StN problem for the Uð1Þ
case and exponentially improves it for the SUð3Þ case, in
both cases resulting in comparable precision for Minkowski
and Euclidean Wilson loop results. These results should,
however, be considered specific to ð1þ 1ÞD; gauge the-
ories in ð1þ 1ÞD do not include a potential term, and
therefore a careful analysis of the kinetic energy term is
sufficient to directly find good contour deformations. It can
be expected that sign/StN problems that are approximately
or entirely solved in ð1þ 1ÞD will be significantly worse in
ð3þ 1ÞD. Exploration of the contour deformations needed
to practically tame sign/StN problems in higher dimensions
is left to future work. It is possible that more sophisticated
contour deformations must be constructed or that numerical
optimization of a variational ansatz for the contour defor-
mation will be necessary to make progress.
Thisworkfocusedexclusivelyonpuregauge theory, but the

inclusion of fermionic matter fields is not expected to spoil
unitarity [10].Convergenceof theHKaction is not affectedby
the presence of fermionic matter since the fermion determi-
nant does not explicitly depend on the heat-kernel sum index
and therefore will only depend on signðmA

x;kÞ after applying
our contour deformation. Care should be taken with real-time
fermion doublers and the continuum limits of lattice gauge
theories including fermions, and a study of these subtleties is
deferred to future work.
The absolutely convergent representation of HK path

integrals defined here provides a suitable starting point in
principle for Monte Carlo calculations of SUð3Þ LGT in
ð3þ 1ÞD Minkowski spacetime and calculations of
Schwinger-Keldysh path integrals in QCD. If phase fluc-
tuations arising from sign problems in ð3þ 1ÞD can be
tamed for some real-time LGT observables, significant
strides could be made toward predicting real-time gauge
theory observables relevant for phenomenology.
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APPENDIX A: SCALAR FIELD THEORY
REAL-TIME TRANSFER MATRIX

Lattice scalar field theory with an action of the form

SEðφÞ ¼
XNT−1

τ=a¼0

X
x

�
a2ðφðτþa;xÞ − φðτ;xÞÞ2

2
þ aVðφτÞ

�
;

ðA1Þ
where VðφÞ is the scalar field potential, has a transfer
matrix given by

T̂Eðφ;φ0Þ ¼ e−aVðφÞ=2R̂Eðφ;φ0Þe−aVðφÞ=2; ðA2Þ

where the kinetic term is included in

R̂Eðφ;φ0Þ ¼
Y
x

e−ðφx−φ0
xÞ2a2=2: ðA3Þ

The Minkowski lattice scalar field theory defined by the
action

SMðφÞ ¼
XNT−1

t=a¼0

X
x

�
a2ðφðtþa;xÞ − φðt;xÞÞ2

2
− aVðφtÞ

�
ðA4Þ

has a corresponding time-evolution operator

T̂Mðφ;φ0Þ ¼ e−iaVðφÞ=2R̂Mðφ;φ0Þe−iaVðφ0Þ=2; ðA5Þ

where the kinetic term is included in

R̂Mðφ;φ0Þ ¼
Y
x

eiðφx−φ0
xÞ2a2=2: ðA6Þ

Defining the measure Dφ ¼Qx dφx and δðφ − φ0Þ ¼Q
x δðφx − φ0

xÞ, it can be explicitly verified that R̂M is
unitary after multiplying by a normalization factor ofQ

x

ffiffiffiffiffi
ia2
2π

q
,Z

Dφ00
�Y

x

a2

2π

�
R̂Mðφ;φ00ÞR̂†

Mðφ00;φÞ

¼
Y
x

a2

2π

Z
∞

−∞
dφ00

xeiðφx−φ00
xÞ2a2=2e−iðφ00

x−φ0
xÞ2a2=2

¼
Y
x

eiφ
2
xa2=2e−iφ

02
x a2=2

�
a2

2π

�Z
∞

−∞
dφ00

xeiφ
00
xðφ0

x−φxÞa2

¼ δðφ − φ0Þ: ðA7Þ
The unitarity of T̂M follows immediately from Eq. (A5).
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APPENDIX B: NONUNITARITY OF THE
REAL-TIME WILSON ACTION

