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Abstract

We investigate solutions of the 2d incompressible Euler equations, linearized
around steady states which are radially decreasing vortices. Our main goal is to
understand the smoothness of what we call the spectral density function associated
with the linearized operator, which we hope will be a step towards proving full
nonlinear asymptotic stability of radially decreasing vortices. The motivation for
considering the spectral density function is that it is not possible to describe the
vorticity or the stream function in terms of one modulated profile. There are in fact
two profiles, both at the level of the physical vorticity and at the level of the stream
function. The spectral density function allows us to identify these profiles, and its
smoothness leads to pointwise decay of the stream function which is consistent
with the decay estimates first proved in Bedrossian–Coti Zelati–Vicol (Ann
PDE 5(4):1–192, 2019).

Contents

1. Introduction and Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . 62
1.1. Motivation and the Spectral Density Function . . . . . . . . . . . . . . . . 63
1.2. Main Equations and Assumptions on the Background Flow . . . . . . . . . 65
1.3. Main Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
1.4. Remarks on the Main Theorems . . . . . . . . . . . . . . . . . . . . . . . 73
1.5. Main Ideas of Proof for Theorem 1.4 . . . . . . . . . . . . . . . . . . . . . 73
1.6. Organization of the Paper . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

2. Preliminaries on Gevrey Spaces and Elliptic Gevrey Regularity Theory . . . . . 74
2.1. Notations and Conventions . . . . . . . . . . . . . . . . . . . . . . . . . . 74

2.1.1 Fourier Transforms . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
2.1.2 Commutator Arguments . . . . . . . . . . . . . . . . . . . . . . . . 75

Alexandru D. Ionescu was supported in part by NSF Grant DMS-2007008. Hao Jia
was supported in part by NSF Grant DMS-1945179.

http://crossmark.crossref.org/dialog/?doi=10.1007/s00205-022-01815-y&domain=pdf
http://orcid.org/0000-0002-4260-0229


62 Alexandru D. Ionescu & Hao Jia

2.2. Gevrey Spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
2.3. Gevrey Regularity for Elliptic Equations . . . . . . . . . . . . . . . . . . . 78

3. Bounds on the Green’s Function Associated with a Long Range Potential . . . . 83
4. Spectrum of the Linearized Operator . . . . . . . . . . . . . . . . . . . . . . . 91
5. The Limiting Absorption Principle . . . . . . . . . . . . . . . . . . . . . . . . 94

5.1. Limiting Absorption Principle for w � −20 . . . . . . . . . . . . . . . . . 95
5.2. The Limiting Absorption Principle for w � −10 . . . . . . . . . . . . . . . 103

6. The Explicitly Solvable Case: |k| = 1 . . . . . . . . . . . . . . . . . . . . . . . 109
7. Bounds on the Spectral Density Function I: Preliminary Bounds . . . . . . . . . 111

7.1. The Bounds for�ι
k,ε(v,w) for |k| � 2 . . . . . . . . . . . . . . . . . . . . 111

7.1.1 The Case w � −15 . . . . . . . . . . . . . . . . . . . . . . . . . . . 113
7.1.2 The Case w � −15 . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

8. Bounds on the Spectral Density Function II: Refined Bounds . . . . . . . . . . 123
9. Proof of Main Theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

9.1. Proof of Theorem 1.4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130
9.2. Proof of Theorem 1.5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 134

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

1. Introduction and Main Results

In this paper we study the two dimensional incompressible Euler equations on
the plane, in the vorticity formulation. Consider solutions ω(t, x, y) : [0,∞) ×
R
2 → R satisfying

∂tω + u · ∇ω = 0, u = ∇⊥ψ, �ψ = ω (1.1)

for (x, y, t) ∈ R
2 × [0,∞). The two dimensional incompressible Euler equation

is globally well-posed for smooth initial data, by the classical result of Wolibner
[36]. (See also [32,33] for global well-posedness results with rough initial data,
such as L∞ vorticity.) The long time behavior of general solutions is however very
difficult to understand, due to the lack of a global relaxation mechanism.

There have been some attempts in building a theory of “weak turbulence” for
the two dimensional Euler equation, to explain the appearance of coherent struc-
tures, see for example, chapter 34 of [30]. A proposed mathematical explanation is
that, generically, the vorticity ω(t) converges weakly but not strongly as t → ∞.
A rigorous proof of such a conjecture is way beyond the reach of current PDE
techniques. A more realistic approach is to consider the 2D Euler equations in
physically relevant perturbative regimes, such as around shear flows and vortices.
In this paper we study the case of vortices.

The presence of coherent vortices is a prominent feature in two dimensional
fluid flows, such as viscous flows with high Reynolds number and perfect fluid
flows. These vortices are believed to play an important role in the 2D turbulence
theory (see for example [2,3,6,7,24,25]). Numerical and physical experiments and
formal asymptotic analysis (see [2,3,29] and references therein) suggest that small
perturbations of vortices form spirals around the center of the vortex and the angle-
dependent modes of the vorticity vanish in the weak sense as t → ∞, which leads
to “axi-symmetrization” of the vorticity.
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The stability analysis of fluid flows is among the oldest problems studied in
hydrodynamics, starting with Kelvin [22], Orr [26], Rayleigh [27], and continuing
to the present day, see for example [12,14–16,29,34,37,38] and references therein.
Arnold [1] proved an important criteria for nonlinear stability of some steady states
using monotonicity formulas, but the precise dynamics near these solutions are
not known. We also refer to [10,13] for recent results on the nonlinear stability of
vortices in this direction. The vortex symmetrization phenomenon has been studied
rigorously at the linearized level around a strictly decreasing vortex profile by
Bedrossian–Coti Zelati–Vicol [5], who established axi-symmetrization of the
vorticity and optimal rates of decay of the associated stream function.

1.1. Motivation and the Spectral Density Function

Extending the linearized stability analysis for inviscid fluid equations to the full
nonlinear setting is a challenging problem. In the case of monotonic shear flows on
the bounded channel T × [0, 1] the nonlinear stability problem has been recently
solved by the authors [17], and independently byMasmoudi-Zhao [23], following
earlier important work of Bedrossian-Masmoudi [4], and the authors [18] on the
nonlinear stability of the Couette flow.

In [19] we proved nonlinear asymptotic stability near point vortices in the plane,
which appears to be the only nonlinear asymptotic stability result for the two dimen-
sional Euler equation in R

2. The case of general vortices, though, presents several
new difficulties. To explain these new features, let us recall the main perturbation
equations.

We work with the polar coordinate (r, θ). The velocity field U (r)eθ gives a
steady state for 2d Euler equations, for any radial function U (r) (with mild as-
sumptions on regularity and decay at ∞). Let 
(r) be the associated vorticity.
Then from Biot-Savart law, U (r) satisfies

∂rU (r) +U (r)/r = 
(r), r ∈ (0,∞), with lim
r→0

U (r) = lim
r→∞U (r) = 0.

(1.2)

The linearized two dimensional Euler equation around U (r)eθ is

∂tω + U (r)

r
∂θω − 
′(r)

r
∂θψ = 0, (θ, r) ∈ T × (0,∞), (1.3)

with initial data ω0(θ, r). The stream function ψ is determined through
(
∂rr + r−1∂r + r−2∂2θ

)
ψ = ω, (θ, r) ∈ T × (0,∞). (1.4)

We assume the orthogonality conditions
∫

R2
ω0(θ, r)(cos θ, sin θ) r

2drdθ = 0, and
∫

T

ω0(θ, r) dθ = 0. (1.5)

The general case can be reduced to the case with the orthogonality conditions (1.5)
by re-centering a slightly modified 
(r).
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Taking Fourier transform in θ in the equation (1.3)–(1.4) for ω, we obtain that

∂tωk + ik
U (r)

r
ωk − ik


′(r)
r

ψk = 0, (∂2r + r−1∂r − k2r−2)ψk = ωk

(1.6)

for k ∈ Z, t � 0, r ∈ (0,∞). Here ωk and ψk are the k−th Fourier coefficients of
ω and ψ .

The equations (1.3)–(1.4)may be comparedwith the linearized equation around
shear flows in a finite channel, where we have, for k ∈ Z\{0},

∂tωk + ikb(y)ω − ikb′′(y)ψk = 0, (∂2y − k2)ψk = ωk,

ψk(t, 0) = ψk(t, 1) = 0 (1.7)

for (t, y) ∈ [0,∞) × [0, 1]. Under suitable assumptions on the function b and
assuming that ω|t=0 is smooth (or Gevrey smooth) and compactly supported in
T × (0, 1), one can prove that the solution ωk(t, y) can be represented essentially
in the form

ωk(t, y) = fk(t, y)e
−ikb(y)t (1.8)

for y ∈ [0, 1], t ∈ [0,∞). The point is that the profile fk(t, y) is smooth (or
Gevrey smooth) in y, uniformly over t ∈ [0,∞) (and stays compactly supported
in (0, 1) as well). Such formulas and quantitative bounds on f are very important
for passing to the nonlinear problem, since the main point of the nonlinear analysis
is to identify suitable analogous nonlinear profiles and establish their (sliding)
smoothness uniformly in time. See [21] and the recent papers [17,23].

In our case, the situation is different. The main issue that the linearized flow
corresponding to (1.6) has no “uniformly smooth profile” even after taking off
oscillatory factors. Instead, for smooth (or Gevrey smooth) initial data, we should
decompose for r > 0,

ωk(t, r) = fk1(t, r)e
−ik(U (r)/r)t + fk2(t, r), (1.9)

where fk1 and fk2 are both uniformly smooth in r over t ∈ (0,∞). See Theorem1.5
for the details. This decomposition has natural physicalmeaning, since the first term
comes from the interior of the fluid itself, while the second term is generated by the
“boundary” corresponding to r = 0 (in the case of shear flows, there is no boundary
contribution in (1.8) due to the support assumption on ω(t) and b′′). This structure
presents a new and possibly significant difficulty for the nonlinear problem, since
the method in the shear flow case relies crucially on obtaining control in smooth
norms on a well defined profile for the vorticity.

At a more technical level, the presence of the term ikU (r)/r , which generates
the oscillatory part of the vorticity, has a degeneracy when r approaches r = 0,
that is, ∂r (U (r)/r) approaches 0 as r → 0+. This degeneracy coupled with the
nonlocal term ik(
′/r)ψk in (1.6) leads to a new dynamical phenomenon, namely
the depletion of vorticity from the origin, which refers to the fact that the vorticity
enjoys better than expected decay near the critical point of the background flow.
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The vorticity depletion phenomenon was first observed by Bouchet-Morita [8]
and proved by Wei–Zhang–Zhao [35] for shear flows with critical points. In the
context of vortices, the vortex depletion phenomenon was proved by Bedrossian–
Coti Zelati–Vicol [5]. The phenomenon is important in our proof here as well.

In this paper, we take a first step towards understanding the nonlinear vortex
symmetrization problem, and prove linear vortex symmetrization in Gevrey spaces.
See Theorems 1.4 and 1.5 below for themain results.More importantly, we propose
a different strategy: instead of studying the profile for the vorticity function which
is difficult to even define in view of (1.9), we focus on what we call the spectral
density function. The spectral density function (which plays the role of a profile)
is naturally associated with the linearized equation, and in our setting can be used
to track both the vanishing of the various quantities in r (including the vorticity
depletion phenomenon), and optimal regularity. Once we have the bounds on this
spectral density functions, the estimates on the stream functions, velocity fields and
the vorticity can be obtained by simple calculations.

The degeneracy at r = 0makes it difficult to use the global change of coordinate
V = U (r)/r , which is the natural analogue of what was used in the case of shear
flows to be able to accurately define “resonant times”. In our problem it is simpler
to work with the variable v := log r for r ∈ (0,∞). We also work here with Gevrey
smoothness instead of Sobolev smoothness, as this is the expected framework of
the nonlinear problem.

The use of spectral density functions resolves several conceptual difficulties
in the study of the nonlinear axi-symmetrization problem, since we can prove
optimal regularity bounds on them, and they capture both physical space decay
and regularity. However, it remains open how to define the correct spectral density
function in the nonlinear setting, and to derive the right evolution equations and
prove bounds. We hope to address these issues in the future.

1.2. Main Equations and Assumptions on the Background Flow

We assume that the background radial vorticity profile 
(r) satisfies the fol-
lowing natural conditions:

Assumption 1.1. There exist constants C∗ ∈ (0,∞) and c∗ ∈ (−∞, 0) such that
for all r ∈ (0,∞) and j ∈ Z ∩ [0,∞) we have

0 < 
(r) � C∗
〈r〉6 , ∂r
(r) < 0,

∣∣∣(r∂r ) j
(
′(r)

r
− c∗

〈r〉8
)∣∣∣ � C j+1∗ ( j !)2

〈r〉10 r2.

(1.10)

In the above, we used the notation 〈x〉 := √
x2 + 2 for x ∈ R, and the convention

that 0! = 1.

Define for r ∈ R
+ := (0,∞),

b(r) := U (r)/r, d(r) = 
′(r)/r. (1.11)
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It follows from (1.2) and (1.10)–(1.11) that for, r ∈ R
+,

b(r) = U (r)/r =
∫ 1

0
s
(rs) ds ≈ 1

〈r〉2 , b′(r) ≈ − r

〈r〉4 , |b′′(r)| � 1

〈r〉4 .
(1.12)

In the above the implied constants depend only on the constants c∗ andC∗ in (1.10).
Define for k ∈ Z\{0}, r, ρ ∈ (0,∞), the function

Gk(r, ρ) :=

⎧
⎪⎨
⎪⎩

ρ
2|k|

(
r
ρ

)|k|
for r < ρ,

ρ
2|k|

(
ρ
r

)|k|
for r � ρ.

(1.13)

Gk(r, ρ) is the Green’s function for the differential operator −∂2r − r−1∂r + k2r−2

on (0,∞) with vanishing boundary conditions.
For each k ∈ Z\{0}, we set for any f ∈ L2

(
R

+, r2|
′(r)|−1dr
)
,

Lk f (r) = U (r)

r
f (r) + 
′(r)

r

∫ ∞

0
Gk(r, ρ) f (ρ) dρ, (1.14)

The equation (1.6) can be reformulated as

∂tωk + ikLkωk = 0. (1.15)

Define the space

X := L2
(
R

+, r2

|
′(r)| dr
)
, (1.16)

with the natural norm that, for any g ∈ X ,

‖g‖2X :=
∫ ∞

0
|g(r)|2 r2

|
′(r)| dr. (1.17)

It is clear that Lk : X → X is bounded and self adjoint. Since Lk is a compact
perturbation of the simple multiplication operator f → b(r) f , by general spectral
theory, we can conclude that the spectrum of Lk consists of the continuous spectrum
[0, b(0)] and possibly some discrete eigenvalues inR. Our main Assumptions (1.5)
and (1.10) imply that there are no discrete eigenvalues, see Section 4 for a simple
proof.

The space X imposes strong conditions on the decay of functions inside X if
′
decays fast in r . For our purposes, we can work with initial data with milder decay
properties, see the Assumption 1.3, since we only use the space X in a qualitative
way, see for example (1.18), and our bounds are quantitative, by a standard limiting
argument.
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By standard theory of spectral projections, we then have that

ωk(t, r) = 1

2π i
lim
ε→0+

∫

R

e−ikλt
{ [

(λ − iε − Lk)
−1 − (λ + iε − Lk)

−1]
ωk
0

}
(r) dλ

= −1

2π i
lim
ε→0+

∫ ∞

0
e−ikb(r0)t b′(r0)

{[
(−b(r0) − iε + Lk)

−1

− (−b(r0) + iε + Lk)
−1]

ωk
0

}
(r) dr0.

(1.18)

We then obtain from (1.6) that

ψk(t, r) = 1

2π i
lim
ε→0+

∫ ∞

0
e−ikb(r0)t b′(r0)

∫ ∞

0
Gk(r, ρ)

×
{[
(−b(r0) − iε + Lk)

−1 − (−b(r0) + iε + Lk)
−1

]
ωk
0

}
(ρ) dρ dr0

= 1

2π i
lim
ε→0+

∫ ∞

0
e−ikb(r0)t b′(r0)

[
ψ−
k,ε(r, r0) − ψ+

k,ε(r, r0)
]
dr0.

(1.19)

In the above,

ψ+
k,ε(r, r0) :=

∫ ∞

0
Gk(r, ρ)

[
(−b(r0) + iε + Lk)

−1ωk
0

]
(ρ) dρ,

ψ−
k,ε(r, r0) :=

∫ ∞

0
Gk(r, ρ)

[
(−b(r0) − iε + Lk)

−1ωk
0

]
(ρ) dρ.

(1.20)

We note that ψ+
k,ε(r, r0), ψ

−
k,ε(r, r0) satisfy for ι ∈ {+,−} and r, r0 ∈ R

+,
[
k2/r2 − r−1∂r − ∂2r

]
ψι
k,ε(r, r0) + d(r)

b(r) − b(r0) + i ιε
ψι
k,ε(r, r0)

= ωk
0(r)

b(r) − b(r0) + i ιε
. (1.21)

It is more convenient to work in the variable v with r = ev for r ∈ (0,∞). We
therefore introduce for k ∈ Z\{0}, ε ∈ [−1/4, 1/4]\{0} and ι ∈ {+,−},

�ι
k,ε(v, w) := ψι

k,ε(r, r0), where r = ev, r0 = ew and r, r0 ∈ (0,∞),

(1.22)

B(v) := b(r), D(v) := d(r), where r = ev, r ∈ (0,∞). (1.23)

We also define

f k0 (v) := ωk
0(r), φk(t, v) := ψk(t, r), where r = ev, r ∈ (0,∞).

(1.24)

It follows from (1.19) to (1.24) that for ι ∈ {+,−}, v, w ∈ R, k ∈ Z\{0},
ε ∈ [−1/4, 1/4],

k2�ι
k,ε(v, w) − ∂2v�

ι
k,ε(v, w) + e2vD(v)

�ι
k,ε(v, w)

B(v) − B(w) + i ιε
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= e2v
f k0 (v)

B(v) − B(w) + i ιε
, (1.25)

and the normalized stream function has the representation formula

φk(t, v) = 1

2π i
lim
ε→0+

∫

R

e−ikB(w)t∂wB(w)
[
�−

k,ε(v, w) − �+
k,ε(v, w)

]
dw.

(1.26)

The key is to study the regularity properties of the associated spectral density
functions �−

k,ε(v, w) and �+
k,ε(v, w) for v,w ∈ R, and ε ∈ [−1/4, 1/4]\{0}

small.
We summarize our calculations in the neat proposition.

Proposition 1.2. Suppose 
(r), r ∈ R
+, is a radial function satisfying the as-

sumption (1.10). Let U (r), r ∈ R
+, be given through

∂rU (r) +U (r)/r = 
(r), r ∈ (0,∞), with lim
r→0

U (r) = lim
r→∞U (r) = 0.

(1.27)

Consider 
(r) as the steady vorticity profile for the two dimensional incompress-
ible Euler equation with the associated velocity field U (r)eθ . The linearized equa-
tions around 
 for the perturbation vorticity ω(t, θ, r) ∈ C1([0,∞), H1(T ×
R

+, r〈r〉8dθdr)) and the associated stream function ψ(t, θ, r), t � 0, θ ∈ T, r ∈
R

+ are given by

∂tω + U (r)

r
∂θω − 
′(r)

r
∂θψ = 0,

(
∂rr + r−1∂r + r−2∂2θ

)
ψ = ω. (1.28)

We assume that the initial vorticity deviation ω0(θ, r) satisfies the orthogonality
conditions∫

R2
ω0(θ, r)(cos θ, sin θ) r

2drdθ = 0, and for r ∈ R
+,

∫

T

ω0(θ, r) dθ = 0.

(1.29)

For k ∈ Z\{0} and t � 0, r ∈ R
+, letting

ωk(t, r) := 1

2π

∫

T

ω(t, θ, r)e−ikθ dθ, ψk(t, r) := 1

2π

∫

T

ψ(t, θ, r)e−ikθ dθ,

(1.30)

then ωk(t, r), ψk(t, r) satisfy for t � 0, r ∈ R
+

∂tωk + ik
U (r)

r
ωk − ik


′(r)
r

ψk = 0,
(
∂rr + r−1∂r − k2r−2

)
ψk = ωk .

(1.31)

Define for t � 0, r ∈ R
+, v ∈ R with r = ev , the functions

b(r) := U (r)/r, d(r) := 
′(r)/r, B(v) := b(r), D(v) := d(r),

fk(t, v) := ωk(t, r), f k0 (v) := ωk
0(r), φk(t, v) := ψk(t, r).

(1.32)
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We have the representation formula for t � 0, v ∈ R,

φk(t, v) = 1

2π i
lim
ε→0+

∫

R

e−ikB(w)t∂wB(w)
[
�−

k,ε(v, w) − �+
k,ε(v, w)

]
dw,

(1.33)

where the spectral density functions �ι
k,ε(v, w) satisfy for ι ∈ {+,−}, v, w ∈ R,

and ε ∈ [−1/8, 1/8]\{0}

k2�ι
k,ε(v, w) − ∂2v�

ι
k,ε(v, w) + e2vD(v)

�ι
k,ε(v, w)

B(v) − B(w) + i ιε

= e2v f k0 (v)

B(v) − B(w) + i ιε
. (1.34)

We also record the following bounds for later applications. There exists C∗ ∈
(0,∞), depending on C∗, c∗ in (1.10) such that for v ∈ R and j ∈ Z ∩ [1,∞),

∣∣∣D(v) − c∗
(1 + e2v)4

∣∣∣ � C∗ e2v

(1 + e2v)5
,

∣∣∂ j
v D(v)

∣∣ � (C∗) j ( j !)2 e2v

(1 + e2v)5
,

B(v) ≈ 1

1 + e2v
, ∂vB(v) ≈ − e2v

(1 + e2v)2
,

∣∣∂ j
v B(v)

∣∣ � (C∗) j ( j !)2 e2v

(1 + e2v)2
,

(1.35)

∂vB(v) = (c∗/4)e2v + O
(
e4v

)
for v < 0. (1.36)

1.3. Main Results

Fix k† ∈ Z ∩ [5,∞). Denote α ∧ β := min{α, β} for α, β ∈ R. Define for
k ∈ Z\{0}, the numbers κk := |k| ∧ k†, μk := √

k2 + 8, μ∗
k := 9μk+|k|+2

10 , and for
v, ρ,w∗ ∈ R the function dw∗(v, ρ) as

dw∗(v, ρ) := ∣∣[min{v, ρ},max{v, ρ}] ∩ [
min{w∗, 0}, 0

]∣∣. (1.37)

Define also the main weight functions �k,w∗(v, ρ) and ζk,w∗(v) for v, ρ ∈ R,
which are useful in characterizing decay property of the spectral density function
and Green’s functions below, as the following: for v, ρ,w∗ ∈ R,

�k,w∗(v, ρ) := e−|k||v−ρ|−(μk−|k|)dw∗ (v,ρ), ζk,w∗(v, ρ) := 1

�k,w∗(v, ρ)
.

(1.38)

We take two small constants 0 < δ1 � δ0 whichwill be used to quantify theGevrey
regularity below. δ0 is determined by the regularity of the background flow B(v),
and δ1 is related to the regularity of the initial data. For our purposes, we assume that
the background flow is much smoother than the solution to the linearized equation
we consider. (Hence the condition that δ0 � δ1 > 0.)

Fix �0(v) ∈ C∞(−∞,−1) such that �0 ≡ 1 on (−∞,−2] and
sup
ξ∈R

∣∣e〈ξ〉8/9 ∂̂v�0(ξ)
∣∣ � 1.
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We choose also smooth cutoff functions �∗,�∗∗ : R → [0, 1] satisfying �∗ ∈
C∞
0 (−4, 4) and �∗ ≡ 1 on [−2, 2], �∗∗ ∈ C∞

0 (−5, 5) and �∗∗ ≡ 1 on [−4, 4],
and

sup
ξ∈R

e〈ξ〉8/9[∣∣̂ �∗(ξ)
∣∣ + ∣∣ �̂∗∗(ξ)

∣∣] � 1.

We make the following assumptions on the initial data:

Assumption 1.3. There exist coefficients σk ∈ R for each k ∈ Z\{0} with σk = 0
for |k| � k† + 1, and constants M†

k ∈ (0,∞), such that the following statement
holds: defining for k ∈ Z\{0}, j ∈ Z and v ∈ R,

F0k(v) := f k0 (v) − (σk/c∗)D(v)e|k|v�0(v), and F j
0k(v) := F0k(v)�

∗(v − j).

(1.39)

Then F j
0k satisfies the bounds, for all k ∈ Z\{0}, j ∈ Z, that

∥∥∥∥eδ1〈k,ξ〉
1/2̂

F j
0k(ξ)

∥∥∥∥
L2(ξ∈R)

� M†
k

eμ
∗
κk

j

1 + e(μ
∗
κk

+κk+8) j
. (1.40)

We briefly comment on the Assumption (1.40). Notice that (1.40) contains
conditions both on the regularity and decay of F0k(v). The decay of F0k(v) is
assumed to be of the order e−(κk+8)v as v → +∞, and eμ

∗
κk

v as v → −∞. These
decay conditions are compatible with the expected decay of smooth, fast decaying
initial data ω0(x, y). μ∗

κk
needs to be slightly bigger than μκk (when |k| � 2)

which is the index of decay for the solution, see (1.57). This does not seem to be
a problem since the nonlinear interactions will only produce terms of faster decay.
On the other hand, the decay as v → +∞ is not a concern for us thanks to the fast
decay of D(v) as v → +∞.

Decompose for k ∈ Z\{0}, ε ∈ [−1/8, 1/8]\{0} and v,w ∈ R,

�ι
k,ε(v, w) := (σk/c∗)e|k|v�0(v) + �ι

k,ε(v, w). (1.41)

It follows from (1.34) that �ι
k,ε(v, w) satisfies the equation for v,w ∈ R, ε ∈

[−1/8, 1/8]\{0}, ι ∈ {+,−},

(k2 − ∂2v )�
ι
k,ε(v, w) + e2vD(v)

B(v) − B(w) + i ιε
�ι
k,ε(v, w)

= e2vF0k(v)

B(v) − B(w) + i ιε
+ (σk/c∗)

(
2|k|e|k|v∂v�0k(v) + e|k|v∂2v�0k(v)

)
.

(1.42)

Our main result is the bounds on the profile of the spectral density function.
We allow the implied constants to depend on k† ∈ Z ∩ [5,∞) and the background
flow (more precisely the constants c∗,C∗ ∈ (0,∞) appearing in (1.10) and the
structural constant κ ∈ (0, 1) coming from the limiting absorption principle; see
Section 5).