The character expansion coefficients for arbitrary SUðNÞ
groups can be calculated to demonstrate nonunitarity of the
Wilson action as discussed for Uð1Þ, SUð2Þ, and SUð3Þ in
Sec. II C. All ratios of character expansion coefficients

cM;SUðNÞ
r ðg2Þ=cM;SUðNÞ

0 ðg2Þ must have a unit norm for a
given action to lead to unitary real-time evolution. In this

Appendix we numerically compute ratios cM;W;SUðNÞ
f ðg2Þ=

cM;W;SUðNÞ
0 ðg2Þ to demonstrate nonunitarity of the Wilson
action forN ∈ f2;…; 9g and study the g2 → 0 limit using a
stationary phase expansion. Clear patterns are observed that
suggest nonunitarity for larger N.
The imaginary-time Wilson action character expan-

sion coefficients are known for general SUðNÞ gauge
groups [73],

cE;W;SUðNÞ
r ðg2Þ ¼

X∞
q¼−∞

detðZq;rðg2ÞÞ; ðB1Þ

where the entries of the matrix Zq;r are given by

Zq;r
IJ ¼ IrJþqþI−J

�
2

g2

�
; ðB2Þ

where I; J ∈ f1;…; Ng and the representation r is labeled
by a set of integers rJ ordered so that rI ≥ rJ for I < J and
rN ¼ 0 for SUðNÞ groups [73]. The corresponding real-
time Wilson action character expansion coefficients are
simply obtained using Eq. (49) as

cM;W;SUðNÞ
r ðg2Þ ¼

X∞
q¼−∞

detðZq;rðig2ÞÞ: ðB3Þ

The trivial representation r ¼ 0 corresponds to rJ ¼ 0 for
all J, while the fundamental representation r ¼ f corre-
sponds to r1 ¼ 1 and rJ ¼ 0 for J > 1, which permits
calculation of character expansion ratios

cM;W;SUðNÞ
f

cM;W;SUðNÞ
0

¼
P∞

q¼−∞ detðZq;fðg2ÞÞP∞
q¼−∞ detðZq;0ðg2ÞÞ : ðB4Þ

In order to numerically evaluate Eq. (B4), the infinite sums
can be replaced by finite sums

PΛ
q¼−Λ with exact results

obtained in the limit Λ → ∞. Although the infinite sum
converges for any fixed g2 > 0, the truncation errors arising
from using a fixed cutoff Λ increase rapidly as g2 is
decreased toward zero. Numerical results for N ∈ f2; 3g
shown in Fig. 3 and for N ∈ f4;…; 9g shown in Fig. 10 are
computed using Λ ¼ 100 for N ≥ 3 and are verified to be
indistinguishable with results obtained using lower values
of Λ for g2 ≥ 0.1 for N ≡ 2 mod 4 and g2 ≥ 0.02 for other

values of N. For N ¼ 2 the equivalent expressions for

cM;W;SUð2Þ
r without infinite series given in Eq. (46) are used
for numerical calculations.
Nonunitarity of the Wilson action at a range of bare

coupling g2 corresponding to a range of nonzero lattice
spacings would be acceptable if unitarity were recovered in
the continuum limit. As can be clearly seen in Figs. 3 and 10,
a hypothetical unitary continuum limit is not approached at
all, even for small g2 that would correspond to very fine
lattice spacings. For choices of SUðNÞwithN ≡ 2 ðmod 4Þ,
the g2 → 0 limit does not exist at all, due to repeated
divergences in the ratio. For other choices of N, the con-
tinuum limit does appear to be well-defined, though non-
unitary; in particular, forN ≡ 0 ðmod 4Þ the ratio appears to
approach 0 in the continuum limit, while for other groups the
ratio appears to approach a fixed nonzero value.
This analysis can be made precise by considering a

stationary phase expansion about g2 ¼ 0 to determine the
asymptotic values of ratios, when such asymptotic values
exist. The character expansion coefficients for a single link
variable are given by the integral