Linear Vortex Symmetrization: The Spectral Density Function 71

Theorem 1.4. Assume that k ∈ Z\{0}, fk(t, v), φk(t, v) for t � 0, v ∈ R are as
in Proposition 1.2, and that the Assumption 1.3 holds. Then we have the following
conclusions: for some sufficiently small ε∗ ∈ (0, 1), ι ∈ {+,−}, and for all w ∈ R

and 0 < ε < ε∗e−2|w|, we have that
∥∥�ι

k,ε(v, w)
∥∥
L2(v∈R)

� (M†
k + |σk |)/|k|. (1.43)

The limiting spectral density function

�k(v,w) := (−i) lim
ε→0+

[
�+
k,ε(v, w) − �−

k,ε(v, w)
] = 2 lim

ε→0+ ��+
k,ε(v, w)

(1.44)

exists, as limit of functions in L2
loc(R

2). Define for v,w ∈ R, the “profile”�k(v,w)

for �k(v,w),

�k(v,w) := �k(v + w,w). (1.45)

Then �k(v,w) satisfies the following properties:
(i) Bounds when v is away from 0. For w∗ ∈ R, v∗ ∈ R, define for v,w ∈ R

�
w∗
k,v∗(v,w) := �k(v,w)�

∗(v − v∗)�∗(w − w∗)(1 − �∗(v)), (1.46)

then we have
∥∥∥(|k| + |ξ |)

[
eδ0〈k,ξ〉1/2 + eδ1〈k,η〉1/2

]
̂�

w∗
k,v∗(ξ, η)

∥∥∥
L2(ξ,η∈R)

�
(
M†

k + |σk |
)
�κk ,w∗(w∗, 0)�κk ,w∗(v∗ + w∗, w∗).

(1.47)

(ii) Bounds when v is close to 0. For w∗ ∈ R, define for v,w ∈ R,

�
w∗
k (v,w) := �k(v,w)�

∗(w − w∗)�∗(v), (1.48)

we have
∥∥∥(|k| + |ξ |)eδ1〈k,η〉1/2 ̂�

w∗
k (ξ, η)

∥∥∥
L2(ξ,η∈R)

� (M†
k + |σk |)�κk ,w∗(w∗, 0).

(1.49)

(iii) Equation for�k . In addition,�k(v,w) satisfies for v,w ∈ R the equation

(k2 − ∂2v )�k(v,w) + P.V.
e2v+2wD(v + w)�k(v,w)

B(v + w) − B(w)

= −2π
e2w

(
D(w)�k(w) − F0k(w)

)

B ′(w)
δ(v), (1.50)

where P.V. represents principal value and �k ∈ C∞(R) satisfies the bound, for
w∗ ∈ R and �

w∗
k (w) := �k(w)�

∗(w − w∗),
∥∥∥eδ1〈k,ξ〉1/2 ̂

�
w∗
k (ξ)

∥∥∥
L2(ξ∈R)

� (M†
k + |σk |)�κk ,w∗(w∗, 0). (1.51)
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(iv)Refined regularity property of�k(v,w) inv.Moreover, for any ζ : [−10, 10]
→ R with Gevrey-2 regularity and |ζ ′| � 1 on [−10, 10], more precisely ζ ∈ G̃1/2

M
(−10, 10) for some M ∈ (0,∞) (see (2.6) for the precise definition of the Gevrey
space G̃1/2

M ) then for v, ρ ∈ [−4, 4], the function�k(ζ(v+ρ)−ζ(ρ),w) is Gevrey
regular in ρ,w. More precisely, for any w∗ ∈ R, define

Hw∗
k (v, ρ,w) := �k(ζ(v + ρ) − ζ(ρ),w)�∗(w − w∗)�∗

k(v)�
∗(ρ), (1.52)

then for some δ′
1 ∈ (0, 1) depending on M and δ1 we have

∥∥∥(|k| + |α|)
[
eδ

′
1〈k,ξ〉1/2 + eδ1〈k,η〉1/2

]
̂Hw∗

k (α, ξ, η)

∥∥∥
L2(R3)

� (M†
k + |σk |)�κk ,w∗(w∗, 0). (1.53)

(v) Representation formula for the stream function and vorticity function. Fi-
nally, we have the representation formula

φk(t, v) = − 1

2π

∫

R

e−ikB(w)t�k(v − w,w)B ′(w) dw,

fk(t, v) = −e−2v(k2 − ∂2v )φk(t, v). (1.54)

Using the bounds on the spectral density function, we can prove the following
result on the evolution of fk(t, v).

Theorem 1.5. Decompose

fk(t, v) = f 1k (t, v) + f 2k (t, v)

:= e−2v

2π

[ ∫

R

e−ikt B(w)(k2 − ∂2v )�k(v − w,w)�∗(v − w)B ′(w) dw

+
∫

R

e−ikt B(w)(k2 − ∂2v )�k(v − w,w)(1 − �∗(v − w))B ′(w) dw
]
,

(1.55)

then f 1k (t, v)e
ikB(v)t is Gevrey smooth in v uniformly over t ∈ [0,∞), and f 2k (t, v)

is Gevrey smooth in v and decays in t .
More precisely, there exist δ′′

0 ∈ (0,∞) depending on δ0 and δ′′
1 ∈ (0, 1)

depending on δ1, such that, for any v∗ ∈ R, defining

F1
k,v∗(t, v) := f 1k (t, v)e

ikB(v)t�∗(v − v∗), F2
k,v∗(t, v) := f 2k (t, v)�

∗(v − v∗),
(1.56)

we have the following bounds for all t � 0:
∥∥∥eδ′′

1 〈k,ξ 〉1/2̂F1
k,v∗ (t, ξ)

∥∥∥
L2(R)

� (M†
k + |σk |)

[
e−μκk |v∗|1v∗<0 + e−(κk+8)|v∗|1v∗>0

]
,

∣∣B ′(v∗)
∣∣∥∥∥eδ′′

0 〈k,ξ 〉1/2̂F2
k,v∗ (t, ξ)

∥∥∥
L2(R)

�
M†

k + |σk |
〈t〉

[
e−μκk |v∗|1v∗<0 + e−(κk+8)|v∗|1v∗>0

]
.

(1.57)
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1.4. Remarks on the Main Theorems

We briefly discuss some of the conclusions in our main Theorems 1.4 and 1.5.
(i) As discussed earlier, our main objective is to study the spectral density

function �k(v,w) and more precisely its “profile” �k(v,w) which is smooth in
w ∈ R (but not in v ∈ R). The crucial points in the bounds (1.47) and (1.49)
are that �k(v,w) is as smooth in w as the initial data F0k , in Gevrey spaces.
The exact weight eδ1〈k,ξ〉1/2 is at the right regularity required for nonlinear inviscid
damping, see [4,11,17,23]. The bounds (1.53) provide more refined information
on the regularity of �k(v,w) in v. Notice that �k(v,w) is not smooth in v. (1.53)
shows that, however, �k(ζ(v + ρ) − ζ(ρ),w) is smooth in ρ, if ζ satisfies the
natural assumptions in (iv) of Theorem 1.4.

(ii) The decomposition (1.55)–(1.56) shows that in general we do not have
a uniform profile that we can control over all times. However, as it can be seen
from the bounds (1.57) the “nonlocal profile” F2

k,v∗(t, v) is much smoother than
the initial data and its regularity depends only on the smoothness of the background
flow. In addition, the nonlocal profile F2

k,v∗(t, v) decays over time. This remarkable
property may be important for the nonlinear analysis.

(iii) In the formulation of the bounds (1.47) and (1.49), we included suitable
decay in space. Such physical space decay can be improved at the expense of
sacrificing the amount of regularity we can prove. For instance we can capture
the decay e−|k||v| precisely if we work with the weight eC〈ξ/k〉1/2 . However, our
belief is that, for the nonlinear analysis, it is more important to work with the right
regularity space characterized by the weight eδ1〈k,ξ〉1/2 , than with the best physical
space decay, especially for large k.

(iv) It follows from (1.55) to (1.57) that fk(t, v) ⇀ 0 as t → ∞ for all
k ∈ Z\{0}, which is at the heart of the inviscid damping phenomenon.

(v) The order of decay e−μκk |v∗| = e−√
k2+8 |v∗| for |k| � k† as v∗ → −∞, in

(1.57) for F1
k,v∗ , is faster than the expected rate e−|k||v∗|, and is a manifestation of

the vorticity depletion phenomenon. We note that the index for decay
√
k2 + 8 we

obtained is slightly smaller than |k|+2 obtained in [5]. Incidentally in the explicitly
solvable case |k| = 1, we have

√
k2 + 8 = |k|+2. It is not clear to us at this time if

the optimal rate of enhanced decay for F1
k,v∗ is important for the nonlinear analysis.

Since the method of [5] is quite different from ours, a direct comparison is difficult.
Nonetheless, it remains an interesting problem to investigate if the approach here
can also capture the optimal rate of vorticity depletion.

1.5. Main Ideas of Proof for Theorem 1.4

The basic idea is to study the equation (1.42) and obtain coercive bounds using
the the limiting absorption principle. This has been done in many works by now,
see for example [20,34]. A new feature in the case of vortices is that for w � −1,

the potential e2vD(v)
B(v)−B(w)+i ιε ≈ 8 for v ∈ [w, 0] which is a long interval, as can be

seen from simple calculations using (1.35)–(1.36). Therefore we need to absorb
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part of the potential into the main term when solving (1.42). As a result, we have
to study a new Green’s function adapted to the nonlocal potential; see Section 3.

Once we obtained the necessary bounds in weighted Sobolev spaces, we can
use the commutator argument to obtain the desired Gevrey regularity, as in [21].
The implementation here is, however, much more complicated since we need to
work with weighted space and the Green’s function is not explicitly given. The key
is to obtain refined bounds in Gevrey space for the Green’s function associated with
the long range potential forw � −10, see Proposition 3.4, which captures both the
crucial Gevrey regularity property and optimal physical space decay of the Green’s
function simultaneously.

Another interesting feature is that the limit density function �k(v,w) enjoys
better decay property than �ι

k,ε(v, w). The main reason is that in equation (1.42)
the right hand side is mostly “real valued” and that implies �ι

k,ε(v, w) has “small”
imaginary part, which can also be seen from equation (1.50).

1.6. Organization of the Paper

The rest of the paper is organized as follows: in Section 2 we review some
technical results on Gevrey spaces and elliptic regularity theory in Gevrey spaces.
In Section 3 we study the Green’s function associated with a long range potential
that plays an important role in the analysis of the spectral density function�k(v,w)

for w � 0. In Section 4, we study the spectrum of the linearized operator which is
essential for proving the limiting absorption principle. In Section 5, we prove the
limiting absorption principle that will be used to prove bounds on �ι

k,ε(v, w) in
weighted Sobolev spaces. In Section 6 we consider the special case when |k| = 1,
which remarkably is explicitly solvable. In Sections 7 and 8, we apply the limiting
absorption and use the commutator argument to bound �ι

k,ε(v, w) and �k(v,w).
In Section 9 we assemble all the bounds and prove Theorems 1.4 and 1.5.

2. Preliminaries on Gevrey Spaces and Elliptic Gevrey Regularity Theory

2.1. Notations and Conventions

We summarize here some of our main notation. We use the weight eCδ0〈ξ〉1/2 to
characterize the regularity of functions that depend only on the background flow and
smoother Gevrey cutoff functions, and δ0 is chosen sufficiently small depending
on the regularity of the background flow. We also allow the implied constants to
depend on the background flow which is fixed. We fix k† ∈ Z ∩ [5,∞) throughout
the paper, and set for k ∈ Z\{0}, κk := min{|k|, k†}. We also set μk := √

k2 + 8
andμ∗

k := 9μk+|k|+2
10 . Notice thatμk < μ∗

k � |k|+2 for |k| � 2, andμ1 = μ∗
1 = 3.

2.1.1. Fourier Transforms In this paper,we use ĥ to denote the Fourier transform
of h. If h is a function ofmany variables andwhenwe need to take Fourier transform
in some but not all of the variables, we shall use α, β, γ, ξ, η to indicate the variable
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after Fourier transform, andρ, v,w to indicate thatwe do not take Fourier transform
in these variables. For example, suppose h ∈ L2(R2), then

ĥ(ρ, ξ) =
∫

R

h(ρ,w)e−iwξ dw. (2.1)

2.1.2. Commutator Arguments In this paper we use commutator arguments
extensively to obtain higher regularity (mostlyGevrey regularity) estimates, starting
from a low regularity (mostly Sobolev regularity) estimate. Suppose the Fourier
multiplier we use to characterize the high regularity is A(ξ) := eC〈m,ξ〉1/2 , ξ ∈ R

for some C ∈ (0,∞),m ∈ R, we often need to assume qualitatively
∥∥A(ξ )̂h(ξ)∥∥L2(R)

< ∞, (2.2)

to obtain quantitatively
∥∥A(ξ )̂h(ξ)∥∥L2(R)

� 1. (2.3)

To remove the qualitative assumption (2.2),we can for example follow the technique
in the appendix of [18] and introduce for ρ � 1,

σρ(r) :=
{

1
2r

−1/2 − 1
2ρ

−1/2 if r ∈ (0, ρ]
0 if r � ρ,

, �ρ(r) :=
∫ r

0
σρ(x) dx, (2.4)

and define for ξ ∈ R,

Aρ(ξ) := eC�ρ(〈m,ξ〉)). (2.5)

Clearly Aρ(ξ) is a bounded function (with a bound that depends onρ > 1), Aρ(ξ) �
A(ξ) and Aρ(ξ) → A(ξ) as ρ → ∞ for any ξ ∈ R. The idea is to use Aρ(η) in
the proof of (2.3) and then send ρ → ∞. We shall use this convention many times
in our proof without going through it every time.

2.2. Gevrey Spaces

We summarize here some general properties of the Gevrey spaces of functions.
See [28,31] for more discussion and further references on Gevrey spaces. To per-
form certain algebraic operations, it is very useful to have a related definition in the
physical space. For any domain D ⊆ T × R (or D ⊆ R) and parameters s ∈ (0, 1)
and M � 1 we define the spaces

G̃s
M (D) :=

{
f : D → C : ‖ f ‖G̃s

M (D)

:= sup
x∈D,m�0, |α|�m

|Dα f (x)|M−m(m + 1)−m/s < ∞
}
. (2.6)

We start with a lemma connecting the space G̃s
M with the characterization of Gevrey

spaces using Fourier transforms.
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Lemma 2.1. [18, Subsection A.1] (i) Suppose that s ∈ (0, 1), K > 1, and f ∈
C∞(T × R) with supp f ⊆ T × [−L , L] satisfies the bounds ‖ f ‖G̃s

K (T×R) � 1.
Then there is μ = μ(K , s) > 0 such that

∣∣ f̂ (k, ξ)∣∣ �K ,s Le−μ|k,ξ |s for all k ∈ Z, ξ ∈ R. (2.7)

(ii) Conversely, if μ > 0 and s ∈ (0, 1), then there is K = K (s, μ) > 1 such
that

∥∥ f
∥∥G̃s

K (T×R)
�μ,s

∥∥eμ〈k,ξ〉s f̂ (k, ξ)
∥∥
L2(Z×R)

. (2.8)

Using this lemma one can construct cutoff functions in Gevrey spaces: for any
points a′ < a � b < b′ ∈ R and any s ∈ (0, 1) there are functions � supported
in [a′, b′], equal to 1 in [a, b], and satisfying

∣∣�̃(ξ)
∣∣ � e−〈ξ〉s for any ξ ∈ R. See

[18, Subsection A.1] for an explicit construction of such functions, as well as an
elementary proof of Lemma 2.1. We use several functions of this type in the proof
of our main theorem.

The physical space characterization ofGevrey functions is usefulwhen studying
compositions and algebraic operations of functions.

Lemma 2.2. (i) Assume s ∈ (0, 1), M � 1, and f1, f2 ∈ G̃s
M (D). Then f1 f2 ∈

G̃s
M ′(D) and

‖ f1 f2‖G̃s
M ′ (D) � ‖ f1‖G̃s

M (D)‖ f2‖G̃s
M (D)

for some M ′ = M ′(s,M) � M. Similarly, if f1 � 1 in D then ‖(1/ f1)‖G̃s
M ′ (D) � 1.

(ii) Suppose s ∈ (0, 1), M � 1, I1 ⊆ R is an interval, and g : T× I1 → T× I2
satisfies

|Dαg(x)| � Mm(m + 1)m/s for any x ∈ T × I1, m � 1, and |α| ∈ [1,m].
(2.9)

If K � 1 and f ∈ G̃s
K (T×I2) then f ◦g ∈ G̃s

L(T×I1) for some L = L(s, K ,M) �
1 and

‖ f ◦ g‖G̃s
L (T×I1) �s,K ,M ‖ f ‖G̃s

K (T×I2) . (2.10)

(iii) Assume s ∈ (0, 1), L ∈ [1,∞), I, J ⊆ R are open intervals, and g : I →
J is a smooth bijective map satisfying, for any m � 1,

|Dαg(x)| � Lm(m + 1)m/s for any x ∈ I and |α| ∈ [1,m]. (2.11)

If |g′(x)| � ρ > 0 for any x ∈ I then the inverse function g−1 : J → I satisfies
the bounds

|Dα(g−1)(x)| � Mm(m + 1)m/s for any x ∈ J and |α| ∈ [1,m], (2.12)

for some constant M = M(s, L , ρ) � L.
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Lemma 2.2 can be proved by elementary means using just the definition (2.6);
see also [31, Theorems 6.1 and 3.2] for more general estimates on functions in
Gevrey spaces.

For applications below, we prove the following bound on a Fourier transform:

Lemma 2.3. Assume that w∗ ∈ R, k ∈ Z\{0}, ε ∈ R with 0 < |ε| < e−2|w∗|, and
�1, �2 ∈ C∞

0 (−10, 10) with

sup
ξ∈R,σ∈{1,2}

∣∣e〈ξ〉5/6 �̂σ (ξ)
∣∣ � 1.

(i) For η, ξ ∈ R, define

h1(η, ξ) :=
∫

R2
�1(ρ)

1

B(ρ + w) − B(w) + iε
�2(w − w∗)e−iρη−iwξ dρdw.

(2.13)

Then we have the bounds

sup
ξ,η∈R

∣∣eδ0〈ξ〉1/2h1(η, ξ)
∣∣ � e2|w∗|. (2.14)

(ii) Define for |ρ| � 1/4 and ξ ∈ R,

h2(ρ, ξ) :=
∫

R

1

B(ρ + w) − B(w) + iε
�1(w − w∗)e−iwξ dw. (2.15)

Then we have the bounds

sup
ξ∈R

∣∣eδ0〈ξ〉1/2h2(ρ, ξ)
∣∣ �

∣∣∣ 1

B(ρ + w∗) − B(w∗) + iε

∣∣∣. (2.16)

Proof. Let us assume ε < 0 without loss of generality. Note the identity for ρ ∈
R, w ∈ R,

B(ρ + w) − B(w) = ρ

∫ 1

0
B ′(w + sρ) ds. (2.17)

Setting for |ρ| � 20, |w − w∗| � 20,

1 � δ := ε/B ′(w∗) > 0, ψ(ρ,w) := 1∫ 1
0

[
B ′(w + sρ)/B ′(w∗)

]
ds

� 1,

(2.18)

we can write

B ′(w∗)
B(ρ) − B(w) + iε

= ψ(ρ,w)
1

ρ + iδψ(ρ,w)

= 1

i
ψ(ρ,w)

∫

R

e−δψ(ρ,w)γ+iργ 1γ>0 dγ. (2.19)

We note that ψ(ρ,w) is Gevrey-2 regular for |ρ| � 20, |w − w∗| � 20 with
bounds depending only on the background flow B. By Lemma 2.2, there exist
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small constants c,C ∈ (0,∞) depending only on the background flow, such that
for |ρ| � 20, |w − w∗| � 20, γ > 0, and all m1,m2 ∈ Z ∩ [0,∞),

∣∣∂m1
ρ ∂m2

w

[
ψ(ρ,w)e−δψ(ρ,w)γ

]∣∣ � e−cδγCm1+m2((m1 + m2)!)2. (2.20)

Denote, for ρ,w ∈ R and γ > 0, that

ψγ (ρ,w) := ψ(ρ,w)�1(ρ)�2(w − w∗)e−δψ(ρ,w)γ . (2.21)

In view of (2.20), for δ0 ∈ (0, 1) sufficiently small depending on the background
flow B, we can bound for γ > 0,

sup
α,β∈R

∣∣e2δ0〈α,β 〉̂ ψγ (α, β)
∣∣ � 1. (2.22)

Using (2.19) and (2.22) we can now bound for ξ, η ∈ R

∣∣eδ0〈ξ〉1/2h1(η, ξ)
∣∣ � e2|w∗|

∣∣∣
∫

R3
1γ>0 e

δ0〈ξ〉1/2ψγ (ρ,w)e
iργ−iρη−iwξdρdwdγ

∣∣∣

� e2|w∗|
∣∣∣
∫

R

1γ>0 e
δ0〈ξ〉1/2 ψ̂γ (η − γ, ξ)dγ

∣∣∣ � e2|w∗|.

(2.23)

This completes the proof of (2.14). The proof of (2.16) is simpler, and follows from
the observation that

B(ρ + w∗) − B(w∗) + i ιε

B(ρ + w) − B(w) + i ιε
(2.24)

is Gevrey-2 for |ρ| � 1/4, |w − w∗| � 20 with bounds depending only on the
background flow, has modulus ≈ 1, and Lemma 2.2. We omit the standard details.
The lemma is then proved.

2.3. Gevrey Regularity for Elliptic Equations

We now prove the following elliptic regularity estimates in Gevrey spaces:

Proposition 2.4. Fix s ∈ (0, 1),m ∈ R, v0 ∈ R, L > 0. Assume that a ∈ C∞(v0−
2L , v0 + 2L) belongs to G̃s

M0
, more precisely for some C0,M0 ∈ (0,∞), and all

α ∈ Z ∩ [0,∞),

sup
v∈(v0−2L ,v0+2L)

∣∣∣(L∂v)αa(v)
∣∣∣ � C0L

−2Mα
0 (α!)1/s . (2.25)

Suppose that the function h ∈ L2(v0 − 2L , v0 + 2L) satisfies

(m2 − ∂2v )h(v) + a(v)h(v) = 0, for v ∈ (v0 − 2L , v0 + 2L). (2.26)

Then h ∈ C∞(v0 − 2L , v0 + 2L). Moreover, for suitable M1 ∈ (0,∞) (depending
on C0,M0, s), h satisfies the bounds for all α ∈ Z ∩ [0,∞),

∥∥∥(L∂v)αh(v)
∥∥∥
L2(v0−L/2,v0+L/2)

� Mα
1

(
α!)1/s‖h‖L2(v0−2L ,v0+2L)e

−|m|L/20.

(2.27)
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Proof. By translation invariance and a rescaling, we can assume v0 = 0 and L = 1.
Standard elliptic regularity theory shows that h ∈ C∞(−2, 2), so we only have to
prove the quantitative bounds (2.27) with L = 1. Assume that ‖h‖L2(−2,2) = σ .
We first prove the easier bounds

‖h(v)‖L2(−1,1) � C ′
0M

′
0 σ e−|m|/20, (2.28)

for suitable C ′
0,M

′
0 ∈ (0,∞) depending on C0,M0. The bounds (2.28) follow

from a simple comparison argument. Indeed, we can find c1 ∈ (−2,−31/16), c2 ∈
(31/16, 2) such that |h(c1)| � 5σ, |h(c2)| � 5σ . Since (2.28) is nontrivial only for
large |m|, we can assume that m2 − |a(v)| � m2/2 for v ∈ [−2, 2]. The desired
bounds (2.28) then follow from comparing h with the solution h∗ to

(m2/2 − ∂2v )h
∗(v) = 0, for v ∈ [c1, c2], with h∗(c1) = 5σ, h∗(c2) = 5σ.

It then suffices to prove for suitable M1 ∈ (0,∞) (depending on C0,M0, s), h
satisfies the bounds for all j ∈ Z ∩ [0,∞),

∥∥∥∂ j
v h(v)

∥∥∥
L2(−1/2,1/2)

� M j
1

(
j !)1/s‖h‖L2(−1,1). (2.29)

We assume ‖h‖L2(−1,1) = 1 and use an induction argument. Fix δ ∈ (0, (1/s)−1).
Set for j � 0,

r j = 1

2
+ 1

2(9 + j)δ
. (2.30)

Choose smooth cutoff functions ϕ j (v) ∈ C∞
c (−r j , r j ), j � 0 such that ϕ j ≡ 1

on [−r j+1, r j+1], |∇ϕ j | � 4δ−1(10 + j)1+δ . We shall prove by induction that for
suitable M1 ∈ (1,∞) depending on C0,M0, s, it holds that for all j � 0,

∥∥∥∂ j
v h

∥∥∥
L2(−r j ,r j )

� M j
1 ( j !)1/s . (2.31)

It is clear that (2.31) holds for j = 0. Supposing that (2.31) holds for j � j0, for
some j0 ∈ Z ∩ [0,∞), we need to prove that (2.31) holds also for j = j0 + 1.
Taking ∂ j0

v to (2.26) we obtain that for v ∈ (−1, 1),

(m2 − ∂2v )∂
j0
v h + ∂ j0

v

(
a(v)h

) = 0. (2.32)

Therefore, by integrating against ∂ j0
v h ϕ2j0 and using induction assumption, we ob-

tain that
∫ 1

−1
m2

∣∣∂ j0
v h

∣∣2ϕ2j0 + ∣∣∂ j0+1
v h

∣∣2ϕ2j0 dv

�
∣∣∣∣2

∫ 1

−1
∂ j0+1
v h ∂vϕ j0ϕ j0∂

j0
v h dv

∣∣∣∣ +
j0∑
j=0

j0!
j !( j0 − j)!

∫ 1

−1

∣∣∣∂ j
v a(v)∂

j0− j
v h ∂ j0

v h
∣∣∣ϕ2j0 dv

� 1

4

∫ 1

−1

∣∣∣∂ j0+1
v h

∣∣∣
2
ϕ2j0 dv + 64δ−2(10 + j0)

2+2δM2 j0
1 ( j0!)2/s

+
j0∑
j=0

j0!
j !( j0 − j)!C0M

j
0 ( j !)1/sM j0− j

1

(
( j0 − j)!)1/sM j0

1 ( j0!)1/s .