cM;W;SUðNÞ
r ¼

Z
dP

χrðPÞ�
dr

e
2i
g2
ReTrð1−PÞ

; ðB5Þ

which is dominated by the local minima, maxima, and
saddle points of the exponent 2i

g2 ReTrð1 − PÞ in the limit

g2 → 0. The stationary phase expansion provides a sys-
tematic means of expanding about g2 ¼ 0. To start, the
kinetic integral kernel can be explicitly written in terms of
the eigenvalues λ1;…; λN ≡ eiϕ1 ;…; eiϕN , and the eigen-
vector part of the measure can be integrated away to give a
universal constant. The Haar measure over eigenvalues
must also be included, giving in total

cM;W;SUðNÞ
r ∝

Z Y
A

dϕA

�Y
A<B

jeiϕA − eiϕ
B j2
�
e
2iN
g2
−2i
g2

P
A
ReðeiϕA Þ

:

ðB6Þ

The constant of proportionality is independent of the
representation r, and will cancel from ratios.
Finding the stationary points of the action requires

addressing the unit determinant constraint for the N
eigenvalues. One approach to including this constraint is
through the use of a Lagrange multiplier term, αð2πm −P

A ϕ
AÞ with arbitrary m ∈ Z. The stationary points of the

action with respect to the N − 1 free directions are then
given by the solutions to

0 ¼ ∂
∂ϕA

�
2i
g2

Re
X
B

eiϕ
B þ α

�
2πm −

X
B

ϕB

��

¼ −
2i
g2

Imeiϕ
A − α: ðB7Þ
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This is solved by the group elements for which the
imaginary component of every eigenvalue is identical;
for example, this includes the identity element, which is
also the global minimum of the Wilson action with
Euclidean signature. For specific choices of N, other
solutions are also possible. The Haar measure in square
brackets in Eq. (B6) suppresses eigenvalue degeneracy, so
the stationary points with lowest eigenvalue degeneracy
will dominate the integral. Table II gives these lowest-
degeneracy stationary points for N ∈ f2;…; 9g.

For a generic N, we can label the set of k dominant
stationary points P1;…; Pk ∈ SUðNÞ. Expanding the
evaluation of character expansion coefficients in the limit
g2 → 0 gives

cM;W;SUðNÞ
r ≈

Xk
l¼1

Al

�Y
A<B

jeiϕA
l − eiϕ

B
l j2
�
χrðPlÞ�

dr
; ðB8Þ

where the eigenvalues of Pl are denoted by eiϕ
A
l. The Haar

measure factor in brackets in Eq. (B8) vanishes exactly at
the stationary points, and to be precise one should expand
to higher order in the stationary phase approximation and
then determine the limiting values of character expansion
coefficient ratios using these higher-order results. However,
these higher-order terms are determined by the structure of
the Haar measure and the action about the stationary points,
which is independent of the representation r, and coef-
ficients of these terms will cancel in ratios of character
expansion coefficients. Ratios of the approximate expres-
sions in Eq. (B8) will therefore give correct g2 → 0 results
for ratios of character coefficients under the assumption
that the stationary phase expansion has a nontrivial radius
of convergence about g2 ¼ 0.

For some choices of N, it is apparent from Figs. 3 and 10
that the g2 → 0 limits of character expansion coefficient
ratios do not exist. These values align with the cases of

FIG. 10. Ratios of the fundamental and trivial irrep character expansion coefficients for the Wilson and HFK actions for SUðNÞ gauge
theory with N ¼ 4;…; 9. The Wilson action result for SUð6Þ includes an infinite number of singularities that accumulate as g2 → 0 and
is replaced by a gray background for g2 < 0.1. Numerical precision limits the approach to g2 → 0 for other choices of N, and the results
are replaced by a gray background for g2 < 0.02. TheWilson action can be seen to have a nonunitary coefficient ratio almost everywhere
in g2 for all N. In the SUð6Þ case, the limit g2 → 0 is ill-defined due to the repeated singularities, while for other SUðNÞ there is an
apparently well-defined limit which is nonunitary. The limit values are explained by a stationary phase expansion in the text. The HFK
action has a unitary ratio for all choices of g2 and N.
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N ≡ 2 mod 4 where multiple stationary points contribute
to the value of the integral as shown in Table II, and one
expects the divergences to correspond to cancellations