(2.33)
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Observe that if we choose M1 > M0, then for j0 � 0, j ∈ Z ∩ [0, j0],
j0!

j !( j0 − j)!M
j
0 ( j !)1/sM j0− j

1

(
( j0 − j)!)1/s � M j0

1 ( j0!)1/s . (2.34)

It follows from (2.33)–(2.34) that
∫ 1

−1

∣∣∣∂ j0+1
v h

∣∣∣
2
ϕ2j0 dv

� 100δ−2(10 + j0)
2+2δM2 j0

1 ( j0!)2/s + 2C0M
2 j0
1 ( j0!)2/s( j0 + 1). (2.35)

To conclude the proof, recalling that δ ∈ (0, 1/s − 1), we only need to choose
M1 > M0 sufficiently large such that for all j0 � 0

2C0( j0 + 1) + 100δ−2(10 + j0)
2+2δ � M2

1 ( j0 + 1)2/s . (2.36)

The proof is then complete.

We shall also need the following lemma on elliptic estimates for later applica-
tions:

Lemma 2.5. Let α ∈ [1/100,∞). Suppose that L > 0 and the potential a(v)
satisfies, for some C2,M2 ∈ (0,∞),

sup
v∈[−2L ,2L]

∣∣(L∂v) j a(v)
∣∣ � C2L

−2M j
2 ( j !)2. (2.37)

Then for sufficiently small δ ∈ (0,∞) depending onC2,M2 the following statement
holds: fix smooth cutoff functions �,�∗ with

supp� ⊂ (−3/4, 3/4), � ≡ 1 for v ∈ [−1/2, 1/2], sup
ξ∈R

∣∣e〈ξ〉3/4 �̂ (ξ)
∣∣ � 1,

supp�∗ ⊂ (−1, 1), �∗ ≡ 1 for v ∈ [−7/8, 7/8], sup
ξ∈R

∣∣e〈ξ〉3/4 �̂∗(ξ)
∣∣ � 1.

(2.38)

Set�L(v) := �(v/L),�∗
L(v) := �(v/L) forv ∈ R. Assume thatφ ∈ L2(−2L , 2L)

satisfies the elliptic equation for v ∈ (−2L , 2L),

(α2/L2 − ∂2v )φ(v) + a(v)φ(v) = h(v), (2.39)

where the non-homogenous term h satisfies
∫

R
e2δ〈Lξ〉1/2

∣∣(̂�∗
Lh

)
(ξ)

∣∣2 dξ < ∞.

Then we have the following bounds
∫

R

(α2/L2 + ξ2)2e2δ〈Lξ〉1/2
∣∣∣(̂�Lφ

)
(ξ)

∣∣∣
2
dξ

�C2,M2

∫

R

e2δ〈Lξ〉1/2
∣∣∣(̂�∗

Lh
)
(ξ)

∣∣∣
2
dξ

+ e−α/200
[
L−4

∫ 2L

−2L
|φ(v)|2dv +

∫ 2L

−2L
|h(v)|2 dv

]
.

(2.40)
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Remark 2.6. The main point of the estimate is that we can bound the solution
using the same Gevrey norms as the nonhomogeneous term, without any loss of
regularity. We remark also that generally the coefficients of the equation need to be
more regular than the solutions.

Proof. By a rescaling we can assume that L = 1. The main idea is to represent φ
using the integral of Green’s function against the non-homogeneous term h which
can be estimated precisely using regularity properties of the Green’s function, and
a part which solves a homogeneous equation and enjoys better regularity property
thanks to the smoothness of the coefficients of the equation.

For this purpose, we need to study the Green’s function for the differential
operator α2−∂2v +a(v), which unfortunately may not be well defined over (−2, 2).
To fix the issue, we choose for c ∈ (0, 1) a smooth cutoff function�c : R → [0, 1]
with�c ∈ C∞

0 (−c, c),�c ≡ 1 on [−7c/8, 7c/8] and supξ∈R

∣∣e〈ξ〉4/5 �̂c(ξ)
∣∣ �c 1.

Recall that α ∈ [1/100,∞). We can find c ∈ (0, 1/4) such that

α2/2 − ∂2v − 2‖a‖L∞(−2, 2)1(−c, c)(v)

is a positive operator on H1(R). The size of c depends only on ‖a‖L∞(−2,2). Fix
any v0 ∈ R with [v0 − c, v0 + c] ⊆ [−2, 2]. Define for v ∈ R,

ac(v) := a(v)�c(v − v0). (2.41)

Again for simplicity of notations we suppressed the dependence of ac on v0 which
is fixed. Then we can define for the interval I := [v0 − c, c0 + c] the Green’s
function gI (v, ρ) which satisfies

(
α2 − ∂2v

)
gI (v, ρ) + ac(v)gI (v, ρ) = δ(v − ρ), for v ∈ R, ρ ∈ I.

(2.42)

Standard energy estimates imply that for ρ ∈ I

|α|∥∥gI (v, ρ)
∥∥
L2(R)

+ ∥∥∂vgI (v, ρ)
∥∥
L2(R)

� 1. (2.43)

Set for v, ρ ∈ R,

g∗
I (v, ρ) := gI (v, ρ)�c(ρ − v0). (2.44)

We claim the following bounds:

Claim 2.7. For sufficiently small δ′ ∈ (0, 1) depending only on C2,M2, such that
we have the bounds for all ξ, η ∈ R,

∣∣̂ g∗
I (ξ, η)

∣∣ � e−δ′〈ξ+η〉1/2

α2 + ξ2
. (2.45)
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Assume the claim for a moment. We decompose h on the interval [v0 −
7c/8, v0 + 7c/8] in the following way-:

φ(v) = φ1(v) + φ2(v) :=
∫

R

g∗
I (v, ρ)h(ρ) dρ + φ2(v). (2.46)

there φ2 satisfies, on [v0 − 3c/4, v0 + 3c/4],
(α2 − ∂2v )φ2(v) + a(v)φ2(v) = 0. (2.47)

The desired bounds (2.40) then follow from the bounds (2.45), proposition 2.4, and
a standard partition of unity argument, except for the exponential factor e−α/200.
To see the exponential factor in (2.40), we note that it is important only for large
α. In that case the Green’s function g can be defined globally on (−2, 2) and the
desired bounds (2.40) follows from proposition (2.4).

It remains to give

Proof of Claim 2.7. It follows from (2.42) that g∗
I (v, ρ) satisfies for v, ρ ∈ R the

equation

(α2 − ∂2v + ac(v))g
∗
I (v, ρ) = δ(v − ρ)�c(ρ − v0). (2.48)

Define for v, ρ ∈ R,

hI (v, ρ) := g∗
I (v + ρ, ρ), (2.49)

then by (2.48) we have for v, ρ ∈ R,

(α2 − ∂2v + ac(v + ρ))hI (v, ρ) = δ(v)�c(ρ − v0) (2.50)

It is clear from a change of variable that (2.45) follows from the inequality that
for ξ, η ∈ R

∣∣ ĥ I (ξ, η)
∣∣ � e−δ′〈η〉1/2

α2 + ξ2
. (2.51)

We divide the proof of the bounds (2.51) into several steps.
Step 1: Low frequency bounds. (2.43) implies that

∥∥(|α| + |ξ |) ĥ I (ξ, η)
∥∥
L2(R2)

� 1. (2.52)

Step 2: High frequency integral bounds. In this step we use a commutator
argument to prove

∥∥(|α| + |ξ |)eδ′〈η〉1/2 ĥ I (ξ, η)
∥∥
L2(R2)

� 1, (2.53)

for a suitable δ′ ∈ (0, 1) depending only on C2,M2. Define the Fourier multiplier
operator A as follows. For any ϕ ∈ L2(R),

Âϕ (η) := eδ
′〈η〉1/2 ϕ̂(η), for η ∈ R. (2.54)
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Applying A to (2.48) (acting on the variable ρ) we obtain

(α2 − ∂2v )A
[
hI (v, ·)

]
(ρ) + ac(v + ρ)A

[
hI (v, ·)

]
(ρ)

= δ(v)A
[
�(· − v0)

]
(ρ) + ac(v + ρ)A

[
hI (v, ·)

]
(ρ) − A

[
ac(v + ·)hI (v, ·)

]
(ρ).

(2.55)

Standard energy estimates (by multiplying A
[
hI (v, ·)

]
(ρ) to (2.55) and integrating

in v, ρ ∈ R) and Sobolev inequality imply
∥∥(|α| + |ξ |)A(η) ĥ I (ξ, η)

∥∥
L2(R2)

� 1 +
∥∥∥ac(v + ρ)A

[
hI (v, ·)

]
(ρ) − A

[
ac(v + ·)hI (v, ·)

]
(ρ)

∥∥∥
L2(R2)

.
(2.56)

We have the following commutator estimates using (2.52), for any γ ∈ (0, 1) and
suitable Cγ ∈ (0,∞):

∥∥∥ac(v + ρ)A
[
hI (v, ·)

]
(ρ) − A

[
ac(v + ·)hI (v, ·)

]
(ρ)

∥∥∥
L2(R2)

�
∥∥∥

∫

R2
âc(β)

[
A(η − β) − A(η)

]
ĥ I (ξ − β, η − β) dβ

∥∥∥
L2(R2)

�
∥∥∥〈η〉−1/2A(η) ĥ I (ξ, η)

∥∥∥
L2(R2)

� γ
∥∥A[

hI (v, ·)
]
(ρ)

∥∥
L2(R2)

+ Cγ .

(2.57)

Combining (2.52), (2.56) and (2.57), we obtain the desired bounds (2.53).
Step 3: The pointwise bound. The desired bounds (2.51) follow from (2.53) and

equation (2.48).

3. Bounds on the Green’s Function Associated with a Long Range Potential

In this section we define and study the property of a Green’s function associated
with a long range potential which is important in proving the “vortex depletion”
phenomenon. Define for w ∈ (−∞,−5] the potential

Vw(v) := e2vD(v)

B(v) − B(w)

[
1[w+2,∞) ∗ �†

]
(v), (3.1)

where �† is a nonnegative Gevrey regular cutoff function satisfying

supp�† ⊆ [−1, 1],
∫

R

�† = 1, and sup
ξ∈R

∣∣∣e〈ξ〉4/5 �̂†(ξ)

∣∣∣ � 1.

We note that Vw � 0 on R, which is important in applying the maximum principle
below. We begin with a simple result which will be useful for later applications.

Lemma 3.1. Assume that k ∈ Z\{0} and A, A′ ∈ R with A < A′. For ρ ∈ R,
suppose gk(·, ρ) ∈ H1(R) is the solution to

(k2 − ∂2v )gk(v, ρ) + 81[A, A′](v)gk(v, ρ) = δ(v − ρ), for v ∈ R. (3.2)
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Set m := min(ρ, v),M := max(ρ, v), μk := √
k2 + 8 and d := |[m,M] ∩

[A, A′]|, then we have the following bounds for v, ρ ∈ R,

|gk(v, ρ)| � 1

|k|e
−|k||v−ρ|e−(μk−|k|)d . (3.3)

In the above, the implied constant is independent of k ∈ Z\{0}, A, A′, ρ and v ∈ R.

Proof. The proof follows from slightly complicated but explicit calculations. By
translation symmetry, we can assume that A < A′ = 0. We consider several cases,
depending on the range of ρ. We can assume k > 0, without loss of generality.

Case 1 ρ � A. Direct calculations show that for v ∈ R,

gk(v, ρ) = c1e
k(v−ρ)1(−∞,ρ](v) +

[
c2e

k(v−ρ) + c3e
−k(v−ρ)

]
1(ρ,A)(v)

+
[
c4e

μkv + c5e
−μkv

]
1[A,0](v) + c6e

−kv1(0,∞)(v),
(3.4)

where the coefficients c j , j ∈ Z ∩ [1, 6] are determined by the requirement that
gk(v, ρ) is C1 except when v = ρ where the derivative in v has a jump of unit size.
More precise, we have

c1 = c2 + c3, kc1 − kc2 + kc3 = 1, c2 e
k(A−ρ) + c3 e

−k(A−ρ)

= c4 e
μk A + c5 e

−μk A,

c2k e
k(A−ρ) − c3k e

−k(A−ρ) = c4μk e
μk A − c5μk e

−μk A,

c4 + c5 = c6, c4μk − c5μk = −c6k.

(3.5)

Routine calculations then show that

|c1| � 1

2k
, c2 ≈ − 1

k3
e−2k(A−ρ), c3 = 1

2k
, c4 = μk − k

2μk
c6

c5 = μk + k

2μk
c6, c6 ≈ 1

k
ekρe(μk−k)A.

(3.6)

The desired bounds (3.11) follow from (3.14) and (3.4)–(3.6) in this case.
Case 2 ρ ∈ [A, 0]. We have by direct computation that for v ∈ R,

gk(v, ρ) = c1e
k(v−A)1(−∞,A](v) +

[
c2e

μk (v−ρ) + c3e
−μk (v−ρ)

]
1(A,ρ)(v)

+
[
c4e

μk (v−ρ) + c5e
−μk (v−ρ)

]
1[ρ,0](v) + c6e

−kv1(0,∞)(v),
(3.7)

where similar to (3.5) we have that

c1 = c2 e
μk (A−ρ) + c3 e

−μk (A−ρ), c1k = c2μk e
μk (A−ρ) − c3μk e

−μk (A−ρ),

c2 + c3 = c4 + c5, c2μk − c3μk − (c4μk − c5μk) = 1,

c4e
−μkρ + c5e

μkρ = c6, c4μke
−μkρ − c5μke

μkρ = −c6k.

(3.8)
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Routine calculations show that

c1 ≈ e−2μkρ+μk Ac6, c2 = μk + k

2μk
e−μk (A−ρ)c1 ≈ 1

μk
, c3 = μk − k

2μk
eμk (A−ρ)c1,

c4 = μk − k

2μk
eμkρc6, c5 = μk + k

2μk
e−μkρc6 ≈ 1

μk
, c6 ≈ 1

k
eμkρ.

(3.9)

The desired bounds (3.11) follow from (3.14) and (3.7)–(3.9) in this case.
Case 3 ρ � 0. (3.11) can be proved using similar calculations as in Case 1, or

using symmetry of the bounds.

We are now ready to prove a key estimate on the Green’s function associated
with the nonlocal potential Vw.

Lemma 3.2. Assume that w � −5. For k ∈ Z\{0}, let Gw
k (v, ρ) be the Green’s

function to the differential operator k2 − ∂2v + Vw on R, that is,

(k2 − ∂2v + Vw)Gw
k (v, ρ) = δ(v − ρ), (3.10)

for v ∈ R, ρ ∈ R. Set m := min(ρ, v),M := max(ρ, v), μk := √
k2 + 8 and

d := |[m,M] ∩ [w, 0]|, then we have the following bounds for v, ρ ∈ R:

|Gw
k (v, ρ)| � 1

|k|e
−|k||v−ρ|e−(μk−|k|)d = �k,w(v, ρ)/|k|. (3.11)

In addition, we have, for the derivatives for v, ρ ∈ R,

|∂vGw
k (v, ρ)| � �k,w(v, ρ), (3.12)

|∂vρGw
k (v, ρ) − δ(v − ρ)| � |k|�k,w(v, ρ). (3.13)

Remark 3.3. The improved decay given by the additional factor e−(μk−|k|)d is at
the heart of the vortex depletion phenomenon.

Proof. We can assume that k � 1 without loss of generality. Since k ∈ Z\{0}
and w � −5 are fixed throughout the proof, for the simplicity of notations, we
suppress the dependence on k, w of various quantities, when there is no possibility
of confusion.

Step 1: Proof of bounds (3.11). We can assume that w � −5 satisfies |w| � 1,
since otherwise the desired bounds (3.11) follow from the fact that Vw � 0 on R

and the comparison principle. Fix A > 10 sufficiently large, to be determined later.
Set for w � −2A, V ∗

A(v) := 81[w+A,−A](v) for v ∈ R, and let G∗
A(v, ρ) be the

Green’s function for k2−∂2v +V ∗
A onR. Set also V ∗∗

A (v) := e2vD(v)
B(v)−B(w)1[w+A,−A](v)

for v ∈ R, and let G∗∗
A (v, ρ) be the Green’s function for k

2 − ∂2v + V ∗∗
A on R. Then

by the comparison principle, for v, ρ ∈ R,

Gw
k (v, ρ) � G∗∗

A (v, ρ). (3.14)

To prove the desired bounds (3.11), it suffices to prove for v, ρ ∈ R andw � −2A,

G∗∗
A (v, ρ) �A

1

|k|e
−|k||v−ρ|e−(μk−|k|)d . (3.15)
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The main idea to prove (3.15) is to compare G∗∗
A and G∗

A. Writing for v, ρ ∈ R,

G∗∗
A (v, ρ) := G∗

A(v, ρ) + gA(v, ρ). (3.16)

Then gA satisfies for v, ρ ∈ R,
(
k2 − ∂2v + V ∗

A(v)
)
gA(v, ρ)

= (
V ∗
A(v) − V ∗∗

A (v)
)
gA(v, ρ) + (

V ∗
A(v) − V ∗∗

A (v)
)
G∗

A(v, ρ). (3.17)

We use the bounds for ρ ∈ R, which follows from simple calculations in view of
(1.35)–(1.36),

∣∣V ∗
A(ρ) − V ∗∗

A (ρ)
∣∣ � e−A/2[

e−|ρ−w| + e−|ρ|]. (3.18)

Denote for v, ρ ∈ R and LA := ∣∣[min{ρ, v},max{v, ρ}] ∩ [
w + A,−A

]∣∣, the
weight function

ζA(v, ρ) := ek|v−ρ|e(μk−k)L A . (3.19)

Then for σ ∈ R, it is easy to check that

ζA(v, ρ) � ζA(v, σ )ζA(σ, ρ). (3.20)

Let

α := sup
v,ρ∈R

[
ζA(v, ρ)|gA(v, ρ)|

]
, (3.21)

which is finite since |gA(v, ρ)| � (1/k)e−k|v−ρ|. By Lemma 3.1, we have for
v, ρ ∈ R,

kζA(v, ρ)G
∗
A(v, ρ) � 1. (3.22)

Using (3.17), (3.18) and (3.22) we can bound

kζA(v, ρ)|gA(v, ρ)| �
∫

R

kζA(v, ρ)G
∗
A(v, σ )e

−A/2[
e−|σ−w|/2 + e−|σ |/2]

(|gA(σ, ρ)| + G∗
A(σ, ρ)

)
dσ � e−A/2α + e−A/2, (3.23)

which implies that

α � e−A/2α + e−A/2. (3.24)

Choosing A large we obtain the desired bounds (3.15) from (3.16), (3.22) and
(3.24).

Step 2: Proof of the bounds (3.12). We now turn to the proof of (3.12). For
w � −10, v, ρ ∈ R, we note that the quantity

1

k
e−k|v−ρ|e−(μk−k)d
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varies at most by O(1) over an interval of v of size O(1/k). Denote for fixed
v, ρ ∈ R,

Iv := [v − 2/k, v + 2/k] and γ := 1

k
e−k|v−ρ|e−(μk−k)d .

Fix a smooth cutoff function ϕ ∈ C∞
0 (Iv) such that ϕ ≡ 1 on [v − 1/k, v + 1/k]

and |∂v′ϕ(v′)| � 2k for all v′ ∈ R. We notice the bounds

sup
v′∈Iv

Gw
k (v

′, ρ) � γ. (3.25)

Using the equation (3.10) and the bounds (3.11) we obtain for some C0 ∈ (0,∞)

that
∫

R

k2|Gw
k (v

′, ρ)|2ϕ2(v′) + |∂v′Gw
k (v

′, ρ)|2ϕ2(v′) dv′

� 2
∫

R

|∂v′Gw
k (v

′, ρ)||Gw
k (v

′, ρ)||ϕ(v′)∂v′ϕ(v′)| dv′ + ϕ2(ρ)/k

� C0|k|γ 2 + 1

2

∫

R

|∂v′Gw
k (v

′, ρ)|ϕ2(v′) dv′,

(3.26)

which implies that

∫ v+1/k

v−1/k

∣∣∂v′Gw
k (v

′, ρ)
∣∣2 dv′ � kγ 2. (3.27)

Therefore there exists v′ ∈ [v − 1/|k|, v + 1/|k|] such that

|∂v′Gw
k (v

′, ρ)| � |k|γ. (3.28)

The equation (3.10) and the bounds (3.11) imply that

sup
v′′∈Iv,v′′ �=ρ

|∂2v′′Gw
k (v

′′, ρ)| � k2γ. (3.29)

The desired bounds (3.12) follow from (3.28)–(3.29), together with the fact that at
v′′ = ρ the jump in the derivative of ∂vGw

k (v, ρ) is of unit size.
Step 3: Proof of (3.13). Recall that for v, ρ ∈ R,

(k2 − ∂2v )Gw
k (v, ρ) + Vw(v)Gw

k (v, ρ) = δ(v − ρ). (3.30)

Thus for v, ρ ∈ R,

(k2 − ∂2v )∂vGw
k (v, ρ) + Vw(v)∂vGw

k (v, ρ) + ∂vVw(v)Gw
k (v, ρ) = ∂vδ(v − ρ),

(k2 − ∂2v )∂ρGw
k (v, ρ) + Vw(v)∂ρGw

k (v, ρ) = −∂vδ(v − ρ). (3.31)

If we write

∂vGw
k (v, ρ) = −∂ρGw

k (v, ρ) + Hw
k (v, ρ), (3.32)
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then

(k2 − ∂2v )Hw
k (v, ρ) + Vw(v)Hw

k (v, ρ) = −∂vVw(v)Gw
k (v, ρ). (3.33)

Therefore

Hw
k (v, ρ) = −

∫

R

Gw
k (v, σ )∂σVw(σ)Gw

k (σ, ρ) dσ, (3.34)

and

∣∣∂vHw
k (v, ρ)

∣∣ =
∣∣∣
∫

R

∂vGw
k (v, σ )∂σVw(σ)Gw

k (σ, ρ) dσ
∣∣∣ � k−1e−k|v−ρ|−(μk−k)d .

(3.35)

The desired bound (3.13) follows from (3.30), (3.32) and (3.35).

For later applications, we prove the following refined property for the Green’s
function Gw

k (v, ρ):

Proposition 3.4. Assume that k ∈ Z\{0}andμk := √
k2 + 8. Fix�1 ∈ C∞

0 (−8, 8)

with �1 ≡ 1 on [−1, 1] and supξ∈R

∣∣e〈ξ〉7/8 �̂1 (ξ)
∣∣ � 1. Let w∗ ∈ (−∞,−15].

Define for v, ρ ∈ R and w � −5,

Fk(v, ρ,w) := Gw
k (v + w, ρ + w), (3.36)

and for notational convenience (for this proposition only) define also for v, ρ,w ∈
R,

Qw∗
k (v, ρ,w) := Fk(v, ρ,w)�1(w − w∗). (3.37)

Let

̂Qw∗
k (v, ρ, ξ) :=

∫

R

Qw∗
k (v, ρ,w)e−iwξ dw, for ξ ∈ R. (3.38)

Then we have the following bounds for all k ∈ Z\{0}, v, ρ ∈ R,

sup
ξ∈R

[
e2δ0〈ξ〉1/2

∣∣̂Qw∗
k (v, ρ, ξ)

∣∣] � |k|−1�κk ,w∗(v + w∗, ρ + w∗) (3.39)

In addition, we also have the bounds on the derivatives for v, ρ ∈ R,

sup
ξ∈R

[
e2δ0〈ξ〉1/2

∣∣∂v ̂Qw∗
k (v, ρ, ξ)

∣∣] � �κk ,w∗(v + w∗, ρ + w∗). (3.40)

and

sup
ξ∈R

[
e2δ0〈ξ〉1/2

∣∣∣∂vρ ̂Qw∗
k (v, ρ, ξ) − δ(v − ρ)̂ �1(ξ)e

−iw∗ξ
∣∣∣
]

� |k|�κk ,w∗(v + w∗, ρ + w∗). (3.41)
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Proof. The main idea is to use the point-wise bounds in Lemma 3.2 and the com-
mutator argument. Since the parameter w∗ is fixed throughout the proof, for the
simplicity of notations, we set Qk(v, ρ,w) := Qw∗

k (v, ρ,w). By (3.11), we have
that

∥∥Qk(v, ρ,w)
∥∥
L2(w∈R)

� |k|−1�κk ,w∗(v + w∗, ρ + w∗). (3.42)

Let A be the Fourier multiplier operator such that for any h ∈ L2(R),

Âh (ξ) := e2δ0〈ξ〉1/2 ĥ (ξ), for ξ ∈ R. (3.43)

It follows from the definition (3.11) that for v, ρ,w ∈ R,

(k2 − ∂2v )Qk(v, ρ,w) + Vw(v + w)Qk(v, ρ,w) = δ(v − ρ)�1(w − w∗).
(3.44)

Applying the operator A (in the variable w) to (3.45), we obtain that

(k2 − ∂2v )A
[
Qk(v, ρ, ·)

]
(w) + Vw(v + w)A

[
Qk(v, ρ, ·)

]
(w)

= δ(v − ρ)A
[
�1(· − w∗)

]
(w) + Vw(v + w)A

[
Qk(v, ρ, ·)

]
(w)

− A
[
V·(v + ·)Qk(v, ρ, ·)

]
(w).

(3.45)

We can reformulate (3.45) in the integral form

A
[
Qk(v, ρ, ·)

]
(w) = Gw

k (v + w, ρ + w)A
[
�1(· − w∗)

]
(w)

+
∫

R

Gw
k (v + w, σ + w)

{
Vw(σ + w)A

[
Qk(σ, ρ, ·)

]
(w)

−A
[
V·(σ + ·)Qk(σ, ρ, ·)

]
(w)

}
dσ. (3.46)

Denote

M := |k| sup
v,ρ∈R

[ ∥∥A[
Qk(v, ρ, ·)

]
(w)

∥∥
L2(w∈R)

/(�k,w∗(v + w∗, ρ + w∗))
]
.