between these contributions to cM;W;SUðNÞ
0 ðg2Þ for particular

values of g2.
For other N, the character expansion coefficient ratios

shown in Figs. 3 and 10 appear to approach a limiting value
as g2 → 0, suggesting that the stationary phase expansion
can be reliably used to understand the g2 → 0 limit in these
cases. For N ≡ 0 mod 4 a class of group elements para-
metrized by an angle θ ∈ ½−π=2; π=2� contributes to the
value of the integral, as detailed in Table II. For the ratio

cM;W;SUðNÞ
f =cM;W;SUðNÞ

0 these group elements are weighted
by the fundamental character, which is proportional to
sinðθÞ. Integrating over θ ∈ ½−π=2; π=2� gives canceling
contributions from this set, and indeed the ratios can be
seen to vanish as g2 → 0 for these cases in Fig. 10.
In the remaining case of odd N, character expansion

coefficient ratios are dominated by a single stationary point,
and labeling the corresponding group element P1, the
would-be continuum limit of these ratios is given by

lim
g2→0

cM;W;SUðNÞ
f

cM;W;SUðNÞ
0

≈
χfðP1Þ�

N
: ðB9Þ

The fundamental character χfðP1Þ� in these cases corre-
sponds to �1, and the ratio therefore approaches �1=N
with the sign depending on the particular choice of N. This

behavior is observed for SUð3Þ in Fig. 3 as well as SUð5Þ,
SUð7Þ, and SUð9Þ in Fig. 10.

For every choice of N ∈ f2;…; 9g, the g2 → 0 limit of

the ratio cM;W;SUðNÞ
f =cM;W;SUðNÞ

0 either does not exist or does
not approach a unit-norm value. The Wilson action thus
does not give rise to a unitary real-time transfer matrix in
the would-be continuum limit.

APPENDIX C: DIVERGENCE OF UNITARY
REAL-TIME LGT ACTIONS

Suppose that a real-time LGT action has the form

SMðUÞ ¼ a
XNT−1

t=a¼0

X
 x

½kðPx;0kÞ − vðPx;ijÞ�; ðC1Þ

where Px;μν is the plaquette obtained fromUx;μ. In temporal
gauge Px;0k ¼ Ux;kU

†
xþa0̂;k

and therefore the kinetic-energy

evolution operator R̂M defined by R̂MðUtþa; UtÞ ¼
eia
P

 x
kðUx;kU

†
xþa0̂;k

Þ has the character expansion

R̂MðU;U0Þ ¼
Y
 x;k

�X
r

drcrðg2ÞχrðU0
 x;kU

†
 x;kÞ
�
; ðC2Þ

with a corresponding gauge-invariant series definition for
eiSMðUÞ given by

eiSMðUÞ ¼
Y
x

e−iavðPx;ijÞ
Y
 x;k

�X
r

drcrðg2ÞχrðPx;0kÞ
�
: ðC3Þ

If SMðUÞ is a unitary real-time LGT action, that is, if R̂M
and therefore the corresponding real-time transfer matrix
T̂M are unitary, then it follows from the character decom-
position in Eq. (34) that jcrðg2Þj ¼ 1. The fact that each
character is normalized by

R
dUjχrðUÞj2 ¼ 1 implies that

χrðPx;0kÞ is nonvanishing for a set of nonzero measure in
path integrals involving eiSMðUÞ, and it therefore follows
from jcrðg2Þj ¼ 1 that the rth term in the sum in Eq. (C3)
using any enumeration of the representations of G does not
vanish as r → ∞. It immediately follows that the character
expansion for eiSMðUÞ in Eq. (C3) diverges for a set of
gauge fields with nonzero measure in real-time LGT path
integrals.