(3.47)

Fix smooth cutoff functions�2 ∈ C∞
0 (−17/2, 17/2)with�2 ≡ 1on [−33/4, 33/4]

and

sup
ξ∈R

∣∣e〈ξ〉7/8�̂2(ξ)
∣∣ � 1,

and�3 ∈ C∞
0 (−9, 9)with�3 ≡ 1 on [−35/4, 35/4] and supξ∈R

∣∣e〈ξ〉7/8 �̂3(ξ)
∣∣ �

1. We define

Vσ,w∗(w) := Vw(σ + w)�3(w − w∗), if σ ∈ R\[−1,−w∗ + 1] (3.48)

and

Vσ,w∗(w) := [
Vw(σ + w) − 8

]
�3(w − w∗), if σ ∈ [−1,−w∗ + 1]. (3.49)
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We have the bound (which follows from simple calculations in view of (1.35)–
(1.36)) for σ ∈ R,

sup
ξ∈R

∣∣e3δ0〈ξ〉1/2 V̂σ,w∗(ξ)
∣∣ � e−|σ | + e−|σ+w∗|. (3.50)

We observe that, for σ, ρ,w ∈ R,

�2(w − w∗)Vw(σ + w)A
[
Qk(σ, ρ, ·)

]
(w)

−�2(w − w∗)A
[
V·(σ + ·)Qk(σ, ρ, ·)

]
(w)

= �2(w − w∗)Vσ,w∗(w)A
[
Qk(σ, ρ, ·)

]
(w)

−�2(w − w∗)A
[
Vσ,w∗(·)Qk(σ, ρ, ·)

]
(w). (3.51)

It follows from (3.50) to (3.51) and the bound (3.42) that for any γ ∈ (0, 1) and
suitable Cγ ∈ (0,∞),

∥∥∥∥�2(w − w∗)Vw(σ + w)A
[
Qk(σ, ρ, ·)

]
(w) − �2(w − w∗)A

[
V·(σ + ·)Qk(σ, ρ, ·)

]
(w)

∥∥∥∥
2

L2(w∈R)

�
∫

R

[ ∫

R2

∣∣ V̂σ,w∗(α)
∣∣∣∣ �̂2(β)

∣∣∣∣A(ξ − α − β) − A(ξ − β)
∣∣∣∣

Q̂k(σ, ρ, ξ − α − β)
∣∣ dαdβ

]2

dξ

�
[
e−|σ | + e−|σ+w∗|]

∫

R

[ ∫

R2
e−δ0〈α〉1/2−〈β〉4/5〈ξ − α − β〉−1/2

∣∣̂ Qk(v, ρ, ξ − α − β)
∣∣ dαdβ

]2

dξ

�
[
e−|σ | + e−|σ+w∗|][

Cγ ‖Qk(σ, ρ,w)‖2L2(w∈R)

+ γ
∥∥A[

Qk(σ, ρ, ·)
]
(w)

∥∥2
L2(w∈R)

]

�
[
e−|σ | + e−|σ+w∗|][

Cγ

(
�κk ,w∗(σ + w∗, ρ + w∗)/|k|

)2

+ γ
(
M�κk ,w∗(σ + w∗, ρ + w∗)/|k|

)2]
.

(3.52)

In the above, the parameter γ is small and is used to divide the frequency to the
cases |ξ | > γ−1 and |ξ | � γ−1, to obtain the crucial gain of the factor γ . It follows
from (3.52) that

∥∥∥�2(w − w∗)
∫

R

Gw
k (v + w, σ + w)

{
Vw(σ + w)A

[
Qk(σ, ρ, ·)

]
(w)

− A
[
Vw(σ + ·)Qk(σ, ρ, ·)

]
(w)

}
dσ

∥∥∥
L2(w∈R)

� Cγ�κk ,w∗(v + w∗, ρ + w∗)/|k| + γ 1/2M�κk ,w∗(v + w∗, ρ + w∗)/|k|. (3.53)
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We also have for all γ ∈ (0, 1) and suitable Cγ ∈ (0,∞),
∥∥A[

Qk(v, ρ, ·)
]
(w) − �2(w − w∗)A

[
Qk(v, ρ, ·)

]
(w)

∥∥2
L2(w∈R)

= ∥∥A[
�2(· − w∗)Qk(v, ρ, ·)

]
(w) − �2(w − w∗)A

[
Qk(v, ρ, ·)

]
(w)

∥∥2
L2(w∈R)

�
∫

R

[ ∫

R

∣∣ �̂2(α)
∣∣∣∣A(ξ − α) − A(ξ)

∣∣∣∣̂ Qk(v, ρ, ξ − α)
∣∣ dα

]2

dξ

� Cγ

(
�κk ,w∗(v + w∗, ρ + w∗)/|k|

)2 + γ
∥∥A[

Qk(v, ρ, ·)
]
(w)

∥∥2
L2(w∈R)

,

(3.54)

which together with (3.53), upon choosing γ ∈ (0, 1) sufficiently small, implies
that

∥∥A[
Qk(v, ρ, ·)

]
(w)

∥∥
L2(w∈R)

�
∥∥�2(w − w∗)A

[
Qk(v, ρ, ·)

]
(w)

∥∥
L2(w∈R)

+Cγ

|k|�κk ,w∗(v + w∗, ρ + w∗). (3.55)

It follows from (3.46) to (3.52) and (3.55) that for sufficiently small γ ∈ (0, 1) and
suitable Cγ ∈ (0,∞),

∥∥A[
Qk(v, ρ, ·)

]
(w)

∥∥
L2(w∈R)

� Cγ�k,w∗(v + w∗, ρ + w∗)/|k|
+ γ 1/2M�κk ,w∗(v + w∗, ρ + w∗)/|k|,

(3.56)

which implies that

M � Cγ + γ 1/2M. (3.57)

Choosing γ ∈ (0, 1) sufficiently small, we conclude that

M � 1. (3.58)

The desired bounds (3.39) follow from (3.58) by noting that Qk(v, ρ,w) = Qk

(v, ρ,w)�2(w − w∗). The bounds (3.40) follow from taking derivative in (3.46)
and estimating the resulting expression. The bounds (3.41) then follow from (3.32)
to (3.34), the equation (3.44), and the bounds (3.39). We omit the routine details.

4. Spectrum of the Linearized Operator

In this section we study the spectrum of Lk for k ∈ Z\{0}. Our main result is
the following characterization of the spectrum of Lk for k ∈ Z\{0}. The result is
not new, see for example [5] and references therein for more discussions and other
aspects of the operator Lk . The simple proof below is based on the argument in [9].

Proposition 4.1. Assume that k ∈ Z\{0}. Recall the definition (1.16)–(1.17) for
the space X. The spectrum of Lk : X → X is [0, b(0)]. For |k| = 1, λ = 0 is an
embedded eigenvalue for Lk with the corresponding eigenfunction 
′(r), r ∈ R

+,
and there are no other discrete eigenvalues. For k ∈ Z\{0} and |k| �= 1, there are
no discrete eigenvalues.
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Remark 4.2. The discrete eigenvalue λ = 0 for Lk with |k| = 1 is connected to the
translation symmetry of the background flow, and can be treated by re-centering
the radial vorticity profile, see the orthogonality condition (1.29).

Proof. We can assume without loss of generality k ∈ Z ∩ [1,∞). Suppose g ∈ X
with ‖g‖X = 1 is an eigenfunction corresponding to the eigenvalue λ ∈ R. Writing
for r ∈ R

+,

g(r) = ∂2r ϕ(r) + ∂rϕ(r)

r
− k2r−2ϕ(r), (4.1)

we obtain that, for r ∈ R
+,

(U (r)

r
− λ

) (
∂2r ϕ + ∂rϕ

r
− k2r−2ϕ

)
− 
′(r)

r
ϕ = 0. (4.2)

Note that

ϕ(r) = −
∫ ∞

0
Gk(r, ρ)g(ρ) dρ =

∫ ∞

0

ρ

2k
min

{(
r/ρ

)k
, (ρ/r)k

}
g(ρ) dρ.

(4.3)

It follows from (1.10) and (4.3), ‖g‖X = 1 and Cauchy-Schwarz inequality that
for r ∈ R

+,

|ϕ(r)| + |r∂rϕ(r)| = O
(r〈log r〉

〈r〉2
)
. (4.4)

Define for r ∈ R
+,

h(r) := ϕ(r)

r(λ −U (r)/r)
. (4.5)

We distinguish several cases.
Case 1 λ �∈ [0, b(0)]. Then from (4.2) and (4.4) we see that h ∈ C∞(R+) and

for r ∈ R
+,

|h(r)| �λ

〈log r〉
〈r〉2 , |h′(r)| �λ

〈log r〉
r〈r〉2 . (4.6)

Direct calculations show

ϕ(r) = r(λ −U (r)/r)h(r) = (λr −U (r))h(r),

ϕ′(r)
r

= λ −U ′(r)
r

h(r) + (
λ − U (r)

r

)
h′(r),

ϕ′′(r) = −U ′′(r)h(r) + 2(λ −U ′(r))h′(r) + (λr −U (r))h′′(r).

(4.7)

Thus from (4.2) we obtain that

(λr −U (r))h′′(r) +
[
2(λ −U ′(r)) + λ − U (r)

r

]
h′(r)

+
[

−U ′′(r) + λ −U ′(r)
r

− k2(λ −U (r)/r)

r
+ 
′(r)

]
h(r) = 0.

(4.8)
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Using the identity

U ′(r) + U (r)

r
= 
(r), (4.9)

we obtain that

U ′′(r) + U ′(r)
r

− U (r)

r2
= 
′(r). (4.10)

We can use (4.10) to simplify (4.8) as

(λr −U (r))h′′(r) +
[
2(λ −U ′(r)) + (λ −U (r)/r)

]
h′(r)

+1 − k2

r

(
λ −U (r)/r

)
h(r) = 0, (4.11)

or equivalently

r(λr −U (r))2h′′(r) +
[
(λr −U (r))2 + 2r(λr −U (r))(λ −U ′(r))

]
h′(r)

+(1 − k2)r(λ −U (r)/r)2h(r) = 0. (4.12)

(4.12) can be reformulated as

d

dr

[
r(λr −U (r))2h′(r)

]
+ (1 − k2)r(λ −U (r)/r)2h(r) = 0. (4.13)

Multiplying h and integrating over (0,∞), using also (4.6) to treat the boundary
terms, we obtain that

∫ ∞

0
r(λr −U (r))2|h′(r)|2 + (k2 − 1)r(λ −U (r)/r)2|h(r)|2 dr = 0. (4.14)

Therefore, h ≡ 0 if k �= 1, a contradiction with the assumption that ‖g‖X = 1.
(4.14) also implies that h ≡ C for some nonzero constant C if k = 1, and thus
ϕ(r) = C(λr −U ). Consequently from (4.4) we have λ = 0, a contradiction with
λ �∈ [0, b(0)]. In summary, we conclude that if λ �∈ [0, b(0)], then λ cannot be a
discrete eigenvalue of Lk .

Case 2 λ ∈ (0, b(0)). We can assume that λ = b(r0) = U (r0)/r0 for some
r0 ∈ (0,∞). From (4.2) and (1.10), it follows that ϕ(r0) = 0. Using (4.4) and
(4.2), we see also that ϕ ∈ C∞(R+). It follows that h ∈ C∞(R+) and the following
bounds hold for r ∈ R

+,

|h(r)| �λ

〈log r〉
〈r〉2 , |h′(r)| �λ

〈log r〉
r〈r〉2 . (4.15)

We can then use the same argument as in Case 1 to prove that λ ∈ (0, b(0)) can
not be a discrete eigenvalue for Lk .

Case 3 λ = b(0). In this case, we note from (4.2), using (1.10) and (1.12), that
for r ∈ R

+
(
∂2r ϕ + ∂rϕ

r
− k2r−2ϕ

)
− 
′(r)

r(b(r) − b(0))
ϕ = 0, (4.16)
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and


′(r)
r(b(r) − b(0))

> 0. (4.17)

By the maximum principle and the bounds (4.4), we must have ϕ ≡ 0, a contradic-
tion with ‖g‖X = 1. Therefore λ = b(0) cannot be a discrete eigenvalue.

Case 4 λ = 0. In this case, using (4.2) and (4.4) we obtain h ∈ C∞(R+) and
that for r ∈ R

+,

|h(r)| �λ 〈log r〉, |h′(r)| �λ

〈log r〉
r

. (4.18)

We can then repeat the argument in Case 1, and conclude that k = 1. The corre-
sponding eigenfunction g for λ = 0 can be computed from ϕ = −U (r), using (1.2)
and (4.1) as

g = −∂2r U − ∂rU

r
+ k2r−2U = −
′(r).

Combining Cases 1–4, we then complete the proof.

5. The Limiting Absorption Principle

In this section we study the spectral density functions �+
k,ε(v, w) and �−

k,ε
(v, w), v,w ∈ R for k ∈ Z\{0}, ε > 0 and sufficiently small. Recall from (1.25)
that �ι

k,ε, ι ∈ {+,−} satisfy the equation that, for v,w ∈ R,

(k2 − ∂2v )�
ι
k,ε(v, w) + e2vD(v)�ι

k,ε(v, w)

B(v) − B(w) + i ιε
= e2v f k0 (v)

B(v) − B(w) + i ιε
. (5.1)

To study (5.1), we distinguish two cases: w � −20 and w � −10.
For w � −20, we can reformulate (5.1) as

�ι
k,ε(v, w) + 1

2|k|
∫

R

e−|k||v−ρ| e
2ρD(ρ)�ι

k,ε(ρ,w)

B(ρ) − B(w) + i ιε
dρ

= 1

2|k|
∫

R

e−|k||v−ρ| e2ρ f k0 (ρ)

B(ρ) − B(w) + i ιε
dρ,

(5.2)

and we can bound�ι
k,ε by solving the integral equation using the spectral property

proved in Proposition 4.1.
For w � −10, the situation is trickier, and it is important to notice that the

potential

e2vD(v)

B(v) − B(w) + i ιε
≈ 8
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for v ∈ [w, 0] which is a large interval for |w| � 1. Therefore we need to incor-
porate part of the potential into the main term k2 − ∂2v , and, instead of using (5.2),
we reformulate (5.1) as

�ι
k,ε(v, w) +

∫

R

Gw
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w) + i ιε
− Vw(ρ)

]
�ι

k,ε(ρ,w) dρ

=
∫

R

Gw
k (v, ρ)

e2ρ f k0 (ρ)

B(ρ) − B(w) + i ιε
dρ.

(5.3)

In the above we recall the definitions (3.1) and (3.10) for Vw and Gw
k . (5.3) can be

analyzed using the spectral property of Lk (see Proposition 4.1) similarly to the
case w � −20, although the calculations are slightly more complicated.

5.1. Limiting Absorption Principle for w � −20

Define for k ∈ Z\{0}, and k∗ ∈ Z with 1 � |k∗| � |k|,

Yk,k∗ :=
{
h ∈ L2(R) : sup

j∈Z

[∥∥e|k∗||v|h
∥∥
L2( j, j+2) + |k|−1

∥∥e|k∗||v|∂vh
∥∥
L2( j, j+2)

]
< ∞

}
,

(5.4)

with the natural norm

‖h‖Yk,k∗ := sup
j∈Z

[∥∥e|k∗||v|h
∥∥
L2( j, j+2) + |k|−1

∥∥e|k∗||v|∂vh
∥∥
L2( j, j+2)

]
. (5.5)

For j ∈ Z, we also introduce for h ∈ Yk,k∗ , the norm

‖h‖
Y j
k,k∗

:= ∥∥e|k∗||v|h
∥∥
L2( j, j+2) + |k|−1

∥∥e|k∗||v|∂vh
∥∥
L2( j, j+2). (5.6)

Define for k ∈ Z\{0}, k∗ ∈ Z with 1 � |k∗| � |k| and ε ∈ [−1/8, 1/8]\{0} the
operator Tw

k,ε : Yk,k∗ → Yk,k∗ as follows: for any h ∈ Yk,k∗ ,

Tw
k,εh(v) := 1

2|k|
∫

R

e−|k||v−ρ| e2ρD(ρ)h(ρ)

B(ρ) − B(w) + iε
dρ. (5.7)

Lemma 5.1. Assume that w � −20, k ∈ Z\{0} and k∗ ∈ Z with 1 � |k∗| � |k|.
There exists C ∈ (0,∞) which can be chosen independent of w, k, k∗, such that
for ε ∈ [−e−2|w|, e−2|w|]\{0} we have the following bounds for all h ∈ Yk,k∗ :

∥∥Tw
k,εh

∥∥
Yk,k∗

� C |k|−1/5
∑
l∈Z

e−|�|‖h‖Y �
k,k∗

� C |k|−1/5‖h‖Yk,k∗ . (5.8)

Similarly,
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sup
j∈Z

[∥∥e|k∗||v−w|Tw
k,εh(v)

∥∥
L2( j, j+2) + |k|−1

∥∥e|k∗||v−w|∂vTw
k,εh(v)

∥∥
L2( j, j+2)

]

� C |k|−1/5
∑
j∈Z

e−| j |[∥∥e|k∗||v−w|h
∥∥
L2( j, j+2) + |k|−1

∥∥e|k∗||v−w|∂vh
∥∥
L2( j, j+2)

]
,

(5.9)

and in addition, for w � 0, v∗ ∈ [0, w], we have that
∥∥e|k∗||v−w|Tw

k,εh(v)
∥∥
L2(v∗,v∗+2) + |k|−1

∥∥e|k∗||v−w|∂vTw
k,εh(v)

∥∥
L2(v∗,v∗+2)

]

� C |k|−1/5e−|v∗| ∑
j∈Z

e−| j |[∥∥e|k∗||v−w|h
∥∥
L2( j, j+2) + |k|−1

∥∥e|k∗||v−w|∂vh
∥∥
L2( j, j+2)

]
.

(5.10)

Proof. We focus on (5.8), as the proof of (5.9)–(5.10) is similar andwewill indicate
at the end of the proof the additional details that are needed. We can assume that
k � 1 and 1 � k∗ � k, without loss of generality. Choose a smooth cutoff function
ϕ ∈ C∞

0 (−2, 2) with ϕ ≡ 1 on [−1, 1]. Set ϕk(v) := ϕ(
√
k v), v ∈ R. We can

write

Tw
k,εh(v) = J1h(v) + J2h(v)

:= 1

2k

∫

R

e−k|v−ρ|ϕk(ρ − w)
e2ρD(ρ)

B(ρ) − B(w) + iε
h(ρ) dρ

+ 1

2k

∫

R

e−k|v−ρ|(1 − ϕk(ρ − w))
e2ρD(ρ)

B(ρ) − B(w) + iε
h(ρ) dρ

(5.11)

In the above we have suppressed the dependence of J1 and J2 on k, ε, for the sim-
plicity of notations. We shall use this convention often, when there is no possibility
of confusion. Setting h∗(v) = ek∗|v|h(v), v ∈ R, then for j ∈ Z,

‖h∗‖L2( j, j+2) + k−1‖∂vh∗‖L2( j, j+2) � ‖h‖
Y j
k,k∗

. (5.12)

Using

|B(ρ) − B(w)| � 1√
k

1

1 + e2ρ
, for ρ < w − 1√

k
,

|B(ρ) − B(w)| � e−2w/
√
k, for ρ > w + 1√

k
,

(5.13)

we can bound

e|k∗||v|∣∣J2h(v)
∣∣ = 1

2k

∣∣∣
∫

R

e−k|v−ρ|ek∗|v|(1 − ϕk(ρ − w))
e2ρD(ρ)

B(ρ) − B(w) + iε
h(ρ) dρ

∣∣∣

� 1√
k

∫ w− 1√
k

−∞
e2ρ

1 + e6ρ
h∗(ρ) dρ + 1√

k

∫ ∞

w+ 1√
k

e2(ρ+w)

1 + e8ρ
h∗(ρ) dρ.

(5.14)
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Similarly, we can bound

k−1e|k∗||v|∣∣∂v
[J2h(v)

]∣∣ � 1√
k

∫ w− 1√
k

−∞
e2ρ

1 + e6ρ
h∗(ρ) dρ

+ 1√
k

∫ ∞

w+ 1√
k

e2(ρ+w)

1 + e8ρ
h∗(ρ) dρ. (5.15)

It follows from (5.14) and (5.15) that

∥∥J2h
∥∥
Yk,k∗

� 1√
k

∑
j∈Z

e−| j |‖h‖
Y j
k,k∗

. (5.16)

We can bound J1h(v) as

ek∗|v|∣∣J1h(v)
∣∣

= 1

2k

∣∣∣
∫

R

e−k|v−ρ|ek∗|v|ϕk(ρ − w)
e2ρD(ρ)

B(ρ) − B(w) + iε
h(ρ) dρ

∣∣∣

� 1

2k

∣∣∣
∫

R

e−k|v−ρ|ek∗|v|ϕk(ρ − w)
e2ρD(ρ)

B ′(ρ)
h(ρ)∂ρ log

B(ρ) − B(w) + iε

B ′(w)
dρ

∣∣∣

� 1

2k

∣∣∣
∫

R

∂ρ

[
e−k|v−ρ|ek∗|v|ϕk(ρ − w)

e2ρD(ρ)

B ′(ρ)

]
h(ρ) log

B(ρ) − B(w) + iε

B ′(w)
dρ

∣∣∣

+ 1

2k

∣∣∣
∫

R

e−k|v−ρ|ek∗|v|ϕk(ρ − w)
e2ρD(ρ)

B ′(ρ)
h′(ρ) log B(ρ) − B(w) + iε

B ′(w)
dρ

∣∣∣

�
∫

|ρ−w|<2/
√
k

e4ρ

1 + e8ρ

[
|h∗(ρ)| + ek∗|ρ||h′(ρ)|/k

] 〈
log |ρ − w|〉 dρ. (5.17)

Similarly, using integration by parts, we have that

k−1ek∗|v|∣∣∂v
[J1h(v)

]∣∣

= 1

2k2

∣∣∣
∫

R

∂ve
−k|v−ρ|ek∗|v|ϕk(ρ − w)

e2ρD(ρ)

B(ρ) − B(w) + iε
h(ρ) dρ

∣∣∣

� 1

2k2

∣∣∣
∫

R

∂ve
−k|v−ρ|ek∗|v|ϕk(ρ − w)

e2ρD(ρ)

B ′(ρ)
h(ρ)∂ρ log

B(ρ) − B(w) + iε

B ′(w)
dρ

∣∣∣
� k−1

∣∣D(v)e4vϕk(v − w)h∗(v)
∣∣〈 log |v − w|〉

+
∫

|ρ−w|<2/
√
k

e4ρ

1 + e8ρ
|h∗(ρ)|〈 log |ρ − w|〉 dρ

+ k−1
∫

|ρ−w|<2/
√
k

e4ρ

1 + e8ρ
ek∗|ρ||∂ρh(ρ)|

〈
log |ρ − w|〉 dρ.

(5.18)

It follows from (5.17) and (5.18), and Cauchy-Schwarz inequality that

∥∥J1h
∥∥
Yk,k∗

� k−1/5
∑
j∈Z

e−| j |‖h‖
Y j
k,k∗

. (5.19)

Combining (5.16) and (5.19), the proof of (5.8) is then complete.
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The proof of (5.9) is similar and we only need the point-wise inequalities for
v, ρ ∈ R and w ∈ [−20,∞),

ek∗|v−w|e−k|v−ρ| � ek∗|ρ−w|. (5.20)

For (5.10) we only need the inequality for w � 0, v ∈ [0, w] and ρ ∈ R,

ek∗|v−w|e−k|v−ρ| � e−|v|e|ρ|ek∗|ρ−w|. (5.21)

The proof is now complete.

The following limiting absorption for w � −20 plays an essential role in the
study of the spectral density functions:

Lemma 5.2. Assume that w � −20, k ∈ Z\{0} and k∗ ∈ Z with 1 � |k∗| �
|k|. There exist ε∗ > 0 sufficiently small, and κ ∈ (0,∞) which can be chosen
independent of w, k, k∗, such that the following statement holds. Suppose that
ε ∈ R with 0 < |ε| < ε∗e−2|w|, and h ∈ Yk,k∗ . If |k| = 1, we assume in addition
that h satisfies

lim
j→∞

[∥∥evh∥∥
L2( j, j+1) + ∥∥ev∂vh

∥∥
L2( j, j+1)

]
= 0. (5.22)

Then we have
∥∥h + Tw

k,εh
∥∥
Yk,k∗

� κ‖h‖Yk,k∗ , (5.23)

and similarly,

sup
j∈Z

[∥∥e|k∗||v−w|(h + Tw
k,εh

)
(v)

∥∥
L2( j, j+2)

+ |k|−1
∥∥e|k∗||v−w|∂v

(
h + Tw

k,εh
)
(v)

∥∥
L2( j, j+2)

]

� κ sup
j∈Z

[∥∥e|k∗||v−w|h
∥∥
L2( j, j+2) + |k|−1

∥∥e|k∗||v−w|∂vh
∥∥
L2( j, j+2)

]
.

(5.24)

Proof. We first give the proof of (5.23). We can assume that k � 1, 1 � k∗ � k
and ‖h‖Yk,k∗ = 1. By (5.8) we can assume that 1 � k � L for some L � 1, as the
other case follows directly from (5.8). Suppose the bound does not hold, then there
exist k0 ∈ Z ∩ [1, L], k∗ ∈ Z ∩ [1, k0], h j ∈ Yk0,k∗ , ‖h j‖Yk0,k∗ = 1, w j � −20,
and 0 �= ε j → 0, for j � 1, such that

h j (v) + 1

2k0

∫

R

e−k0|v−ρ| e2ρD(ρ)

B(ρ) − B(w j ) + iε j
h j (ρ) dρ → 0, (5.25)

in Yk0,k∗ , as j → ∞. We first note that for sufficiently large K > 1,

lim sup
j→∞

‖h j‖H1(−K ,K ) > 0, (5.26)
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which follows from (5.8) and (5.25). Using

∂v
[
Tw
k0,εh j (v)

] = 1

2k0

∫

R

∂ve
−k0|v−ρ|(1 − ϕk0 (ρ − w)

) e2ρD(ρ)

B(ρ) − B(w j ) + iε j
h j (ρ) dρ

+ 1

2k0

∫

R

∂ve
−k0|v−ρ|ϕk0 (ρ − w j )

e2ρD(ρ)

B(ρ) − B(w j ) + iε j
h j (ρ) dρ

:=D1h j (v) + D2h j (v). (5.27)

For D1h j (v), we have that

∂v
[D1h j (v)

] = − (
1 − ϕk0 (v − w j )

) e2vD(v)h j (v)

B(v) − B(w j ) + iε

+ k0
2

∫

R

e−k0|v−ρ|(1 − ϕk0 (ρ − w j ))
e2ρD(ρ)

B(ρ) − B(w j ) + iε j
h j (ρ) dρ,

(5.28)

which can be bounded in L2(−K , K ) uniformly in j � 1, for any K > 1. For the
term D2h j (v), we have that

∂v
[D2h j (v)

] = 1

2k0
∂v

∫

R

∂ve
−k0|v−ρ|ϕk0 (ρ − w j )

e2ρD(ρ)

B ′(ρ)
h j (ρ)∂ρ

log
B(ρ) − B(w j ) + iε j

B ′(w j )
dρ

= −ϕk0 (v − w j )
e2vD(v)

B ′(v)
h j (v)∂v

[
log

B(v) − B(w j ) + iε j
B ′(w j )

]

− k0
2

∫

R

∂ρ

[
e−k0|v−ρ|ϕk0 (ρ − w j )

e2ρD(ρ)

B ′(ρ)
h j (ρ)

]

log
B(ρ) − B(w j ) + iε j

B ′(w j )
dρ, (5.29)

and as a consequence

∂v

[
D2h j (v) + ϕk0(v − w j )

e2vD(v)

B ′(v)
h j (v) log

B(v) − B(w j ) + iε j
B ′(w j )

]

can be bounded L2(−K , K ) uniformly in j � 1, for any K > 1. Therefore, we can
pass to a subsequence and assume that h j → h in H1

loc(R) for some h ∈ Yk0,k∗(R)
with h �≡ 0.

To reach a contradiction, we consider two cases.
Case 1 w j → w0 ∈ [−20,∞). Letting j → ∞, we obtain from (5.25) that

h(v) + 1

2k0
lim
j→∞

∫

R

e−k0|v−ρ| e2ρD(ρ)

B(ρ) − B(w0) + iε j
h(ρ) dρ = 0, (5.30)

and hence,

(k20 − ∂2v )h + lim
j→∞

e2vD(v)h(v)

B(v) − B(w0) + iε j
= 0. (5.31)
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Multiplying h and integrating over R, and taking the imaginary part, we get that
h(w0) = 0. Therefore

(k20 − ∂2v )h + e2vD(v)h(v)

B(v) − B(w0)
= 0. (5.32)

Set

φ(r) = h(v), r = ev r0 = ew, for v,w ∈ R. (5.33)

(5.33) can be reformulated as

( − ∂2r − ∂r

r
+ k20 r

−2)
φ + d(r)

b(r) − b(r0)
φ = 0, for r ∈ (0,∞). (5.34)

Byφ(r0) = 0, standard elliptic regularity theory shows thatφ ∈ C∞(0,∞). Denote
for r ∈ (0,∞)

g(r) := ( − ∂2r − ∂r

r
+ k20 r

−2)
φ(r) = − d(r)

b(r) − b(r0)
φ(r). (5.35)

it follows from h ∈ Yk0,k∗ and h(w0) = 0 that

∫ ∞

0

r2

|
′(r)| g
2(r) dr =

∫ ∞

0

r

|d(r)| g
2(r) dr =

∫ ∞

0

r |d(r)|
|b(r) − b(r0)|2 φ

2(r) dr < ∞.

(5.36)

Therefore g is an eigenfunction of Lk0 with eigenvalue λ = b(r0), a contradiction.
Case 2 w j → ∞. Letting j → ∞, we obtain that for v ∈ R,

h(v) + 1

2k0

∫

R

e−k0|v−ρ| D(ρ)
B(ρ)

e2ρh(ρ) dρ = 0, (5.37)

or equivalently for v ∈ R,

(k20 − ∂2v )h(v) + e2vD(v)h(v)

B(v)
= 0. (5.38)

Setting for r = ev, v ∈ R,

φ(r) := h(v), g(r) := ( − ∂2r − ∂r

r
+ k20r

−2)
φ(r) = −d(r)

b(r)
φ(r), (5.39)

then for r ∈ R
+

b(r)g(r)+ d(r)
∫ ∞

0
Gk0(r, ρ)g(ρ) dρ = 0. (5.40)

It follows from h ∈ Yk0,k∗ that g ∈ Xk0 . Therefore g is an eigenfunction of Lk0
corresponding to the eigenvalue λ = 0. By Proposition 4.1 k0 = 1 and g = −
′(r),
which implies that φ(r) = U (r) ≈ r−1 as r → ∞. So h(v) ≈ e−v as v → ∞, a
contradiction with (5.22). The proof of (5.23) is then complete.
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We now turn to the proof of (5.24). The general idea is the same as in the
proof of (5.23), using a contradiction argument. However, we need more refined
estimates to extract a nontrivial limit since the weight used in this case requires us
to renormalize the solution by multiplying a large constant. We can assume that
k � 1, 1 � k∗ � k and

sup
l∈Z

[∥∥e|k∗||v−w|h
∥∥
L2(l,l+2) + |k|−1

∥∥e|k∗||v−w|∂vh
∥∥
L2(l,l+2)

]
= 1.

By (5.9) we can assume that 1 � k � L for some L � 1, as the other case follows
directly from (5.9). Suppose (5.24) does not hold, then there exist k0 ∈ Z ∩ [1, L],
k∗ ∈ Z ∩ [1, k0], and for j � 1, 0 �= ε j → 0, w j � −20, and h j ∈ L2(R)

satisfying

sup
l∈Z

[∥∥e|k∗||v−w j |h j
∥∥
L2(l,l+2) + |k0|−1

∥∥e|k∗||v−w j |∂vh j
∥∥
L2(l,l+2)

]
= 1,

such that

sup
l∈Z

[∥∥e|k∗||v−w j |(h j + T
w j
k0,ε j

h j
)
(v)

∥∥
L2(l,l+2) + |k0|−1

∥∥

e|k∗||v−w j |∂v
(
h j + T

w j
k0,ε j

h j
)
(v)

∥∥
L2(l,l+2)

]

→ 0+, as j → ∞. (5.41)

We first note, as a consequence of (5.9), that for some sufficiently large K > 1 and
all large j � 1,

lim sup
j→∞

∥∥ek∗|v−w j |h j (v)
∥∥
H1(−K ,K ) � 1. (5.42)

It suffices to consider the case w j → ∞, as the other case follows from the same
argument as in the proof of (5.23), Case 1. We write for j � 1

h j = −T
w j
k0,ε j

h j + r j , (5.43)

where the functions r j (v), v ∈ R satisfy, as j → ∞ that,

sup
l∈Z

[∥∥e|k∗||v−w j |r j (v)
∥∥
L2(l,l+2) + |k0|−1

∥∥e|k∗||v−w j |∂vr j (v)
∥∥
L2(l,l+2)

]
→ 0 + .

(5.44)

By (5.10), we have for v∗ ∈ [0, w j ] that
[∥∥e|k∗||v−w j |Tw j

k0,ε j
h j (v)

∥∥
L2(v∗,v∗+2) + |k0|−1

∥∥e|k∗||v−w j |∂vT
w j
k0,ε j

h j (v)
∥∥
L2(v∗,v∗+2)

]

� e−|v∗|. (5.45)

Therefore, defining for v ∈ R,

g j (v) := e|k∗||w j |h j (v), (5.46)
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we can conclude that g j are bounded in H1
loc(R) uniformly in j . Using calculations

similar to (5.27)–(5.29) to obtain compactness in H1
loc, by passing to a subsequence,

we can assume g j → g in H1
loc as j → ∞, for some g ∈ H1

loc with g �≡ 0 and for
v∗ ∈ R

[∥∥g∥∥
L2(v∗,v∗+2) + |k0|−1

∥∥∂vg
∥∥
L2(v∗,v∗+2)

]
� e−|k∗||v∗|1v∗<0 + e(|k∗|−1)|v∗|1v∗>0.

(5.47)

It follows from (5.43)–(5.44) that for v ∈ R,

(k20 − ∂2v )g(v) + e2vD(v)

B(v)
g(v) = 0. (5.48)

By (5.47) and the comparison principle, noting that e2vD(v)
B(v) → 0 as v → ∞, we

conclude that if we choose R > 1 sufficiently large, then for all σ > 0 and v � R,

|g(v)| � σ e(|k0|−1/2)v + |g(R)|e−(|k0|−1/2)(v−R), (5.49)

which together with the bounds (5.47) (for v∗ < 0) and the equation (5.48) imply
that for v ∈ R,

∣∣g(v)∣∣ + ∣∣∂vg(v)
∣∣ �k0 e

−|k0||v|, (5.50)

and we can obtain a contradiction as in the proof (5.23), Case 2. The proof of (5.24)
is now complete.

Remark 5.3. We briefly explain the motivation behind the assumption (5.22) for
|k| = 1. Setting for r, r0 ∈ (0,∞),

gιk,ε(r, r0) := ( − ∂2r − ∂r

r
+ k2r−2)

ψι
k,ε(r, r0), (5.51)

then from (1.21) we have for r, r0 ∈ (0,∞),
[
Lkg

ι
k,ε(·, r0)

]
(r) + (i ιε − b(r0))g

ι
k,ε(r, r0) = ωk

0(r). (5.52)

By the orthogonality of ωk
0 and


′(r) with respect to the L2
(
R

+, r2
|
′(r)|dr

)
metric,

see (1.29), and the fact that Lk is self adjoint in this metric, we see that gιk,ε(r, r0)
is orthogonal to 
′(r) in X , that is

∫ ∞

0
gιk,ε(r, r0)r

2 dr = 0, (5.53)

which implies that

ψι
k,ε(r, r0) = o

(
1/r

)
, as r → ∞. (5.54)

Recalling the relation�ι
k,ε(v, w) = ψι

k,ε(r, r0), we see that

lim
v→∞

[
ev�ι

k,ε(v, w)
] = 0. (5.55)

Hence we can apply Lemma 5.2 to obtain bounds on �ι
k,ε(v, w) for |k| = 1.
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5.2. The Limiting Absorption Principle for w � −10

This case is more involved since the lower order term is “long range” and a non-
local contribution has to be extracted in order to consider it perturbative. Define for
w � −10, k ∈ Z\{0}, k∗ ∈ Z with 1 � |k∗| � |k|, and ε ∈ [−e2w, e2w]\{0} the
space

Yk,k∗,w :=
{
h ∈ L2(R) : sup

j∈Z

[∥∥ k∗,w(v)h(v)
∥∥
L2( j, j+2)

+ |k|−1
∥∥ k∗,w(v)∂vh(v)

∥∥
L2( j, j+2)

]
< ∞

}
,

(5.56)

and the operator Swk,ε : Yk,k∗,w → Yk,k∗,w, for any h ∈ Yk,k∗,w,

Swk,εh(v) :=
∫

R

Gw
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

]
h(ρ) dρ. (5.57)

In the above we recall that

 k∗,w(v) := ζk∗,w(v, 0) = 1

�k∗,w(v, 0)
. (5.58)

Forw � −10, k ∈ Z\{0} and k∗ ∈ Z with 1 � |k∗| � |k|, we also define for j ∈ Z

and h ∈ Yk,k∗,w the norm

‖h‖
Y j
k,k∗,w

:= ∥∥ k∗,w(v)h(v)
∥∥
L2( j, j+2) + |k|−1

∥∥ k∗,w(v)∂vh(v)
∥∥
L2( j, j+2).

(5.59)

For applications below we first establish the following bounds:

Lemma 5.4. Suppose w � −10, k ∈ Z\{0}, k∗ ∈ Z with 1 � |k∗| � |k|, and
ε ∈ [−e2w, e2w]\{0}. For ρ, v ∈ R with |ρ−w| > 1/

√|k|, we have the point-wise
inequalities

 k∗,w(v)Gw
k (v, ρ)

∣∣∣ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

∣∣∣ � |k|−1/2e−2|ρ−w| k∗,w(ρ),

(5.60)

 k∗,w(v)
∣∣∂vGw

k (v, ρ)
∣∣∣∣∣ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

∣∣∣ � |k|1/2e−2|ρ−w| k∗,w(ρ),

(5.61)

and for ρ, v ∈ R we have

 k∗,w(v)Gw
k (v, ρ) �  k∗,w(ρ)/|k|,  k∗,w(v)

∣∣∂vGw
k (v, ρ)

∣∣ �  k∗,w(ρ).

(5.62)

We also record the useful estimate for ρ > w + 5,
∣∣∣ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

∣∣∣ � e−2ρε

(1 + eρ)4
. (5.63)
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Proof. Recall the bounds (1.35)–(1.36). Therefore, we have for ρ < w − 1/
√
k,

∣∣∣ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

∣∣∣ �
√
k e−2|w−ρ|; (5.64)

for ρ ∈ [w + 1/
√
k, w + 5],

∣∣∣ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

∣∣∣ �
√
k; (5.65)

for ρ > w + 5,

∣∣∣ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

∣∣∣ � e−2ρε

(1 + eρ)4
� e−2|ρ−w|

(1 + eρ)4
. (5.66)

(5.60) then follows from (5.64) to (5.66) and (5.62), which follows from simple
calculations, the bounds (3.11)–(3.12) on the Green’s function Gw

k (v, ρ) and the
definition (5.58) of  k∗,w(v) for v, ρ ∈ R.

Now we can prove bounds on Swk,ε .

Lemma 5.5. Assume that w � −10, k ∈ Z\{0}, k∗ ∈ Z with 1 � |k∗| � |k|,
and ε ∈ [−e2w, e2w]\{0}. Then there exist C ∈ (0,∞) which can be chosen
independent ofw, k, k∗ and ε, such that the following statement holds. For h ∈ Yk,w,
we have the bounds

∥∥Swk,εh
∥∥
Yk,k∗,w

� C |k|−1/5
∑
j∈Z

e−| j−w|‖h‖
Y j
k,k∗,w

, (5.67)

and similarly,

sup
j∈Z

[∥∥ζk∗,w(v,w)S
w
k,εh(v)

∥∥
L2( j, j+2) + |k|−1

∥∥ζk∗,w(v,w)∂vS
w
k,εh(v)

∥∥
L2( j, j+2)

]

� C |k|−1/5
∑
j∈Z

e−| j−w|[∥∥ζk∗,w(v,w)h(v)
∥∥
L2( j, j+2)

+ |k|−1
∥∥ζk∗,w(v,w)∂vh(v)

∥∥
L2( j, j+2)

]
.

(5.68)

Proof. We focus on the proof of (5.67), as the proof of (5.68) is similar and we
will indicate the required changes at the end of the proof. We assume without
loss of generality that k � 1 and 1 � k∗ � k. Choose smooth cutoff function
ϕ ∈ C∞

0 (−2, 2) with ϕ ≡ 1 on [−1, 1], and set ϕk(v) = ϕ(
√
k v) for v ∈ R. Let

J1h(v) =
∫

R

Gw
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

]
(1 − ϕk(ρ − w))h(ρ) dρ,

J2h(v) =
∫

R

Gw
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

]
ϕk(ρ − w)h(ρ) dρ.

(5.69)
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In the above, as usual, we suppressed the dependence of J1,J2 on k, w, ε, for the
simplicity of notations.

Since Swk,εh = J1h + J2h, it suffices to bound J1h and J2h. Using (5.60)–
(5.61), we can bound

 k∗,w(v)
∣∣J1h(v)

∣∣ + k−1 k∗,w(v)
∣∣∂vJ1h(v)

∣∣ � 1√
k

∫

R

e−|ρ−w| k∗,w(ρ)|h(ρ)| dρ,
(5.70)

which implies that
∥∥J1h

∥∥
Yk,k∗,w

� Ck−1/2
∑
j∈Z

e−| j−w|‖h‖
Y j
k,k∗,w

. (5.71)

It suffices to bound J2h(v). We write

J2h(v) = J21h(v) + J22h(v)

:=
∫

R

Gw
k (v, ρ)

[ − Vw(ρ)
]
ϕk(ρ − w)h(ρ) dρ

+
∫

R

Gw
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w) + iε

]
ϕk(ρ − w)h(ρ) dρ. (5.72)

Using the bound (5.62), we can bound

 k∗,w(v)
∣∣J21h(v)

∣∣ + k−1 k∗,w(v)
∣∣J21h(v)

∣∣ � k−1
∫

|ρ−w|�2/
√
k
 k∗,w(ρ)|h(ρ)| dρ,

(5.73)

which implies that
∥∥J21h

∥∥
Yk,k∗,w

� C |k|−1
∑
j∈Z

e−| j−w|‖h‖
Y j
k,k∗,w

. (5.74)

It remains to bound the term J22h. Using (5.60)–(5.61) and (1.35), we obtain

 k∗,w(v)
∣∣∣
∫

R

Gw
k (v, ρ)

e2ρD(ρ)

B(ρ) − B(w) + iε
ϕk(ρ − w)h(ρ) dρ

∣∣∣

�  k∗,w(v)
∣∣∣
∫

R

∂ρ

[
Gw
k (v, ρ)

e2ρD(ρ)

∂ρB(ρ)
ϕk(ρ − w)

]
h(ρ) log

B(ρ) − B(w) + iε

∂wB(w)
dρ

∣∣∣

+  k∗,w(v)
∣∣∣
∫

R

Gw
k (v, ρ)

e2ρD(ρ)

∂ρB(ρ)
ϕk(ρ − w)∂ρh(ρ) log

B(ρ) − B(w) + iε

∂wB(w)
dρ

∣∣∣

�
∫

|ρ−w|<2/
√
k
 k∗,w(ρ)|h(ρ)|〈log |ρ − w|〉 dρ

+ 1

k

∫

|ρ−w|<2/
√
k
 k∗,w(ρ)|∂ρh(ρ)|〈log |ρ − w|〉 dρ. (5.75)

In addition, in view of (3.13),

k−1 k∗,w(v)
∣∣∣
∫

R

∂vGw
k (v, ρ)

e2ρD(ρ)

B(ρ) − B(w) + iε
ϕk(ρ − w)h(ρ) dρ

∣∣∣
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� k−1 k∗,w(v)
∣∣∣
∫

R

∂ρ

[
∂vGw

k (v, ρ)
e2ρD(ρ)

∂ρB(ρ)
ϕk(ρ − w)

]
h(ρ) log

B(ρ) − B(w) + iε

∂wB(w)
dρ

∣∣∣

+ k−1 k∗,w(v)
∣∣∣
∫

R

∂vGw
k (v, ρ)

e2ρD(ρ)

∂ρB(ρ)
ϕk(ρ − w)∂ρh(ρ) log

B(ρ) − B(w) + iε

∂wB(w)
dρ

∣∣∣

� k−1 k∗,w(v)ϕk(v − w)|h(v)|〈log |v − w|〉 +
∫

|ρ−w|<2/
√
k
 k∗,w(ρ)|h(ρ)|〈log |ρ − w|〉 dρ

+ k−1
∫

|ρ−w|<2/
√
k
 k∗,w(ρ)|∂ρh(ρ)|〈log |ρ − w|〉 dρ. (5.76)

It follows from (5.75) and (5.76) that
∥∥J22h

∥∥
Yk,k∗,w

� C |k|−1/5
∑
j∈Z

e−| j−w|‖h‖
Y j
k,k∗,w

. (5.77)

Combining (5.71), (5.74) and (5.77), the proof of (5.67) is then complete.
The proof of (5.68) is similar and we only need to use

ζk,w(v,w)Gw
k (v, ρ) � ζk,w(ρ,w)/|k|, ζk,w(v,w)

∣∣∂vGw
k (v, ρ)

∣∣ � ζk,w(ρ,w).

(5.78)

The lemma is now proved.

We have the following limiting absorption principle for w � −10:

Lemma 5.6. Assume that w � −10, k ∈ Z\{0} and k∗ ∈ Z with 1 � |k∗| � |k|.
Then there exist κ ∈ (0,∞) and a sufficiently small β∗ ∈ (0,∞), which can be
chosen independent of w, k and k∗, such that the following statement holds: for
ε ∈ [−β∗e2w, β∗e2w]\{0} and h ∈ Yk,k∗,w, we have∥∥h + Swk,εh

∥∥
Yk,k∗,w

� κ‖h‖Yk,k∗,w , (5.79)

and similarly

sup
j∈Z

[∥∥ζk∗,w(v,w)(h + Swk,εh)(v)
∥∥
L2( j, j+2)

+|k|−1
∥∥ζk∗,w(v,w)∂v(h + Swk,εh)(v)

∥∥
L2( j, j+2)

]

� κ sup
j∈Z

[∥∥ζk∗,w(v,w)h(v)
∥∥
L2( j, j+2) + |k|−1

∥∥ζk∗,w(v,w)∂vh(v)
∥∥
L2( j, j+2)

]
.

(5.80)

Proof. We focus on (5.79), as the proof of (5.80) is easier. We can assume k � 1
and 1 � k∗ � k. Suppose (5.79) does not hold. Then by Lemma 5.6, there exist
k0 � 1 and k∗ ∈ Z with 1 � k∗ � k0, w j � −10, β j �= 0, β j → 0 as j → ∞,
h j ∈ Yk0,k∗,w j , ‖h j‖Yk0,k∗,w j

= 1, such that with ε j := β j e2w j , as j → ∞ we have
that

h j + S
w j
k0,ε j

h j → 0, in Yk0,k∗,w j . (5.81)

By Lemma 5.6, we can find some δ > 0, K > 1, such that
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∥∥ k∗,w j (v)h j (v)
∥∥
L2(w j−K ,w j+K ) + ∥∥ k∗,w j (v)∂vh j (v)

∥∥
L2(w j−K ,w j+K ) > δ,

(5.82)

for sufficiently large j � 1. Ifw j remains bounded for a subsequence, then we can
obtain a contradiction as in the proof of Lemma 5.2, Case 1. It suffices to assume
that w j → −∞. To pass to a nontrivial limit, we need to obtain more refined
bounds on h j , j � 0.

Write, for j � 1,

h j = −S
w j
k0,ε j

h j + r j , where r j ∈ Yk0,k∗,w j and lim
j→+∞ ‖r j‖Yk0,k∗,w j

= 0.

(5.83)

Fix ��6 ∈ C∞
0 (−∞, 8) with ��6 ≡ 1 on (−∞, 6]. We define

J3h j (v) :=
∫

R

Gw j
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w j ) + iε j
− Vw j (ρ)

]

(
1 − ��6(ρ − w j )

)
h j (ρ) dρ,

J4h j (v) :=
∫

R

Gw j
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w j ) + iε j
− Vw j (ρ)

]

��6(ρ − w j )h j (ρ) dρ,

(5.84)

and it follows that

S
w j
k0,ε j

h j = J3h j (v) + J4h j (v). (5.85)

Using the bounds (5.63), we obtain that
∥∥J3h j (v)

∥∥
Yk0,k∗,w j

�k0 |ε j |e−2w j
∥∥h j

∥∥
Yk0,k∗,w j

= |β j | → 0+, as j → ∞.

(5.86)

To obtain more accurate bounds on J4h j than those from Lemma 5.67, that are
needed for extracting nontrivial limiting profile from the sequence h j , we fix ϕ ∈
C∞
0 (−20, 20) with ϕ ≡ 1 on [−10, 10] and note that

∣∣J4h j (v)
∣∣ + ∣∣∂vJ4h j (v)

∣∣

�k0

∫

R

(∣∣Gw j
k0
(v, ρ)

∣∣ + ∣∣∂vGw j
k0
(v, ρ)

∣∣)∣∣Vw j (ρ)��6(ρ − w j )h j (ρ)
∣∣ dρ

+
∣∣∣∣
∫

R

∂ρ

[e2ρD(ρ)
∂ρB(ρ)

Gw j
k0
(v, ρ)��6(ρ − w j )ϕ(ρ − w j )h j (ρ)

]

log
B(ρ) − B(w j ) + iε j

∂wB(w j )
dρ

∣∣∣∣

+
∣∣∣∣
∫

R

∂ρ

[e2ρD(ρ)
∂ρB(ρ)

∂vGw j
k0
(v, ρ)��6(ρ − w j )ϕ(ρ − w j )h j (ρ)

]
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log
B(ρ) − B(w j ) + iε j

∂wB(w j )
dρ

∣∣∣∣

+
∫ w j−1

−∞
(∣∣Gw j

k0
(v, ρ)

∣∣ + ∣∣∂vGw j
k0
(v, ρ)

∣∣)|1 − ϕ(ρ − w j )|e−2|ρ−w j |∣∣h j (ρ)
∣∣ dρ.
(5.87)

We obtain from (5.87) that for v∗ > w j + 9,

∥∥∣∣J4h j (v)
∣∣ + ∣∣∂vJ4h j (v)

∣∣∥∥
L2(v∗,v∗+2) �

�k∗,w j (v∗, w j )

 k∗,w j (w j )
. (5.88)

Setting

g j (v) = eμk∗ |w j |h j (w j + v), v ∈ R, (5.89)

then combining (5.82)–(5.83), (5.86) and (5.88) we obtain that

‖g j‖H1(−K ,K ) > δ, and g j → g in H1
loc(−L , L), for all L > 1. (5.90)

We note that the compactness in H1
loc(R) of g j follows from similar argument as

in the case of w > −20. In addition, g satisfies

sup
j∈Z

[∥∥e|v|g
∥∥
L2( j, j+2) + ∥∥e|v|∂vg

∥∥
L2( j, j+2)

]
< ∞. (5.91)

Since in the sense of distributions for v ∈ R,

(k20 − ∂2v + Vw j (w j + v))g j (v) +
[ e2v+2w j D(w j + v)

B(w j + v) − B(w j ) + iε j
− Vw j (w j + v)

]

g j (v) = 0, (5.92)

sending j → ∞ and using (1.35)–(1.36), we obtain that for v ∈ R,

(k2 − ∂2v )g(v) + lim
j→∞

8e2v

e2v − 1 + 8iβ j
g(v) = 0, (5.93)

in the sense of distributions. Multiplying g to (5.93), integrating over R and taking
the real part, we obtain that g(0) = 0. It follows that for v ∈ R,

(k2 − ∂2v )g(v) + 8e2v

e2v − 1
g(v) = 0, (5.94)

in the sense of distributions. Noting that 8e2v

e2v−1
> 0 for v > 0 and that g(0) = 0,

by the maximum principle, we conclude that g ≡ 0 for v � 0. Then by simple
ODE argument and Gronwall type inequalities, we conclude that g ≡ 0 on R,
a contradiction with (5.90). The proof of (5.79) is then complete. The proof of
(5.80) follows the same line of argument, but is simpler since we no longer need to
renormalize the sequence as in (5.89).
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6. The Explicitly Solvable Case: |k| = 1

We first consider the special case when |k| = 1, which is, remarkably, explicitly
solvable as observed in [5]. Since we focus on the spectral density functions rather
than the explicit formula for fk(t, v) studied in [5], we provide some details of the
calculations. Theorem 1.4 for the case |k| = 1 follows from the following explicit
formula:

Proposition 6.1. Assume that k ∈ {1,−1}. For v,w ∈ R, we have that

�k(v,w) = 2 lim
ε→0+ ��+

k,ε(v, w) = 2 lim
ε→0+ ��+

k,ε(v, w)

= 2π
B(v) − B(w)

(∂wB(w))2
ev+w1v<w

{
f k0 (w) − e−w D(w)

∂wB(w)

∫ w

−∞
f k0 (ρ)e

3ρ dρ

}
.