APPENDIX D: THE TRUNCATED REAL-TIME
HEAT KERNEL ACTION

In the classical limit, the real-time LGT path integral is
dominated by the stationary phase solutions. Though the
real-time heat kernel path integral introduced in Sec. III C
involves weights given by nonconvergent sums over
integers nA, this classical limit is dominated by nA ¼ 0.

TABLE II. The group elements that are stationary points of the
Wilson action for the group SUðNÞ with N ¼ 2;…; 9; only the
elements with lowest eigenvalue degeneracy are listed, as these
dominate the character coefficient integrals due to the suppres-
sion of degenerate eigenvalues by the Haar measure. Group
elements are reported in terms of their spectra (i.e., sets of
eigenvalues) because the Wilson action is invariant under trans-
formations of the eigenvectors alone. Stationary points always
include the center elements of the group, but additional elements
may also solve the constraints. The center elements have
maximum eigenvalue degeneracy, so when other solutions exist
they will dominate the integrals. The fundamental representation
character is given for all cases with a single dominant stationary
phase.

N Stationary points (lowest degeneracy) χf

2 ð1; 1Þ=ð−1;−1Þ 2= − 2
3 ð1;−1;−1Þ −1
4 ðeiθ; eiθ; eiðπ−θÞ; eiðπ−θÞÞ 4i sinðθÞ
5 ð1; 1; 1;−1;−1Þ 1
6 ð1; 1; 1; 1;−1;−1Þ=ð1; 1;−1;−1;−1;−1Þ 2= − 2
7 ð1; 1; 1;−1;−1;−1;−1Þ −1
8 ðeiθ; eiθ; eiθ; eiθ; eiðπ−θÞ; eiðπ−θÞ; eiðπ−θÞ; eiðπ−θÞÞ 8i sinðθÞ
9 ð1; 1; 1; 1; 1;−1;−1;−1;−1Þ 1
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This section explores the path integral defined by a
truncation of these sums to nA ¼ 0 and demonstrates that
ultimately it results in nonunitarity in the continuum limit
in the analytically tractable case of Uð1Þ LGT in ð1þ 1ÞD.
Explicitly, the truncated real-time heat-kernel action is

defined by

eiSM;n¼0ðUÞ ¼
Y
x;k

NJ ðfϕx;0kg; f0gÞe
i
g2

P
x;A

P
k
ðϕA

x;0kÞ2

× e
− i
g2

P
x;A

P
i<j

ðϕA
x;ijÞ2 ; ðD1Þ

for G ¼ SUðNÞ with J ðfϕx;0kg; f0gÞ replaced by 1 for
G ¼ Uð1Þ. In the case of G ¼ Uð1Þ, the normalizing
constant is explicitly N ¼ 1=

ffiffiffiffiffiffiffiffiffiffiffi
2πie2

p
. The truncated real-

time heat-kernel action corresponds to the n ¼ 0 term in the
real-time heat-kernel action defined by Eqs. (74), (79), and
(80). The properties of the truncated real-time heat kernel
action can be analyzed most simply for G ¼ Uð1Þ, and we
specialize to this case below. The kinetic-energy evolution
operator associated with this action for G ¼ Uð1Þ is
given by

R̂Uð1Þ
M;n¼0ðU;U0Þ ¼

Y
 x;k

1ffiffiffiffiffiffiffiffiffiffiffi
2πie2

p e
i
e2
ðϕ  x;kÞ2 ; ðD2Þ

where eiϕ  x;k ¼ U†
 x;kU

0
 x;k as above. The character expansion

coefficients cM;n¼0;Uð1Þ
r ðe2Þ for the truncated heat-kernel

kinetic operator R̂M;n¼0;Uð1Þ can be explicitly computed as

cM;n¼0;Uð1Þ
r ðe2Þ ¼

Z
π

−π

dϕffiffiffiffiffiffiffiffiffiffiffi
2πie2

p eirϕe
i

2e2
ϕ2

¼ e−iðe
2

2
Þr2 1

2

�
erf

�
−i

ffiffi
i

p ðπ − e2rÞffiffiffi
2

p
e

�

þ erf

�
−i

ffiffi
i

p ðπ þ e2rÞffiffiffi
2

p
e

��
: ðD3Þ

It follows that jcM;n¼0;Uð1Þ
r ðe2Þj ≠ 1 for generic values of e2

and therefore that the truncated heat-kernel kinetic term
does not lead to a unitary time-evolution operator for Uð1Þ
LGT. From limx→∞ erfð−i ffiffi