(6.1)

The rest of the section is devoted to the proof of proposition 6.1.
We note first that for ε ∈ (0, 1/8), the function

hw,ε(v) := (
B(v) − B(w) + iε

)
ev (6.2)

for v ∈ R solves

(1 − ∂2v )hw,ε(v) + e2vD(v)

B(v) − B(w) + iε
hw,ε(v) = 0, on R. (6.3)

By the general theory of ODEs, we can find another solution to (6.3)

gw,ε(v) := hw,ε(v)
∫ ∞

v

dσ

h2w,ε(σ )
. (6.4)

Define, for ε ∈ (0, 1/4), w ∈ R, v, ρ ∈ R,

Gw,ε(v, ρ) := hw,ε(v)gw,ε(ρ)1(−∞,ρ)(v) + gw,ε(v)hw,ε(ρ)1[ρ,∞)(v). (6.5)

Direct calculations show that Gw,ε(v, ρ) is the fundamental solution to the differ-
ential operator

1 − ∂2v + e2vD(v)

B(v) − B(w) + iε
, on R. (6.6)

Therefore for ε ∈ (0, 1/4), w, v, ρ ∈ R, we have that

�+
k,ε(v, w) =

∫

R

Gw,ε(v, ρ)
e2ρ f k0 (ρ)

B(ρ) − B(w) + iε
dρ. (6.7)

Define ε ∈ (0, 1/4), w ∈ R, v ∈ R,

Ww,ε(v) :=
∫ ∞

v

dσ

h2w,ε(σ )
. (6.8)
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Simple computation shows that

sup
ρ∈[w+1,∞)

∣∣Ww,ε(ρ)
∣∣ �w 1, sup

ρ∈[w+1,∞)

∣∣�Ww,ε(ρ)
∣∣ � ε. (6.9)

For ρ ∈ (−∞, w + 1], we have that

Ww,ε(ρ) =
∫ ∞

ρ

e−2σ

(B(σ ) − B(w) + iε)2
dσ

=
∫ w+1

ρ

− e−2σ

∂σ B(σ )
∂σ

[ 1

B(σ ) − B(w) + iε

]
dσ

+
∫ ∞

w+1

e−2σ

(B(σ ) − B(w) + iε)2
dσ

= e−2ρ

∂ρB(ρ)(B(ρ) − B(w) + iε)
− e−2(w+1)

∂wB(w + 1)(B(w + 1) − B(w) + iε)

+
∫ w+1

ρ

∂σ

[ e−2σ

∂σ B(σ )

] 1

B(σ ) − B(w) + iε
dσ

+
∫ ∞

w+1

e−2σ

(B(σ ) − B(w) + iε)2
dσ,

(6.10)

It follows from (6.10) that

|εWw,ε(ρ)| �w e4|ρ|, and lim
ε→0+ εWw,ε(ρ) = 0, for ρ ∈ (−∞, w + 1]\{w},

(6.11)

and in the sense of distributions for ρ ∈ (−∞, w + 1),

lim
ε→0+ �Ww,ε(ρ) = π

e−2w

(∂wB(w))2
δ(ρ − w) + π

1

∂wB(w)
∂w

[ e−2w

∂wB(w)

]
1ρ<w.

(6.12)

Applying the limiting absorption principle to the equations (5.2) and (5.3), see
Lemmas 5.2 and 5.6, we can obtain for �ι

1,ε(v, w) for ι ∈ {+,−}, w ∈ R and

ε ∈ R with 0 < |ε| < ε∗e−2|w|, the bounds

sup
j∈Z

[
‖e|v|�ι

k,ε(v, w)‖L2( j, j+2) + ‖e|v|∂v�ι
k,ε(v, w)‖L2( j, j+2)

]
�w 1.

(6.13)

The bounds (6.13) imply that to calculate the limit (6.1) it suffices to consider the
case v �= w.

We can calculate, using (6.7), that for v,w ∈ R with v �= w,

lim
ε→0+ ��+

k,ε(v, w) = lim
ε→0+ ��+

k,ε(v, w)

= lim
ε→0+ �

∫ ∞

v

(B(v) − B(w) − iε)ev+ρWw,ε(ρ) f
k
0 (ρ)e

2ρ dρ

+ lim
ε→0+ �

∫ v

−∞
(B(v) − B(w) + iε)ev+ρWw,ε(v) f

k
0 (ρ)e

2ρ dρ



Linear Vortex Symmetrization: The Spectral Density Function 111

= lim
ε→0+ �

∫ ∞

v

(B(v) − B(w))ev+ρWw,ε(ρ) f
k
0 (ρ)e

2ρ dρ

+ lim
ε→0+ �

∫ v

−∞
(B(v) − B(w))ev+ρWw,ε(v) f

k
0 (ρ)e

2ρ dρ. (6.14)

Therefore by (6.9) and (6.11)–(6.12), we obtain that

lim
ε→0+ ��+

k,ε(v, w)

= π
B(v) − B(w)

(∂wB(w))2
ev+w1v<w f k0 (w) + π1v<w

∫ w

v

ev(B(v) − B(w))

∂wB(w)
∂w

[ e−2w

∂wB(w)

]
f k0 (ρ)e

3ρ dρ + π1v<w

∫ v

−∞
ev(B(v) − B(w))

∂wB(w)

× ∂w

[ e−2w

∂wB(w)

]
f k0 (ρ)e

3ρ dρ.

(6.15)

The desired formula (6.1) follows from the identity for w ∈ R,

2∂wB(w) + ∂2wB(w) = e2wD(w). (6.16)

7. Bounds on the Spectral Density Function I: Preliminary Bounds

In this section we obtain important bounds on the spectral density functions
�ι

k,ε(v, w) with k ∈ Z\{0}, ι ∈ {+,−}, ε ∈ [−1/8, 1/8]\{0} and v,w ∈ R. We
first establish bounds in low regularity Sobolev spaces, which are then used as a
stepping stone to obtain stronger bounds in Gevrey spaces. The main tools are the
limiting absorption principle proved in Section 5, and commutator type arguments.

For applications below, we fix smooth cutoff functions �,�∗, �∗∗ : R →
[0, 1]with� ∈ C∞(−2, 2) satisfying� ≡ 1 on [−1, 1],�∗ ∈ C∞

0 (−4, 4) satisfy-
ing�∗ ≡ 1 on [−3, 3], and�∗∗ ∈ C∞

0 (−5, 5) satisfying�∗∗ ≡ 1 on [−9/2, 9/2].
Arrange in addition for h ∈ {�,�∗, �∗∗}, that supξ∈R

∣∣e〈ξ〉5/6 ĥ (ξ)
∣∣ � 1.

7.1. The Bounds for �ι
k,ε(v, w) for |k| � 2

Recall that the spectral density function �ι
k,ε(v, w) with k ∈ Z\{0}, ι ∈

{+,−}, ε ∈ [−1/8, 1/8]\{0} and v,w ∈ R, satisfy for v ∈ R, w ∈ R,

(k2 − ∂2v )�
ι
k,ε(v, w) + e2vD(v)

B(v) − B(w) + i ιε
�ι

k,ε(v, w) = e2v f k0 (v)

B(v) − B(w) + i ιε
.

(7.1)

Our goal is to use the limiting absorption principle to obtain bounds on the spectral
density function �ι

k,ε(v, w). Recall that �0(v) ∈ C∞
0 (−∞,−1) with �0 ≡ 1 on

(−∞,−2] and supξ∈R

∣∣e〈ξ〉8/9 ∂̂v�0(ξ)
∣∣ � 1, and

�ι
k,ε(v, w) = (σk/c∗)e|k|v�0(v) + �ι

k,ε(v, w). (7.2)
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It follows from (7.1) that �ι
k,ε(v, w) satisfies the equation

(k2 − ∂2v )�
ι
k,ε(v, w) + e2vD(v)

B(v) − B(w) + i ιε
�ι
k,ε(v, w)

= e2vF0k(v)

B(v) − B(w) + i ιε
+ (σk/c∗)

(
2|k|e|k|v∂v�0(v) + e|k|v∂2v�0(v)

)
.

(7.3)

Below, we will still call�ι
k,ε(v, w) “the spectral density function”, although strictly

speaking it is more rigorous to use a different terminology such as “reduced spectral
density function”. However, sincewe have several slight variants of the same object,
either in different coordinates or with a renormalization, and their relations are
relatively straightforward, we shall not distinguish them with different names, for
the sake of simplicity of notations.

Lemma 7.1. There exists ε∗ ∈ (0, 1) sufficiently small such that the following
statement holds: assume that k ∈ Z\{0} with |k| � 2, ι ∈ {+,−}, w∗ ∈ R, and
ε ∈ R with 0 < |ε| < ε∗e−2|w∗|. Recall the definition (5.58) for  k,w(v), v ∈ R.
Then the spectral density function �ι

k,ε(v, w) satisfies for w∗ � −15

∥∥∥ sup
j∈Z

[∥∥ κk ,w∗(v)�
ι
k,ε(v, w)�(w − w∗)

∥∥
L2(v∈[ j, j+2])

+ |k|−1
∥∥ κk ,w∗(v)∂v�

ι
k,ε(v, w)�(w − w∗)

∥∥
L2(v∈[ j, j+2])

]∥∥∥
L2(w∈R)

� (M†
k + |σk |)/|k|;

(7.4)

and for w∗ � −15,
∥∥∥ sup

j∈Z

[∥∥eκk |v|�ι
k,ε(v, w)�(w − w∗)

∥∥
L2(v∈[ j, j+2])

+ |k|−1
∥∥eκk |v|∂v�ι

k,ε(v, w)�(w − w∗)
∥∥
L2(v∈[ j, j+2])

]∥∥∥
L2(R)

� (M†
k + |σk |)/|k|.

(7.5)

Proof. We can assume k � 2 and M†
k + |σk | = 1 without loss of generality. For

w∗ � −15, we can reformulate the equation (7.3) as

�ι
k,ε(v, w) +

∫

R

Gw
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w) + i ιε
− Vw(ρ)

]
�ι
k,ε (ρ,w) dρ

= R1(v,w) :=
∫

R

Gw
k (v, ρ)

[
e2ρF0k(ρ)

B(ρ) − B(w) + i ιε
+ σk

c∗
(
kekρ∂ρ�0(ρ) + ekρ∂2ρ�0(ρ)

)]
dρ.

(7.6)

We have the bounds (recalling the definitions (5.56)–(5.57) for Yk,k∗,w)
∥∥‖R1(v,w)�(w − w∗)‖Yk,κk ,w∗

∥∥
L2(w∈R)

� 1/|k|. (7.7)

The proof of (7.7) is standard, using the boundedness of Hilbert transforms, and is
also subsumed in the proof of the stronger bounds (7.56)–(7.57) below. We omit
the repeated details and refer to the proof of (7.56)–(7.57) for details. The desired
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bounds (7.4) then follow from the limiting absorption principle, see Lemma 5.6,
applied for each w with |w − w∗| � 2 and then square integrate in w.

For w � −15, we can reformulate the equation 7.3 as

�ι
k,ε(v, w) + 1

2|k|
∫

R

e−|k(v−ρ)| e2ρD(ρ)

B(ρ) − B(w) + i ιε
�ι
k,ε(ρ,w) dρ

= R2(v,w) := 1

2|k|
∫

R

e−|k(v−ρ)|
[

e2ρF0k(ρ)

B(ρ) − B(w) + i ιε

+ σk

c∗
(
2kekρ∂ρ�0(ρ) + ekρ∂2ρ�0(ρ)

)]
dρ.

(7.8)

We have the bounds (see (5.48)–(5.50) for the definition of the space Yk,κk )∥∥∥∥∥R2(v,w)�(w − w∗)
∥∥
Yk,κk

∥∥∥
L2(w∈R)

� 1/|k|. (7.9)

The proof of (7.9) follows from standard calculations and the boundedness property
of Hilbert transforms, and is subsumed in the proof of the stronger bounds (7.27)–
(7.31). We omit the repeated details and refer to the proof of (7.27)–(7.31).

The desired bounds (7.5) then follow from the limiting absorption principle,
see Lemma 5.2, applied for each w with |w − w∗| � 2 and square integrate in w.

Assume that k ∈ Z\{0} with |k| � 2, ι ∈ {+,−}, w∗ ∈ R, and ε ∈ R with
0 < ε < ε∗ e−2|w∗| for sufficiently small ε∗ > 0 from Lemma 7.1. We now turn to
the Gevrey estimates of �ι

k,ε .

7.1.1. The Case w � −15 We first consider the the case w � −15. For fixed
w∗ ∈ [−10,∞), we define for v,w ∈ R,

�
ι,w∗
k,ε (v, w) := �(w − w∗)�ι

k,ε(v + w,w). (7.10)

Define the Fourier multiplier operator Ak as

Âkh(ξ) := eδ1〈k,ξ〉1/2 ĥ (ξ), for any ξ ∈ R, h ∈ L2(R), (7.11)

and the norm for functions h : R
2 → C with h ∈ L2(R2),

‖h‖Z :=
∥∥∥ sup

j∈Z

[∥∥eκk |v+w∗|Ak
[
�
ι,w∗
k,ε (v, ·)](w)∥∥L2(v∈[ j, j+2])

+ |k|−1
∥∥eκk |v+w∗|∂vAk

[
�
ι,w∗
k,ε (v, ·)](w)∥∥L2(v∈[ j, j+2])

]∥∥∥
L2(R)

.

(7.12)

For notational conveniences,we also introduce the shiftedYk norm for h : R
2 → C,

‖h‖Y+w∗
κk

:=
∥∥∥ sup

j∈Z

[∥∥eκk |v+w∗|h(v,w)
∥∥
L2(v∈[ j, j+2])

+ |k|−1
∥∥eκk |v+w∗|∂vh(v,w)

∥∥
L2(v∈[ j, j+2])

]∥∥∥
L2(w∈R)

.

(7.13)

Then
∥∥h(v,w)∥∥Z = ∥∥Ak

[
h(v, ·)](w)∥∥Y+w∗

κk
. (7.14)

We have the following result:
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Proposition 7.2. Assume that k ∈ Z\{0} with |k| � 2,w∗ ∈ [−15,∞), ι ∈ {+,−}
and ε ∈ R with 0 < ε < e−2|w∗|ε∗. We have the bounds

sup
j∈Z

∥∥eκk |v+w∗|[∣∣Ak
[
�
ι,w∗
k,ε (v, ·)](w)∣∣ + |k|−1

∣∣∂v Ak
[
�
ι,w∗
k,ε (v, ·)](w)∣∣]∥∥

L2(v∈[ j, j+2],w∈R)

� (M†
k + |σk |)/|k|. (7.15)

Proof. We can assume, without loss of generality, k � 2 and M†
k + |σk | = 1. By

Lemma 7.1 we have
∥∥�ι,w∗

k,ε (v, w)
∥∥
Y+w∗

κk
� 1/|k|, (7.16)

which we will use to control the low frequency part of the desired bounds (7.15).
Denote

M := sup
j∈Z

∥∥eκk |v+w∗|[∣∣Ak
[
�
ι,w∗
k,ε (v, ·)](w)∣∣

+|k|−1
∣∣∂vAk

[
�
ι,w∗
k,ε (v, ·)](w)∣∣]∥∥

L2(v∈[ j, j+2],w∈R)
.

We need to prove that M � 1/|k|. From the equation (7.8), we obtain that for
v,w ∈ R,

�
ι,w∗
k,ε (v, w) + 1

2|k|
∫

R

e−|k||v−ρ| e2ρ+2wD(ρ + w)

B(ρ + w) − B(w) + i ιε
�
ι,w∗
k,ε (ρ,w) dρ

= 1

2|k|
∫

R

e−|k||v−ρ| e2ρ+2w

B(ρ + w) − B(w) + i ιε
h10k(ρ,w) dρ

+ 1

2|k|
∫

R

e−|k||v−ρ|h20k(ρ,w) dρ

:= H1k(v,w) + H2k(v,w).

(7.17)

where for ρ,w ∈ R, (recall that σk = 0 for |k| � k†)

h10k(ρ,w) = F0k(ρ + w)�(w − w∗),

h20k(ρ,w) = σk

c∗
e|k|(ρ+w)

(
2|k|∂ρ�0(ρ + w) + ∂2ρ�0(ρ + w)

)
�(w − w∗).

(7.18)

Applying the Fourier multiplier operator Ak (in the variable w) to (7.17) and mul-
tiplying the cutoff function �∗(w − w∗), we obtain

�∗(w − w∗)Ak
[
�
ι,w∗
k,ε (v, ·)](w) +

∫

R

e−|k||v−ρ|e2ρ+2wD(ρ + w)�∗(w − w∗)
2|k|(B(ρ + w) − B(w) + i ιε)

× Ak
[
�
ι,w∗
k,ε (ρ, ·)](w) dρ

=
∫

R

e−|k||v−ρ|

2|k| e2ρ+2w∗ �
∗(w − w∗)
B ′(w∗)

{
K (ρ,w)Ak

[
�
ι,w∗
k,ε (ρ, ·)](w)

− Ak
[
K (ρ, ·)�ι,w∗

k,ε (ρ, ·)](w)
}
dρ

+ �∗(w − w∗)Ak

[
H1k(v, ·)

]
(w) + �∗(w − w∗)Ak

[
H2k(v, ·)

]
(w)

:= Ck(v,w) + �∗(w − w∗)Ak

[
H1k(v, ·)

]
(w) + �∗(w − w∗)Ak

[
H2k(v, ·)

]
(w).

(7.19)
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where we set for ρ,w ∈ R,

K (ρ,w) := e2(w−w∗)D(ρ + w)B ′(w∗)
B(ρ + w) − B(w) + i ιε

�∗∗(w − w∗),

K ∗(ρ,w) := �∗(ρ)K (ρ,w). (7.20)

By the definitions (7.18), (7.20) and the assumption 1.3, (denoting ϕ̂ (ρ, ξ) as the
Fourier transform of ϕ(ρ,w) in w), in view of lemma 2.3, we have the following
bounds for ρ ∈ R and w∗ ∈ [−15,∞),

∥∥eδ1〈k,ξ〉1/2 ĥ10k(ρ, ξ)
∥∥
L2(ξ∈R)

� eμ
∗
κk

(ρ+w∗)

1 + e(μ
∗
κk

+κk+8)(ρ+w∗) ,

∥∥e〈k,ξ〉4/5 ĥ20k(ρ, ξ)
∥∥
L2(ξ∈R)

� 1[−w∗−8,−w∗+4](ρ),
∥∥eδ0〈ξ〉1/2 K̂ (ρ, ξ)

∥∥
L2(ξ∈R)

� 1

1 + e8(ρ+w∗)

∣∣∣ B ′(w∗)
B(ρ + w∗) − B(w∗) + iε

∣∣∣,
for |ρ| � 1/2,

sup
η∈R

∥∥eδ0〈ξ〉1/2 K̂ ∗(η, ξ)
∥∥
L2(ξ∈R)

� 1

1 + e8w∗ . (7.21)

To apply the limiting absorption principle, see Lemma 5.2, we need to bound the
terms in the last line of (7.19) and prove that for h ∈ {Ck(v,w), Ak

[
H1k(v, ·)

]
(w),

Ak
[
H2k(v, ·)

]
(w)

}
,

∥∥h∥∥
Y+w∗
k

� (Cγ + γM)/|k|, (7.22)

for sufficiently small γ > 0 and suitable Cγ ∈ (0,∞). We first bound the term
Ak

[
H1k(v, ·)

]
(w). Set for v ∈ R,

Fw∗
0k (v) := �∗∗(v − w∗)F0k(v), (7.23)

and

h1∗0k(ρ,w) := �(ρ)
e2w−2w∗ B ′(w∗)

B(ρ + w) − B(w) + i ιε
h10k(ρ,w)�

∗(w − w∗)

= �(ρ)Fw∗
0k (ρ + w)

e2w−2w∗ B ′(w∗)
B(ρ + w) − B(w) + i ιε

�∗(w − w∗).
(7.24)

It follows from (7.18) and lemma 2.3 that

∥∥∥
∫

R

e−(δ0/2)〈α〉1/2 ∣∣Ak
[
h10k(ρ, ·)eiα·](w)∣∣ dα

∥∥∥
L2(w∈R)

� eμ
∗
κk

(ρ+w∗)

1 + e(μ
∗
κk

+κk+8)(ρ+w∗) ,

(7.25)
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and for η ∈ R,

∥∥∥
∫

R

Ak
[
h1∗0k(ρ, ·)

]
(w)e−iρη dρ

∥∥∥
L2(w∈R)

�
∥∥∥

∫

R

e−δ0〈α〉1/2eδ1〈k,ξ〉1/2
∣∣̂Fw∗

0k (ξ − α)
∣∣ dα

∥∥∥
L2(ξ∈R)

� eμ
∗
κk

w∗

1 + e(μ
∗
κk

+κk+8)w∗ .

(7.26)

We can then bound Ak
[
H1k(v, ·)

]
(w) as follows. For w ∈ R, by lemma 2.3, the

bounds (7.26) and Parseval’s identity, we have that

sup
j∈Z

[
eκk |w∗+ j |∥∥�∗(v − j)Ak

[
H1k(v, ·)

]
(w)

∥∥
L2(v∈R)

]

� sup
j∈Z

∥∥∥
∫

R2
�∗(v − j)eκk |w∗+ρ| e2ρ+2w∗ (1 − �(ρ))e−δ0〈α〉1/2

|k|∣∣B(ρ + w∗) − B(w∗) + i ιε
∣∣
∣∣

Ak
[
h10k(ρ, ·)eiα·](w)∣∣ dρdα

∥∥∥
L2(v∈R)

+ sup
j∈Z

∥∥∥eκk |w∗+ j |�∗(v − j)
1

2k

∫

R

e−k|v−ρ| e2ρ+2w∗�∗(ρ)
B ′(w∗)

Ak
[
h1∗0k (ρ, ·)

]
(w) dρ

∥∥∥
L2(v∈R)

�
∫

R2
eκk |w∗+ρ| e2ρ+2w∗ (1 − �(ρ))e−δ0〈α〉1/2

|k|∣∣B(ρ + w∗) − B(w∗) + i ιε
∣∣
∣∣Ak

[
h10k(ρ, ·)eiα·](w)∣∣ dρdα

+ e(κk+4)w∗
∥∥∥

∫

R

〈k, η〉−2e−δ0〈η+β〉3/4
∣∣∣
∫

R

eiβρ Ak
[
h1∗0k (ρ, ·)

]
(w) dρ

∣∣∣dβ
∥∥∥
L2(η∈R)

. (7.27)

In view of (7.25)–(7.26), square integrating (7.27) in w ∈ R, we obtain that
∥∥∥ sup

j∈Z

∥∥e|κk ||v+w∗|Ak
[
H1k(v, ·)

]
(w)

∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� |k|−1. (7.28)

In the above, we have used the inequalities for α, β ∈ R,

1

|k|
∣∣∣
∫

R2
e−k|v−ρ|�∗(v − j)e2ρ�∗(ρ)e−ivα−iρβ dvdρ

∣∣∣

� e−κk | j |〈k, α〉−2e−〈α+β〉3/4 . (7.29)

Similarly, we have that

|k|−1
∥∥∥ sup

j∈Z

∥∥e|k||v+w∗|∂vAk
[
H1k(v, ·)

]
(w)

∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� |k|−1.

(7.30)

(7.28)–(7.30) imply the desired bounds (7.22) for h = Ak
[
H1k(v, ·)

]
(w).

The bounds on Ak
[
H2k(v, ·)

]
(w) is simpler, and using (7.21) we have

∥∥Ak
[
H2k(v, ·)

]
(w)

∥∥
Y+w∗

κk
� |k|−1. (7.31)

(7.31) imply (7.22) for h = Ak
[
H2k(v, ·)

]
(w).
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We now bound the main commutator term Ck(v,w). Defining for ρ,w ∈ R,

N (ρ,w) := Ak
[
K (ρ, ·)�ι,w∗

k,ε (ρ, ·)](w) − K (ρ,w)Ak
[
�
ι,w∗
k,ε (ρ, ·)](w),

N∗(ρ,w) := �∗(ρ)N (ρ,w). (7.32)

For the simplicity of notation below we also denote for ρ ∈ R,

M(ρ) :=
∥∥∥〈k, ∂w〉−1/2Ak

[
�
ι,w∗
k,ε (ρ, ·)](w)

∥∥∥
L2(w∈R)

+ 1

|k|
∥∥∥〈k, ∂w〉−1/2∂ρ Ak

[
�
ι,w∗
k,ε (ρ, ·)](w)

∥∥∥
L2(w∈R)

,

(7.33)

then it follows by dividing the frequency of the variable w into low frequency and
high frequency parts, that for any γ ∈ (0, 1),

sup
j∈Z

∥∥eκk |ρ+w∗|M(ρ)
∥∥
L2(ρ∈[ j, j+2]) � Cγ + γM. (7.34)

Notice that using (7.21), we have for |ρ| � 1/2,
∥∥N (ρ,w)∥∥L2(w∈R)

�
∥∥∥

∫

R

K̂ (ρ, α)
[
eδ1〈k,ξ〉1/2 − eδ1〈k,ξ−α〉1/2]

̂�
ι,w∗
k,ε (ρ, ξ − α) dα

∥∥∥
L2(ξ∈R)

�
∥∥∥

∫

R

e(δ0/4)〈α〉1/2 ∣∣ K̂ (ρ, α)
∣∣eδ1〈k,ξ−α〉1/2〈k, ξ − α〉−1/2

∣∣

̂�
ι,w∗
k,ε (ρ, ξ − α)

∣∣ dα
∥∥∥
L2(ξ∈R)

� M(ρ)
1

1 + e8(ρ+w∗)

∣∣∣ B ′(w∗)
B(ρ + w∗) − B(w∗) + iε

∣∣∣. (7.35)

Denoting Q(ρ,w) := �∗∗(ρ)�ι,w∗
k,ε (ρ,w) for ρ,w ∈ R, for the brevity of nota-

tions, we have
∫

R

∥∥〈k, ξ 〉−1/2eδ1〈k,ξ〉1/2 Q̂ (γ, ξ)
∥∥
L2(ξ∈R)

dγ

� |k|1/2∥∥〈γ /k〉〈k, ξ 〉−1/2eδ1〈k,ξ〉1/2 Q̂ (γ, ξ)
∥∥
L2(γ,ξ∈R)

� |k|1/2∥∥�∗(ρ)M(ρ)
∥∥
L2(ρ∈R)

.

(7.36)

Therefore, in view of by (7.21), (7.32) and (7.36), we have for η ∈ R,
∥∥∥

∫

R

N∗(ρ,w)e−iρη dρ
∥∥∥
L2(w∈R)

�
∥∥∥

∫

R2

∣∣̂ K ∗(γ, α)
∣∣
∣∣∣eδ1〈k,ξ〉1/2 − eδ1〈k,ξ−α〉1/2

∣∣∣∣∣ Q̂ (η − γ, ξ − α)
∣∣ dαdγ

∥∥∥
L2(ξ∈R)

�
∥∥∥

∫

R2
e(δ0/4)〈α〉1/2 ∣∣̂ K ∗(γ, α)

∣∣eδ1〈k,ξ−α〉1/2 〈k, ξ − α〉−1/2
∣∣

Q̂ (η − γ, ξ − α)
∣∣ dαdγ

∥∥∥
L2(ξ∈R)

� |k|1/2 1

1 + e8w∗

∥∥∥�∗∗(ρ)M(ρ)

∥∥∥
L2(ρ∈R)

.

(7.37)
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Using the definition (7.19), the bounds (7.35) for |ρ| � 1, together with (7.37) for
|ρ| � 1, and (7.34), we can then bound for w ∈ R and any γ ∈ (0, 1) and suitable
Cγ ∈ (0,∞),

∥∥∥ sup
j∈Z

[
eκk | j+w∗|∥∥�(v − j)Ck(v,w)

∥∥
L2(v∈R)

]∥∥∥
L2(w∈R)

� 1

2|k|
∥∥∥∥ sup

j∈Z

[
eκk | j+w∗|

∥∥∥
∫

R

e−|k||v−ρ|�(v − j)
e2ρ+2w∗

B ′(w∗)
�∗(w − w∗)

×
[
(1 − �(ρ))N (ρ,w) + �(ρ)N∗(ρ,w)

]
dρ

∥∥∥
L2(v∈R)

]∥∥∥∥
L2(w∈R)

� 1

2|k|
∫

R

eκk |ρ+w∗| e2ρ+2w∗

1 + e8(ρ+w∗)
(1 − �(ρ))M(ρ)

|B(ρ + w∗) − B(w∗)| dρ

+ e(κk+4)w∗
∥∥∥

∫

R

〈k, η〉−2e−〈η+β〉3/4
∣∣∣
∫

R

N∗(ρ,w)eiβρ dρ
∣∣∣dβ

∥∥∥
L2(η,w∈R)

� |k|−1(Cγ + γM).

(7.38)

Similarly, we have, for any γ ∈ (0, 1), that

|k|−1
∥∥∥ sup

j∈Z

∥∥eκk |v+w∗|∂vCk(v,w)
∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� |k|−1(Cγ + γM).

(7.39)

(7.38)–(7.39), together with (7.28), (7.30)–(7.31) complete the proof of (7.22).
Therefore, by the limiting absorption principle, see lemma 5.2 with a translation in
v by w, we conclude that for γ ∈ (0, 1) and suitable Cγ ∈ (0,∞),

sup
j∈Z

∥∥�∗(w − w∗)eκk |v+w∗|[∣∣Ak
[
�
ι,w∗
k,ε (v, ·)](w)∣∣

+ |k|−1
∣∣∂vAk

[
�
ι,w∗
k,ε (v, ·)](w)∣∣]∥∥

L2(v,∈[ j, j+2],w∈R)

� (Cγ + γM)/|k|.
(7.40)

Another simple commutator argument comparing�∗(w−w∗)Ak
[
�
ι,w∗
k,ε (v, ·)](w)

with the nonlocalized Ak
[
�
ι,w∗
k,ε (v, ·)](w) shows that, for γ ∈ (0, 1),

M � (Cγ + γM)/|k|, (7.41)

which implies the desired bounds once we choose γ ∈ (0, 1) small enough so that
the second term on the right hand side can be absorbed by the left hand side.

7.1.2. The Case w � −15 We now turn to the case w � −15. Assume that
w∗ � −15. Define the norm for functions h : R

2 → C with h ∈ L2(R2),

‖h‖Z∗ :=
∥∥∥ sup

j∈Z

[∥∥ κk ,w∗(v + w∗)Ak
[
h(v, ·)](w)∥∥L2(v∈[ j, j+2])

+ |k|−1
∥∥ κk ,w∗(v + w∗)∂vAk

[
h(v, ·)](w)∥∥L2(v∈[ j, j+2])

]∥∥∥
L2(w∈R)

.

(7.42)
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For notational convenience,wealso introduce the translatedYk,w∗ norm forh(v,w) :
R
2 → C,

‖h(v,w)‖Y+w∗
κk ,w∗

:=
∥∥∥ sup

j∈Z

[∥∥ κk ,w∗(v + w∗)h(v,w)
∥∥
L2(v∈[ j, j+2])

+ |k|−1
∥∥ κk ,w∗(v + w∗)∂vh(v,w)

∥∥
L2(v∈[ j, j+2])

]∥∥∥
L2(w∈R)

.

(7.43)

Then
∥∥h∥∥

Z∗ = ∥∥Ak
[
h(v, ·)](w)∥∥Y+w∗

κk ,w∗
. (7.44)

Our main result in this case is

Proposition 7.3. Assume that k ∈ Z\{0} with |k| � 2, w∗ ∈ (−∞,−15], ι ∈
{+,−}, ε ∈ R with 0 < ε < e2w∗ε∗. Then we have the bounds

sup
j∈Z

∥∥ κk ,w∗(v + w∗)
[∣∣Ak

[
�
ι,w∗
k,ε (v, ·)](w)∣∣

+ |k|−1
∣∣∂vAk

[
�
ι,w∗
k,ε (v, ·)](w)∣∣]∥∥

L2(v∈[ j, j+2],w∈R)

� (M†
k + |σk |)/|k|. (7.45)

Proof. We assume, without loss of generality, k � 2 and M†
k + |σk | = 1. Denote

M := sup
j∈Z

∥∥ κk ,w∗(v + w∗)
[∣∣Ak

[
�
ι,w∗
k,ε (v, ·)](w)∣∣

+|k|−1
∣∣∂vAk

[
�
ι,w∗
k,ε (v, ·)](w)∣∣]∥∥

L2(v∈[ j, j+2],w∈R)
.

We need to prove that M � 1/|k|. By Lemma 7.1, we have
∥∥�ι,w∗

k,ε (v, w)
∥∥
Y+w∗

κk ,w∗
� 1/|k|, (7.46)

which will be used to control the low frequency part of the desired bounds (7.45).
Using the equation (7.6) and recalling the definitions (7.18) for h10k, h

2
0k , we

obtain that

�
ι,w∗
k,ε (v, w) +

∫

R

Gw
k (v + w, ρ + w)

[ e2ρ+2wD(ρ + w)

B(ρ + w) − B(w) + i ιε
− Vw(ρ + w)

]

�
ι,w∗
k,ε (ρ,w) dρ

=
∫

R

Gw
k (v + w, ρ + w)

e2ρ+2wh10k(ρ,w)

B(ρ + w) − B(w) + i ιε
dρ

+
∫

R

Gw
k (v + w, ρ + w)h20k(ρ,w) dρ

:= H∗
1k(v,w) + H∗

2k(v,w). (7.47)

Recall the definition (3.36) and define for w∗ ∈ R,

Fw∗
k (v, ρ,w) = Gw

k (v + w, ρ + w)�∗∗(w − w∗). (7.48)
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We shall use the following bounds onFw∗
k (v, ρ,w), which follow from proposition

3.4 and (3.10) with a simple commutator argument:

sup
ξ∈R

∣∣eδ0〈ξ〉1/2 ̂Fw∗
k (v, ρ, ξ)

∣∣ � |k|−1�κk ,w∗(v + w∗, ρ + w∗), for v, ρ ∈ R,

∣∣∣
∫

R

�∗(v − j)�∗(ρ)Fw∗
k (v, ρ,w)e−ivα−iρβ−iwξ dvdρdw

∣∣∣

� �κk ,w∗( j + w∗, w∗)e−δ0〈ξ〉1/2〈k, α〉−2e−δ0〈α+β〉1/2 , for j ∈ Z, α, β, ξ ∈ R.

(7.49)

Define for ρ,w ∈ R,

L(ρ,w) :=
[ e2ρ+2wD(ρ + w)

B(ρ + w) − B(w) + i ιε
− Vw(ρ + w)

]
�∗∗(w − w∗), L∗(ρ,w)

:= �∗(ρ)L(ρ,w). (7.50)

By Lemma 2.3, we have the following bounds for L:

sup
ξ∈R

eδ0〈ξ〉1/2
∣∣ L̂ (ρ, ξ)∣∣

� e−2|ρ|, for |ρ| � 1, and sup
η,ξ∈R

eδ0〈ξ〉1/2
∣∣ L̂∗(η, ξ)

∣∣ � 1.
(7.51)

Applying the Fourier multiplier operator Ak (in the variable w) to (7.47) and
multiplying �∗(w − w∗), we obtain that

�∗(w − w∗)Ak
[
�
ι,w∗
k,ε (v, ·)](w)

+
∫

R

Fk(v, ρ,w)
[ e2ρ+2wD(ρ + w)

B(ρ + w) − B(w) + i ιε
− Vw(ρ + w)

]

�∗(w − w∗)Ak

[
�
ι,w∗
k,ε (ρ, ·)

]
(w) dρ

= �∗(w − w∗)Ak

[
H∗
1k(v, ·)

]
(w) + �∗(w − w∗)Ak

[
H∗
2k(v, ·)

]

(w) + �∗(w − w∗)C∗
k (v,w),

(7.52)

where

C∗
k (v,w) :=

∫

R

Fw∗
k (v, ρ,w)L(ρ,w)Ak

[
�
ι,w∗
k,ε (ρ, ·)](w) dρ

− Ak

{ ∫

R

Fw∗
k (v, ρ, ·)L(ρ, ·)�ι,w∗

k,ε (ρ, ·) dρ
}
(w).

(7.53)

To apply the limiting absorption principle, see Lemma 5.6, we need to bound
the terms on the right hand side of the last line of (7.52), and prove for h ∈{
AkH∗

1k(v,w), AkH∗
2k(v,w), C∗

k (v,w)
}
,

∥∥h(v,w)∥∥Y+w∗
κk ,w∗

� (Cγ + γM)/|k|, (7.54)

for sufficiently small γ > 0 and suitable Cγ ∈ (0,∞).
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For h = Ak
[
H∗
1k(v, ·)

]
(w), using (3.39)–(3.41), (7.25)–(7.26) and lemma 2.3,

we can bound, similar to (7.27) that for any w ∈ R,

sup
j∈Z

[
 κk ,w∗( j + w∗)

∥∥�∗(v − j)Ak
[
H∗
1k(v, ·)

]
(w)

∥∥
L2(v∈R)

]

�
∫

R2
 κk ,w∗(ρ + w∗)

e2ρ+2w∗(1 − �(ρ))e−δ0〈α〉1/2

|k|∣∣B(ρ + w∗) − B(w∗) + i ιε
∣∣
∣∣Ak

[
h10k(ρ, ·)eiα·](w)∣∣ dρdα

+  κk ,w∗(w∗)
∥∥∥

∫

R

〈k, η〉−2e−δ0〈η+α〉1/2
∣∣∣
∫

R

eiαρ Ak
[
h1∗0k(ρ,w)

]
(w) dρ

∣∣∣dα
∥∥∥
L2(η∈R)

.

(7.55)

In view of (7.25)–(7.26), from (7.55) we conclude that
∥∥∥ sup

j∈Z

∥∥ k,w∗(v + w∗)Ak
[
H∗
1k(v, ·)

]
(w)

∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� |k|−1.

(7.56)

Similarly, we have that
∥∥∥ sup

j∈Z

|k|−1
∥∥ k,w∗(v + w∗)∂vAk

[
H∗
1k(v, ·)

]
(w)

∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� |k|−1.

(7.57)

(7.56)–(7.57) imply the desired bounds (7.54) for h = Ak
[
H∗
1k(v, ·)

]
(w).

The bounds on AkH∗
2k is simpler, and we have that
∥∥∥A[

H∗
2k(v, ·)

]
(w)

∥∥∥
Y+w∗
k,w∗

� |k|−1. (7.58)

(7.58) imply (7.54) for h = Ak
[
H∗
2k(v, ·)

]
(w).

We now prove (7.54) for the main commutator term h = C∗
k (v,w). We can

decompose

C∗
k (v,w) = C∗

k1(v,w) + C∗
k2(v,w)

:=
∫

R

Fw∗
k (v, ρ,w)�k(ρ)L

∗(ρ,w)A
[
�
ι,w∗
k,ε (ρ, ·)](w) dρ

− Ak

{ ∫

R

Fw∗
k (v, ρ, ·)�k(ρ)L

∗(ρ,w)�ι,w∗
k,ε (ρ, ·) dρ

}
(w) + C∗

k2(v,w).

(7.59)

We first bound C∗
k2(v,w). Note that in this case the singularity in ρ is removed

thanks to the function 1 − �k(ρ). Define for ρ ∈ R,

M∗(ρ) :=
∥∥∥〈k, ξ 〉−1/2eδ1〈k,ξ〉1/2

[∣∣̂�ι,w∗
k,ε (ρ, ξ)

∣∣ + |k|−1
∣∣∂ρ̂�

ι,w∗
k,ε (ρ, ξ)

∣∣]∥∥∥
L2(ξ∈R)

.

(7.60)

It follows that for any γ ∈ (0, 1) and suitable Cγ ∈ (0,∞),

sup
j∈Z

∥∥ κk ,w∗(ρ + w∗)M∗(ρ)
∥∥
L2(ρ∈[ j, j+2]) � Cγ + γM. (7.61)
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Define, for ρ,w, α, β ∈ R,

Pα,β(ρ,w) := Ak
[
�
ι,w∗
k,ε (ρ, ·)](w)ei(α+β)w − Ak

[
�
ι,w∗
k,ε (ρ, ·)ei(α+β)·](w),

P∗
α,β(ρ,w) := �∗(ρ)Pα,β(ρ,w). (7.62)

We have the bound∫

R2
e−(δ0/2)〈α〉1/2−(δ0/2)〈β〉1/2∥∥Pα,β(ρ,w)

∥∥
L2(w∈R)

dαdβ

�
[ ∫

R2
e−(δ0/2)(〈α〉1/2+〈β〉1/2)∣∣eδ1〈k,ξ−α−β〉1/2

− eδ1〈k,ξ〉1/2
∣∣2∣∣̂�

ι,w∗
k,ε (ρ, ξ − α − β)

∣∣2 dξdαdβ
]1/2

� M∗(ρ),

(7.63)

and the bound,
∫

R2
e−(δ0/2)〈α〉1/2−(δ0/2)〈β〉1/2

∥∥∥ P̂∗
α,β(γ,w)

∥∥∥
L2(w∈R)

dαdβdγ

� |k|1/2
[ ∫

R2
e−(δ0/2)(〈α〉1/2+〈β〉1/2)〈γ /k〉2∣∣ P̂∗

α,β(γ,w)
∣∣2 dαdβdγ dw

]1/2

� |k|1/2(Cγ + γM)�κk ,w∗(w∗, 0). (7.64)

Using (7.49) and (7.51), we can obtain from (7.61) that
∥∥∥ sup

j∈Z

[
 κk ,w∗( j + w∗)

∥∥�∗(v − j)C∗
k2(v,w)

∥∥
L2(R)

]∥∥∥
L2(w∈R)

� |k|−1
∥∥∥

∫

R2
 κk ,w∗(ρ + w∗)(1 − �(ρ))e−δ0〈α〉1/2−δ0〈β〉1/2

e−2|ρ|∣∣Pα,β(ρ,w)
∣∣ dαdβdρ

∥∥∥
L2(w∈R)

� |k|−1
∫

R2
 κk ,w∗(ρ + w∗)(1 − �(ρ))e−2|ρ|M∗(ρ) dρ �

[
Cγ + γM

]
/|k|.

(7.65)

Similarly,

|k|−1
∥∥∥ sup

j∈Z

[
 κk ,w∗( j + w∗)

∥∥�∗(v − j)∂vC∗
k2(v,w)

∥∥
L2(R)

]∥∥∥
L2(w∈R)

�
[
Cγ + γM

]
/|k|. (7.66)

(7.65)–(7.66) imply that
∥∥C∗

k2(v,w)
∥∥
Y+w∗

κk ,w∗
� (Cγ + γM)/|k|. (7.67)

In view of the the bounds (7.49), the definition (7.62) and the bound (7.64), we
obtain that∥∥∥ sup

j∈Z

[
 κk ,w∗( j + w∗)

∥∥�∗(v − j)C∗
k1(v,w)

∥∥
L2(v∈R)

]∥∥∥
L2(w∈R)
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�  κk ,w∗(w∗)
∥∥∥

∫

R4

e−δ0(〈η+α1〉−1/2+〈β1〉1/2+〈β2〉1/2)

〈k, η〉2
× ∣∣ P̂∗

β1,β2
(α1 + α2, w)

∣∣ dαdβ
∥∥∥
L2(η,w∈R)

� |k|−1[
Cγ + γM

]
, (7.68)

where we used the notations that dα = dα1dα2 and dβ = dβ1dβ2. Similarly,

|k|−1
∥∥∥ sup

j∈Z

[
 κk ,w∗( j + w∗)

∥∥�∗(v − j)∂vC∗
k1(v,w)

∥∥
L2(v,w∈R)

]∥∥∥
L2(w∈R)

� |k|−1[
Cγ + γM

]
. (7.69)

The proof of (7.54) is then complete. The desired bounds then follow from the
limiting absorption principle as in the case w � −15. We omit the routine details.

8. Bounds on the Spectral Density Function II: Refined Bounds

Assume that k ∈ Z\{0} and |k| � 2. By the bounds (7.4)–(7.5), (7.15) and
(7.45), the limit

�k(v,w) := (−i) lim
ε→0+

[
�+
k,ε(v, w) − �−

k,ε(v, w)
] = 2 lim

ε→0+ ��+
k,ε(v, w),

(8.1)

exists at least along a sequence of ε → 0+ in the space L loc(R
2), and it follows

from (7.3) that the limit �k(v,w) satisfies the equation for v,w ∈ R,

(k2 − ∂2v )�k(v,w) + P.V.
e2vD(v)�k(v,w)

B(v) − B(w)

= −2π
e2w

(
D(w)�k(w) − F0k(w)

)

B ′(w)
δ(v − w). (8.2)

In the above for w ∈ R,

�k(w) := lim
ε→0+ ��+

k,ε(w,w). (8.3)

For w∗ ∈ R and denoting �
w∗
k (w) := �(w)�∗(w − w∗), in view of (7.15) and

(7.45), we have the bounds

∥∥eδ1〈k,ξ〉1/2 ̂
�
w∗
k (ξ)

∥∥
L2(ξ∈R)

�
[
e−μκk |w∗|1w∗�0 + e−κk |w∗|1w∗�0

]
(M†

k + |σk |).
(8.4)

We briefly discuss the existence in the limits (8.1) and (8.3). The regularity
property of �+

k,ε(v, w) for sufficiently small ε ensures that we can at least take a

sequential limit in L2
loc(R

2). The fact that the limit is unique follows from general
representation theory of self adjoint operators, as a consequence of the existence
and uniqueness properties of spectral measures corresponding to the self adjoint
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operator Lk (with a smoothing in our case since we passed from the vorticity to the
stream function). Alternatively, one can provemore refined bounds on ∂ε�

+
k,ε(v, w)

from which the existence of the limit of �+
k,ε(v, w) as ε → 0+ follows easily, as

in [20]. In our case, since the existence of a sequential limit is sufficient and our
main focus is on the quantitative estimates, we will not go into the details.

From (8.2) it is clear, heuristically at least, that �k(v,w) with v,w ∈ R is

generated by the source term−2π
e2w

(
D(w)�k (w)−F0k (w)

)
B′(w) δ(v−w) and should decay

when v is away from w. (The case |k| = 1 is again special due to the presence
of embedded eigenvalue λ = 0 for Lk .) To establish more quantitative bounds
in this direction, we use the limiting absorption principle to obtain low regularity
bounds, see (5.24) and (5.80), and the commutator argument for Gevrey regularity
estimates.

Denote, for w ∈ R,

�
∗
k(w) := −2π

e2w
(
D(w)�k(w) − F0k(w)

)

B ′(w)
. (8.5)

By the assumption (1.3) and the bound (8.4), we have for w∗ ∈ R and �
w∗
k (w) :=

�
∗
k(w)�

∗(w − w∗),
∥∥eδ1〈k,ξ〉1/2 ̂

�
w∗
k (ξ)

∥∥
L2(ξ∈R)

�
[
e−μκk |w∗|1(−∞,0](w∗) + e−(κk+4)|w∗|1(0,∞)(w∗)

]
(M†

k + |σk |). (8.6)

We can reformulate (8.2) for small ε > 0 and w � −15 as

�k(v,w) + 1

2|k|
∫

R

e−|k||v−ρ| e2ρD(ρ)�k(ρ,w)

B(ρ) − B(w) + iε
dρ

= �
∗
k(w)

e−|k||v−w|

2|k| + 1

2|k|
∫

R

e−|k||v−ρ|

[ e2ρD(ρ)�k(ρ,w)

B(ρ) − B(w) + iε
− P.V.

e2ρD(ρ)�k(ρ,w)

B(ρ) − B(w)

]
dρ,

(8.7)

and for w � −15 as

�k(v,w) +
∫

R

Gw
k (v, ρ)

[ e2ρD(ρ)

B(ρ) − B(w) + iε
− Vw(ρ)

]
�k(ρ,w) dρ

= �
∗
k(w)Gw

k (v,w) +
∫

R

Gw
k (v, ρ)

[ e2ρD(ρ)�k(ρ,w)

B(ρ) − B(w) + iε
− P.V.

e2ρD(ρ)�k(ρ,w)

B(ρ) − B(w)

]
dρ.

(8.8)

Proposition 8.1. Assume that k ∈ Z\{0}, |k| � 2, and �k(v,w) are defined as in
(8.1). For w∗ ∈ R, define for v,w ∈ R (for the simplicity of notations),

Qw∗
k (v,w) := �k(v + w,w)�(w − w∗). (8.9)
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The we have the following bounds:
(i) The case of w∗ � −15.

sup
j∈Z

ζκk ,w∗( j + w∗, w∗)
∥∥∥∣∣Ak

[
Qw∗

k (v, ·)](w)∣∣

+|k|−1
∣∣∂vAk

[
Qw∗

k (v, ·)](w)∣∣
∥∥∥
L2(v∈[ j, j+2],w∈R)

� e−μκk |w∗|(M†
k + |σk |)/|k|; (8.10)

(i) The case of w∗ � −15.

sup
j∈Z

eκk | j |
∥∥∥∣∣Ak

[
Qw∗

k (v, ·)](w)∣∣ + |k|−1
∣∣∂vAk

[
Qw∗

k (v, ·)](w)∣∣
∥∥∥
L2(v∈[ j, j+2],w∈R)

� e−κk |w∗|(M†
k + |σk |)/|k|. (8.11)

Proof. The proof is similar to the proof of propositions 7.2 and 7.3 using the
limiting absorption principle, see (5.24) for w � −15 and (5.80) for w � −15,
together with the commutator argument, and we will be somewhat brief. Assume
that k � 2 and M†

k + |σk | = 1, without loss of generality.
We consider the case w∗ � −15 first. Denote

M := sup
j∈Z

eκk | j |
∥∥∥

∣∣Ak
[
Qw∗

k (v, ·)](w)∣∣ + |k|−1
∣∣∂v Ak

[
Qw∗

k (v, ·)](w)∣∣
∥∥∥
L2(v∈[ j, j+2],w∈R)

.

We need to show that M � 1/|k|. From (8.7), it follows that Qw∗
k satisfies for

v,w ∈ R and 0 < ε � e−2|w∗|,

Qw∗
k (v,w) + 1

2|k|
∫

R

e−|k||v−ρ| e2ρ+2wD(ρ + w)

B(ρ + w) − B(w) + iε
Qw∗

k (ρ,w) dρ

= �
∗
k(w)

e−|k||v|

2|k| + J1ε(v,w) + J2ε(v,w),

(8.12)

where we have denoted that

J1ε(v,w) := 1

2|k|
∫

R

e−|k||v−ρ|(1 − �(ρ)
)
�∗(w − w∗)

[ e2ρ+2wD(ρ + w)Qw∗
k (ρ,w)

B(ρ + w) − B(w) + iε

− P.V.
e2ρ+2wD(ρ + w)Qw∗

k (ρ,w)

B(ρ + w) − B(w)

]
dρ,

J2ε(v,w) := 1

2|k|
∫

R

e−|k||v−ρ|�(ρ)�∗(w − w∗)
[ e2ρ+2wD(ρ + w)Qw∗

k (ρ,w)

B(ρ + w) − B(w) + iε

− P.V.
e2ρ+2wD(ρ + w)Qw∗

k (ρ,w)

B(ρ + w) − B(w)

]
dρ.

(8.13)

In the above we suppressed the dependence of J1ε, J2ε on k, w∗ for the sim-
plicity of notations. It follows from the bounds (7.5) that, for w ∈ R,
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∥∥∥ sup
j∈Z

∥∥∥eκk |v|
[∣∣J1ε(v,w)

∣∣ + |k|−1
∣∣∂v J1ε(v,w)

∣∣]
∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

�k,w∗ ε,

(8.14)

where we do not have to be precise on the implied constants which might depend
on k, w∗ since in the end ε → 0+. For w∗ ∈ R, we notice that the bounds (7.15)
imply that

∥∥∥�∗(v)
[∣∣Ak

[
Qw∗

k (v, ·)](w)∣∣ + |k|−1
∣∣∂vAk

[
Qw∗

k (v, ·)](w)∣∣
]∥∥∥

L2(v∈R,w∈R)

� e−κk |w∗|/|k|. (8.15)

Using Lemma 2.3, (7.36) and (8.15), we have that
∥∥∥ sup

j∈Z

∥∥∥e|κk || j |�∗(v − j)
[∣∣J2ε(v,w)

∣∣ + |k|−1
∣∣∂v J2ε(v,w)

∣∣]
∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� |k|−1
∥∥∥

∫

R3
〈k, η〉−1e−〈η+α〉3/4−δ0〈β〉1/2

∣∣∣
∫

R

ei(α+γ )ρQw∗
k (ρ,w) dρ

∣∣∣dαdβdγ
∥∥∥
L2(η∈R,w∈R)

� e−|κk ||w∗|/|k|.