i
p

xÞ ¼ 1 we can derive

lim
e2→0

jcM;n¼0;Uð1Þ
r ðe2Þj ¼ 1; ðD4Þ

which establishes that unitarity is recovered for a fixed
lattice volume in the e2 → 0 limit. However, the scaling
limit of interest to continuum QFT is defined by taking
e2 → 0 with some dimensionful observable held fixed. It is
discussed in Ref. [13] and Sec. III E that, in ð1þ 1ÞD
where LGT is analytically solvable, correlation lengths

diverge ∝ 1=e in the e2 → 0 limit. The appropriate scaling
limit in ð1þ 1ÞD is

lim
e2→0

jcM;n¼0;Uð1Þ
r ðe2Þj1=e2 ; ðD5Þ

which does not exist. It is further shown below that the
scaling limits of simple observables such as Uð1Þ Wilson
loops in ð1þ 1ÞD do not exist using the truncated
Minkowski heat-kernel action, even though they do exist
for a Euclidean analog of Eq. (D1). This suggests that the
truncated Minkowski heat-kernel action is, in fact, not a
useful starting point for real-time LGT and underscores the
importance of preserving unitarity in LGT.
Wilson loop results in ð1þ 1ÞD using the truncated heat-

kernel action analogous to those obtained in Sec. III E can
easily be obtained for the Uð1Þ truncated heat-kernel action
by inserting the character expansion coefficients in
Eq. (D3) into Eq. (89),

hWAiM;n¼0;Uð1Þ

¼ e−iðe
2

2
ÞLt
"
erfð−i

ffiffi
i

p ðπþe2Þffiffi
2

p
e

Þ
2erfð−i

ffiffi
i

p
πffiffi

2
p

e
Þ

þ
erfð−i

ffiffi
i

p ðπ−e2Þffiffi
2

p
e

Þ
2erfð−i

ffiffi
i

p
πffiffi

2
p

e
Þ

#
Lt

: ðD6Þ

As e2 → 0, the factor in brackets approaches unity with
corrections suppressed by OðeÞ and the Minkowski heat-

kernel result is recovered. However, if LtσUð1Þ
HK ¼ Lge2=2 is

kept fixed as e2 → 0, these OðeÞ effects are magnified and

the e2 → 0 limit of hWAiUð1Þ
M;n¼0 at fixed LtσUð1Þ

HK does not
exist. This is in marked contrast to the situation in
Euclidean spacetime, where the corresponding truncated
Euclidean heat-kernel action gives rise to a result

hWAiE;n¼0;Uð1Þ ¼ e−ðe
2

2
ÞLt ×

"
erfðπþe2ffiffi

2
p

e
Þ

2erfð πffiffi
2

p
e
Þ þ

erfðπ−e2ffiffi
2

p
e
Þ

2erfð πffiffi
2

p
e
Þ

#
Lt

:

ðD7Þ

The factor in brackets approaches unity exponentially faster
than in the Minkowski case, and the truncated Euclidean
heat-kernel action leads to Oðe−1=e2Þ lattice artifacts.

Further, the limit of hWAiM;n¼0;Uð1Þ at fixed LτσUð1Þ
HK exists

and equals the Euclidean heat-kernel result e−Lτσ
Uð1Þ
HK in the

same limit. This example demonstrates that “lattice arti-
facts” associated with nonunitary Minkowski actions can
be difficult to remove, even if unitarity is restored in the
would-be continuum limit. It is unlikely that the truncated
heat-kernel action provides a useful starting point for
studying the continuum limits of higher-dimensional lattice
gauge theories.
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