(8.16)

By the limiting absorption principle for each w ∈ R with |w−w∗| � 5, see (5.24)
(with a shift in v → v +w), and square integrating in w, we conclude from (8.12)
and the bounds (8.14)–(8.16),

∥∥∥ sup
j∈Z

∥∥∥eκk |v|
[∣∣Qw∗

k (v,w)
∣∣ + |k|−1

∣∣∂vQw∗
k (v,w)

∣∣]∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� Ck,w∗ε + |k|−1e−κk |w∗|. (8.17)

Sending ε → 0+, we have that
∥∥∥ sup

j∈Z

∥∥∥eκk |v|
[∣∣Qw∗

k (v,w)
∣∣ + |k|−1

∣∣∂vQw∗
k (v,w)

∣∣]
∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� |k|−1e−κk |w∗|. (8.18)

To prove the higher regularity estimates, we again use the commutator argument,
apply the Fourier multiplier Ak to equation (8.12), multiply with�∗(w−w∗), and
obtain that

�∗(w − w∗)Ak
[
Qw∗

k (v, ·)](w)

+
∫

R

e−|k||v−ρ|

2|k|
e2ρ+2wD(ρ + w)�∗(w − w∗)

B(ρ + w) − B(w) + iε
Ak

[
Qw∗

k (ρ, ·)](w) dρ

= �∗(w − w∗)
{
Ak

[
�

∗
k(·)

]
(w)

e−|k||v|

2|k| + Ak
[
J1ε(v, ·)

]
(w)

+ Ak
[
J2ε(v, ·)

]
(w) + CQ(v,w)

}
, (8.19)
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where the commutator term CQ (we have again suppressed the dependence on
k, w∗ for the simplicity of notations) is given by (recall the definitions (7.20) and
the bound (7.21) for the kernel K )

CQ(v,w) :=
∫

R

e−|k||v−ρ|

2|k| e2ρ+2w∗ 1

B ′(w∗)

{
K (ρ,w)Ak

[
Qw∗

k (ρ, ·)](w)

−Ak
[
K (ρ, ·)Qw∗

k (ρ, ·)](w)
}
dρ. (8.20)

Straightforward calculations using (7.15) show that

sup
j∈Z

∥∥∥eκk |v|
{∣∣Ak

[
�

∗
k(·)

]
(w)

∣∣ + |k|−1
∣∣∂vAk

[
�

∗
k(·)

]
(w)

∣∣}∥∥∥
L2(v∈[ j, j+2]),w∈R

� e−κk |w∗|/|k|,
sup
j∈Z

∥∥∥eκk |v|
[∣∣Ak

[
J1ε(v, ·)

]
(w)

∣∣ + |k|−1
∣∣∂vAk

[
J1ε(v, ·)

]
(w)

∣∣]∥∥∥
L2(v∈[ j, j+2],w∈R)

�k,w∗ ε. (8.21)

Similar calculations as to those in (7.27), see the bounds (7.26) on h1∗0k , we have
that

∥∥∥ sup
j∈Z

∥∥∥eκk |v|
{∣∣Ak

[
J2ε(v, ·)

]
(w)

∣∣ + |k|−1
∣∣∂vAk

[
J2ε(v, ·)

]
(w)

∣∣}∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� e−κk |w∗|

|k| ,

(8.22)

Additionally, using the same argument as in the bounds for Ck(v,w), see (7.38)–
(7.39), we can bound, for any γ ∈ (0, 1) and suitable Cγ ∈ (0,∞),

∥∥∥ sup
j∈Z

∥∥∥eκk |v|
[∣∣CQ(v,w)

∣∣ + |k|−1
∣∣∂vCQ(v,w)

∣∣]
∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� (Cγ e
−κk |w∗| + γM)/|k|.

(8.23)

Combining the bounds (8.21)–(8.23), applying the limiting absorption principle
(see (5.24)) for eachw with |w−w∗| � 5, square integrating inw, and comparing
�∗(w − w∗)Ak

[
Qw∗

k (v, ·)](w) and Ak
[
Qw∗

k (v, ·)](w), we can conclude that

M � (Cγ e
−|k||w∗| + γM)/|k|. (8.24)

Choosing γ ∈ (0, 1) sufficiently small, then the desired bounds (8.11) follow from
(8.24).

We now turn to the proof of (8.10) for the case w∗ ∈ (−∞,−15]. Denote

M∗ := sup
j∈Z

ζκk ,w∗( j + w∗, w∗)
∥∥∥

∣∣Ak
[
Qw∗

k (v, ·)](w)∣∣

+ |k|−1
∣∣∂vAk

[
Qw∗

k (v, ·)](w)∣∣
∥∥∥
L2(v∈[ j, j+2],w∈R)

.
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We need to show that M∗ � e−μκk |w∗|/|k|. Denote for v,w ∈ R,

�
†
k(v,w) := −2

e2w
(
D(w)�k(w) − F0k(w)

)

B ′(w)
Gw
k (v + w,w). (8.25)

By the Assumption (1.3), the bounds (8.4) and proposition 3.4, we have the bounds
for w∗ ∈ (−∞,−15] and �

†
k,w∗(v,w) := �

†
k(v,w)�

∗(w − w∗),
∥∥∥eδ1〈k,ξ〉1/2

[∣∣∣ ̂
�

†
k,w∗(v, ξ)

∣∣∣ + |k|−1
∣∣∣∂v ̂

�
†
k,w∗(v, ξ)

∣∣∣
]

∥∥∥
L2(ξ∈R)

� �k,w∗(v + w∗, w∗)e−μκk |w∗|/|k|.

(8.26)

It follows from equation (8.8) that Qw∗
k satisfies the equation

Qw∗
k (v,w) +

∫

R

Gw
k (v + w, ρ + w)

[ e2ρ+2wD(ρ + w)

B(ρ + w) − B(w) + iε
− Vw(ρ + w)

]

Qw∗
k (ρ,w) dρ

= �
†
k,w∗(v,w) + J ∗

1ε(v,w) + J ∗
2ε(v,w),

(8.27)

where we have denoted that

J ∗
1ε(v,w) :=

∫

R

Gw
k (v + w, ρ + w)

(
1 − �(ρ)

)
�∗(w − w∗)

[e2ρ+2wD(ρ + w)Qw∗
k (ρ,w)

B(ρ + w) − B(w) + iε
− P.V.

e2ρ+2wD(ρ + w)Qw∗
k (ρ,w)

B(ρ + w) − B(w)

]
dρ,

J ∗
2ε(v,w) :=

∫

R

Gw
k (v + w, ρ + w)�(ρ)�∗(w − w∗)

[e2ρ+2wD(ρ + w)Qw∗
k (ρ,w)

B(ρ + w) − B(w) + iε
− P.V.

e2ρ+2wD(ρ + w)Qw∗
k (ρ,w)

B(ρ + w) − B(w)

]
dρ.

(8.28)

In the abovewe suppressed the dependence of J ∗
1ε , J

∗
2ε on k, w∗. Simple calculations

(as we do not need precise dependence on k, w∗) using the bounds (7.4) show that
∥∥∥ sup

j∈Z

∥∥∥ζκk ,w∗(v + w∗, w∗)
[∣∣J ∗

1ε(v,w)
∣∣ + |k|−1

∣∣∂v J ∗
1ε(v,w)

∣∣]

∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

�k,w∗ ε. (8.29)

Calculations similar to those of (7.55)–(7.56), using (3.4), show that
∥∥∥ sup

j∈Z

∥∥∥ζκk ,w∗(v + w∗, w∗)
[∣∣J ∗

2ε(v,w)
∣∣ + |k|−1

∣∣∂v J ∗
2ε(v,w)

∣∣]

∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� e−μκk |w∗|

|k| .

(8.30)
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By the limiting absorption principle forw ∈ R with |w−w∗| � 5, see (5.80) (with
a shift in v → v +w∗), and square integrating in w, we conclude from (8.12) and
the bounds (8.14)–(8.16) that

∥∥∥ sup
j∈Z

∥∥∥ζκk ,w∗(v + w∗, w∗)
[∣∣Qw∗

k (v,w)
∣∣ + 1

|k|
∣∣∂vQw∗

k (v,w)
∣∣]

∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� Cw∗ε + e−μκk |w∗|

|k| .

(8.31)

Sending ε → 0+, we obtain that
∥∥∥ sup

j∈Z

∥∥∥ζκk ,w∗(v + w∗, w∗)
[∣∣Qw∗

k (v,w)
∣∣ + |k|−1

∣∣∂vQw∗
k (v,w)

∣∣]∥∥∥
L2(v∈[ j, j+2])∥∥∥

L2(w∈R)
� e−μκk |w∗|/|k|. (8.32)

To prove the higher regularity estimates, we again use the commutator argument,
apply the Fourier multiplier Ak to equation (8.12) and multiply with �∗(w−w∗),
and obtain that

�∗(w − w∗)Ak
[
Qw∗

k (v, ·)](w)

+
∫

R

Fk(v, ρ,w)
e2ρ+2wD(ρ + w)�∗(w − w∗)

B(ρ + w) − B(w) + iε
Ak

[
Qw∗

k (ρ, ·)](w) dρ

= �∗(w − w∗)
{
Ak

[
�

†
k,w∗(v, ·)

]
(w) + Ak

[
J ∗
1ε(v, ·)

]
(w)

+ Ak
[
J ∗
2ε(v, ·)

]
(w) + C∗

Q(v,w)
}
,

(8.33)

where the commutator term C∗
Q (we have again suppressed the dependence on k, w∗

for the simplicity of notations) is given by

C∗
Q(v,w) :=

∫

R

Fw∗
k (v, ρ,w)L(ρ,w)Ak

[
Qw∗

k (ρ, ·)](w) dρ

− Ak

{ ∫

R

Fw∗
k (v, ρ, ·)L(ρ, ·)Qw∗

k (ρ, ·) dρ
}
.

(8.34)

In the above we used the definitions (3.36) for Fk , (7.48) for Fw∗
k , and recall

(7.50)–(7.51) for the definitions and bounds of L and L∗. Simple calculations show
that

∥∥∥ sup
j∈Z

ζκk ,w∗( j + w∗, w∗)
∥∥∥∣∣Ak

[
�

†
k,w∗(v, ·)

]
(w)

∣∣ + |k|−1
∣∣∂vAk

[
�

†
k,w∗(v, ·)

]
(w)

∣∣
∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� e−μκk |w∗|/|k|,
∥∥∥ sup

j∈Z

ζκk ,w∗( j + w∗, w∗)
∥∥∥

∣∣Ak
[
J ∗
1ε(v, ·)

]
(w)

∣∣ + |k|−1
∣∣∂vAk

[
J ∗
1ε(v, ·)

]
(w)

∣∣
∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

�k,w∗ ε. (8.35)
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Calculations similar to (7.55) show that
∥∥∥ sup

j∈Z

ζκk ,w∗( j + w∗, w∗)
∥∥∥∣∣Ak

[
J ∗
2ε(v, ·)

]
(w)

∣∣ + |k|−1
∣∣∂vAk

[
J ∗
2ε(v, ·)

]
(w)

∣∣
∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� e−μκk |w∗|/|k|. (8.36)

Additionally, we can bound for any γ ∈ (0, 1), completely analogous to (7.59)–
(7.68), that

∥∥∥ sup
j∈Z

∥∥∥ζκk ,w∗( j + w∗, w∗)
[∣∣C∗

Q(v,w)
∣∣ + |k|−1

∣∣∂vC∗
Q(v,w)

∣∣]
∥∥∥
L2(v∈[ j, j+2])

∥∥∥
L2(w∈R)

� (Cγ e
−μκk |w∗| + γM∗)/|k|. (8.37)

Combining (8.37) with the bounds (8.21)–(8.23), applying the limiting absorption
principle, and comparing �∗(w − w∗)Ak

[
Qw∗

k (v, ·)](w) and Ak
[
Qw∗

k (v, ·)](w),
we can conclude that

M∗ � (Cγ e
−μκk |w∗| + γM∗)/|k|. (8.38)

Choosing γ ∈ (0, 1) sufficiently small, then the desired bounds (8.10) follow from
(8.38).

9. Proof of Main Theorems

In this section we give the proof of our main theorems, beginning with the proof
of Theorem 1.4.

9.1. Proof of Theorem 1.4

We can normalize and assume that M†
k + |σk | = 1. In view of the equation

(8.2), the bounds (8.4), and the bounds (8.10)–(8.11), it remains to prove (1.47)
and (1.53). it follows from (8.2) that for v,w ∈ R with |v| � 1

2 ,�k(v,w) satisfies

(k2 − ∂2v )�k(v,w) + e2v+2wD(v + w)

B(v + w) − B(w)
�k(v,w) = 0. (9.1)

We note that for |v| � 1/2 the coefficient e2v+2wD(v+w)
B(v+w)−B(w) is Gevrey-2 regular in both

v andw. The desired bounds (1.47) then follow from the bounds (8.10)–(8.11), and
lemma 2.5 applied to (9.1) for each w ∈ R with |w − w∗| � 5 and then square
integrated in w.

We now turn to the proof of (1.52)–(1.53). Choose a smooth function �9 ∈
C∞
0 (−10, 10) with �9 ≡ 1 on [−9, 9] and supξ∈R e〈ξ〉5/6 ∣∣�̂9(ξ)

∣∣ � 1. Fix a small
parameter σ ∈ (0, 1) to be determined below. For notational conveniences, we
assume that ζ(v) is extended to be defined on R, satisfying |ζ ′(v)| ≈ 1 on R
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and ζ ′ ∈ G̃1/2
M ′ (R) with a suitable M ′ ∈ (0,∞) depending on M . Define for

v, ρ,w ∈ R,

Pk(v, ρ,w) := �k(ζ(v + ρ) − ζ(ρ),w), P∗
k (v, ρ,w)

:= P(v, ρ,w)�∗(w − w∗)�∗(v/σ )�∗(ρ), (9.2)

then P∗
k satisfies for v, ρ,w ∈ R,

[
k2 − (ζ ′(v + ρ))−2∂2v + ζ ′′(v + ρ)

(ζ ′(v + ρ))3
∂v

]
P∗
k (v, ρ,w)

+ P.V.
a∗(v, ρ,w)

v
P∗
k (v, ρ,w) = Rσ (v, ρ,w),

(9.3)

where, in the above,

a∗(v, ρ,w) := v
e2ζ(v+ρ)−2ζ(ρ)+2wD(ζ(v + ρ) − ζ(ρ) + w)

B
(
ζ(v + ρ) − ζ(ρ) + w

) − B(w)

�9(v)�9(ρ)�9(w − w∗),

Rσ (v, ρ,w) := (1/σ)
ζ ′′(v + ρ)

(ζ ′(v + ρ))3
∂v�

∗(v/σ )Pk(v, ρ,w)�∗(ρ)�∗(w − w∗)

−(ζ ′(v + ρ))−2
[
(2/σ)∂vP(v, ρ,w)∂v�

∗(v/σ )

+(1/σ 2)P(v, ρ,w)∂2v�
∗(v/σ )

]
�∗(ρ)�∗(w − w∗)

−2πe2w(D(w)�k(w) − F0k(w))

B ′(w)ζ ′(ρ)
�∗(ρ)�∗(w − w∗)δ(v).

(9.4)

The main point of the equation (9.3) is that Rσ (v, ρ,w) is Gevrey regular in both
ρ and w, and the coefficient a∗(v, ρ,w) is Gevrey-2 smooth in both v, ρ and w

for |v| � 20, |ρ| � 20 and |w − w∗| � 20. Indeed, we have for some δ′
0 ∈ (0, 1)

depending on M and δ0,

∥∥eδ′
0〈α,β,γ 〉1/2 â∗(α, β, γ )

∥∥
L2(R3)

� 1. (9.5)

To see (9.5), we can rewrite

a∗(v, ρ,w) := e2ζ(v+ρ)−2ζ(ρ)+2wD(ζ(v + ρ) − ζ(ρ) + w)
v

ζ(v + ρ) − ζ(ρ)

× ζ(v + ρ) − ζ(ρ)

B
(
ζ(v + ρ) − ζ(ρ) + w

) − B(w)
�9(ρ)�9(w − w∗)�9(v),

(9.6)

and the desiredbound (9.5) follows from the simple observation that forv, ρ, α,w ∈
R,
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ζ(v + ρ) − ζ(ρ) = v

∫ 1

0
ζ ′(ρ + sv) ds, and B(α + w) − B(w)

:= α

∫ 1

0
B ′(w + sα) ds. (9.7)

Moreover, since ∂v�∗(v/σ ) and ∂2v�∗(v/σ ) are supported away from v = 0, the
right hand side R of (9.3) is Gevrey-2 regular in v, ρ and w for |v| � 20, |ρ| � 20
and |w − w∗| � 20.

Now to prove the desired Gevrey smoothness in ρ for P∗, we use the same
commutator argument as before. It seems at first glance that we are in the same
situation as in Propositions 7.2 and 7.3, and would need to apply the limiting
absorption principle, see Lemmas 5.2 and 5.6, which involves weights and is quite
complicated. However, in our case here, there is a key difference, namelywe already
know that P is Gevrey smooth whenever v stays away from the origin, and that
allows us to localize v to a small region near v = 0 and the extra small parameter
σ ensures coercive bounds from (9.3), without the use of the limiting absorption
principle.

By the bounds (1.49), we have that

∥∥(|k| + |α|)eδ1〈k,γ 〉1/2 P̂∗
k (α, β, γ )

∥∥
L2(α,β,γ∈R)

�σ �κk ,w∗(w∗, 0), (9.8)

which we will use to control the low frequency part (for the variable ρ) of the
desired bound (1.53).

By the bounds (9.8), equation (9.1) and Lemma 2.5, we can choose δ′
1 ∈ (0, 1)

sufficiently small, depending on δ1 and M , such that

sup
α∈R

∥∥e2δ′
1〈k,β〉1/2+2δ′

1〈k,γ 〉1/2 R̂σ (α, β, γ )
∥∥
L2(β,γ∈R)

�σ (M†
k + |σk |)�κk ,w∗(w∗, 0). (9.9)

Define the Fourier multiplier A∗
k such that for any h ∈ L2(R)

Â∗
kh(β) := eδ

′
1〈k,β〉1/2 ĥ (β), for β ∈ R. (9.10)

Applying the Fourier multiplier A∗
k (in the variables ρ) to equation (9.3), we obtain

that for v, ρ,w ∈ R,

[
k2 − (ζ ′(v + ρ))−2∂2v + ζ ′′(v + ρ)

(ζ ′(v + ρ))3
∂v

]
A∗
k

[
P∗
k (v, ·, w)

]
(ρ)

+ P.V.
a∗(v, ρ,w)

v
A∗
k

[
P∗
k (v, ·, w)

]
(ρ)

= A∗
k

[
Rσ (v, ·, w)

]
(ρ) + C11

σ (v, ρ,w) + C12
σ (v, ρ,w) + C2

σ (v, ρ,w),

(9.11)
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where we have defined

C11
σ (v, ρ,w) := ∂vH(v, ρ,w),

Hσ (v, ρ,w) :=
[

− (ζ ′(v + ρ))−2∂v

]
A∗
k

[
P∗
k (v, ·, w)

]
(ρ)

− A∗
k

[
− (ζ ′(v + ·))−2∂vP

∗
k (v, ·, w)

]
(ρ),

C12
σ (v, ρ,w) :=

[
∂v(ζ

′(v + ρ))−2∂v + ζ ′′(v + ρ)

(ζ ′(v + ρ))3
∂v

]
A∗
k

[
P∗
k (v, ·, w)

]
(ρ)

− A∗
k

[((
∂v(ζ

′(v + ·))−2∂v
) + ζ ′′(v + ·)

(ζ ′(v + ·))3 ∂v
)
P∗
k (v, ·, w)

]
(ρ),

C2
σ (v, ρ,w) := P.V.

a∗(v, ρ,w)
v

A∗
k

[
P∗
k (v, ·, w)

]
(ρ)

− A∗
k

[
P.V.

a∗(v, ·, w)
v

P∗
k (v, ·, w)

]
(ρ).

(9.12)

Simple computation using the regularity of ζ shows thta
∥∥�9(ρ)C

12
σ (v, ρ,w)

∥∥
L2(v,ρ,w∈R)

+ ∥∥�9(ρ)Hσ (v, ρ,w)
∥∥
L2(v,ρ,w∈R)

�
∥∥〈k, ∂ρ〉−1/2∂vA

∗
k

[
P∗
k (v, ·, w)

]
(ρ)

∥∥
L2(v,ρ,w∈R)

.
(9.13)

To treat the term C11
σ and C2

σ below, we use the following lemma:

Lemma 9.1. Assume that σ ∈ (0, 1) and I := (−20σ,−20σ). Then for any
h1, h2 ∈ H1

0 (I ) we have the bounds

∣∣∣P.V.
∫

I

h1(v)

v
h2(v) dv

∣∣∣ � σ 2/3
∥∥h1

∥∥
H1(I )

∥∥h2‖H1(I ). (9.14)

Proof of Lemma 9.1. BySobolev inequality and interpolation inequality, we have
∥∥h∥∥

L2(I ) � σ‖∂vh‖L2(I ),
∥∥h∥∥

H2/3(R)
� σ 1/3‖∂vh‖L2(I ), (9.15)

for any h ∈ H1
0 (I ). Therefore by Parsevel’s identity we obtain

∣∣∣P.V.
∫

I

h1(v)

v
h2(v) dv

∣∣∣ �
∣∣∣
∫

R2

∣∣ ĥ1(ξ − α)
∣∣∣∣ ĥ2(ξ)

∣∣ dαdξ
∣∣∣

�
∥∥h1

∥∥
H2/3(R)

∥∥h2
∥∥
H2/3(R)

� σ 2/3
∥∥h1

∥∥
H1(I )

∥∥h2‖H1(I ).

(9.16)

The lemma is then proved.

Denote for the simplicity of notations

M := |k|∥∥A∗
k

[
P∗
k (v, ·, w)

]
(ρ)

∥∥
L2(v,ρ,w∈R3)

+∥∥∂vA∗
k

[
P∗
k (v, ·, w)

]
(ρ)

∥∥
L2(v,ρ,w∈R3)

. (9.17)

Now multiplying (�9(ρ))
2A∗

k

[
P∗
k (v, ·, w)

]
(ρ) to (9.11), integrating in v, ρ,w ∈

R, using integration by parts, the bounds (9.9), (9.13) and lemma 9.1, and noting
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that the support of A∗
k

[
P∗
k (v, ·, w)

]
(ρ) is contained in [−5σ, 5σ ] × R × [−5, 5],

we obtain for some Cσ ∈ (0,∞) that
∫

R3
�9(ρ)

)2[
k2

∣∣A∗
k

[
P∗(v, ·, w)](ρ)∣∣2 + ∣∣∂vA∗

k

[
P∗(v, ·, w)](ρ)∣∣2

]
dvdρdw

�
∫

R3
σ 3/2(

�9(ρ)
)2∣∣∂vA∗

k

[
P∗(v, ·, w)](ρ)∣∣2

+ ∣∣〈k, ∂ρ〉−1∂vA
∗
k

[
P∗(v, ·, w)](ρ)∣∣2 dvdρdw + Cσ

(
�κk ,w∗(w∗, 0)

)2
.

(9.18)

Noting that A∗
k

[
P∗(v, ·, w)](ρ) = A∗

k

[
�9(·)P∗(v, ·, w)](ρ), a simple commutator

argument shows that for m ∈ {0, 1},
∥∥�9(ρ)∂

m
v A∗

k

[
P∗(v, ·, w)](ρ) − ∂mv A∗

k

[
P∗(v, ·, w)](ρ)∥∥L2(v,ρ,w∈R)

�
∥∥〈k, ∂ρ〉−1/2∂mv A∗

k

[
P∗
k (v, ·, w)

]
(ρ)

∥∥
L2(v,ρ,w∈R)

.
(9.19)

Combining (9.18) and (9.19), in view of (9.8), we obtain that for any γ ∈ (0, 1)
and suitable Cγ,σ ∈ (0,∞),

M � σ 1/3M + γM + [
e−κk |w∗|1w∗>0 + e−μκk |w∗|1w∗�0

]
Cγ,σ . (9.20)

Choosing σ, γ ∈ (0, 1) sufficiently small, the desired bounds (1.53) then follow
from (9.20) and (9.8). The proof of theorem 1.4 is now complete.

9.2. Proof of Theorem 1.5

We can now give the proof of Theorem 1.5 using Theorem 1.4. Decompose
fk(t, v) as in (1.55), then the bound (1.57) on F2

k,v∗(t, v) follows directly from the
equation (1.50) and the bounds (1.47) by simple integration by parts inw. To prove
the bound (1.57) on F1

k,v∗(t, v), we observe that for suitable constants C0,C1 ∈ R

and all v ∈ R,

F1
k,v∗(t, v) = C0ℵk(t, v) − C1

[
D(v)�k(v) − F0k(v)

]
�∗

k(v − v∗), (9.21)

where

ℵk(t, v) := �∗
k(v − v∗)

∫

R

e−ik(B(w)−B(v))tP.V.
D(v)�k(v − w,w)

B(v) − B(w)

�∗(v − w)B ′(w) dw. (9.22)

It suffices to analyze the smoothness of ℵk in v, we make the change of variables
for |ρ − v∗| � 10,

ν := B(ρ) − B(v∗)
B ′(v∗)

, ρ := ζ(ν) + v∗. (9.23)

We note that ζ (with suitable extensions if necessary) satisfies the assumptions in
(iv) of Theorem 1.4. Recalling the identity (1.48) and setting for v,w ∈ R with
|v − v∗| � 10 and |w − v∗| � 10,

ν1(v) := B(v) − B(v∗)
B ′(v∗)

, ν2(w) := B(w) − B(v∗)
B ′(v∗)

, (9.24)
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we note that ν1(v) is Gevrey-2 regular in v. We can write

ℵk(t, v) = �∗(v − v∗)D(v)
∫

R

e−ik(B(w)−B(v))t P.V.
�k(v − w,w)

B(v) − B(w)

× �∗(v − w)B ′(w) dw

= �∗(v − v∗)D(v)
∫

R

e−ik(ν2−ν1)B ′(v∗)t P.V.
�k

(
ζ(ν1) − ζ(ν2), ζ(ν2) + v∗

)

ν1 − ν2

× �∗(
ζ(ν1) − ζ(ν2)

)
dν2

= �∗(v − v∗)D(v)
∫

R

e−ikρB ′(v∗)t P.V.
�k

(
ζ(ν1) − ζ(ν1 + ρ), ζ(ν1 + ρ) + v∗

)

−ρ

× �∗(
ζ(ν1) − ζ(ν1 + ρ)

)
dρ. (9.25)

Set P(ρ, v) := �k
(
ζ(ν1)−ζ(ν1+ρ), ζ(ν1+ρ)+v∗

)
�∗(

ζ(ν1)−ζ(ν1+ρ)
)
�∗∗(v−

v∗). By (1.52)–(1.53), P(ρ, v) is Gevrey-2 regular in v (recall the relation (9.24))
and satisfies for sufficiently small δ′′

1 ∈ (0, 1) depending on δ1,

∥∥(|k| + |α|)e2δ′′
1 〈k,β〉1/2 P̂ (α, β)

∥∥
L2(α,β∈R)

� (M†
k + |σk |)�κk ,v∗(v∗).

(9.26)

Therefore, we obtain from (9.25)–(9.26), that

∥∥eδ′′
1 〈k,ξ〉1/2 ℵ̂k(t, ξ)

∥∥
L2(R)

� 1

1 + e8v∗

∥∥∥
∫

R

eδ
′′
1 〈k,ξ〉1/2 ∣∣ P̂ (α, ξ)

∣∣ dα
∥∥∥
L2(R)

�
M†

k + |σk |
1 + e8v∗ �κk ,v∗(v∗).

(9.27)

The desired conclusion then follows from (9.27). The theorem is now proven.
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